Proceedings

of the

INTERNATIONAL GEOMETRY CENTER

Volume 12, No. 2, 2019
Editor in Chief: Pryshlyak O.
Deputy Editors in Chief: Maksymenko S., Mykytyuk I., Shelekhov A.

Managing Editor: Konovenko N.
Executive Secretary: Fedchenko Ju.

Editorial board:

Balan V.
Romania, Bucharest

Banakh T.
Ukraine, Lviv

Fedosov S.
Ukraine, Odesa

Fomenko A.
Russia, Moscow

Fomenko V.
Russia, Taganrog

Glushkov O.
Ukraine, Odesa

Haddad M.
Syria, Damask

Karlova O.
Ukraine, Chernivtsi

Kirichenko V.
Russia, Moscow

ISSN print: 2072-9812
ISSN online: 2409-8906
ISO 26324:2012

Kirillov V.
Ukraine, Odesa

Matsumoto K.
Japan, Yamagata

Mikesh J.
Czech Republic, Olomouc

Mormul P.
Poland, Warsaw

Moskaliuk S.
Austria, Wien

Mykhaylyuk V.
Ukraine, Chernivtsi

Plachta L.
Poland, Krakov

Polulyakh E.
Ukraine, Kyiv

Sabitov I.
Russia, Moscow

Savchenko O.
Ukraine, Kherson

Sergeeva O.
Ukraine, Odesa

Shvets V.
Ukraine, Odesa

Shurygin V.
Russia, Kazan

Volkov V.
Ukraine, Odesa

Zadorozhnyj V.
Ukraine, Odesa

Zarichnyi M.
Ukraine, Lviv

http://geom-center.onaft.edu.ua

@ ® &5 ONAFT
k| Open Access


http://geom-center.onaft.edu.ua

PROCEEDINGS OF THE INTERNATIONAL GEOMETRY CENTER

The journal is focusing on coverage of the most important problems in mathematics and its applications,
particularly in differential geometry, topology, mathematical physics and dynamical systems. It publishes peer
reviewed original papers and surveys especially on the following topics: algebraic and analytical methods in
geometry; differential geometry as a whole; geometry and topology of differentiable manifolds; general and
algebraic topology; geometric and topological methods in the natural sciences; application of geometric methods
to modern problems of continuum mechanics, control theory, and mathematical physics; history and methods of
teaching mathematics.

Manuscripts are accepted for review with the understanding that the same work is not already published, is
not under consideration for publication elsewhere, and that its submission for publication has been approved by
all of the coauthors.

Papers are published in Ukrainian, English and Russian.

Journal conducts active cooperation with the following world abstracting and indexing databases: Vernadsky
National Library of Ukraine, MathSciNet, Zentrablatt MATH, SHERPA /Romeo, DORA, ResearchBib CrossRef,
eLibrary, Index Copernicus International, Google Scholar, Directory of Open Access scholarly Resources (ROAD),
EBSCOhost, Directory Indexing of International Research Journals - Citefactor, WorldCat, Scilit, Dimensions,
Bielefeld Academic Search Engine (BASE), Ulrich’s Periodicals Directory, Directory of Open Access Journals
(DOAJ).

Publisher: ONAFT, Odesa, Kanatna str., Ukraine, 65039.

‘Web page: http://geom-center.onaft.edu.ua

Emails: proceedings.igc@gmail.com, geom-odessa@ukr.net

Technical support: ONAFT Coordinating Center of Scientific Journals’ Publishing.

IMMPALI MI2KHAPOAHOI'O TEOMETPUYHOI'O IEHTPY

Meroro Bumanus xkypuamy «lIpari MizKHapPOIHOIO N€OMETPUYIHOrO HEHTPY» € KOHCOJIIAIA Ta IIiITpUMKa
JIOCTi/IPKEHb 3 reoMerpil, Tomosorii Ta mumamivemx cmcreM. TemMaTHdHa CIPAMOBAHICTL JKypHAJLY IOB’d3aHa 3
BHCBITJIEHHAM HalOIJIbIN BaXKJIMBUX Ta aKTYaJbHUX IIPOOJIEM y rajy3i MaTeMaTHKN Ta i1 3aCTOCYBaHb, 30KpeMa Y
nudepenmiagphiit reoMmeTpil, Tomosoril, MaTeMaruuHil Gi3ui Ta IUHAMIMHEX CHCTEMAX.

IIyGaikaris crareil 3/1iiCHIOETHCS 38 TAKMMHU HAIIPIMKaMU: ajredpaitHi MeToau B reoMerpil; audepeniiaabaa
reoMeTpis y IJI0My; reoMeTpis Ta ToroJorist audepeHIiioBHIX MHOTOBU/IIB; 3arajbHa il aaredpaidyHa TOMOJIOris;
reOMEeTPHYHI i TOIOJIOTIYHI MEeTO/IM Y IPUPOJHIYNX HAYKaX; 3aCTOCYBAaHHS N€OMETPUYHUX METOJIB JI0 CYyYaCHHX
33149 MEXAHIKN CYIILHIX CEPEIOBHUIIL, TEOPil yIPaBIiHHA Ta MaTeMaTHIHOl (Qi3UKH; iCTOPisa i METOAUKA BUKJIA-
JIAaHHS MaTeMaTUKH.

Jo po3risgy mpuilMaloTLCS JINIIE CTATTi, sIKi € OPUriHAJILHIME POOOTAMU aBTOPIB, He Oyiu OmyOsiKOBaHI Ta
He 11epeOyBaloTh Ha PO3IJIAAL 10 MyOsiKalil B iIHINUX BUJIAHHIX.

PobGoru my6iKy0TbCst yKPalHCHKOI, AHIVIIACHKOIO Ta POCICHKO MOBAMHU.

ZKypHau iHgeKkcyeTbcd TakKUME cBiTOBUME OasaMu iHJekcyBanHs Ta pedepyBanns: HarjonanapHa 6i6sioTeka
VYxpaiuu imeni Bepuajcskoro, MathSciNet, Zentrablatt MATH, SHERPA /Romeo, DORA, CrossRef, eLibrary,
Index Copernicus International, Google Scholar, Directory of Open Access scholarly Resources (ROAD), EBSCOhost,
Directory Indexing of International Research Journals - Citefactor, WorldCat, Scilit, Dimensions, Bielefeld Academic
Search Engine (BASE), Ulrich’s Periodicals Directory, Directory of Open Access Journals (DOAJ).

BuaaBauk: Ojiecbka HalloHAJIBHA aKa/eMisi Xap9oBUX TeXHOJIOrH, By Kanarna, 112, m. Ozeca, Ykpaina,
65039.

Beb6-cropinka >xypnady: http://geom-center.onaft.edu.ua

Esexrponni agpecu: proceedings.igc@gmail.com, geom-odessa@ukr.net

Texuiuna niarpumka: Koopaunaniitauii ienTp sBuganas zHaykosoi nepiomuku OHAXT.

PekomenzioBano 1o IpyKy Ta po3ranryBanHs B Mepexi Inrepuer Buenoo Pagoro OHAXT 02.07.2019 p. mpo-
Toko Nel2.

3apeecrpoBano MinicrepcrBom tocturii Ykpainu. Ceimorrrso: Cepia KB Ne13819-2793P Bix 19.11.2007.

Bunaersca 3 2008 poky, BuxonuTs 4 pasu Ha pik.

3rigno nakazy Minicrepcrsa ocsitu i Hayku Ykpainu Big 07.05.2019 Ne612 «IIpo 3arBep/pKenns piiieHnb are-
crariifHol KoJerii MinicTepcTBa MO0 AiSJIBHOCTI crieriamizoBannx BueHuX paJ, Bix 23 kBitua 2019 poky» Buganms
«IIpami Mi2KHAPOIHOIO T€OMETPUYHOIO HEHTPY» BKJIIOYEHO 10 Kareropil B 3a Takumu crerjasaprHocTsmMu 111, 113
Ta rajIly3siMd 3HaHb: (DI3UKO-MaTEMATUYIHI HAYKU.

BipnosinanpHicTs 3a mocroBipHicTs iHdoOpMalii Hece aBToOp ImyOUTiKaIiii.

Marepiamu IpyKyOTbCs MOBOIO opurinaiy. IlepenpykyBaHHs MaTepiasiB *KypHaJy JIO3BOJIAETHCS JIHIIE 32
3rogoio pegakiil. Jlinensis CC-BY.

© OHAXT - 2019


http://geom-center.onaft.edu.ua
mailto:proceedings.igc@gmail.com
mailto:geom-odessa@ukr.net
http://geom-center.onaft.edu.ua
mailto:proceedings.igc@gmail.com
mailto:geom-odessa@ukr.net

Proceedings of the ([@MONRI .

International Geometry Center
Vol. 12, no. 2 (2019) pp. 1-10

On the generalization of the Darboux
theorem

Kaveh Eftekharinasab

Abstract. The Darboux theorem asserts that every symplectic manifold
(M?™,w) is locally symplectomorphic to (R*™,wo), where wp is the standard
symplectic form on R2". This theorem was proved by Moser in 1965, the
idea of proof, known as the Moser’s trick, works in many situations. The
Moser tricks is to construct an appropriate isotopy F; generated by a time-
dependent vector field X; on M such that Ffw = wp. Nevertheless, it was
showed by Marsden that Darboux theorem is not valid for weak symplectic
Banach manifolds. However, in 1999 Bambusi showed that if we associate to
each point of a Banach manifold a suitable Banach space (classifying space)
via a given symplectic form then the Moser trick can be applied to obtain the
theorem if the classifying space does not depend on the point of the manifold
and a suitable smoothness condition holds.

If we want to try to generalize the Darboux theorem to more general
context of Frechet manifolds we face an obstacle: in general vector fields
do not have local flows. Recently, Fréchet geometry has been developed in
terms of projective limit of Banach manifolds. In this framework under an
appropriate Lipchitz condition local flows exist and with some restrictive
conditions the Darboux theorem was proved by P. Mishra. In the present
paper we consider the category of so-called bounded Fréchet manifolds and
prove that in this category vector fields have local flows and following the
idea of Bambusi we associate to each point of a manifold a Fréchet space
independent of the choice of the point and with the assumption of bounded
smoothness on vector fields we prove the Darboux theorem.

Amwnoranis. Teopema TapOy cTBep/zKye, 110 KOXKEH CUMILIEKTUIHUN MHOTO-
sug (M?™,w) e nokambno cumruiekTomopdmaM 10 (R*™, wo), ae wo — cramn-
nmapTHa cuMIUleKkTHYHa dopma Ha R?™. Ila teopema 6yma mosemena Mose-
pom y 1965 p. Ines moBenmenns, Bimoma sk Tpiok Mosepa, mpaiioe y 6aratbox
cuTyaligax i nmojsdrae y mobymosi i3oronil Fy muoroBumy M, mopojizKeHol 3a-
JIeXKHUM BiJT 9acy BekTopHUM ToieM X; Ha M, Tax, mob Ffw = wo. Tum ne
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MeHIn, Mapcjien nmokasas, 1o reopema JlapOy He BipHa 11 CJIA0KUX CUMILIE-
KTUIHUX MHOTOBHIiB Banaxa. Onnak y 1999 p. Bam6yci mokaszas, 1o SKImo 3
KO?KHOIO TOYKOIO 6aHAXOBOrO MHOTOBHLY NOB’st3aTn pocTip Banaxa (kmacu-
dikyrounit npoctip) uepes 3azany cuMuieKTuaHy dhopmy, To Tprok Moszepa
MozKe 6y TH 3aCTOCOBaHUI JJIst MOBIeeHHs Teopemu Jlapby, 3a ymMoBH, 10 11eit
IIPOCTIp HE 3aJI€KUTH BiJl TOYKH i BIAIOBIIHOI yMOBHU IIAIKOCTI.

Oui€ro 3 nepemkoy J10 y3arajibHeHHs Teopemu JapOy Ha BUIIaI0K MHOTO-
i @perrte € Te, 110, B3arasi KaXKydn, BEKTOPHI TOJIsI HE MAIOTh JIOKAJTBHUX
motokiB. OcranniM gacoM reomerpis Pperre Gyra po3podIeHA 3 TOYKHU 30Dy
NIPOEKTUBHUX I'PAHUIb MHOTOBU/IB Banaxa. ¥ I[bOMy KOHTEKCTI 3a Bifmo-
BizHOT ymoBu Jlinmumia BEKTOPHI 1MOJIS MOPORKYIOTH JIOKAJIbHI ITOTOKH, 1 32
IesdKUX TOJATKOBUX CHIBHEUX yMOB Teopema [lapOy Gyma orpumana II. Mi-
mpa. B npezcrasieniit pobori Mu po3ryisiHeMO KaTeropiio Tak 3BAHUX OOMe-
KeHnx MHoroBuiiB Pperre i J0BOJUMO, IO B il KaTeropii BEeKTOpHI IOJIA
MaloTh JoKaibHi noroku. Crimyioun inel Bambyci, Mu 1oB’s13yeMO 3 KOXKHOIO
TO4YKOI0 MHOroButy ®Pperire TpocTip, KU He 3aJ€KUTH BiJl BUOOPY TOYKH i
MPUITYCKAIOYIN 0OMEXKEHY TJIIKICTh Ha BEKTOPHUX IOJISIX JOBOJIMMO TEOPEMY

Iapby.

1. INTRODUCTION

The Darboux theorem has been extended to weakly symplectic Banach
manifolds by using Moser’s method, see [1]. The essence of this method
is to obtain an appropriate isotopy generated by a time dependent vector
field that provides the chart transforming of symplectic forms to constant
ones. In order to apply this method to a more general context of Fréchet
manifolds we need to establish the existence of the flow of a vector filed
which in general does not exist. One successful approach to the differential
geometry in Fréchet context is to use projective limits of Banach manifolds,
[2]. In this framework, a version of the Darboux theorem is proved in [6].

Another approach to Fréchet geometry is to apply a stronger notion
of differentiability, [3]. This differentiability leads to a new category of
generalized manifolds, the so called bounded (or MC*) Fréchet manifolds.
In this paper we prove that in that context the flow of a vector field exists
(Theorem 2.4) and we will apply the Moser’s method to obtain the Darboux
theorem (Theorem 3.5).

The obtained theorem might be useful to study the topology of the space
of Riemannian metrics M as it has the structure of a nuclear bounded
Fréchet manifold. A theorem from [5, §48.9] asserts that if (M, o) is a
smooth weakly symplectic convenient manifold which admits smooth par-
titions of unity in C°(M,R), and which admits ‘Darboux charts’, then the
symplectic cohomology equals to the De Rham cohomology:

Hy (M) = Hpp(M).
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The manifold M admits smooth partition of unity in C(M,R) (this
follows from [5, Theorem 16.10] and [5, Definition 16.1]) so it is interesting
to ask if it has a Darboux chart. This, in turn, rises the question: how to
construct weak symplectic forms on M. It is known, [4], that expect Hilbert
manifolds an infinite dimensional manifold may not admit a Lagrangian
splitting so in general the Weinstein’s construction, [12], is not applicable.
Moreover, the Marsden’s idea to construct a symplectic form on a manifold
by using the canonical form on its cotangent bundle also is not applicable
as there is no natural smooth vector bundle structure on the cotangent
bundle [9, Remark 1.3.9]. It is not clear yet how to construct symplectic
forms on M but it seems that it might arise from a weak Riemannian metric
and complex structure, however, that would require some assumptions and
ingredients different from ones in Theorem 3.5.

2. BOUNDED DIFFERENTIABILITY

In this section we prove the existence of the local flow of a MC*-vector
field. We refer to [3] for more details on bounded Fréchet geometry.

Denote by (F, p) a Fréchet space whose topology is defined by a complete
translational-invariant metric p. We consider only metrics with absolutely
convex balls. Note that every Fréchet space admits such a metric, cf [3].
One reason to choose this particular metric is that a metric with this prop-
erty can give us a collection of seminorms that defines the same topology.
More precisely:

Theorem 2.1 ([7], Theorem 3.4). Assume that (F,p) is a Fréchet space
and p is a metric with absolutely conver balls. Let

B’;(O) ={ye F|p(y,0) <},

and suppose U;’s, i € N, are convex subsets of B’i(()). Define the Minkowsk:i

functionals

o] = inf{e >0 |ec€eR, é v e Ui}
These Minkowski functionals are continuous seminorms on F'. A collection
{|v|*}ien of these seminorms generates the topology of F.

In the sequel we will assume that a Fréchet space F' is graded with the

n
collection of seminorms |[v|% = 3 ||v|*¥ that defines its topology.

=1
Let (E, g) be another Fréchet space and L, ,(E, F') be the set of all linear
maps L : F — F such that
L 0
Lip(L)y, == sup pL(z),0) < .
zep\o}  9(2,0)
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The transversal-invariant metric

Dy Lyp(E,F) x L, ,(E,F) — [0,00), o)
(L, H) — Lip(L — H),, '

on L, 4(E,F) turns it into an Abelian topological group. Let U an open

subset of E, and P : U — F a continuous map. If P is Keller-differentiable,
dP(p) € L, 4(E, F) for all p € U, and the induced map

dP(p) : U — L, 4(E, F)

is continuous, then P is called bounded differentiable.

We say P is MCY and write P° = P if it is continuous. We also say P
is an MC' and write P") = P’ if it is bounded differentiable. Recursively
one can define maps of class MCF for each k > 1, see [3]. If p(t) is a

continuous path in a Fréchet space we denote its derivative by gap(t).

Within this framework we define MC* (bounded) Fréchet manifolds,
MC*-maps of manifolds and tangent bundles and their M C*-vector fields.
A MC*-vector field X on a MC*-Fréchet manifold M is a MC*-section of
the tangent bundle 7wy : TM — M, i.e. a MC* map X : M — TM with
mry 0 X = idps. We write V(M) for the space of all vector fields on M. If
feMC™®(M,E) is a smooth function on M with values in a Fréchet space
E and X € V(M), then we obtain a smooth function on M via

X.fi=dfoX: M — E.

For X,Y € V(M), there exists a unique a vector field [X,Y] € V(M) deter-
mined by the property that on each open subset U € M we have

X,Y].f = X.(Y.f) — Y.(X.f)

for all f e MC*™(U,R), see |8, Lemma II1.3.1].

A vector field on an infinite dimensional Fréchet manifold may have no,
one or multiple integral curves. However, a MC*-vector field always has a
unique integral curve.

Proposition 2.2. |3, Proposition 5.1| Let U < F be an open subset and
X : U — F be a MCF-vector field, k = 1. Then for each py € U there
exists an integral curve £ : I — F at py. Furthermore, any two such curves
coincide on the intersection of their domains.

Corollary 2.3. [3, Corollary 5.1] Let U < F be an open subset and let
X :U — F be a MC*-vector field, k > 1. Let also F(po) be the solution
of U'(t) = X(L(t)), £(to) = po. Then there is an open neighborhood Uy of
po and a positive real number o such that for every q € Uy there exists a
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unique integral curve £(t) = F(q) satisfying €(0) = q and '(t) = X (4(t))
forallt e (—a, ).

Theorem 2.4. Let X be a MC*-vector field on U c F, k = 1. Then
one can find a real number o > 0 such that for each x € U there exists
a unique integral curve 4 (t) satisfying €;(0) = x for allt € I = (—a, ).
Furthermore, the mapping F : I x U — F given by F(z) = F(t,z) = £5(t)
is of class MC*.

Proof. The first part of the proof follows from Corollary 2.3. We now prove
the second part. Let x,y € U be arbitrary points. Define the functions
on: I >R neN, by

Since X is MC*, so it is globally Lipschitz. Let 8 > 0 be its Lipschitz
constant. Then we have Vn e N

t n
enlt) = | ] (X(F(s.2)) = X(E(s,0)ds 2~y <
¢
< Jo—ylp+8 | (o)
0
Hence, by Gronwall’s inequality, we obtain that
[F(t.2) ~F(t, o)l < ™Mo —ylf, ¥neN. (2:2)

Thereby F is Lipschitz continuous in the second variable and is jointly
continuous.
Now, define F(t,z) € L,(F) to be the solution of the equations

dF(t,x)
dt

where dX (F(t,z)) : F — F is derivative of X with respect to x at F(t, z).
By Proposition 2.2 F(t,z) exits and is well defined. Since the vector field
F — dX(F(t,x)) oF on L,(F) is Lipschitz in F, uniformly in (¢,z) in a
neighborhood of every (%o, z¢), by the above argument it follows that F(¢, )
is continuous in (¢, x). We will show that dF(¢,z) = F(¢, x).

Indeed, fix t € I, for h € U define 9(s,h) = F(s,x + h) — F(s, ), then

=dX(F(t,z)) o F(t,x), F(0,z) = id,

W(t, h) — B(t, 2)(h) :L (X(F(s,x + h)) — X(F(s,2)))ds

_J [AX (F(s, ) o F(s, )] (h)ds

0
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= [ X, ) ([l )~ P 2) ()]s

0

t
+j(x®@@+hD—XW$wD
0

— dX(F(s,z))(F(s,x + h) — F(s,x))ds.

Since X is MCF, for given ¢ > 0 there is a 6 > 0 such that |h|%: < 4,
(n € N), yields that the second term is less than

t
| clFGs.a 40~ Bl vnen,
0

but by (2.2) this integral is less than Besup,cy |h|% for some positive
constant B. Thus, by Gronwall’s inequality we obtain

[t k) = F (@A) (W)|F < eClh[F,  VneN,

where C' is a positive constant. Whence dF(t,z)(h) = F(t,x)(h). Thus,
both partial derivatives of F(,z) exist and are continuous so F(t,x) is C.
Moreover, F is globally Lipschitz and x — F(-,z) is continuous therefore
F(t,z) is MC!. Using induction on k we obtain that F(t,z) is of class
MC*. By definition of F(t, )

LRt 2) = X(E(t,2)).

dt

SO

& B(,2) = X (B(t,2)) (X (R, )

dtar " T o "
and J

%d]F(t, z) = dX (F(t,z)) (dF(t,z)).

The right-hand sides are MC*~!, so are the solutions by induction. Thus
F(t,z) is MC*. O

3. DARBOUX CHARTS

In general for a Fréchet manifold differential forms cannot be defined
as the sections of its cotangent bundle since we can not always define a
manifold structure on the cotangent bundle, see [9, Remark 1.3.9]. To
define differential forms we follow the approach of Neeb [9].

Definition 3.1. Let M be a bounded Fréchet manifold. A p-form w on M
is a function w which associates to each z € M a p-linear alternating map
wg : TE(M) — R such that in local coordinates the map

(,v1,...,0p) = wy(v1,...,vp)
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is smooth. We write QP (M, R) for the space of p-forms on M and identify
Q°(M,R) with the space C*(M,R) of smooth functions.

The exterior differential dgp : QP(M,R) — QPTL(M,R) is determined
uniquely by the property that for each open subset U < M we have for
Xo,...,Xp e V(U) in the space C*(U,R) the identity

p
(darw)(Xo, - .., X)) := Z(— Vi Xiw(Xo,. . Xi,y o, X))

+Z DX, X5), Xoy o Xiy oo, X oo, Xp).
i<j
Let w € QP(M,R), Y € V(M) and F; the local flow of Y. Define the

usual Lie derivative by

Lyw = Fyw) |i=o,

7
which of course coincides by

(Lyw)(X1,..., Xp) = Yw(Xy, ..., Xp) = > w(X1,.., [V, X)), X))
=1

for X; e V(U), U < M open. For each X € V(M) and p > 1 consider also
the following linear map
ix : P(M,R) - QP"Y(M,R)  with (ixw)s = ix(z)was

where (iywy)(V1,. .., Up—1) = wz(v,v1,...,Vp—1).

For w € Q°(M,R) = C®(M,R), we put ixw := 0. Then for two vector
fields X,Y € V(M), we have on Q(M,R) the Cartan formulas, |9, Proposi-
tion 1.4.3|:

[Lx,iv] =ixy], Lx =daroix tixodqr, Lxodsr=daroLx.

Definition 3.2. Let M be a bounded Fréchet manifold. Say that M is
weakly symplectic if there exists a closed smooth 2-form w (dgrw = 0)
being weakly non-degenerate in the sense that for all x € M and v, € T, M

Wz (vg, wg) =0 (3.1)
for all w, € T, M implies v, = 0.

The Darboux theorem is a local result so it suffices to consider the case
when M is an open set U of the Fréchet model space F. For simplicity
assume that 0 € U. Let x € U be fixed and let F} be the strong dual of F.
Define the map w¥ : F — F} by

(w,wf (v)) = we(w, v),
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where (-, -) is a duality pairing. Also, define H, = {w,(y,) | y € F'}. This
is a subset of Fl; and its topology is induced from it.

Lemma 3.3. Suppose x € U is fixred and the model space F, ~ T, M 1is
nuclear. Then the map w¥ : F, — H, is an isomorphism.

Proof. Condition (3.1) implies that w is injective and by the definition of
H,, it is surjective. The space F}, is nuclear so its strong dual is DF N-space
and barreled. The dual space is Mackey (cf. [11, 5.3.4]) and H, inherits its
topology (see [11, 0.4.2, 0.4.3] so is ultrabornological and barrelled (cf.[11,
8.6.9]). Thus, by the open mapping theorem [10, Theorem 4.35| the inverse
mapping is continuous, so w is isomorphism. O

We will need the following result.

Lemma 3.4. [8, (Poincaré Lemma) 11.3.5] Let E be locally conver, V a
sequentially complete space and U < E an open subset being star-shaped
with respect to 0. Let also w € Q¥ (U, V) be a V-valued closed (k-+1)-form.
Then w is exact. Moreover, w = dgga for some o € QF(U, V) with a(0) = 0
given by

1

a(x)(vr, - vg) :L thw(tk) (z,v1, - - - vg)dt.

We assert the following theorem for some open neighborhood of 0 € F.

Theorem 3.5. Suppsoe that the Fréchet model space F' is nuclear. Assume
also that

(i) there exits an open neighborhood U of zero such that all the spaces
H, are locally identical and w'¥ : F — H is an isomorphism for
each t € 10,1] and x € U.

(i) for x € U the map (W*)~™' : H — F is a field of isomorphism of
class MC®.

Then w is locally isomorphic at zero to the constant form w(0).

Proof. On U define w® = wy + t(wy — w) for t € [0, 1], where wy = w(0). By
Lemma 2.2 there exist a 1-form « being locally such that dgpra = wy — w
and «(0) = 0. Consider a time-dependent vector field X; : Y — F' defined
by

ix,w = —a.
Thus, a = ix,w, and so a € H. By Condition (i) for z € U/ and all ¢, w'¥ is
an isomorphism hence
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is well defined. By Condition (ii), X is M C® so Theorem 2.4 implies that
there exists a smooth isotopy F; generated by X; which for ¢ € [0, 1] satisfies

Ffw' = w. (3.2)
To solve (3.2), we need to solve

d

awwza (3.3)

We have by product rule of derivative and the Cartan formula that

d d
%F? t — F? (ﬁXtWt) + ]F;:% t

F

™+ %

d .
(awt - ddR(Ztht)>
=T} (—da+wy —w) =0.
Thus, Ffw; = Fiwe and so Ffw = wy. O

Remark 3.6. In the projective limit approach despite the fact that many
interesting results can be recovered for Fréchet manifolds there are some
limitations. To construct geometric and topological objects we need to
establish the existence of compatible projective limits of their corresponding
Banach factors. This would not be easy in some cases and also we can
not use some known results (e.g. the Poincare lemma for locally convex
spaces). Therefore it is imposed the additional condition in [6, Theorem
4.2] for the existence of the required differential form as the Poincare lemma
is not available in this setting. Also, we need a rather strong Lipschitz
condition on mappings for the existence of local flows. In contrast, in
metric approach we can apply known facts from the metric geometry and
locally convex spaces that simplify proofs. There are some restrictions
in this approach also; it is not easy to check M C*-differentiability and
the class of bounded maps can be very small. However as mentioned,
manifolds of Riemannian metrics have the structure of nuclear bounded
Fréchet manifolds and Theorem 3.5 can be used to study their cohomology,
but it is not yet clear how to construct a symplectic structure that can be
applied in this context.
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A (CHR)s;-flat trans-Sasakian manifold

Koji Matsumoto

Abstract. In [4] M. Prvanovic considered several curvaturelike tensors de-
fined for Hermitian manifolds. Developing her ideas in [3], we defined in an
almost contact Riemannian manifold another new curvaturelike tensor field,
which is called a contact holomorphic Riemannian curvature tensor or briefly
(CHR)3-curvature tensor. Then, we mainly researched (C'H R)s-curvature
tensor in a Sasakian manifold. Also we proved, that a conformally (C'HR)3-
flat Sasakian manifold does not exist.

In the present paper, we consider this tensor field in a trans-Sasakian
manifold. We calculate the (C'HR)s-curvature tensor in a trans-Sasakian
manifold. Also, the (C'H R)s-Ricci tensor ps and the (CH R)s-scalar curva-
ture 73 in a trans-Sasakian manifold have been obtained.

Moreover, we define the notion of the (C'H R)3-flatness in an almost con-
tact Riemannian manifold. Then, we consider this notion in a trans-Sasakian
manifold and determine the curvature tensor, the Ricci tensor and the scalar
curvature. We proved that a (C'H R)s-flat trans-Sasakian manifold is a gen-
eralized n-Einstein manifold.

Finally, we obtain the expression of the curvature tensor with respect
to the Riemannian metric g of a trans-Sasakian manifold, if the latter is
(C H R)g-ﬂ&t.

Awnoranisi. Y [4] M. IIpsanoBud po3riagHyTO JEKiTbKa KPUBHHOMOMIOHAIX
TeH30piB, BU3HAYEHHUX JIsl epMIiTOBUX DisHoBHAIB. PossuBaroun 1i ixei y [3],
MU BBBOJVMMO B Maii’)Ke KOHTAKTHOMY DIMAHOBOMY MHOIOBH/Ii IIe OJ[HE HO-
Be KPUBUWHOTIOIOHE TEH30PHE T0JIe, SKE HA3WBAETHCS TEH30POM KOHTAKTHOI
rosiomopdHol piManoBol KpuBuHE a60 KOPOTKO Ter30poM (C'H R)3-KpUBHHH.
Hami My, romoBauM uuHOM, Jociimkyemo tenzop (C'H R)s-kpusuHu caca-
KiftoBoro muorosuiay. Kpim toro, mu gosommmo, mo xoudopvuo (CHR)s3-
IJIOCKOT'O CACaKifloOBOro MHOT'OBUJLY HE iCHYE.

V wiit poboTi Mu PO3IVIAIAEMO Iie TEH30PHE II0JIe Ha TPAHCCACAKIOBOMY
muorosui. Hamu o6uuncieno rersop (C'H R)3-KPUBHHU TPAHCCACAKIHOBOTO
muorosuty. Takox 6ysu orpumani (C'H R)3-Pivui tensop p3 ta (CHR)s-
CKaJIsIpHA KPUBHHA T3 TPAHCCACAKIHOBOrO MHOTOBHLY .

Keywords: (CH R)s-curvature tensor, trans-Sasakian manifold, (CH R)s-flat almost

contact Riemannian manifold, (generalized) n-Einstein manifold.
DOI: http://dx.doi.org/10.15673 /tmgc.v12i2.1438
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Kpim Toro, mu BBogumo nouaTTs (C'H R)3-1IocKuX Maii’Ke KOHTAKTHUX
pimanoBux MHoroeugis. Hamu postisinyTo (C H R)3-11710cKi TpaHe-cacakiiiosi
MHOTOBU/IH, JIJIs SKUX MU 3HAXOINMO T€H30p KPUBUHU, Ten3op Piudi Ta cka-
agpuy kpusuny. Hamu noseneno, mo (C'H R)s3-UIocKuil TpanccacakiioBuii
MHOTOBH/I € y3araJlbHEHUM 7)-€HIITEHHOBUM MHOTOBH/IOM.

Hapermrri, HamMu oTprMHO BUpa3u TEH30PYy KPUBUHU DIMAHOBOI METPUKH ¢
TpaHCCcacakifioBoro MHOroBuy, gkino ocrantiit € (C'H R)3-ILIOCKUM.

1. ALMOST CONTACT RIEMANNIAN MANIFOLDS

A real (2n+1)-dimensional differentiable Riemannian manifold (M?"+1, g)
is said to be an almost contact Riemannian manifold if it has a (1, 1)-tensor
o and a 1-form 7 which satisfy

pP=—I+n®E  neX)=0, (=1,
9(pX,¢Y) = g(X,Y) = n(X)n(Y) (1.2)
for any Y, X € TM?"*1, where £ is defined by

9(&, X) = n(X)

and TM?"*1 is the tangent bundle of M7+,

From (1.1)3, the vector field ¢ is unit and we call this vector field the
structure vector field of the almost contact Riemannian manifold. Next, in
an almost contact Riemannian manifold M?"*! we define a 2-form F by

F(X,Y) =g(eX,Y) (1.3)

for all X,Y € TM?"*!. Then the 2-form F is skew-symmetric and we call
this tensor field the fundamental 2-form of this almost contact Riemannian
manifold. Hereafter, we write the same ¢ instead of F.

An almost contact manifold M?"*! is called trans-Sasakian if the fun-
damental form ¢ satisfies

(Vxe)(Y, Z2) = a{g(X,Y)n(Z) — g(X, Z)n(Y)}+
+ B{p(X, Y)n(Z) — p(X, Z)n(Y)},

for certain smooth functions o and 3 on M?"*! and for all tangetn vec-
tors X,Y,Z € TM?"*!, where V means the covariant differentiation with
respect to ¢g. In that case we will say that a trans-Sasakian structure is of

type (a, B) or of an (a, B)-type, [5].

(1.4)

Remark 1.1. A (—1,0)-type (resp. (0,1)-type) trans-Sasakian manifold
is a Sasakian (resp. a Kenmotsu) manifold.
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In a trans-Sasakian manifold of («, §)-type, we know, [5], that

Vx§ = —apX + B{X —n(X)¢},
(Vxn)(Y) = —ag(eX,Y) + Bg(pX, ¢Y),
R(X,Y, Z,€) = (Xa)g(pY, Z) — (Ya)g(pX, Z)
— (XP)g(¢Y, 0Z) + (Y B)g(0 X, pZ)
+ (@ = BHA(X,Y, Z) — 20BA(X,Y, pZ),
p(X.€) = {2n(a” = 5%) — (£4)In(X) — a(pX) — (2n—1)(XB)
for any X,Y € TM?"*! where p is the Ricci tensor with respect to g and
A(X,Y, Z) is defined as
AX,Y, Z) = g(2,Y)n(X) = g(Z, X)n(Y) (1.6)
for any X,Y, Z e TM?"+1,
The following equations (1.7), (1.8), (1.9), (1.10) and (1.11) are very
useful for calculations of the (C'H R)s-curvature tensor in a trans-Sasakian

manifold.
By virtue of (1.4) and the Bianci identity, we have

—R(X,Y,Z,oW) + R(X,Y,W,0Z) =
= (X)A(Z,W,Y) — (Ya)A(Z, W, X))+
(Xﬁ) (Z, W, Y) = (YB)A(Z, W, pX)+
+(a? = BO{g(Y,W)g(X, Z) = g(Y, Z)g(X, W)= (L.7)
— 9(X, W)g(eY, Z) + g(X, Z)g(Y, W) }+
+2a3{g(oX, W)g(pY, Z) — g(Y,W)g(pX, Z)+
+9(X,2)9(Y, W) — g(X,W)g(Y, Z)}
for any X,Y, Z, W € TM?"*1. By virtue of (1.6), we can easily obtain
R(eX,Y,Z,oW) + R(oX,Y,0Z, W) =
—(pXa)A(Z,W,)Y )+ (Ya)B(Z, W, X)+
+ (pXB)A(Z,W,Y) — (YB)A(Z, W, X)+
+ (o = B){g(eX, Z)g(0Y, W) — g(X, W)g(pY, Z)
+9(X,W)g(Y, Z) — g(X, Z)g(Y, W) (1.8)
+ 9, Wn(X)n(Z) — g(Y, Z)n(X)n(W)}
+2aB{g(X, W)g(¢Y, Z) — g(X, Z)g(Y, W)
+9(Y, 2)g(eX, W) — g(Y,W)g(¢X, Z)
+ 9(eY, Wn(X)n(Z) — (Y, Z)n(X)n(W),

(1.5)
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and
R(X,Y,pZ,oW) = R(X,Y, Z,W)+

+ (Xa)A(Z,W,pY) — (Ya)A(Z, W, pX)
— (XB)A(Z, W, Y) + (YB)A(Z, W, X)

+ (o = B){g(Y,W)g(X, Z) — g(X,W)g(Y, Z) (1.9)
— 9(eX, Z2)g(0Y, W) + g(X, W)g(¢Y, Z)}

+20B{g(pY,W)g(X, Z) — g(¢X,W)g(Y, Z)
—g(9Y, Z)g(X, W) + g(¢X, Z)g(Y, W)}

for any X,Y, Z, W e TM?"+1,
Moreover, we have from the above equation

R(eX,pY,0Z,oW) = R(X,Y,Z,W)
+ (Za)A(X,Y, W) — (Wa)A(X,Y, pZ)
— (ZB)A(X,Y,W) + (WB)A(X,Y, Z)
— (pXQ)A(Z,W,Y) + (Y @) A(Z, W, X)
— (pXB)A(Z, W, Y ) + (Y B)A(Z, W, pX)
+ (o = AKX, Y, W)n(Z) — A(X, Y, Z)n(W)}
+ 208 [2{9(X7 W)g(pY, Z) — g(X, Z)g(pY, W)
+ 9V, W)g(pX, Z) — g(Y, Z)g(p X, W)}
— A, Y, oW)n(Z) + A(X, Y, Z)n(W)]
for any X,Y,Z, W e TM?"+1,

By virtue of R(X,Y, Z,W) = R(Z,W, X,Y) forany X,Y, Z,W € TM?"+1,
we have from (1.10)

{(Xa) + (pXB)A(ZW.0Y) — {(Ya) + (pY BYA(Z, W, pX)
—{(Za) + ($ZB)JA(X, Y, W) +{(Wa) + (e W)} A(X, Y, pZ)
—{(XB) — (pXa)}A(Z,W,Y) + {(Y B) — (#Y @)} A(Z, W, X)
+{(28) = (pZa)AX Y, W) = {(WB) = ((Wa)lAX.Y.Z) () 1y
= 4aB[2{g(X, W)g(¢Y, 2) — g(X, Z)g(¢Y, W)
+9(Y, Z)g(pX, W) — g(Y, W)g(¢X, Z) }
+ A(ZW, Y In(X) = AZ. W, eX)n(Y)]

for any X,Y, Z, W e TM?"*1. Thus we have
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Proposition 1.2. In an («a, B)-type trans-Sasakian manifold M*"*1, the
functions o and 8 satisfy (1.11).

2. (CHR)3-CURVATURE TENSOR IN A TRANS-SASAKIAN MANIFOLD

In this section, we consider the (C'HR)s-curvature tensor in a trans-
Sasakian manifold.

The (C'H R)s-curvature tensor in an almost contact Riemannian manifold
is defined by

16(CHR)3(X,Y,Z,W) =
=3{R(X,Y,Z,W) + R(¢X, Y, Z,W)
+ R(X,Y,¢Z,oW) + R(oX, oY, pZ, oW)}
— R(X, Z,oW,9Y) — R(pX, 0Z,W,Y)
— R(X,W,pY,0Z) — R(pX,oW,Y, Z)
+ R(eX, Z, oW, Y) + R(X,0Z, W, pY) (2.1)
+ R(pX, WY, pZ) + R(X, oW, ¢Y, Z)
+n(X)P(Z,W,Y) —n(Y)P(Z, W, X)
+n(Z)P(X,Y,W) —n(W)P(X,Y, Z)
+n(X)n(W)Q(Y, Z) — n(X)n(Z)Q(Y, W)
+n(Y)n(Z2)Q(W, X) —n(Y)n(W)Q(Z, X),
where we put
P(X,Y,Z) =3{R(X,Y, Z,§) + R(pX,9Y, Z,§)} + R(pX,9Z,Y,§) (2.2)
+ R(¢Z, oY, X,€) = R(X,0Z,0Y,£) — R(pZ,Y,pX,£)

and
for any X,Y,Z € TM?"+1, [3]. We call this tensor field a contact holo-
morphic Riemannian curvature tensor or briefly (CH R)s-curvature tensor
in an almost contact Riemannian manifold. Hereafter, we assume that all
vector fields are elements of TM2?"+1,

Now, to calculate (C'H R)3-curvature tensor in a trans-Sasakian manifold
M?"*+1 we separate this tensor field as the following 5-parts:

() R(X.Y.ZW)+R(pX, oY, Z,W)+
+ R(X,Y, 0Z,oW) + R(0 X, ¢Y, pZ,oW),

(IT) R(X,Z,oW,0Y) + R(pX,0Z, W, Y )+
+ R(X, W, Y, pZ) + R(pX, oW, Y, Z),
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(1) R(pX, Z, oW, Y) + R(X,0Z, W, oY)+
+ R(pX, W)Y, pZ) + R(X, oW, pY, Z),

(IV) n(X)P(Z,W,Y) = n(Y)P(Z, W, X)+
+0(Z)P(X,Y, W) —n(W)P(X,Y, Z),

(V) n(X)nW)Q(Y, Z) — n(X)n(2)Q(Y, W)+
+n(Y)In(Z)Q(W, X) —n(Y)n(W)Q(Z, X).

Then we know that

16(CHR)3(X.,Y, Z,W) = 3(I) — (I) + (III) + (IV) + (V).

Using (1.9) and (1.10) we get that

m_mmyzm
+{(Xa)=(pXB)}A(Z, W, pY)—{(Ya) = (pY B) } A(Z, W, pX)
(Za) (XY, W) = 2(Wa)A(X,Y, pZ)—
—{(XB)+(¢Xa)}A(Z,W,Y)+{(YB)+(¢Y ) }A(Z, W, X)
—2ZB)A(X,Y, W) + 2WB)A(X,Y, Z)
+ (a% = 5%) 2{g(X. 2)g(¥, W) — (X, W)g(Y, Z)+ o
2.
+ (X, W)g(¢Y, Z) — g(pX, Z)g(¢Y, W)}
+AZ,W,Y)n(X) — A(Z,W, X)n(Y)]

+ 2af [2{9(Y, Z)g(pX, W) + g(X, Z)g(Y, W)
+ (X, W)g(eY, Z) — g(Y,W)g(X, Z)}

FAX,Y, 0Z)n(W) — A(X, Y, wW)n(Z)} .

Using (1.9), we obtain
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—(II) = 2R(X,Y, Z,W) + (Xa){A(Z,Y, oW ) — AW, Y, pZ)}
— Ya){A(Z, X, pW) — AW, X, 0Z)}
+ (Za){A(X, W, oY) — A(Y, W, pX)}
— (Wa){A(X, Z,9Y) — A(Y, Z,pX)}
- (XB{A(Z, Y, W) = AW,Y, Z)}
+ (YB){A(Z, X, W) — AW, X, Z)} (2.5)
= (ZPHAX,W,Y) = A(Y, W, X)}
+ (WB{A(X,Z,Y) - A(Y, Z, X)}
+2(a® - B){9(X, 2)g(Y, W) — g(X,W)g(Y, Z)
= 9(eX, W)g(eY, Z) + g(0X, Z)g(Y, W)
—29(¢X,Y)g(pZ, W)},
(III) is separated as (A) + (B), where we put
(A) = R(pX,Z, W)Y ) + R(eX,W,Y, pZ)
= —{R(pX, WY, Z) + R(pXpZ,W,Y)}
—{R(eX,Y, Z,oW) + R(pX,Y,pZ, W)},
(B) = R(X,9Z,W,0Y) + R(X, oW, 9Y, Z).
By virtue of (1.9), we obtain
—{R(pX, oW.Y, Z) + R(pXpZ,W,Y)} = R(Z,Y,Z, W)+
+ Ya){A(X, Z,oW) — A(X, W, pZ)}+
+ (Za)A(X, W, YY) — (Wa)A(X, Z, Y )+
+ (YBH{AX, W, Z) — A(X, Z, W)} -
— (ZB)AX,W,Y) + (WB)A(X, Z,Y)
+ (0 = BH{g(X, 2)g(¥V, W) = g(X,W)g(Y, Z)
+9(eX, Z)g(eY, W) — g(p X, W)g(¢Y, Z)
—29(pX,Y)g(pZ, W)}
+2a8{g(X, 2)g(pY. W) = g(Y. W)g(¢X, 2)
+9(Y, Z)g(pX, W) — (X, W)g(¢Y, Z)
—29(X,Y)g(¢Z, W)}-
Thus we have from (2.5) and (2.6)
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(A)=R(X,Y,Z, W)+
+ (pXa)A(Z,W,Y) = 2(Ya)g(pZ, W)n(X)
+ (Za)A(X, W, Y ) — (Wa)A(X, Z, pY)

— (ZB)AX, W, Y) + (WHA(X, Z,Y)

(
)
+ (pXB)A(Z, W, 9Y) + 2(YB)A(Z, W, X)
)
+(a® — %)

[249(X, 2)g(Y. W) = (X, W)g(Y, 2)}

~ A(Z,W,Y ()]
+ 208 [2{9(X, 2)9(Y, W) — g(X, W)g(oY, Z)
~ 9(X.Y)g(9Z, W)} = A(Z, W, oY )n(X))|.

Since, (B) is the equation which change X < Y and Z < W in (A), we
have
(B) = R(X,Y, 2, W) + (Y a) AW, Z, X) — 2(Xa)g (W, Z)(Y)
+ Wa)A(Y, Z, o X) = (Za)A(Y, W, pX)
+ (Y B)AW, Z,pX) + 2(XB) AW, Z,Y)
— (WH)A(Y, Z,X) + (ZB)A(Y, W, X)

+ (a2 = %) [2{g(YV, W)g(X, Z) = g(¥, Z)g(X, W)} — AW, Z, X)n(Y)]
+ 208 2{g(Y, W)g(# X, Z) = g(Y. Z)g(p X, W)
— 9(X,Y)g(eW. 2)} = AW, Z, pX)n(Y)].
By virtue of the above two equations, we obtain
() = 2R(X,Y, Z,W) + (¢ Xa)A(Z,W,Y) — (oY a)A(W, Z, X)
+2(Xa)g(eZ, Wn(Y) — 2(Ya)g(eZ, W)n(X)
— (Za){A(X, Y, W) = 2g(p X, Y )n(W)}
+ (Wa){A(X, Y, pZ) — 29(p X, Y)n(2)}
+ (¢ XB)A(Z, W, ¢Y) — (Y B)A(Z, W, ¢ X)
—2XB)A(Z,W,Y) +2(Y B)A(Z, W, X)
- (Z,B)A(X, Y, W) + (W/B)A(Xa Y, Z)
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+(a? = %) [4{9(X, Z2)g(Y, W) — (X, W)g(Y, Z) — g(pX,Y)g(pZ, W)}
— A(Z,W,Y)(X) + AZ,W, X)n(Y)]
+2af3 [2{9(X7 Z2)g9(Y, W) — g(X, W)g(¢Y, Z)
+9(Y,W)g(pX, Z) — g(Y, Z)g(pX, W)}
—AZ,W,oX)n(Y) + A(Z,W, ng)n(Y)} .
Next, to calculate (IV) in a trans-Sasakian manifold, we have to get

P(X,Y,Z) which defined by (2.2) in a trans-Sasakian manifold. By virtue
of (1.5) we obtain that

P(X,Y,Z) = {(Xa)g(¢Y, Z) — (Ya)g(¢X, 2)}
—2{(XB)g(¢Y,0Z) — (YB)g(¢X,¢Z)}
— H(pXa)g(pY,0Z) — (pY a)g(¢ X, ¢Z)}
—2{(pXB)g(¢Y, Z) — (Y B)g(pX, Z)}
+4(pZB)g(pX,Y) +2(a® — BHA(X,Y, Z) — 8aBA(X,Y, pZ).
Using the above equation, we get
(IV) = 2{2(X ) — (¢XB)}A(Z,W,0Y ) = 2{2(Ya) — (Y B) } A(Z, W, 0 X)
+2{2(Za) — (pZB)}A(X,Y, W) — 2{2(Wa) — (¢WB) }A(X,Y,¢Z)
—2{2(pXa) + (XB)}A(Z,W,Y) + 2{2(¢Y @) + (Y B) } A(Z, W, X)
—2{2(¢pZa) + (ZB)}A(X,Y, W) + 2{2(eWa) +
+4{(£Y B)g(0Z, Wn(X) = (X B)g(Z, W n(Y
+ (W B)g(pX,Y)N(Z) — (pZB)g(#X, Y)n(W)}

+4(a® = BA{A(Z, W,V )n(X) — A(Z, W, X)n(Y)}.

(WB)IA(X,Y, Z)
)

Finally, we calculate (V) in a trans-Sasakian manifold.
By virtue of (1.5)3, we have

R(&, X, Y, §) = {(§a) + 2aB}g(p X, Y )+
+{(® = B%) — (£B)}g(eX, pY).

In (2.7), the left hand side is symmetric with respect to X and Y. So we
have

(2.7)
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Proposition 2.1. In a trans-Sasakian manifold, the condition
(a)+2a8=0
holds.
Thus, (2.7) is written as

R(E,X,Y,€) = {(® = B%) — (€8)} 9(0 X, 9Y). (2.8)
By virtue of (2.8), we can easily obtain that
R(§, X, Y, €) = R(S, X, Y, £).
Thus we have from the above equation
Q(X,Y) = 2{(a® — B%) — (£8)} g( X, 9Y). (2.9)
Thus we have from (2.9)
(V) = =2{(e” = %) — (B} {A(Z, W, Y )n(X) — A(Z, W, X)nY)}.

By virtue of (1.11), (I), (II), (III), (IV) and (V), the (CH R)s-curvature
tensor in a trans-Sasakian manifold is written as follows:

16(CHR)3(X,Y,Z,W) = 16R(X,Y, Z,W)
+ (Xa){TA(Z, W, oY) + 4g(0Z, W)n(Y)}
= (Ya){TA(Z, W, 0X) + 4g(0Z, W)n(X)}
+ (Za){TA(X, Y, W) + 4g(0 X, Y)n(W)}
— (Wa{TA(X, Y, pZ) + 49(¢ X, Y )n(Z)}
—5{(pX)A(Z,W,Y) — (¢Y ) A(Z, W, X)
+ (¢ Za)A(X,Y, W) — (¢Wa)A(X,Y, Z)}
—{(XB)A(Z,WY) — (YB)A(Z, W, X)
+(ZBAX, Y, W) — (WB)A(X,Y, Z)}
— (pXBHBA(Z, W, 9Y) + 4g(0Z, W)n(Y )}
+ (PY B{BA(Z, W, 0 X) + 4g(pZ, W)n(X)}
— (pZB){3A(X, Y, pW) + 4g(0 X, Y )n(W)}
+ (pWB){BA(X, Y, pZ) + 49(p X, Y )n(Z)}
+ (o = %) |12{g(X, 2)g(YV, W) — g(X, W)g(Y, Z)}
+ 4{g(e X, W)g(¢Y, Z) — g(0X, Z)g(pY, W)

— 29(X, V)92, W)}
+ 2(6/8){A(Z7 W7 Y)H(X) - A(Z7 W7 X)W(Y)}

(2.10)
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From the above equation, we can easily obtain the (C'H R)3-Ricci tensor p3
and the (CH R)z-scalar curvature 73 as

8p3(X,Y) = 8p(X,Y) + (5n+3)[{(¢X)a}n(Y) + {(¢Y)a}n(X)]
+ (9n = DX B)n(Y) + (YB)n(X)}

s o (2.11)
—4(a® = B){(3n — Dg(X, V) + (n+ Dn(X)n(¥)}
+2(68){49(X,Y) = (n + 3)n(X)n(¥)}.
and
7y =7 = (3n+ n(a® ~ B2) + 4n(&B), (2.12)

where 7 denotes the scalar curvature with respect to g.
By virtue of (1.5)4 and (2.11), we easily have

8pa(X,€) = 5(n — D{(¢X)a) = 7(n = D{(XB) — (Bn(X)}}.  (2.13)

3. (CHR)3-FLAT TRANS-SASAKIAN MANIFOLDS

An almost contact Riemannian manifold is called (CHR)s-flat if the
(CH R)s-curvature tensor equals to zero on M?"+1,

Let us consider a (CHR)s-flat trans-Sasakian manifold. Then the left
hand side of (2.10) is zero.

Moreover, if the (C'H R)s-curvature tensor is flat, then the (C'H R)s-Ricci
tensor and the (C'H R)s-scalar are flat. So, by virtue of (2.11) and (2.12),
we respectively have

8p(X,Y) + (51 + 3) [{(¢X)a}n(Y) + {(¢¥ )a}n(X) | +
+ (90 = D{(XB(Y) + (Y B)n(X )}~ 51)

—4(a® = B{(Bn — )g(X,Y) + (n+ L)n(X)n(Y)}+
+2(68){49(X,Y) — (n + 3)n(X)n(Y)} =0

and

7 — (3n+ 1)n(a? — §2) 4 4n(£B) = 0. (3.2)
We know from (2.13)

5{(eX)a} — T{(XB) — (£B)n(X)} = 0. (3-3)

From the above equation, we get
{(X)ajn(Y) + {(¢Y)a}n(X) =
+ LX) + (B}~ 2 EHmX ().
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Substituting (3.4) into (3.1), we get
(3n —1)(a? — B%) — 2(¢B)

p(X,Y) = 5 g(X,Y)
% {W(Sﬁ) +(n+1)(® - 52)}77()()77(1/) (3.5)
_2m+1)

—— {as(xX)n(x) + dB(¥ () .

Thus we have

Theorem 3.1. A (CHR)3-flat trans-Sasakian manifold is a generalized
n-Finstein manifold.

Remark 3.2. The notion of a generalized n-Einstein manifold is defined
by A. A. Shaikh and Y. Matsuyama, [5]. Moreover, M. C. Chaki called this
manifold a generalized quasi-Finstein manifold, [1], [2].

From the above theorem, we can easily obtain

Corollary 3.3. A (CHR)s-flat trans Sasakian manifold is n-Einstein if
and only if the function [ is constant. Then the Ricci tensor p and the
scalar curvature T with respect to g are written as

p(X.Y) = (o = B){¥5g(X,Y) + (X )n(Y)} (3.6)
and

7= —(3n+ 1)n(a® — §?).

By virtue of Remark 1.1 and the above corollary, we get

Corollary 3.4. In a (CHR)3-flat Sasakian, resp. Kenmotsu, manifold,
the Ricci tensor p and the scalar curvature T with respect to g satisfy

p(X,Y) = 21g(X,Y) + 25n(X)n(Y),

resp.

p(X,Y) = —{FFg(X,Y) + "5 n(X)n(Y)}
and
T=—0Bn+1)n (resp. 7= (3n+1)n). (3.7)

Now, from (3.3), we obtain
—5{(pX)a}A(Z, W, Y) + 5{(¢Y )} A(Z, W, X)—
—5{(p2)a}A(X, Y, W) + 5{(pW)a}A(X,Y, Z)—

- 9{(X6)A(Z, W,Y) — (YB)A(Z, W, X)+
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+ (ZB)A(X,Y, W) — (WB)A(X. Y, z)} _

= *16{(X/J’)A(Z, W,Y) - (YB)A(Z, W, X)+

+ (ZB)A(X,Y,W) — (WB)A(X,Y, z)}+
+14EHLAZ, WY )n(X) — A(Z, W, X)n(Y)}.

From (3.3), we get

((PX)8) = —2(Xa) + 2 (€a)u(X). (39

From this, we have

= 3[{(pX)BYA(Z, W, 0Y) = {(2Y)B}A(Z, W, 0 X)+
+ {(PZ)BYA(X, Y, oW) —{(¢W)BJA(X, Y, 92) | +
+7{(Xa)A(Z, W, ¢Y) — (Ya)A(Z, W, o X)+

+ (Z0)A(X, Y, W) — (Wa)A(X, Y, 07)} =

= %{(Xa)A(Z, W, oY) = (Ya)A(Z, W, o X)+

F(Za)A(X, Y, oW) — (Wa)A(X, Y, goZ)}.
Next, since we have

A[(Xa) — {(eX)BYg(eZ, W)n(Y) = B(Xa) — 2 (¢a)g(pZ, W)n(X)n(Y),

we obtain

A[(Xa) = {(¢X)B} g(pZ, W)n(Y)—
—4[(Ya) = {(¢Y)B} g(0Z, W)n(X)+
+4[(Za) = {(¢2)B}] g(X, Y ) (W)~

—4[(Wa) — {(eW)B} g(X,Y)n(Z) =
= 478 { (Xa)g(pZ, W)n(Y) — (Ya)g(pZ, W)n(X)+

+ (Za)g(pX, V)W) = (Wa)g(¢X, Y)n(Z)}.
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Using (3.6), (3.7) and (3.8), the curvature tensor R with respect to g is
written as
R(X,Y, 2,W) = [ (X0) (4A(W, 2,67 ) + 39(oW, Z), (¥ )}
— (Ya){4A(W, Z, o X) + 39(¢W, Z)n(X)}
+ (Za){4A(Y, X, W) + 3g(eY, X)n(W)}
— (Wa){4A(Y, X, pZ) + 3g(¢Y, X)n(Z)}
+ (XB)AW, Z,Y) = (YB)AW, Z, X)
— (ZB)A(Y, X, W) + (WB)A(Y, X, Z) (3.9)
+ (0% = B9 [3{g(X, W)g(Y, 2) - (X, Z)g(¥, W)}
—9(eX, W)g(pY, Z) + g(0X, Z)g(Y, W)
+29(pX,Y)g(pZ, W)

e~ =

— 07— %) — (EB)HAZW, Y n(X) — AZ W, X)n(Y)}
Thus we get

Theorem 3.5. If a trans-Sasakian manifold is (C'HR)3-flat, the the cur-
vature tensor satisfies (3.9).

By virtue of Remark 1.1 and the above theorem, we have

Corollary 3.6. In a (CHR)3-flat Sasakian, resp. Kenmotsu, manifold,
the curvature tensor R with respect to g are written by

R(X,Y, Z,W) = 7 [3{g(X, W)g(Y. 2) = g(X, Z)g(¥. W)}

> =

—g9(@X, W)g(eY, Z) + g(pX, Z)g(Y, W) + 29(¢ X, Y )g(pZ, W)
— i{A(Z, W, Y)n(X) — A(Z,W,X)n(Y)}

resp.

1
T4
— 9(eX, W)g(eY, Z) + g(pX, Z)g(Y, W) + 29(0 X, Y )g(pZ, W)

+ i{A(Z, W,Y)n(X) — A(Z, W, X)n(Y)}.
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Remark 3.7. The above corollary shows that a (CHR)s-flat Sasakian
(resp. Kenmotsu) manifold is a Sasakian (resp. Kenmotsu) space form with
zero holomorphic sectional curvature.

Remark 3.8. Of course, we can get (3.2) and (3.5) from Theorem 3.1
directly.
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HomaTHi psian, MHOXXUHUA IIACYyM SAKUX €
KaHTOpBaJlaMu

dA. ©. Bunaumun, B. II. Mapkitan, M. B. [IpamsoBurnii,
I. O. CaBuenko

Abstract. A set of incomplete sums (subsums) of a absolutely convergent
series has been featured in studies since 1914, when a pioneer work in this
direction was published by Japanese mathematician Soichi Kakey [7]. Since
then, active research has begun in this direction. And already final in the
direction of classification of existing “topological types” of sets of incomplete
sums of absolutely convergent series are the works of 1988 [4, 10], where the

following fact is proved:
0

If E is the set of subsums of a positive term convergent series Y, an,
n=1
then E is one of the following: (i) a finite union of closed intervals; (ii)
homeomorphic to the Cantor set; (iil) homeomorphic to a certain set T called
Cantorval, see (1.3).

Beginning in 1941, in parallel with studies of the topological properties of
the sets of incomplete sums, studies of their metric properties were carried
out. Metric problems (Lebesgue measure problems) are of particular rele-
vance when the set of incomplete sums of a series is nowhere dense or is a
mixture of nowhere dense sets and a union of segments.

Today, the following problems remain open in the general formulation for
the set of incomplete sums of a converging positive series:

1) necessary and sufficient conditions for its nowhere density;

2) necessary and sufficient conditions for its zero-dimensionality (in the
sense of Lebesgue measure);

3) its fractal properties, etc.

KomnexTus aBTOpiB mMupo BASYIHII aHOHIMHOMY PEIEH3EHTOBI 33 KOHCTPYKTHUBHI 3ayBa-
JKEHHs Ta M00aKaHH:A, SKi JO3BOJIIIA BIOCKOHAJIMTH JIAHY POOOTY.

Kawwo6i caosa: MHOXKUHA HelOBHUX cyM (IijcyMm), kanTopsads, Mipa Jlebera, e-amnpo-
KCHUMAITis JIHITHOT MHOXKHWHU.
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In the present paper we give a construction of a continuum family of
positive series whose sets of incomplete sums are Cantorvals. Each series of
this family has a property

& a
T n
an = 17 lim w = +OO,
1 n—0o0

n= Anitk

k=1
Moreover, for any € > 0 there exists a series in this family with Lebesgue
measure of its set of incomplete sums greater than 1 — e.

Amwnoranisi. HaBonurhbest KOHCTPYKITiSE KOHTHHYAIBHOI CiM'T TOMATHUX PSAIiB,
MHOKUHHI HEIOBHUX CyM dKUX € KaHTOpBasaMu (00’€IHAHHAM HiJe He IMIib-
HOT MHOXKHHY 1 MHOXKHHH, sIK& € HECKIHYeHHUM 00’€JHAHHAM BiIpiskis). Ko-
JKeH psi gaHol ciM’T Ma€ BIaCTUBICTH

e}
_— a
2 an =1, lim 007" = 400,
n—0o0
n=1 Z an+k
k=1

IpUIoMy JijIst Oyib-sikoro € > 0 B 11iit cim'T icHye psz, mipa Jlebera MEOKUHK
HEIOBHUX CyM $IKOTO € Oisbimomo 3a 1 — €.

1. Bcryn

Posrngmaerbest 30ixKHMM qogaTHAR PST

0
ngZan:al—i-ag—l—...—i—an—l—rn:Sn—l—rn. (1.1)

n=1

Hexait M — noBiibHa TiIMHOXKWHA MHOYXKUHY HATYpasibaux unces N. Hucso

1, gaxmone M,

e}
M) = n — nen n =
x(M) Z a ;la Ep, J€ € 0. smamo n ¢ M,

neMcN

HA3BUBAETHCA HENO6HON cymoro (nidcymoro) pamy (1.1), BUSHAYEHO MHO-
Kunow M.

Muoxuny Beix HenoBaux cy™m psigy (1.1) mosmauarumemo uepes E{a,},

TOOTO
FE{a,} = {m | z = Z A, MEQN}.
neM

Jlerko 6aunru, mo muoxkuHa F{a,} BCix nigcym abcoaroTHO 3612KHOTO Pty

>, He 3MIHIOETBCs TIPH JIOBLJIbHIH nepecTaHoBi wieHiB psty. Kpim Toro,
neN
BCi 4jieHn 36i12KHOTO JOJIATHOTO PsI/Iy MOXKHA IMEPECTABUTH Y 3012KHY 10 HYJIT

cajay (y HecTporoMy po3yMiHHI) mocstioBHicTh. ToMy IpH JOCIIIZKeHH]
MHOXKUHY F{ay,} 10ocTaTHbo pO3IsiiaTi BUIIAI0K MOHOTOHHOI CIAa/IHOL 1O~
cainoBaOCTL (|an|)o ;.
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o0
OckinbKu j1j1s1 AGCOTIOTHO 301KHOTO PSIJLy Py Y.y MA€E MicIe PiBHICTh
n=1

o oe
Z anp =S5+ Z lan|,
n=1 n=1

Jge ST — cyMma BCiX BiJI €MHUX WIEHIB DALY, TO B JIOC/IXKEHHAX TOIOJIOTO-
METPUYHOI CTPYKTYPU MHOXKHUHU ITi/ICyM abCOTIOTHO 301KHUX PsJIiB MOXKHA
OOMEXKUTHUCH PO3IJISIOM JIONATHUX PSJIIB, 0 MU ¥ HaJaJi POOUTHMEMO.

Ak oxkpemuii 06’€KT BUBUYEHHsI, MHOXKWHA, IHJICYM a0COJIIOTHO 30i2KHOTO
psay dirypye B mociimkennasx 3 1914 poky, koau Oyiia omyOsiikoBaHa 11io-
HEpPChKa B I[bOMY HalpsiMi pobora simorcbkoro Mmaremarunka Coiui Kakes [7]
(“ITpo HemoBHI cymMu HECKIHYEHHUX PsifiB”), Jie BiH OIucaB CTPYTPYPY MHO-
JKWHU HEOBHUX CYM, He HAJABIIHN IIPHU IIHOMY CTPOTUX A0BeleHb. B 1941
porii pesysbrarun Kakest 6y nepesiagputi I'. Topandem [5] ta B 1948 pori
I1. K. Menonowm [9] it ocHoBHUiI pe3ysbTaT TOro 4acy c¢OpPMYJIbOBHAHO Y
BUTJISII:

Teopema 1.1. Mnootcuna nenosnux cym E{a,} abcorommo 36iscrozo ps-

Q0
Ay D, an € 00CKOHANON MHOHCUHOIO.
n=1
1) Biavw moeo, E{a,} € cxinvennum 06’conanmam 6idpiskie modi G au-
we modi, KoAu

|an| <y = |an+1| + |an+2| + |an+3| +oee

das 8cix n, nowurarowy 3 dearozo nomepy (E{a,} € 6idpisxom modi i
auwe modi, Koau |ap| < 1y das ecizn € N).

2) HArxwo orc
|lan| > [ant1| + |anto| + lants| + -

oas eciz docmamnvo seaukux n, mo E{a,} 2omeomopdra waacuwnid
Mmuootcuni Kanwmopa.

VY sraganiii po6ori [7] C. Kakest BucyHys npuiyieHHsl, o HeOOXiIHOIO i
JIOCTATHBOIO YMOBOIO Hizle He miiyibHOCTI MEHOXKuHK F{a,} € icHyBanHs 3J1i-
YeHHOI KIJIbKOCTI WIEHIB PsiLy, IS IKUX |Gy | > 7y, [leprnit KonTpupukiaz
1o i€l rinore3u Haseau B 1980 p. A. JI. Baiinmreiin i B. 3. Iamipo [16].
Y pob6ori [11] ®. IIpyc-BimuboBcbKuii, BU3HAIOYM CIPOCTYBaHHS IilloTe-
3u Kakes BKazaHuMU aBTOpaMU, 3a3HAYAE, IO 1X poboTa MicTuTh i XubHI
TBep/Kennsi. ¥ 1984 p. II. @epenc [3| waBipB iHIMI KOHTPUPUKIA J1JIs
cripoctyBaHHg rinore3u Kakes, a 30BciM mpoctuit npukian paay v 1988 p.



HonatHi psajau, MHOXKUHY MiJACYM SKUX € KAHTOPBAJIAMUI 29

npencrasmmm Jx. Tarpi i [dox. Himam [4]:

3 2 3 2 3 2
4+4+42+42+43+43
i 1boro psiay, 9K 1 Ajis pAJiB i3 BHUINE HaBEIEHUX POOIT, HEPIBHOCTI
ap > Ty 1 ayp < 75, BUKOHYIOTHCS HECKIHYEHHY KIJIbKICTH pa3iB, a MHOXKU-
Ha HEMOBHUX cyM psay (1.2) micrurh Bigpizok [%, 1], aste He € cKiHUEHHUM
06’eiHaHHSAM Binpi3KiB, auB. [2]. MHOkuHA HenoBHUX cyMm psaxy (1.2) ro-

MeoMOpdHA MHOMKIHI

4 (1.2)

T=Cu (] Goi =01\ G, (1.3)

n=1 n=1

ne C — knacnana muOXkMHA KanTopa (TOOTO MHOXKMHA 4YUCeN 3 Biapizka
[0, 1], gKi 3amucyoTbCs y TPIAKOBIH cuCTEMi YUC/IEHHS] 3 BUKOPUCTAHHSIM
nBox 1mudp 0 Ta 2, abo, MO0 PIBHOCUJIBHO — 16 MHOXKHWHA HEIMOBHUX CYM

o0
reOMETPUYHOIO PSJy Y, 3%), G';, — BikpuTa MHOXKWHA BCIX 9mCeJT Bipi3ka
k=1
[0, 1], siki MaioTh y cBOEMY TpiiikoBoMy 300parkeHHi k-ry 1mudpy 1, gKIo
Bci moniepeiai udpu 306paxkenns — 0 abo 2.
SaBepiiajbHUMK Y HAIpsAMi Kiaacudikariil iCHyI0Inx “TOMOJIOTIYHAX TH-
1iB” MHOXKUH HEMOBHUX CyM abCOTIOTHO 36iKHUX psijiiB € poboru [4, 10|, ne
JIOBEJIEHO HACTYITHUI paKT.

Teopema 1.2. Mnootcuna E{ay} nenoshux cym 36istcnozo dodammozo pady
0
> an abo
n=1
1) e cxinuennum 06’ednanmnam 6i0pisxis, abo
2) 2omeomoppra mmoorcuni Kanmopa, abo
3) zomeomoppra mroorcuni T.

Osnavenns 1.3. [1, 11| Cumempuynum xawmopsanom (a6o M -kanmop-
6a.10M) HA3UBAETHCSI MHOYXKHMHA, sTKa ToMeoMopdHa MHOKUHI T'.

Tepwiu “kanmopsan”’ 3ampomnonyBaan Opa3uabchbki MaTemaruku 11. Men-
nec i @. Oumiseiipa y po6oti (8], npucBsueniii BUBYEHHIO TOIOJIONIYHOT CTPY-
KTypu apudMeTHIHOI CYMU JIBOX MHOMCUH KAGHMOPIBCHK020 muny (Hemo-
POXKHIX 0OMEKEeHHUX JOCKOHAIMX Hysib-MHOKUH JleGera 3 R). V wuiit po6ori
aBTOPU JAJIM KAHTOPBAJIAM JIEIIO 1HIE O3HAYCHHS.

Osnavenns 1.4. [8] M-kanmopsasom HA3UBAETHCs TOCKOHAJA I IMHO-
KUHA 9uCI0BOI mpamol R Taka, 110 KOXKHUN CyMi2KHUI iHTEpBaJI 11i€1 MHO-
JKWHM HAKOIIMYY€E 110 OOM/IBI CTOPOHU HECKIHYEHHY KiJIbKIiCTh CBOIX HETDH-
BlaJIbHMX KOMIIOHEHT 3B’A3HOCTI Ta CYyMi?KHUX IHTEPBaJIiB.
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Iloumnaroun 3 1941 poky, mapajeabHO 3 AOCIIMKEHHIMH TOIOJIOTITHIX
BJIACTUBOCTEH MHOYKUH HENOBHUX CYM, IIPOBOJIMJIMCH JOCJII/IKEHHS TX MeT-
puanux BiactuBocTeit. OKpemol akTyaapbHOCTI MeTpudHi 3agadi (3amadi
upo Mmipy Jlebera) HabyBaloTh y BHIAJKY, KOJM MHOXKHHA HEITOBHUX CyM
Py € Hime He MIbHOI abo CyMIMIIIIO Hijge He IJbHOI MHOXKHUHU Ta
ob6’enranag Biapiskis. /lemo mizwinre K010 METPUIHUX 33039 OYJI0 PO3IIHU-
pene 3asadamu 1po hpakTaabHI BJIACTUBOCTI MHOYKUH HEIIOBHUX CyM, IIPO
ixHi dpakraabhi po3mipHocri (posmipricTs Laycaopda-Besukosuya ta in-
). Tlepmmmu BaroMuMu JOCIIZKEHHAMA B IIbOMY HalpsiMi 6ysm poboTu
Ti6opa ITamara [15, 14].

Hesparkaroun Ha Te, 1m0 B OCTAHHIN YaC AKIEHTOBAHO BEILYTHCS IOCJIi-
JokenHs [1, 12, 6, 17, 18, 19, 20| BiacTuBOCTEH MHOXKHHU HEIOBHHUX CyM
36i2KHOrO psijty (B OCHOBHOMY II€ PO3IJIslJl OKPEMUX BUIIAJIKIB, KOJIU YJI€HU
PALy YTBOPIOIOTH IOCJIJOBHICTD, IKa& BOJIOJIE JIEAKOI BJIACTUBICTIO OTHO-
pisHOCTI BitHOCHO 1) i HA Te, MO 3a CTOJITHIN Nepioj] PO3BUTKY I€ET Teopil
HAYKOBISIMU OyJIO OTPMMAHO DsiJi BaroMux pesdynbraris [4, 5, 7, 9, 15, 16,
21, 14], moBHMIi OIIKC TOIIOJIONO-METPUIHUX BiacTuBocTeil MHOXKuHN E{a,}
3aJIU €THCA Ie JAJEKUM JI0 3aBEPIIICHHS.

Crorosiai CTOCOBHO MHOYKUHU HEITOBHUX CYM 30 YKHOTO JOJATHOTO PSLy
BCe TIIe Y 3arajibHiil IMTOCTAHOBII 3aJUIIAIOTHCI BIJIKPUTUMU HACTYITHI TIPO-
OreMu:

1) upo HeobxinHi i JocrarHi ymMoBH 1T Hijle HE IIIIBHOCTI;
2) mpo HeoOximui i mocraTHi yMoBu 1T HyabMIpHOCTI (B po3yMiHHI Mipn

JlebGera).

IITe Gimpin ckJIaaHOIO MPOOJIEMOIO Yy 3arajbHiil TOCTAHOBIN € 3aJada PO
dpaxranbhi BaacTuBocTi MHOKUHYE F{ay,}, X0ua 115 1edKuX KJIaciB psijiiB
e ycinmuo 3pobseno, aus. [15, 19, 21, 14].

Haramgaemo, mo neckinuenroro seopmxoro Bepryani, KEPOBAHOIO YUCIIO-
BuM psizioM (1.1), HABUBAETHCS PO3IO/III BUIAIKOBOI BEJINYUHY

E=&a1 +&ar+ ..o+ +pan + ..

1ie (&) — mOC/TIOBHICTD HE3aJICXKHIX BUIIAIKOBUX BEJINIWH, SKi HAOYBalOThH
3Hadens 01 1.

Heckingenni sroprku Bepuyst € akTyajgpauM 00’€KTOM CydacHUX Ha-
YKOBUX srocitipkenn (21, 17, 19, 13|, i 3 HuMU [OB’S3aHO Psifl CKJIAHUX
npobsteM. OCKIIbKEM PO3MO/IIJT BUIAIKOBOI BeIUIUHU & 30CEpEKEeHUN Ha
MHOXKMHI HenoBHUX cyM psiy (1.1), a i1 cuekrp (MiHIMaJbHUI 3aMKHEHU
HOCIi) abo 306iraeTbCs 3 MHOXKUHOK HEIOBHUX CyM, abo € i1 IiMHOKHI-
HOIO, TO 3HAHHS TOIOJOTO-METPUYHUX BJIACTUBOCTEH MHOXKUHU HEIIOBHUX
CyM CIPUSIIOTH JOC/TIXKEHHIO pO3momiiay &.
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Y nmamiit poboTi MU IMIKABUMOCS MUTAHHIM: SIKOI HaHO1IbITOI MACHBHOCTI
(v posyminni mipu JleGera) moxke pocsiraTé MHOXKHHA HEIMOBHUX CYM J0-
JTATHOIO MOHOTOHHOTO psxy (1.1), 171 SKOTO BUKOHYETHCS yMOBA

m " = 47 (1.4)
n—oo Tn
HabaumxyBaTy MHOXKWHE HEIIOBHUX CYM 1 T€OMETPUYHO iHTEPIPeTYBaTH
Iporiec HAOJIM>KEeHHST MOXKHA, B TEPMiHAX IIMIIHIPUIHIX BiIpi3KiB.
Haranaemo, mo juist psmy (1.1) yuaindpuunum eidpiskom paney m 3
OCHOBOIO £1€3 ... &, (g; € {0,1}) HasuBaOTh BiIPi30K A ey ¢, 3 KiHIAMU

m
a:Zaai, b=r,+a.
i=1

OueBuaO, O Agicy epi © Dejey.. e, M1 1 = {0, 1}, azne, B3arai Kaxyu,

Aslsz...sm # A6182...8m0 U A€162...6m1'

Jlerko GauuTu, MO KiHII MUJIIHAPAIHAX BiIPI3KiB € TOUYKAMM MHOXKUHU F,
a camMa MHOXKWHA F € 3aMUKaHHSIM MHOXKWHU BCiX KiHIIB IUJIIHIPUIHAX
BiTPi3KiB.

Hexait E,,, —11e 06’ e aHaHHsI BCIX MUIIHAPUIHUX BIAPI3KiB paHry 1m, TOOTO

Tomi
1) Ec Epnq1 € By o Beix m e N,

0
2) E= lim E, = () En.
m—a0 m=1

Hexait
!

A = AL ey e, O E{an}.

£1€2...Em

Tonui, oueBuHO, 10 MHOXKUHA F{a,} € CAMETPUIHOIO BiTHOCHO TOYKHU %ro,
/ . . .

a A, ., e — BIJIHOCHO cepesuHU BiIPi3Ka Ag ey e, -
He nopymryroun 3araabaoCTi MipKyBaHb, B 33Ja9aX TOIIOJOTO-METPUIHO-
o XapakTepy MOXKHA BBAXKATH P&l HOPMOBAHUM, TOOTO 3 CyMOIO, IKa JI0-

piBaIOE 1.

2. T'OJIOBHUI OB’€KT JIOC/IIIXKEHHA

Hexait (s,) 1 (my) — mocaigoBrOCTI HaTypasbHUX 4uces i (a,) — Taka
IIOCJITOBHICTD HOAATHUX JMIMCHUX YHCEJI, 10
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m1—1 m1—1
a1+ +a+——a+--+—a1+
_— mi m
s1+1 -
mi
TTLQ—l m2—1
+ay+---+az+ az + - ag+...+ap+---+ay+
so+1 2 ~" 2 Sn+1
m2
my, — 1 my — 1 &
t el A+ = Y dg =g =1 (2.1)
N Mn___ k=1
mn

— 30iKHUN JOJATHUN PsiJl, JIJIsT SKOTO BUKOHYETHCS yMOBA

2
Fo= 2 —1,2.3,.. ., (2.2)
my,
ne
o0 o0
Tn = > dp= > (si+mi)as,
k=n+1+>", (si+m;) i=n+1

a dj, — 11e k-uii eJleMeHT HOCJIiIOBHOCTI YTBOPEHOI 3 uieHiB psy (2.1), To6To

mi — 1 mi — 1
ay, ..., a, ———a1, ..., — a1,
—_— mp
s1+1 ~~
mi
mo — 1 mo — 1
as, ..., g, ———ag, ..., ——Aas, ,
— ma mo
82+1 - _
m2
my, — 1 m, — 1
an, AR | an7 an? an?
R mpy mn
Sn+1 ~ ~~
Mn
3okpeMa,
diy = =ds; 41 =,
mi — 1
d81+2 == d81+m1+1 = at,
my
d81+m1+2 == d51+m1+52+2 = a2,
mo — 1
d81+m1+82+3 == d81+m1+82+m2+2 = ma az,

i 7.1 3po3yMmisio, 110 pu BUKOHAHHI yMOBH (2.2) m0ociioBHOCTI (Sy,) 1 (M)

BU3HAYAIOTH “WieHH psay (2.1).



HonatHi psajau, MHOXKUHY MiJACYM SKUX € KAHTOPBAJIAMUI 33

Teopema 2.1. [lpu suxonanni ymos (2.1) i (2.2) waenu nocaidosnocmi
(an) maromo euzand

2n—1 Smy,
an = —; . (2.3)
[T (m2 + spmy, + 2)
k=1
Hosenenusi. g n = 1 maemo
~ 2(11
1= (s1 4+ 1)as + (my — Lay +71 = (51 +my)ay + preat
1
3Bigkn
mi
ap = S 5
my + s1mq + 2
BpaxoBytoun o3HaveHHs T, 1 piBHicTb (2.2), MaemMo
- " 2an41
Tn = Qp+1 (5n+1 + mn+1) + o1 = an+1(sn+l + mn+1) + 5
Mp41
MpTn  Gpe1Mp 2
Up = = Sp+1 + Mp41 + s
2 2 Mn+1
3BiIKHT
2mp 41 Qn
An+1 = 3 9 . (24)
my 1 + Sp+1Mp+1 + mp,
[TocstitoBHO MiACTABIAIOYN BUPA3H Ay, Gp—1, - - -, 41 3 (2.4), oTprMyeMO
a 2mp 41 Qnp
n+l1 — D) T =
My + Snt1Mpy1 +2 My
_ 2Mp4+1 1 2m, Ap_1
m?H_l + Sp+1Mnt1 +2 my m,% + Sspymp +2 mp_1
_ 2" My
n+1 :
[T (m? + sim; +2)
i=1
Orxe, Mae micre piBaicTb (2.3). O

Hacainok 2.2. /s uwaenis ma 3asuwkie pady (2.1) maroms micue Ha-
CMYNHE CNIBEIOHOULEHHA:

[Ty (m} + spme +2)°

~

Tn

ant1 2Mp 41 Tnil 2

, — = .
Qn mn(m?H_l + Spt1Mp41 + 2) Tn m,Q.H_l + Spp1Mpy1 + 2
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3. BATAYI TA PE3YJIbTATH

Hac mikaBisgTh TOIOJIOrO-MeTPUYHI BJACTHBOCTI MHOYKWHU HEITIOBHUX CYM
paxy (2.1) 3a ymoBu, xKoau (sy) i (m,) — 3pocrarodi mocaiOBHOCTI HATY-
paapuux ynces. Hmkde mu joBeieMo, M0 MHOXKWHA, HEMOBHUX CYM I[HOTO
Py MICTUTH BiPi3KHW, CKOPUCTABIIUCH ITPOCTOIO 1JIECI0: AKWO MHOHCUHA
HENOBHUL CYM PAJY € UEABHOMW Y dearomy 6idpisky, mo uell 6idpizok nos-
HICTNIO HANEIHCUMD MHONCUHT HENOBHUL CYM 6 CUAY 3AMKHEHOCTE 0CTAH-
Hbo?. 3 I[i€0 METOI0 MW BHKOPHUCTOBYBATHMEMO IMOHATTS €-aNpPOKCUMAUTT
MHOHCUHU, sTKE YCIINIHO 3acTocoByBasock Llesapem @epencom y pobori [3].

Hexait € — neake momartne wucio. Bymemo kazaru, mo muoxkuua J < R
g-anpoxcumyemuscs mmuodicunoro U < R, axmio

Ve e J JuelU: 0<z—-u<e. (3.1)
IMoxsiitna mepisuicTs (3.1) piBHOCKHIBHA Takiit mapi HepiBHOCTEI:
r—e<u<cz i u<z<u+e. (3.2)
Tomy
Jc U [u, u+ €. (3.3)
uelU

Bsenemo nosnauenuda:

an Tn
En=— =
m, 2

n

Sy, = Z(sk+1+mk):n+ Z(Sk—'_mk)’
k=1

k=1
2an, an , 9 Qp,

I, = -3 —_— = -3 2) = — -1 -2
n = (Mmn )an + — — (my, My, + 2) — (i, ) (m, ),
2ap, an
L, = (sp+3)an, — — = —(spmy + 3my, — 2),

My My

Sn
Dn = {:C ‘ T = Z(Jlidi, Q4 € {0,1}}
=1

— MHOKMHA HEIOBHUX CyM 4YacTHHHOI cymu di + da + ...+ dg, paxy (2.1)
pamry n.

Jlema 3.1. Mnoorcuna E scix nidcym ckinwennozo pady
m4+m+...+m+(m—1)+m—-1)+...4+(m—1)

~—

s+1 m
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MICTRUMY MHOHCUHY
N [(m—1)(m—2), sm+3m — 2],

des,meN mas=m—3.
HoBenenns. OdeBuaHO, 110

{0, m, 2m, (m —2)m, ..., (s +1)m} +

+ {0, (m—1)m} = {0, m, ..., (s+m)m} < E.
Adkmom—2<k<s+1il<i<m-—1,10
km+i=(k+i+1—m)m+(m—i)(m+1)eFE,

a oTKe,
[(m—2)m,(s+2)m|"nNC E.

Axmo 1 <i<m — 2, 10
(m—2m—i=m—-2—i)m+ilm—1)eE,

a Tomy,
[(m—=2)(m—1),(m—2)m]nNC E.

Hapernri, mis 1 < ¢ < m — 2 maemMo, 110
(s+2m+i=(s+3+i—mm+(m—i)(m—1)€E,
a 3HauuTh [(s + 2)m,sm+3m — 2| "N C E. O

Jlema 3.2. /Jlasa dosiavhozo d € D, 6idpisox
[d + ln—i—la d+ Ln+1 + En—l-l]
Ent1-GNPOKCUMYEMBCA MHOHCUHO0MW Dyl 30 YMosy Sy = My — 3.

HoBenennsi. Hexait y € D,11. Toxi

Sn+1
Y= Z a;d; = (a1a1 + a0a1 + -+ g 1101+

=1

mi — 1 my — 1
+ Q4 a1+ + Qoy i1 @)+t
mi mi
+ <OZ n—1 a’n,—i_a n—1 an++
n+ Y (si+m;) n+14+ Y (si+my)
i=1 =1
m, — 1
+ o n—1 ap + - )+
ntsptlt 3 (sitmg)  Mn

i=1
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e} n apt1 + @ n apy1+ -+
( n+14 > (si+m;) " n+2+ > (si+m;) "
i=1 i=1
Mp4+1 — 1
a n "70%_’_1 4+t
ntsn+2+ D) (si+m)  Mpa1
i=1
Mp4+1 — 1
+« nt1 7Gn+1) =
n+1+4 Z (si+m¢) Mp+1

=1
ai
= mf(oélml +agmy + -+ g 1M+
1

a
"(a net M+ My + -+
Mn \ nt+ Y (si+my) n+14 3 (si+m;)
i=1 i=1
+a (mn—1)+~->+
ntsntl4 Y (sihm;)
i=1

An+1
+ —| « n Mp+1 + Q n
Mp41 n+1+ ) (si+my) n+24 Y, (s;i+m;)
= )

1= i=1

Mp41 + -+

+a (M1 — 1)+ +

n
ntsp+2+ 3 (si+m;)
i=1

o (i1 =) =

n+1
n+14+ > (si+m;)
i=1

n
= Z 97;61' + ‘9n+15n+1 =d+ 9n+15n+17
i=1

e

n
anp
d= ) 6ici € Dy < Dy, £ = —2, 0, € A,,
i=1 Mn

A, — MHOXKUHA BCiX HETIOBHUX CYM CKIHYCHHOTO DTy

My + My + ..o +mp+(mp — 1)+ (mpy—1)+...+ (my, — 1).

~— ~ _/

Sn+1 Mn

I maBmakwu, 9KIIO YUCTIO Y Ma€ BUTJISAL

y=d+ 9n+15n+1a

ne Opi1 € Apt1, T0 Y € Dy
Ockinbku, 3rigHo 3 jgeMoro 3.1, Mae Micie
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[d+lns1,d+ Lpgr +eng1] =
= [d+ (mns1(Mpt1 — 3) + 2)ent1, d+ (Mpg1(Mnp1 +3) — D)epta] ©

- U [d§d+5n+1]a

deDpy1
To 3rizno 3 (3.3), Biapizok
[d+4lny1; d+ Lyg1 + eny]
En41-AITPOKCUMYEThCSI MHOKUHOIO D), 1. Jlemy nosemeno. ]

JIema 3.3. Sxwo s, = 3m, daa ecix n € N, mo 6idpizox
> 3]
k=1 . 2
En-ANPOKCUMYEMDBCA MHOHCUHONW Dy .

HoBenennsi. /loBegemMo TBepmKeHHS 33 iHIYKITIEO.

IIpu n = 0 muOx)uHA D) cKIamaeTbca 3 omHiel Touku 0 i 3rigHO 3 JIE-
Moro 3.2, Biapisok [l1, L1 + £1] £1-anpokcuMyeThest MHOKUHOW D1, a ToMy
i Bizipizok [ll, %} TAKOXK E£1-aIIPOKCUMYETbCS MHOXKUHOIO D1, OCKIJIbKHI

1

- <L .
B 1t+eé1

Cupagi,

al s1my +3mp — 2
Li+e1>L1=—(sgpm1+3m1 —2) = =
1 1 1 ml(l 1 1 ) S1m1+m%+2

_1<1+m1<31—m1)+26(m1—1)> L1
2 s1my +mi + 2

5
n
. 1
IIpunycrtumo, 1o Bigpizok { >, 5} €p-AIIPOKCUMYETHCSI MHOYKUHOIO D).
k=1

Toxi myist MOBIIBHOI TOUKK T € [ >0 s %} 3 HEPIBHOCTI

n
22D e+l

BUILJINBaE, 10

T —lpp1 € [ilk, %—ln+1:| c [ilka %]
= k=1
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3rigHo 3 mpuiryimeHHaM i BaacTusicTio (3.3), MH MOXKEMO BKa3aTH TaKe
d € D,,, npu 9KOMy 3 BKJIIOYEeHHSH

& — i1 € [d,d+ ey
BUILIUBAE
T € [d + ln+17d + ln+1 + 571]-
i1t 3aBepIIeHHS JIOBEIEHHS JIEMU JIOCTATHBO JTOBECTH, IO IPH
Sp41 = 3Mpt1
Mag€ MiCIle BKJIIOUEHHSI:
[d+1lnt1,d + lns1 +en] S [d+ lng1,d + Lt + enya]
abo, 110 Te K caMe,
lnt1 +€n < Lpt1 + €nt1-

3ayBazkKnMO, IO 3TiHO 3 HACTIAKOM 2.2

~ 2

o Tty M1 + Spp1Mpg1 + 2
En =E&n+l = = = En+tl .
Tn+1 2

Tomy 1pu 85,41 = 3Mmy41 MaeMo
Ln+1 +Ent1 — (ln+1 + 5n) =

2
= &n+1 <3n+1mn+1 + Smn-‘rl —-1- My + 3mn+1_

—_92_

m?wrl + Sp+1Mp41 + 2) _
2

En+1

= %(Snﬂmnﬂ - 3mi+1 +12my 41 — 8) =
En+1

= %(mn—l—l(sn—kl - 3mn+1) + 12my 1 — 8) = 0.

3rigHo 3 JleMoro 3.2, Biapizok
[d+lng1,d+ Lpy1 + ny1]
€n+41-aIIPOKCUMYETHCS MHOXKUHOIO D)1, & TOMy ¥ BiApi3ok
[d+ lps1;d + lpg1 + €]

En+1-AIIPOKCUMYETHCSI MHOXKUHOIO D), 1. Jlemy mosezneno. U

Teopema 3.4. Mnoowcuna E{d,} micmumos eidpizox

0 0
Dl 1= 1
k=1 k=1
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1
2

o0 n
1 1
Z lka ] < [Z lk7 ]
Ll 2 k=1 2
i D, € E{d,} nna xoxuoro n € N, To 3 jlemu 3.3 BuImmBae, mo Bigpizok
= 1
Z lka 5
k=1

Ep-aAIIPOKCUMYEThCsE MHOXKUHOW F{d,} mis koxuoro n € N. 3ayBaxkumo,
o €, = %?n — 0 mpu n — 0. Tomy muoxkuna F{d,} € miJbHOI0 y BiAPi3Ky

o0
[Z I, %], TOOTO
k=1

Teopemy moBeieHO. ]

HoBenenns. ITokaxkemo, 1o

E{d,} = [

D8

Ockinbkn

18

c E{d,}.

In,

1

JIema 3.5. [11] Sxwo d > ri das deaxozo indexcy k, modi inmepsan
(rg, di) € cymislcnum iwmepsasom 00 mHoxcunu wenosnuxr cym E{d,},
mobmo

1) TL € E{dn}, dk € E{dn},
2) (Tk,dk) N E{dn} = @

Teopema 3.6. fHxwo 6idpisox

o0 o0
[Z Iy 1= zn]
n=1 n=1

HENOPOHCHITL, Sy = 3My, das kooichozo n € N ¢ lim m,, = 4, mo muoocuna

n—o0

E{d,} e cumempuunum xanmopearom.

HoBenennsi. 3rinHo 3 Teopemoro 1.2 muoxkuua F{d,,} HajeKuTh 10 OIHO-
ro 3 Tprox ‘“romojioriunux Tunis’. Tomy mjaa HOBEIEHHS TOrO, IO BOHA €
KaHTOPBAJIOM I0KaxkeMo, 1m0 F{d,} He HajeXuThb /10 JBOX IHIIUX.
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Muoxkuna F{d,} He € romeomopdnoro muokuui Kanropa, ockiabku 3rij-
HO 3 TeopeMoio 3.4 MiCTUTH BiIpi30K

o0 o0
Z I, 1— Z I,
k=1 k=1

IMokaxkemo, mo F{d,} He € ckinuennum o6’eiHanusaM Biapiskis. [Ipumyc-
tumo cynporusse: F{d,} € ckinuenanM 06’€THAHHAM BiJpi3KiB, TOOTO
E{d,} =10,c1] U lca,e3] U ... U [en, 1],

ne

O<cg<c<ceg<...<ce, <.
Bubepemo mHOMEDp k Tak, 1Mo ar < ¢; i mg = 4. Tomi

N 2. myp —1
O0<mp=—< —ai <cq.
my my

Ockinbku, 3rigHo 3 Jemoro 3.5 inTepsad (Tg,ax) Oyme cyMi>KHUM iHTEpBa-
aoM 10 MHOKUHU E{d,,}, TO 3 [bOTO BUILJIMBAE, 1110 MHOKMHA HEIIOBHUX CyM
E{d,} ue micturh Bigpizox [0, c;], M0 CynepeynTsh HAIIOMY IIPUILYIEHHIO.
Tomy E{d,} He € ckinueHHUM 00’€IHAHHAM BiJIPI3KiB.

Otxe, muoxkuna E{d,} € ciMeTpUYIHIM KAHTOPBAJIOM. O

Teopema 3.7. /laa dosiavrozo € > 0 icnyromo nocaidosrocmi (Sy), (my,),
i (an) MaKi, Wo BUKOHYOMBCA HACTNYNHE YMOBU:

(1) 3 dy=1;
n=1

2
(2) r, = 20 dan wookcrozo n € N, de 7, = > (s + mg)ag;
mn k>n
N dTL
®) g =
2 dn
n=1

(4) wmmoorcuna E{d,} e xanmopsasom, mipa Jlebeza axoz0 € 6iavuioro
3al—ce.

HoBenennsi. BisbMeMo JI0BUIbHY CTPOTO 3pOCTAIOYyY HOCIIIOBHICTD (1M, )
i BuGEepeMo TOCIIOBHICTD (Sy,) Taky, 110
(mn —1)(my — 2) <&
My (S0 + M) 2
ayst kokuoro n € N. Temep 151 koxkHOTO 1 € N MaeMo
Qn

= min(m"_l)(m”_Q) = an(sp+my) (mnzn_(sln)(f:z; . <5

Sn = 3my,

™

(sSpt+mpy).
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Tomy
o0 0 e c ee} e 0 c
n=1 n=1 n=1 k=1
Orxe,
0 ee} e}
A E{an}) > A by 1= Y | | =1-2) 11, >1—e
n=1 n=1 n=1
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On fractal properties of Weierstrass-type
functions

Claire David

Abstract. In the sequel, starting from the classical Weierstrass function
+o

defined, for any real number z, by W(z) = Z A" cos (27 Ny ), where A

and N, are two real numbers such that 0 < 7j\ i 1, Np e Nand AN, > 1,
we highlight intrinsic properties of curious maps which happen to constitute
a new class of iterated function system. Those properties are all the more
interesting, in so far as they can be directly linked to the computation of the
box dimension of the curve, and to the proof of the non-differentiabilty of
Weierstrass type functions.

Amnorariig. Meroro jaroi poboTu € y3arajbHEeHHs MONePeIHIX pe3y/IbTaTiB
aBTOpa Ipo KiIacuuny ¢yHKIio Beifepmrpacca Ta ii rpadik. Moro MoxkHa
OTPUMATH SK TDPAHUITO MOCTITOBHOCTI mpedpakTaaiB, T06To rpadis, oTpu-
MaHUX 38 JIOTOMOIOIO iTepaliifHol cucreMu (PYHKINH, dKi, IK TPaBUIO, HE
€ CTHCKaoYnMU BimoOpazkeHHsiMUA. HaTOMICTh BOHI MAlOTh B JIESIKOMY CEHCI
€KBIBaJICHTHY BJIACTUBICTH 10 CTUCKAIOUMX BimoOpazkeHb, OCKIJIHKU HA KO-
JKHOMY eTalli iTepaliiifHoro mporecy, sSKuil jjae 3Mory orpumMaru mpedpa-
KTaJii, BOHU 3MEHIIYIOTHb JBOBUMIpHI Mipu Jlebera 3amanol mOCIIiIOBHOCTI
MPSMOKYTHUKIB, IO MOKPUBAKTH KpuBY. Taki cucremu yHKIH BigirpaoTs
[IEBHY pOJIb HAa MEpINoMy Kpolii mnporecy 1nobyaosu migkosu Cweiiia. Born
MOXKYTb OyTH BUKODUCTAHI JJIsI JOBEJIEHHST HeIn(epeHIHoBaHOCTI dyHKIT
Beiteprmrpacca ta obunciaennst box-po3miprocTi i1 rpadika, a TaKoXK JJIs T0-
Oy10BH OIJIBIN MUPOKUX KJIACIB HEIIEPEPBHUX, aJie Hijle He TudepeHIiioBHIX
dyukiiit. OcranHe TUTAHHS MU BUBYATHMEMO B TOJAJBINNX POOOTAX.
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INTRODUCTION

In his seminal paper of 1981, J. E. Hutchinson [8] introduces, for the first
time, what will be later qualified of “iterated function system” (L.F.S.), as
a finite set of contraction maps, each defined on a compact metric set K of
the euclidean space R%, d € N*:

S:{Tl,...,TN}, N € N*

where N* denotes the set of strictly positive integers, such that

N
K = Ty(K)
i=1

The compact set K is then said to be “invariant” with respect to the set &
(one often refer to this result as the “Gluing Lemma”).

A prequel occurence of such maps, under the form of similitudes, can
already be found in the Mandelbrot books of 1977 [11], [12].

Hutchinson’s novelty is to consider not the compact K itself, but the
set S, which arises naturally, in so far as the invariant compact K is fully
determined by the set S, and, interestingly, is also the limit of a sequence
of pre-fractal graphs that can be built, in an iterative way, thanks to the
maps that constitute the set S.

Following this work, iterated function systems were taken up and even
more developed by M. F. Barnsley et al. [2], as “a unified way of generat-
ing and classifying a broad class of fractals”. As explained by the authors,
fractals were “traditionally viewed as being produced by a process of suc-
cessive microscopic refinement taken to the limit”, which, of course, makes
sense with the geometric representation one may have of fractal sets, since,
when looking at smaller and smaller scales, one finds, again and again, the
same form. Of course, at stake are specific and classical types of fractals,
as Sierpiniski gaskets, dragon curves, Cantor sets, Julia curves, etc. For
M. F. Barnsley and S. Demko, those fractals are to be seen as the attrac-
tors of iterated function systems, which, of course, joins the approach of
J. E. Hutchinson.

M. F. Barnsley and S. Demko place themselves in a probabilistic approach.
Given still a compact metric space K, the related Banach space C(K) of
real-valued functions defined on K, with respect to the norm

f e C(K) — | flo=max {|f(z)],z € K}
and a finite collection
w:{wl,...,wN}, N e N*

of Borel measurable functions from K to K, they define the set {K,w} as
an iterated function system if and only if there exists an associated set of
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positive real numbers

N
{pl,...,pN}, ViE{l,...,N}ZpZ‘>O, Zpi:l
i=1

such that the operator T on C(K), given, for any f of C(K), by

N
VeeK: T(f)(x)= Zpi (f ow;)(x)
i=1

has the property:
T(C(K)) c C(K).
Treating w as a set-valued function, through
Vee K : w(z)={w(z),...,uy(x)}

they then naturally introduce, for the i.f.s. {K,w}, and a given x of K, the
related attractor

A(z) = lim w® (z)

n——40o
in the sense:
hI—Eoo |w® (z) — A(z) ] = 0.

n—

Classical fractal sets as, for instance, the Sierpinski Gasket, fit this defi-
nition.

In our previous work on the Weierstrass curve [4], which, as exposed,
for instance, by A. S. Besicovitch and H. D. Ursell [3|, or, a few years
later, by B. Mandelbrot [11], bears fractal properties, we showed that the
curve could be obtained by means of a sequence a graphs (I'yw,,),,cn, that
approximate the studied one. This is done using a family of nonlinear
C® maps from R? to R?, which happen not to be contractions, in the
aforementioned classical sense. The nonlinearity does not enable one to
resort to the probabilistic approach of M. F. Barnsley and S. Demko, since
there does not exist a constant associated set of probabilities. Yet, even
if they are not contractions, our maps bear what can be viewed as an
equivalent property, since, at each step of the iterative process, they reduce
the two-dimensional Lebesgue measures of a given sequence of rectangles
covering the curve. This is due to the fact that they correspond, in a sense,
to the composition of a contraction of ratio 7, in the horizontal direction,
and a dilatation of factor ry in the vertical one, with

T Ty < 1.

Such maps are considered in the book of Robert L. Devaney [6], where
they play a part in the first step of the horseshoe map process introduced
by Stephen Smale.
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The Weierstrass curve is invariant with respect to the set of those maps,
which makes it possible to dispose of an equivalent result of the Gluing
Lemma. But what deserves to be enlightened, in our case, is that the
intrinsic properties of those curious maps make them all the more interes-
ting, in so far as they can be directly linked to the computation of the
box dimension of the curve, and to the proof of the non-differentiabilty of
the Weierstrass function, as shown in [5]. All the more is the generaliza-
tion to a broader class of applications that could, then, enable one to build
everywhere continuous, though nowhere differentiable, functions, as we will
expose it in the sequel.

1. THE CASE OF THE WEIERSTRASS FUNCTION

Notation 1.1. In the following, A and b are two real numbers such that:
0< A<, b= NyeN, AN, > 1.

We deliberatly made the choice to introduce the notation N, which replaces
the initial b, in so far as, to the origins, b is any real number, whereas we
deal with the specific case of a natural integer that we consequently choose
to denote by Ny, as an echo to the initial b.

The Weierstrass function, introduced in 1875 by K. Weierstrass [13],
known as one of these so-called pathological mathematical objects, contin-
uous everywhere, while nowhere differentiable, is the sum of the uniformly
convergent trigonometric series, defined, for any real number z, by:

+o0
W(x) = Z A" cos (2T NJ'x) .
n=0
Definition 1.2. (Weierstrass Curve). We will call Weierstrass Curve the
restriction to [0, 1) x R, of the graph of the Weierstrass function, and denote
it by I'nw.

Theoretical study. We place ourselves, in the following, in the euclidian
plane of dimension 2, referred to a direct orthonormal frame. The usual
Cartesian coordinates are (z,y).

Property 1.3. (Periodic properties of the Weierstrass function). For any
real number x:

+o0 T
W(x+1) = Z A" cos (2 NJ'x + 27 N}') = Z A" cos (2T Nj'x) = W(x).
n=0 n=0

The study of the Weierstrass function can be restricted to the interval [0, 1).

By following the method developed by J. Kigami [10], we approximate
the restriction I'yy to [0,1) x R, of the Weierstrass Curve, by a sequence of
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graphs, built through an iterative process. To this purpose, we introduce
the iterated function system of the family of C® maps from R? to R?:

{To,...,Tn,—1}

where, for any integer i belonging to {0,..., N, — 1} and any (z,y) of R?:

Ti(x,y) = (%“b’, Ay + cos (27r %)) :

Np—1
Property 1.4. [4]. Ty = |J T;(T'w).

i=0
Definition 1.5. (Word on the graph I')y). Let m be a strictly positive
integer. We will call number-letter any integer M; of {0,..., N, — 1}, and
word of length |M| = m, on the graph I'yy, any set of number-letters of the
form:

M= My,...,Mp).
We will write:
Tm=Trmy 00T\,

Definition 1.6. For any integer ¢ belonging to {0, ..., N, — 1}, let us denote
by:

P = (zi,y:) = (Nbi_p ﬁ CoS <N2bﬂ-_ll>)
the fixed point of the map T;.

We will denote by Vj the ordered set (according to increasing abscissa),
of the points:

{Po, ..., Pn,—1}
since for any ¢ of {0,..., N, — 2}:

Ti < Tit1-

The set of points Vj, where, for any ¢ of {0,..., N, — 2}, the point P,
is linked to the point Pji1, constitutes an oriented graph (according to
increasing abscissa), which we will denote by I'yy,. In turn, Vj is called the
set of vertices of the graph I'yy,.

For any natural integer m, we set:

Np—1
Vm = U T; (Vm—l) .
i=0
The set of points V,,, where two consecutive points are linked, is an
oriented graph (according to increasing abscissa), which we will denote by
I'yy,,. Again Vp, is called the set of vertices of the graph I'yy, . In what



48 Cl. David

follows we will denote by /S the number of vertices of the graph I'yy, , and
write:

Vi = {33@,5?1, o ,5@3_1} .
Property 1.7. For any natural integer m:
Vin € Ving1.
Property 1.8. For any integer i belonging to {0,..., N, — 2}:
T; (Pn,—1) = Ti+1 (FPo) -

Py

FIGURE 1.1. Fixed points Py, Pi, P, and the graph I'y,,
in the case when A = % and Ny = 3.

y

Py Py

! To (P2) =T (Po) Ty (Py) =Tz (Po) /
\//.\ /\\/ 1 > x
” To (Py) T2 (P1)

Py

FIGURE 1.2. Graph I'yy,, in the case when A = %, Ny = 3,
T()(Pg) = Tl(Po), and Tl(PQ) = TQ(Pl).

Definition 1.9. (Vertices of the graph I'yy). Two points X and Y of Ty
will be called wvertices of the graph I'yy if there exists a natural integer m
such that:

(X.Y) eV

Definition 1.10. (Consecutive vertices on the graph I'yy). Two points X
and Y of I'yy will be called consecutive vertices of the graph I'yy if there
exist a natural integer m, and an integer j of {0, ..., N, — 2}, such that:

{ X =(Tio...0T5,) (FP)

{i1, ... im} €{0,..., Ny — 1}
Y =(Tyo...0T,) (Pj) "
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y

AR -

1 W -

FIGURE 1.3. Graphs I'yy, (in green), I'yy, (in red), I'yy, (in
orange), 'y (in cyan), in the case where A = 3 and N, = 3.

or:
X =(TyoTyo...0T,)(Pyyt), Y =(TpioTy. .00, )(R).
Property 1.11. The set |J V,, is dense in T'yy.

meN
Definition 1.12. (Edge relation, on the graph I'yy). Given a natural in-
teger m, two points X and Y of I'yy,, will be called adjacent if and only if
X and Y are two consecutive vertices of I'yy,,. We will write:
X~Y
m

This edge relation ensures the existence of a word M = (My,..., M,,)

of length m, such that X and Y both belong to the iterate:
TymVo=(Tm, 0 0Tm,,) Vo

Given two points X and Y of the graph I'yy, we will say that X and Y
are adjacent if and only if there exists a natural integer m such that:

X~Y

m

Proposition 1.13 (Adresses, on the Weierstrass Curve). Given a strictly
positive integer m, and a word M = (My,..., My,) of length m € N*, on
the graph T'yy,,, for any integer j of {1,..., Ny —2}, any X = Tpq(P;) of
Vin\Vb, i.e. distinct from one of the Ny fized point P;, (0 <i < Np — 1),
has exactly two adjacent vertices, given by:

Tm(Pjy1) and Tam(Pj-1)

where:
T./\/l :TM1 O"'OTMm'

By convention, the adjacent vertices of Tam(Po) are Ty (P1) and Ta(Pn,—1),
those of Tay(Pny,—1), Tm(Pn,—2) and T (FPp).
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Notation 1.14. For any integer j belonging to {0, ..., Ny — 1}, any natural
integer m, and any word M of length m, we set:

Tm(Pj) = (2(Tr(Fy)), y(Tra(F;))),
Lin = &(Tm(Pj1)) — 2(Tm(P)) = ~—vm

hjm = y(Tr(Pjt1)) — y(Tm(P;)).

Twu (Pjs1)

Notation 1.15. We will denote by

In A\

Dy =2
W=t LN,

the Hausdorff dimension of I'yy, see [1], [9].

Theorem 1.16 (An upper bound and a lower bound, for the box-dimension
of the Weierstrass Curve). [4] For any integer j belonging to

{0,1,..., N, — 2},

each natural integer m, and each word My, of length m, let us consider the
rectangle Rjm m,,, whose sides are parallel to the horizontal and vertical
azes, of width:

1

L = 2(Tm,, (Pj41)) — 2(Tp,, (P))) = ™, — N7

and height |hjm|, such that the points T, (Pj) and Ty, (Pjy1) are two
vertices of this rectangle. We set:

(2N, — DA(NE — 1) 2N, }

=2 { (N, — 2L NN~ 1) (ANZ — (AN — 1)
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(Np — 1)2=DPw {% sin (ﬁ) min

sin (W(2j+1>)‘ - 2m 1
0<joN, -1 Np—1 Ny (Np—1) AN,—1 (°

if Ny is odd,

C1(Np) = 2-D 2 ; soom(25+1
1(Nb) (N, —1) W max4 1= sin ﬁ 0<j12¥}b—1 smﬁ _
—2
_ 2w 1 4 1-N,
Np(Np—1) ANp—1> NZ NZ-1 |’

if Ny is even.
and:
Co(Np) = nw (N — 1)>7Pw.
Then:
C1(Ny) Loy P < || < Co(Ny) Ly 2.

Notation 1.17. Given a natural integer m, we set:

(Dyw—2)m
h. = L[2~Dw — L
m m (Nb — 1)2—DW
Then the following inequality holds:
hjm < hy,.

Corollary 1.18 (of Theorem 1.16). For any natural integer m, any integer
j belonging to {0,1,..., Ny — 2}, and each word M,+1 of length m+ 1, the
two-dimensional Lebesgue measure

ML (Rj,mﬂ,MmH)

of the rectangle Rjmi1,Mp.r, 18 such that, for any integer k belonging to
{0,1,..., Ny — 2}, any integer £ belonging to {0,1,..., Ny — 2}, and each
word My, of length m:

pe(Rjma1 Mpsr) < pe(Rem My )-
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Proof. Given a natural integer m, j in {0,1,..., N, — 2}, and a word
Mp41 of length m + 1, the two-dimensional Lebesgue measure of the rec-
tangle R m+1,M,,,, can be obtained thanks to the values of the cartesian
coordinates of the consecutive vertices T, , (P;) and Taq,,,, (Pj11):

HE Rt ats) = (2Tt (Prin)) = 2(Tat i () ) ¥
X y(TMm+l(‘PJ+1)) - y(TMTn+1 (Pj)) N
One may then write:

Trpir =Tk o Trm,,, ke{0,1,...,N,—1}

where M,,, is a word of length m. Thus, due to:

z(T P; +k
Y(TrMpyr (Pir1)) = Ay(Tm,, (Pj11)) + cos (27T < ( Mmﬂ\ﬁb 1)) >>

Tt () = A0 (T, (B) + s (o (2t 251 )

and:
z(Trm,, (Pit1)) — 2 (Tm,, (B)) = L < |[Y(Tm,, (Pj+1)) — y(Tm,, (F5))]
one has:
Y(TMpi1 (Pi1) = Y(Ty s (Py))] <
< Ny(Tat (Pi1)) = y(Ton,, (Py))|+

b la(Tan, (Pyi0) = 2T, (P)
2
N,

< <)\ ; fvz) [Y(Tat (Pre1)) — (T, ()

< Ay(Tm,, (Pit1)) — y(Tan,, (B)))| + 55 Lim

which yields:

11 (Rjmi1 Mumsn) = N, Y(Trt 2 (Pi1) = YTy (F))]

A

N {)\’y(TMm(Pj-H)) — y(Ta (P + ?\ZL’"}

N

fg . (x + ]2\;;) W(Tat,, (Pis1)) — 9(Tan,, (P)]
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Due to the symmetric roles played by the integers j and ¢, one has just
to prove the result for j = ¢. Since:

pie (Rjm ) = Lin % [y(Tan,, (Pi+1)) = y(Tan,,, (Fy))]
and, due to N, > 3, we get that

1 27 1
— (A + ) 1= 50 ANy 427 — N2} <0
Nb < +Nb> Nf{aﬁ#jLw b}<
<1
which yield the expected result. ]

2. A SPECIFIC CLASS OF L.F.S.

Weierstrass-type functions have been previously studied, but under the
Hausdorff dimension point of view. One may refer, for instance, to the
study by B. R. Hunt [7], where the author considers functions defined, for
any real number z, by:

400
Weo(z) = Z an g (bpx + 0y)
n=0
where » a, is a positive and convergent series, (b, )nen a positive and in-
creasing sequence, © = (6,,)nen a uniformly distribed sequence of numbers
each belonging to [0, 1], and playing the part of arbitrary phases, g being a
Lispchitz and 1-periodic function.
In the case where the following assumptions are satisfied:

(i) there exist two strictly positive real numbers p and o such that:
l<p<o, VneN: pb,<byt1<0b,
(ii) there exists D in ]1,2[ such that:

1
nan:D_2

im
n—+w In b,

(iii) there exist a positive integer p, a strictly positive real constant M,
a constant ¢ in (0,1), such that for all ¢ in [ﬁ,ﬁ], and for any real
number z chosen randomly according to a uniform distribution on
[0,1], the density function of:

z =gz +90) —g(z)

has a L7-1 norm at most equal to M.

B. R. Hunt [7] shows that for almost every © in [0, 1], the graph of Wg
has Hausdorff dimension D. It happens that in the case of such functions,
the Hausdorff dimension is equal to the box-dimension.

Yet, as concerns the lower bound estimate required to obtain the explicit
value of the Hausdorff/box dimension, the author calls for strictly positive
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constants K and K’ which, as in existing earlier works, are not given ex-
plicitely (see, in the Hunt study, [7, section 3., page 798]). Moreover, no
relation is made with the non-differentiability of such functions.

One may also note that such functions cannot be described by means
of a finite iterated function systems, which does not allow any use of the
Gluing Lemma.

In addition, the fact that the author considers, very generally, Lispchitz
functions ¢ is not specifically justified. It is all the more interesting as
evoked in the above since, if the functions g were contractant ones, one
falls back more easily on classical configurations. In fact, one may just
consider the limit case of functions satisfying a Lipschitz condition with a
Lipschitz constant of value 1.

What seemed of interest to us was to generalize our results to, indeed, a
class of Weierstrass-type functions, but defined through an iterated function
system which would bear analogous properties of the maps T;, 0 < ¢ < Np—
1. First, the box-dimension can be obtained rather simply, without calling
for theoretical background in dynamic systems theory, just by applying
a similar method as in [4]. Then, one can also simply prove the non-
differentiability of such functions, as in [5].

Notation 2.1. In the sequel:

(i) N is a strictly positive integer, greater than 2;
(ii) T and M are strictly positive real numbers;

(iii) (i)o<ien—1 € {0,---, N — 1} and (B;)o<i<n-1 € {0,..., N — 1}V
are ordered sets of positive integers:

Vie{0,...,N—2}: «a; <1, Bi<Bin

(iv) ¢ is a T-periodic, bounded function from R to R satisfying a Lipschitz
condition;
(v) ry is a real number such that:

O<ry,<1, m,N>1

(vi) We set:
1
e =
(vil) {¢0,...,dN—1} and {po,...,oN_1} are sets of affine contractive maps

from R to R, of respective ratios r, and ry, defined, for any integer i
of {0,..., N — 1}, and for any real number x:

¢i(z) = ra(x + i), pi(z) =ry(z + ).
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(viii) We denote by {o,...,¥n_1} the set of maps from R to R such that,
for any integer i of {0,..., N —1}:

Vi =Y o ¢;.
Notation 2.2. We introduce the set of maps from R? to R?
{To, ..., Tn—1}

such that, for any integer i of {0,..., N — 1}, and any (z,y) of R%:

Ti(z,y) = (di(2), i(y) +vi(x)).

Definition 2.3. We introduce the W-type function, defined, for any real

number x, by:
+00

Wi(z) = Z ry W(T'N"x).
n=0

Property 2.4. For any real number z, the series:
400

Wi(z) = > rip(TN" ).
n=0

is convergent

Proof. One may simply note that for any real number z:
Iry (TN™ )| < 7y sup [ib(t)]|

+o0

which yields the expected result, since ), ry is a geometric convergent
n=0

series. O

Definition 2.5. We will call W-type curve the restriction to [0,7) x R, of
the graph of the W-type function, and denote it by L'

2.6. Theoretical study. We place ourselves, in the following, in the eu-
clidian plane of dimension 2, referred to a direct orthonormal frame. The
usual Cartesian coordinates are (z,y).

Property 2.7. For any integer i of {0,..., N — 1}, the map TZ admits a
fixed point, that we will denote by F;:

~ o Bi 1 Q;
P = ; i .
(N—l 1—ry+1—ry¢(N—1>)

Lemma 2.8. For any integer i belonging to {0,..., N — 1}, the map T; is
a bijection of the Weierstrass-type curve on R.
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Proof. Let us consider ¢ € {0,..., N}, a point (y, W(y)) of I'3;, and let us
look for a real number z such that:

TZ(:J:,W(QU)) = (y,w(y))-
One has:

which yields:

This enables one to obtain:
+00

W(z) =Wty —a;) = Y rp o (TN y — Ty N™ i) =
n=0

+0
= Z Ty (TN y)
n=0

due to the T-periodicity of the function v, which leads to:
Y (TN" My —Ta; N"i) = (TN"Ty)

since «;, N and ¢ are integers. Also:

Ti(x. W) = (eir7" y — @), V(@) +ilr7 'y — )

+00
= (yﬂ“y DIy (TN y) + ¢(Ty)>

n=0

+00
= (y, DTt (TN y) 4 (T y))
n=0
+00
= (y,W(y)>-

There exists thus a unique real number x such that:

Lemms is completed. O

Theorem 2.9 (An upper bound and a lower bound for the box-dimension
of the Weierstrass-type Curve). For any j € {0,1,..., N — 2}, each natural
integer m, and each word M of length m, let us consider the rectangle,
whose sides are parallel to the horizontal and vertical azxes, of width:

L = 2(Tm(Pj11)) — 2(Tm(Fy)) =y’
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and height |h;m|, such that the points Taq(Pj) and Tam(Pj41) are two ver-
tices of this rectangle. We set:

Ci(N) = 2 min {(ﬁiﬂ—ﬁi)‘F{%H(?\;ﬂ)—wi(%)}}—

Ty 0g<N-1
Ti 1 Q41 — O
ry1—2 N—-1 "~

Ty
and:
Bj+1 — Bil 1| oy o a1 — qj
Cy(N) = _ .
2(N) 1—r, "1-r|N-1 N-1|"N@,—m)
If:
Ci(N)=0
one has:
2D, 2- D,
Cl(N) Ly, W< |hj,m| < CQ(N) L, ™.
where:
Inr
Dy =2 2
w + In N

which yields the fractal character of the Weierstrass-type Curve, the box-
dimension of which is then Dy;.

Proof. The proof is obtained as in [4]. It is based on the fact that, given
a strictly positive integer m, and two points X and Y of V,,, such that:
X~Y
m

there exists a word M of length | M| = m, on the graph I';;, and an integer
j of {0,..., N —2}2, such that:

~

X =Tu(P), Y = Tm(Pjs)

By writing TM under the form:

~ ~

CZNq’-/\/l :im Oj—‘im—l O"‘OTil
where (i1,...,%m) € {0,..., N — 1}, one gets:
- m - m
w(Trm(Py) =Y+ Y rhan,  o(Ta(Py)) =1 wjn + ) rh
k=1 k=1

and

m k
y <TM (Pj)) =ity Y R (T]; zi+ YTk am—€> ,
k=1 =0
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y (fM(PjH)) =1y Yir1 T+ Z ry ("" Tjt1 + Z T Cim— e)

=0
This leads to

m k
hjam — 15 (i1 —y5) = D, 1y " {%’k (7"'; T+ YTk am—E) -

k=1 ¢=0
k
_T/Jik(T‘];l'j'f‘ZTiOlm_g)},
=0
where
Bi+1 — B; Ty
Py — yg) = it P T (5) () |
— Ty 1—ry

Since the maps 1;,, 1 < k < m, satisfy a Lipschitz condition, with a
Lipschitz constant equal to 1, one has thus:

ly(Tam(Py)) — y(TM(Pj+1)) — 7y (Y1 — y5)| <

m

- it — 0
k=1 k=1
r 1—:}2 ljr — o r 1 |1 — o
=m Zz v 1%+ J g pm E g+ J
T = Tg ’
Yory - N-1 Yory - N-1
which leads to
m Bi+1 — Bj
Y(Tpa(P) = y(Tam(Pia)) = 7y =+
y
Pm i — pm ‘a~ —04"
Yy Q41 _ Y z J+l J
1, {Wl( ) m(,)} = N—1
If
— omin {8 = 8+ {ws (35) v (32) )
1— 1, 0<j<N-1 (B = B5) + vilv=
e 1 Iaj+1—aj|>0
y1-% N-1

due to the symmetric roles played by Taq(P;) and Tq(Pj+1), one may only
consider the case when

Y(Tm(P)) = y(Taa(Pyir)) = vyt B2

rm 1 o — s
£ o (35) -5 ()} -7 5 g Bt s
r

Y
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which yields

Y(Tm(Py)) — y(Tm(Pj+1)) =
=7y { 1 —17"y 0<jnéi13_1 {(ﬂi—&-l — Bi) + {¢z’+1 (%fll) — (Nai1>}} -

_ Tz 1 Qj+1— Q5
ry 1—Tz  N-1 )
Ty

The predominant term is thus

One also has

(hjm| < 7" Y41 — ysl+

m k k
—k k V4 k V4
+ Z 7«;” 1’/}% (T’x Tj+1 + 2 Ty O‘m—f) - wzk (Tx Tj + Z Ty Oém_g)
k=1 (=0 (=0
m
1Bj+1 = Bil Ty a1 o
< Tm J + w 1 J _ w J
=Ty _ _ JHL\N=T J\N-1
1—ry 1—mry
m k k
—k k V4 k V4
+ T (rx Tip1+ Y Th am4> — iy (rx rj+ ok osze)
k=1 (=0 (=0
,,,.m m
m |Bi+1—065l Yy Qjt1 aj m—k k.. .
<y j— + =, |¥1~ ~a + Z Ty Ty |zj11 — x4
Y k=1
7,.7774
m ]_ .z
_ . m |Bit1—5;] Ty ajyl aj m Tz Ty
=T, — : — + |zt — zjlr]t — ———
y  1-r N-1 N-1 J+ 1My —
! L=my ry 1— 3
rm P pm
m |Bi+1—5;] Yy Qi1 aj Yy T
=T - + X5 1 — TilT
y o 1-ry 1—r, N—-1  N-1 | J+ J‘ T ry —Ta
5. rim ) _ rm
< |Bi+1—Bi| Y Gl Ay — x| Y
A 1—r, N-1 N-1 | J+ J‘ x ry —Ta
m
<ym |5j1+1—5j| Ty ‘]3<[J+i _ J\;le e aj1 — oy
Y e - - Y :
Y 1—r, N (ry —1z)
Since
Inr o _
DW:2+1 ]\3;7 ry—e(Dw 2) InN _ nr(Dyy 2)’
n



60 Cl. David

one has thus:

| < 7y {/Bjﬂ_ﬁj' b R - ‘Jr |aj+1—aj|}.
; Y 1—ry 1—ry [IN=1 N-—-1| N (ry—rz)
Theorem 2.9 is proved. O

Corollary 2.10. The W-type functions are non-differentiable.

Proof. One has simply to use the analogous density property as in 1.11.
Given a natural integer m, and two points X = (z, W(x)), Y = (y, W(y))
of the pre-fractal graph I'j; < I';3; such that:

r<y, X~Y
m
one may write:
X = TMm,j (Pk)’ Y = (‘r + L, W(x + Lm)) = TMm,j (Pk-i-l)

where My, ;, 0 < j < N™ — 1 is a word of length m, while £ denotes an
integer of the set {0,..., N — 2}.
One may note that

1
(Tt (Pe)) = 2(Trt, (Post)| = x5 = I —> 0.
Thus
~, o~ ~, o~ 2-Dy;
(2T, (P)) = (2T, (Pesn))| = Co(N) Lo Y =
~ ~ 27DV~V
= Cu(N) [a(Tut,, (P) = 2(Tat,, (Pl
which leads to
‘ (Z(TMmJ (Pr)) ) ( My i (Pes1) )‘ -
(’IN“M (Pk)) (’IN“ (Pk+1))
~ 1-Dy;
> Ci(N) [o(Tan,, (Pe) = 2(Taa,,, (Pe))| Y =
— C1(N) Ly "7,
where
B Inr, In(ry, N)
L= Dy = -1 InN In N <0

By passing to the limit when the integer m tends towards infinity, one
gets the non-differentiability expected result:
W(@ + L) — W(z)

Ly,

lim

m——-+00

= +0.
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where:
lim L,, =0.
m—+00 m
Corollary is completed. O
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