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O. A. T'ynsaBuii
Otechkuit HarionaybaMit yaiepcurer imeni 1. 1. Meganukosa

IHTET'PAJI CTIJITBECA TA ®OPMVIJIA IIIJICYMOBYBAHHA

T'yuasuiit O. A. Inrerpan Crinrbeca Ta popmysia migcymoByBaHHs. Y poboTi
JIOBOJIUTHCH y3arajbHeHa hOpMyJIa MMiJICyMOBYBaHHS 3 BUKOPUCTAHHSIM DO3IIMPEHOI0 BU3HA-
gennd inrerpany Crinrbeca.

Kurouosi cioBa: inrerpas Crinrbeca, cyma, Gpopmysia mijgcyMOBYBAHHS.

I'yaaseiit O. A. Uurerpaa Cruiarbeca u ¢popMmysia cymMmmupoBaHusi. B pabo-
Te JIOKa3bIBaeTcsa 0000IeHHass (popMyIa CyMMHUPOBAHMS C MCIIOJIb30BAHUEM PACIITHPEHHOIO
onpeesienust narerpaja Cruirbeca.
Kuarouessbie cioBa: wunterpan Cruirbeca, cymMma, GOpMysia CyMMUDPOBAHUS.

Gunyavy O. Stieltjes integral and summation formula. In the article we prove
a generalized summation formula using the expanded definition of the Stieltjes integral.
Key words: Stieltjes integral, sum, summation formula.

BceTvyil. B maremaTuri 9acto JIOBOIUTHCS KOPUCTYBATHUCS PIZHOMAHITHUMU KO-
pucHuMu iHCTpyMeHTamu. Jl0 Takux IHCTPYMEHTIB, [0 HPUKJIATY, HAJIEXKATb iHTe-
rpan CrinTeeca Ta Beinsaki dopMynm mincymosyBanusi, mus. [1]. Koxen imerpyment
MOXKe MaTHh Jiesiki oOMexKeHHsl Ha BHKopucTanus. Hampukias, imrerpas Crisrbeca

b
[ f(z)dg(z) me icuye y Bumaznky, Ko Ha BiAPI3Ky [a,b] 3HAXOAMTBCS TOUKA, B sAKiil

a

dbyukuii f(z) ra g(z) oguouacno MaTh po3pus. OHAK MOXKIMBO TPOXU 3MIHUTU BU-
3HavenHs inTerpaity CTijiTbeca i B TaKUX BUIAIKaX BiH BxKe Oyje icayBaru. Kpim Toro,
TakKe po3IupeHe Bu3HavueHHs iHTerpasty CTiaTbeca J03BOJNTH BAKOPUCTOBYBATH HOTO
JUTS TIJICYMOBYBaHHSI O1JIBII MIUPOKOTro Kiaacy (YHKIHH 3a JOMOMOron y3araabHEHOT
dopMysn TiICyMOBYBaHHsI, OKPEMUM BHITAIKOM sKOI € (popmysia Eitnepa—Maxkiope-
na, qus. [1] Ta [2].

OCHOBHI PE3VJIbTATHU
1. BayBakeuns miogo iHTerpasty Crinrbeca. 3pobumMo jiesiki ONpaBKU Bijl-
HOCHO BU3HaveHHst iHTerpaiy Crinreeca. OTxe, Hexail Ha BIAPI3KY [a, b] 3anani dyH-
kil f(z) Ta g(x), i Hexait
D:a:x0<<1§x1§<2§x2§'-~§xn71§<n<xn:b_

JIOBlIbHE po36uTTs BiApisKy [a,b], a |D| = sup (z; — 2,—1)— alamerp posdutTsi. Pos-

1=1,n

n
6urrio D nocrasumMo y Bianosinaicts cymy Sp = Y. f(¢)(g(x;) — g(xi—1)). Toui mig
i=1

(© Tymssuit O. A., 2014



8 DPynasut O. A.

inrerpasiom CrisiThbeca y By3bKOMY PO3YMIHHI OyJIeMO BBasKaTH

b
f(zx)dg(x)= lim Sp
/ (z)dg () D,|D|—0
a
SKITO TaKa TPAHUIA ICHYE.
BinminmicTs HaBeeHOr0 BUSHAMEHHS Bif 3BUYATHOrO B CTPOIUX HEPIBHOCTSAX @ < (1
Ta (, < b, 0 Jae MOXKJUBICTH po3risigaTu iHTerpaj CTuITheCa y BUIAJIKAX, KOJIU
dyukiii f(z) Ta g(x) 0HOIACHO MAIOTh B TOYKAX a i b pO3puBH.
Hexait nani Ha Binpisky [a,b] dysxuii f(z) ta g(z) omHOUACHO MOXKYTh MATH
i30/1bOBaHI PO3PUBHU JHIIE B TOYKAX a < ¢ < 2 < ... < ¢ < b. Toni min iHTerpasmom
CrinTbeca B MIUPOKOMY PO3YMiHHI OyJIeMO BBaXKaTH

/f )dg(x /f )dg(x /f )dg(x /f )dg(x

Jle KOYKEH IHTerpaJi B CyMi BUBHAYAETHCH Y By3bKOMY PO3YMIiHHI.

Bci Baacrupocti, cripaBeusi Jjist 3Budaiinoro inrerpaJia Criirbeca, OyayTh 3a-
JINIIATUCS CIIpaBeJyIuBUMK 1 it iHTerpaJia CTinTheca B IIMPOKOMY PO3YMiHHI, 3a
BUHSTKOM IHTErpyBaHHS YACTUHAMU.

Haui min F'(z+0) 6ynemo posymitn F(z+40) = limo F(z+¢). Anamoriuno F'(z —

e—>+
0)= lﬁim0 F(z+e¢). Y Bunaixy, Koau Ha BIAPI3KY [a, b] He icHye TOUOK, ¥ SIKuX dDyHKIIT
e
f(x) Ta g(x) omHouacHo maroTh pospusH, inrerpas CTiiTbeca B IIMPOKOMY PO3yMiHHI
cuiBnanae 3i 3pudaiianM inrerpaigom Crinrbeca. Temep po3ryisiHeMo BUIAIOK, KOJIA

dynkiil f(x) Ta g(z) omHOYACHO MAIOTH PO3PHUBHU JHIIE B KpaifiHix Toukax a i b. ¥V
[IBOMY BHIIAJIKY

b a+0 b
a/ rte) = a ! It + | / f()dg(x)

a+0

Ane [ f(z)dg(x) = f(a+0)(g(a+0) - g(a)).

b b—0
Amnanoriuno [ f(z)dg(z) = f(b— 0)(g(b) — g(b — 0)). Kpim Toro, [ f(x)dg(x)
b—0 a+0
criBagae 3i 3puuaiinuM iHTerpasom Crinrbeca. TakuMm dnHOM,

b

[ Hdgta) =

a

=f(a+0)(g(a+0)—g(a))+/f(m)dg(fv)+f(b—0)(9(b)—g(b—0))-

a+0
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Hani, iHTerpyrodn YacTUHAMHI, MAEMO

b—0
/ f(@)dg(x —0)g(b—0) — f(a+0)g(a+0) - / g(2)df (z).
a+0 a+0
Tomi
b—0
f(@)dg(x o()df (2)+
/ =/
£ (b—0)g(b—0) + F(b— 0)(g(b) — g(b—0))+
+ f(a+0)(gla+0) — ga)) — f(a+0)g(a+0) =
b—0
_ / g(@)df (z) + F(b - 0)g(b) — f(a+ 0)g(a).
a+0
Ae
b—0
- / g(2)df (z) =
a+0
b
— gla+0)(f(a+0) — f(a) / g()df (2) + g(b — 0)(f(b) — F(b - 0)),
3BiIKN

/f )dg(z / 2)df (2)+

+ f(0—=0)g(b) +9(b—0)(f(b) — f(b—0))—
— fla+0)g(a) + g(a+0)(f(a+0) = f(a)).
I Toni, ocraTouno
b

b
/ F@)dg(@) = F(@)g(@)'_, - / o) ()~

= (f(0) = f(b—=0))(g(b) = g(b—0)) + (f(a+0) = f(a))(g(a+0) — g(a)).

I3 i€l dopmynu, orpumanoi jyist inrerpasia CriiTheca y BYy3bKOMY pO3yMiHHI,
oTpuMyeMo (opmyiry jis iHTerpajia CriiTbeca B IMUPOKOMY PO3YMIiHHI:

b b

/ F@)dg(@) = F(@)g(@)'_, - / o()df () +

a a

+ (fa+0) = f(a))(g(a+0) = g(a)) = (f(b) — f(b—0))(g(b) — g(b—0))+
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k

+ ) [(f(ei+0) = Flea))(gles +0) — glei) -
=1
—(f(ei) = flei = 0))(g(ci) — g(ci = 0))],

mea<c <cy<...<cp<b— Bcl Toukn Ha BiIpI3KY [a, b], B akux dbyukuil f(z) Ta
g(x) OIHOYACHO MOXKYTh MaTH PO3DPHBU.

BayBaxkumo, Mo orpuMana (HhOPMyJia 3aJUIIAETHCS CIPABEIJIMBOIO 1 JJIs 3BUYaii-
vorO iHTerpasia CTiiTheCa, KMl SIKITO ICHYE, TO He JIOIYCKAE HASBHOCTI TOUOK, B IKAX
dyukuii f(z) Ta g(x) ogqouacHo MarTh po3puBh. A B 1bOMy BUNRJIKY Ve € [a, b]

(f(e+0) = f(e))(g(c+0) —g(e) = (f(c) = fe = 0))(g(c) — g(c = 0)) = 0.

2. ®opmyna nigcymosyBanHs. Hexail an, .. pn, = an 1 @(n1,...,1) = p(n )
7! — R— nosinbma apudmermana GynKIia B | 3MiEEIX, 16 n = (ng,...,n;). R,
{on)|neZ}, no roro x Vr € R, gmiobanrose piBHAHESA ©(ny,..., 1) = T Mae

CKiHYeHe YHCJI0 PO3B’sA3KiB.
Hexait maui

S(x) = Z Z On = Z an = M(z) + E(z),
ro<r<z p(n)=r ro<e(n)<z

zo Toro xk M(z) € Cla,p); @ OTKe, E(x) Mmoxe MaTu PO3PUBU TLILKU B €JIEMEHTAX
mHOKIHEN Ry, 79— JoBinbHe dikcosane miificae umcio, ro < .
JloBenemo masii HACTYHIHUN PE3YJIbTAT.

Teopema. Hexai f(x) € Vigp), de 1o < a <b. Todi y suwe nacedernur susnave-
HHAL CNPABEIAUBA HACTRYNHA HOPMYAG:

> anfle /f )M (z) + f(z)E(z)_, /E Vdf (x

a<e(n)<b
de inmeepan Cmiamoveca 6USHAUGEMBCA 8 UWUPOKOMY DOSYMIHHI.

HoBenenns. /liiicno, 3 oqHoro 60Ky

b
/ f@dS@) = S anfle(n) - 0).

a<p(n)<b

3 iHmmoro 60Ky

b b b b
/ f(2)dS(x) = / f(@)d(M(x) + E(x)) = / f(@)dM (z) + / J(2)dE(z),
3BiJIKT

b b

S anf(p(n) —0) = / f(@)dM () + / f(2)dE(z).

a<p(n)<b a a
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Haui, inTerpyroun gacturamu i mam’sitaroun, mo byHKis F () Moxke MaTH po3-
PHBH TiTBKH B esleMeHTax MHOKuHE R, orpumyemo

b b

/f(x)dE(x) = f(D)E(b) — f(a)E(a) */E(l’)df(l“)Jr

+ (fla+0) = f(a))(E(a+0) — E(a)) = (f(b) = f(b—0))(E(b) — E(b - 0))+
+ > [+ 0) = f()(E@+0) — E(r)-

reR,N(a,b)
—(f(r) = f(r = 0))(E(r) = E(r = 0))].
Ane S(z) = 2(:)< an = M(z) + E(x) i M(x) € Cqy), 38inku

E(r+0)—E(r)=0;
E(r)—E(r—0)=S8(r)—S(r—0) = Z n,

e(n)=r
i Toji
b

b
/ f(@)dE(z) = f(B)E(b)—f(a) E(a)- / E@df(e)— 3 (f(pm) - f(p(m) — 0))an.

a a<e(n)<b

Takum 9uHOM,

S anf(p(m) - 0) = / f(@)AM () + fD)E®D) - f(a)E(a) - / E(x)df (z)—

a<e(n)<b

- > (flem) = fpm) = 0))an.
a<p(n)<b
Toxi ocrarouno Maemo
b

b
S anf(em) = / F@)dM (@) + f(@)E@)[_, - / B(2)df (x),

a<e(n)<b a

110 i TOTPiOHO OYJI0 JTOBECTH.

BucHOBKU. Takum 4uHOM, JTOBE/IEHO y3arajabHeny hOPMYJIy IiJICyMOBYBaHHSI,
fKY MOYKHA BUKOPHCTOBYBATH JIJIsI HIJICYMOBYBAHHSI IHPOKOIO KJacy (OyHKITI.

1. ®Puxrenrosi I M. Kypc nuddbepeHimansHoro n "HTErpaabHOr0 NCIUCTIEHUS. — 7-€
n3g., crepeorun. — M.: Hayka, 1969. — T.2. — 800 c.

2. TI'paxem P., Kuyt ., Ilatammauk O. Konkpernas maremaruka. — M.: Mup, 1998. —
703 c.

Hagiitmna 10.06.2014
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M. 1. Konau, B. A. IIlyBap
[Tpukapnarcekuii HarioHabHUN yHIBepcuTeT iMeHi Bacuis Credanuka
Hamnionansanuit yHiBEpcuTeT «JIBBIBCHKa MOJIiTEXHIKA»

AHAJIOTU OJHOITAPAMETPUYHOI'O METO/LY
ITEPATUBHOTI'O ATPET'YBAHHA{ /1JId PIBHAHD 3
HESHAKOCTAJIMMU OITEPATOPAMMUA

Komau M. I., IITysap B. A. AHaJjiorn ogHOIIapaMeTPUYHOrO METO/y iTepa-
THUBHOIO arperyBaHHsI [Jisi PiBHAHb 3 HE3HAKOCTAJIMMH oliepaTopamu. BcraHosie-
Hi ocTaTHI yMOBHU 3012KHOCTI OJHOTO KJIACY OHOMAPAMETPUYHHUX arperariiiHo-iTepaTuBHUX
MeroziB. OTpumaHi pe3yIbTaTh He MICTSATH BUMOI IIPO JIOJIATHICTD OIIepaTopiB i arperyodnx
dyHKIIOHATIB, a TAaKOXK He TOTPedyIoOTh, 100 Bi OB IHI JIiHiiHI HenlepepBHi oniepaTopu OyJIu
CTUCKYIOUUMU.

Koro4doBi ciioBa: ojHOmapaMeTputHi METOAM, arperyiodi pyHKI[iOHAIN, OIepPaTOPH CTHU-
CKY, JEKOMIIO3HILid.

Komnau M. U., ITTysap B. A. Anajyioru ogHonapamMeTpuvuecKoro MeToga urepa-
TUBHOI'O arperupoBaHUs JJIsi yPAaBHEHMII C HE3HAKOMOCTOSTHHBIMY OIlepaToOpaMM.
yCTaHOBJIeHbI AOCTATOYHBIE YCJIOBUA CXOAUMOCTH OJJTHOT'O KJIACCa OAHOIIaAPpaMETPUICCKUX arpe-
raIrmoOHHO-UTEPATUBHBIX MeTO10B. [losryueHHbie pe3yibTaThl HE CO/lep:KaT TPEeOOBAHUI O T10-
JIOYKUTEJIBHOCTH OIIEPATOPOB U arperupyonux GyHKINOHAIOB, & TaKKe He TPeOYyIoT, YTOObI
COOTBETCTBYIOIIE JINHEITHbIE HeIIpepbIBHbIE OllepaTOPbI ObLIN C2KUMAIOIIIUMMU.

KuaroueBbie cjioBa: OIHOMAPAMETPUIECKUE METObI, arPErupyoue GpyHKIMOHABI, OIe-
PaTOPHI CXKATUS, JEKOMIO3UITUS.

Kopach M. I., Shuvar B. A. Analogs of single parametric aggregation-
iterative method for equations with non constant sign operators. We establish
sufficient conditions for the convergence of a class of one-parameter aggregation-iterative
methods. Obtained results do not include conditions about positiveness of operators and ag-
gregate functionals, and also claim that the corresponding linear continuous operators were
contraction is not required.

Key words: single parametric methods, aggregative functionals, operators of compression,
decomposition.

Bcetryil. Ipu 3acrocyBanui 6araTomnporiecopHnx 00INCTIOBAILHAX TPUCTPOIB BU-
HUKa€ 110Tpeda B HAOIMKEHNX MeTOax, 1[0 BUKOPUCTOBYIOTH IIPUHIIAI T€KOMIIO3UIT]
3a/1a9 BEJIMKOI PO3MIPHOCTI /10 3a/1a4 MeHIol po3mipHocTi. HYacTo BKuBaHuii Ha IIpa-
KTHI CHOCIO JeKOMIIO3UIIT OIIepaTOPHUX PIBHSIHb TPYHTYETHCSI HA METO/IaX iTepaTHB-
HOrO arperyBadtsi (auB., Hanp., [1]), gaki Bunvk/In B MaremaTudHiii ekoHoMin (aus.,
TakoX [2, c. 157-158]). B [3-5] 3amoyarkoBaHO METOAMKY, KA JIO3BOJISE OTPHMYBa-
THU JOCTATHI YMOBH 30i’KHOCTI METO/IIB iTEpATUBHOTO arperyBaHHs Ta IX y3araJbHEHD
i amaJjori. Ili ymMoBM He MiCTATH BHMOT PO 3HAKOCTAJICTH 3aJ]@HOTO OllepaTopa i
arperyrodnx (pyHKIOHAJIB Ta He MMepeadadarTh, mob CIeKTPaJbHII PAJIyC 33/IaHOTO0
omeparopa OyB MEHIITUM BiJ OIMHUIL.

(© Komau M. I, IlTysap B. A., 2014
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OCHOBHI PE3VYJIbTATHU
1. OcHOBHI ajropuTMu Ta JOMOMIXKHI MpUILyHieHHs i TBepaxkeHHst. O1HO-
HapaMeTpPUIHUI aJrOPUTM, JOCTIIXKeHni B [2] 1ist piBHSIHHS

x=Ax 40, (1)
MOZKHA 3aIHICATH 32 JOIOMOI00 (POpMyII

2 = Az 4 q(a™)(y™ — (DY 4p, (2)

y D = x4 (0, Az + (@) (y™ =y ) = (,0) (3)

3a IPUILYIIEeHb, Mo F — eBKJIiiB mpocrip, A, A: E — E e niniftanvm HeIepepBHU-

Mu oneparopamu, b € E; A\ — ngificae uucio, A # 1, (¢, x) — 3Ha4eHHs JIHIAHOrO

dbynknionany ¢ € E* na enementax x € E, E* — cupspkenuit 3 F npoctip.
Bsaxkaemo, mo oneparop A € Takum, 1o

(¢, (A+ D)z) = Mp,@) (x € E), (4)

i cipaB/RKYIOTBCS PIBHOCTI
Az, (pa(@) +alr) =\ (2 € B). (5)

Bceranorsiesi B [4] jgocTaTHi yMOBHU 3612KHOCTI [[OIO aJIFOPUTMY He IepebadatoTh
YMOB, IIOCTYJILOBAHUX ¥ [2], 30kpema, A, ¢, b He 000BI3KOBO IOBUHHI OyTH JOJATHIMHU,
a crnekTpasibuuii pagiyc p(A) moxe GyTu GLIBIIAM Bij OJUHMIL.

Posrusimarumenmo asropurM (2), (3) saminusmm B ubomy dopmysu (5) HACTYyIIHI-
MU: _
(A+A)

(. )

OsHauMMO MHOXKUHY Z sIK CYKyTHICTb map {x,y}, KOMIOHEHTH SKUX 3a70BOJILHSIIOTh
PpiBHICTD

a(z) = alz) =0 (ze€kE). (6)

((p,.l?) +y=0, (7)

nex € E,y € E', E' — muoxuna gificuux uncesr. Ouesuino, mo Z € miampocropom
upocropy E = E x E', B sskomy HOpMY ||, y|| map {z,y} osnauyemo 3a dopmymorn

[z yll = VIl + [y,

B sKiii ||z|| — HopMa enemenrta x € E, |y| — abcosrorHa BeimdmHa uucia y. Jlo
piBugnng (1) npHeaHAEMO DIBHIHHS

y =y + (¢, Az) — (¢,0). (8)
Hacrynni momoMizkHI TBEp/IZKEHHST € aHAJIOTAMU BIANOBIMHUX JieM i3 [3-5).

Jlema 1. Hexat A # 1 i napa {x*,y*} € poss’askom cucmemu (1), (8) npu
x =z y=y*. Todi {z*,y*} € Z.
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HoBenennsi. O4eBuHO, 1110
= (¢, (A+ A)z*) + My = A[(p,2") + 7).

3sigcu orpumyemo, mo npu A # 1 mapa {z*,y*} 3a10BoJbHsE CIIBBLIHOIICHHS
(7), mo i 3aBepiye oBejeHHd JeMu. O

Jlema 2. Hezat A # 1 i {z(©, ¢y € 2. Axwo cnpasdocyromvea pisnocmi (6),
mo das nocaidoenocmeti {x™}, {y™}, nobydosarux za donomozoro gopmya (2), (3),
maemo {x yMr e E (n=1,2,...).

Hosenenusi. 3 pisaocreii (2), (3) orpumyemo
(9, 2 " = (0, 42™) + (i, a(a™))y™)
~(,a(@™))y " 1 (p,0) + Ay + (0, Axt™) — (,0) =
= (p, (A + A)z™) + Ay — Ay L xy D) = \[(, 2 4 y(M],
Jie BpaxoBaHo, mo 3 (4), (6) sunsusae piBHICTH
(s a(z™)) = X

Ha mizcrasi npunIuny iHaykiii MOyKHA BBayKaTH JIEMY JTOBEIEHOIO. | |
2. Hocnimzkenns 36ixkHocTi. Bpaxosyroun pisHocri (6), nepernumemo dhopmyin
(2), (3) y Burusiai

1)z
20D g AT 6y ey ()
(p, z(™)
y(n+1) _ )\y(n-‘rl) + ((p?Avx(n)) _ ((p,b). (10)

Cuiesigaomenns (1),(8) ta (9), (10) e mizcraBoto Jyisi piBHOCTEH

gD — oy = (1= \) ", A(z™ - 27)),

A4 Az (A+ A)z™
(n+1) _ *— A (n) _ % (7 (n) _ ,x\ _ LT )4V 7 (n+1)_*:
A+ A)z™ (A4 A)z™ P
= A(z™ —z* _ A+ Az o, x™ —g*) - (1 \) " (p, A2 — ).
( ) - )= (=) e Al )
3Bigcu orpuMyemMo
20D — ot = A ) - BEDET g 310 (1— ) - o),
(p,2(™)
ne I — roroxunit oneparop B F. [Toznaammo
A+ A
Bl = Aw— (1N DT (1), (1)

(¢, )

BBazkarouu, mo {z,y} € E, w = x — x*.
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Teopema 1. Hexatii A # 1, {04} € Z i npu {x,y} € E cnpasdocyromovca
pisnocmi (4), (6) ma ymosa
1B(2)]] < Q-
Hxwo Q < 1, mo nocaidosticmo {m("),y(")}, OMPUMANHG 3G 0ONOMO2010 NPOUECY
(9), (10), 3bicaemovea 3a Hopmor 8 E ne nosiavriwe 6id 2E0MEMPUNHOT NPO2PECT

30 anamenrurom Q do pose’asxy {x*,y*} cuememu (1), (8), npuwomy {x*,y*} € E,
{z™ yMYc= (n=0,1,...).

HoBenenns. /loctaTHbo 3a3Ha9IUTH, 10 YMOBU TeOpeMH 3a0e311e9yI0Th MOKJIV-
BiCTb BUKOPHCTOBYBATH NIPUHIIUII CTUCKY 1 TOMY MOXKHa BBaxaTh i1 josesenoro. M

B okpemomy BumaJiky, Kojin B yMoBax Teopemu 1 omeparop A € HyJb0BUM, GHOp-
mysta (11) mMae BurIsAs

Hacainok. Hexati cnpagdocyromvea ymosu meopemu 1 0as 6unadky, Ko Ae
Hyavosum onepamopom. Todi dan euxonanns meepdrcernns meopemu 1 docmammwo,
w06 onepamop Bo(x)w sadosoavras ymosy ||Bo(x)]| < Qo < 1.

IIpukaan. 3acmocyemo anzopumm (9), (10) do cucmemu

1 = 2,921 + 11,8z, — 156,
x9 =1,921 + 7,925 — 107,

axa mae possasok x* = {20;10}.
.~ (0,1 0,2 . ~ (3 12 Sy

Hexati A = ( 0.1 0.1 ) . Todi A+A = ( 9 3 ) . s yied mampuui X = 11,
o = {1;4}. Ipu 2 = {1;1} snazodumo y© = —(p,z(0) = =5, y(1) = —% +
% = 58,51, y© — y(N) = 53,51. JTan nepwoi imepayii maemo

o) =2,9.14+11,8 1+ 21120 .53 51 — 156 = 19,23,
o) =1,9-14+7,9-1+ 248153 51 107 = 9,82,
O6uucaumo

Az
(2) — _(907b) ((p,Aac ) _
y T 59,9507,

gDy = 16013, 2@ = {19,9651;9,9964}.

BucHOBKMH.

1. Irepaniiinuii npornec (9), (10), mo orpumyerbes 3 dopmya (2), (3) upu Bubopi
a(x), a(x) 3a dopmynamu (6) i moby0Bi oneparopa A rakum €rocoboMm, 1mob A
6y/10 BIACHUM HHCIOM omepatopa A + A, a ¢ 6yB JBUM BJIACHIM €IeMEHTOM
OO OIIEPATOPA, JIO3BOJISIE OTPUMATHU MIPOCTY YMOBY 301?KHOCTI aJrOpuTMYy.

2. YMoBHU 3612KHOCTI He TOTPEOYIOTH, 11100 OyB MEHIIIIM BiJl OIMHUI] CIIEKTPaJIbHUM
paJiiyc oneparopa A.
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3. YMoBH 361:KHOCTI aJrOPUTMY HE MICTSITh BUMOT IIPO 3HAKOCTAJICTD A, b, .

4. Meroauka 3aHypeHHdA TpocTopy FE B mupmmii mpocTip E=ExE J03BO-
JIsl€ NOCJIIUTU KJIAC OJIHOMAPAMETPUIHUX arperamiifHo-iTepaTUBHUX METOJIIB,
[0 OXOILTIOE, 30KPEMa, OJHOIAPAMETPUIHNI METOJ] iTePATUBHOIO ArperyBaH-
ust, nocaikennit B ( [2], crop. 155 — 158).
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— 268 c.
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A. A. KopeHnoBckuii
Opecckuit nanmonabHbIN yauBepcureT umenu . V. Meunukosa

ACUMIITOTUNYECKHNE PA3JIO2KEHN A NMCUYE3AIOIIINX
PEIMTEHNU JNPPEPEHIINAJIbBHBIX YPABHEHUNM B OTHOM
OCOBOM CJIYVYHAE

Kopenoscbkuit A. O. AcuMIITOTU4YHI PO3BUHEHHS 3HUKAIOYNX PO3B’sI3KiB au-
depenIiagbHUX PiBHSIHb B OJJHOMY OCOOJMBOMY BHUNaAKy. PosrisimaeTbest cucrema
KBas3LIiHIHNX nTudepeHIiaabHuX PIBHAHD 31 3HUKAIOIMMU (CYMOBAHUMM Ta HECYMOBAHUMHU )
npu t — 400 MHOXKHUKAMU B TIpaBiit vactuHi. HaBemeHi gocraTHi yMoBH, 3a IKUX JJTs JAHOT
cucTeMu Mo6yI0BaHI AaCUMIITOTUYHI B IEBHOMY CeHCI po3BuHeHHsT O-po3B’sI3KiB pu t — +00.
Kiro4oBi cioBa: kBasuiiHiiiHI cuHrysspHi qudepeHIiaabHi piBHAHHS, ICHYBAHHS Ta aCUM-
MTOTUYHI PO3BUHEHHST 3HUKAYNX PO3B’SI3KiB.

KopenoBckuii A. A. AcuMIITOTHYECKNE PA3JIOXKEHUST MCYE3AI0IUX PEIIeHMi
nuddepeHnaNbHbIX ypaBHEHUII B OJHOM ocoboM ciy4ae. Paccmarpusaercs cu-
cTeMa KBasWIMHEHHBIX nuddepeHnnaababIX ypaBHEHHH € UCIE3AI0MUMA (CyMMUPYEMBIMHU
7 HECYMMHPYEMBIME) IpH ¢ — +00 MHOXKHTEJIAMHU B IpaBoil actu. [Ipusenens mocraTod-
HbI€ YCJIOBUSI, IIPY BBIIIOJTHEHUH KOTOPBIX JJIs1 JIAHHOW CHCTEMBI IIOCTPOEHBI ACUMIITOTHYECKIE
B OIIPeJIEJIEHHOM CMBbICIe pa3iioykeHuss O-perttenuii mpu ¢ — +00.

KuroudeBrbie ciioBa: kBasuinHeilHble CHHTYJIsIDHBIE AuddepeHIaibHble YPABHEHUsd, CY-
IIECTBOBAHNE U ACUMITOTUIECKIE PA3JIOKEHNS UCIE3AIONUX PEIIICeHNN.

Korenovskyi A. Asymptotical expansion of vanishing solutions of differen-
tial equations in one special case. Considered in this paper is a system of quasilinear
differential equations with factors on the right side that disappear when ¢ — oo ( absolutely
integrable or not). Sufficient conditions are obtained under which it is possible to conduct
the asymptotic in a certain sense at ¢ — oo expansions of O— solutions of the described
system.

Key words: quasilinear singular differential equations, existence and asymptotic expansion
of disappearing solutions.

BBEJEHUE. /laHHasi CTAThsl sIBJISIETCsI HEIIPOCPEJICTBEHHBIM IIPOJIOJIZKEHNEM Da-
6ot [1]. Ha nccienyemyio B [1] cucremy nuddepeHanbHbIX ypaBHEHUH HAJIOXKEHB
JIOHIONTHATENIbHBIEe yeaoBus. [TocTpoensl 0606mmenHbie (B cMbIciae pador [2-4]) acumn-
TOTHUYECKHUE PA3JIOKECHUA UCYE3AIONUX IIPU { — 00 pEelIeHU 3TOH CUCTEMBI.

OCHOBHBIE PE3VJIBTATBI. Paccmorpum B HEKOTOpOIt 0biact G = A X V|
A={t:ty<t<+oo},

V= {5 : colon (51752753) )
& = colon (§0.1,---,&m,) € C™,
&2 = colon (o,n1415- -+ &0,m14ns) € C™2,

£3 = colon (5077l1+n2+17 o afO,n1+n2+n3) S (CTLS’
€Il € ¢, ¢ = const >0, ny,ne,n3 € N}

(©) Kopenosckuit A. A., 2014
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m n

(3mech u nasiee ncnonbayercst obosnadenne | Al = > > |aixl|, ne A = (aik) —mXn-
i=1k=1

marpung, n,m € N) cucremy auddepeHimanibubIx ypaBHeHU

£ =Q1(t) + Br1(t)&1 + Bi2(t)ée + Bis(t)és + F1(t,6),
& = a(t) [Q2(t) + Ba1(t)&1 + Baa(t)8a + B23 ()3 + Fa(t,6)], (1)
& = B(t) [Q3(t) + Bs1(t)&1 + Bsa(t)&e + Bzs(t)és + Fi(t,§)]

(3mech u nasiee nox npousseneHneM BekTopa 3(t) Ha MaTpuily OyJeM HoApa3yMeBaTh
B(t)B = (Br(t) bxs), tne B = (bg;) — m X n-marpuna, m = ng, n € N), B Koropoit Bce
BEJIMYHUHBI, UCKJII0OYAs ¢, ABIAIOTCS, B OOIIEM CJIydae KOMILIEKCHBIMHI, M BBIIOTHAIOTCS
TaKue yCJIOBHSI:

1) B(t) = colon (Bi1(t), .- -, Bns(t)),
Bi(t) (k=1,n3), a(t) - CKaJIHpHI)Ie dyHKIHY,

a(t) #0, Be(t) #0 (t € A), f la(t)] dt = 400, tlgnooa(t) =0,

Jim o« =9, tf 1Bx(t)] dt = Iy < 400 (Ix = const) (k =T,n3),
Jim S =0, (k =Tom),
tl}IJPoo gigg =0(s>k, k=T,n3—1, s=2,n3),
tliinoo i‘l((tt)) =0, tiiinoo %ﬁm), =0 (k - m)’
2) Q1(t) = colon (q1(t), - .., qn, (), Q2(t) = colon (gn,+1(1), - -, Gny+ns (t)), Q3(t) =
colon (n, +ny+1(t); - - -, Gny+nz4ns (1)),

qk(t) € Ca, tEEIOOQk(t) =0 (k=T,n1 +nz + ng);

3) By (t) — marpunsl coorBercTByomieil pasmepuocru, By ;(t) € Ca u cyriecrByior
upegest By ;(+00) = Bo i (k,i = 1,73), rae By i — NOCTOSTHHBIE MATPUILBI;
KOPHU A (k =1, nl) VpaBHEHUS

det (BO,ll - )\E) =0
(E — eguHuYHAs Ny X Ni-MaTpUla) 00JAJAI0T CBOHCTBOM

|Re Ai| = v, v = const > 0,

KODHH Vn, +k (k =1, ng) ypaBHEHUS
det (30,22 — By 21 (30,11)_1 By 12 — /\E) =
(E — equHWYIHAS Ny X Na-MATPHIA) 00IJAI0T CBORCTBOM
[Re (a(t)yn,+1)| Z2la(t)] (t € A);

4) BekTOp-QyHKIUS

F(t7£) = colon (Fl(tvg)aFZ(t7€)a F3(t’§))
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(Fl(tvg) = colon (fl(tﬂ£)7 s 7fn1(t7€)) 5
7fn1+7l2(t7£))’

Fs(t,&) = colon (fn,+1(t,&), ...
afn1+n2+n3 (t,f)))

F3(t7 5) = colon (fn1+n2+1(t7 5)7 s

yaoBsieTBopsieT B obactu G ycimouto Jlummura mo £
17 (t:6) = F (t:€@) | < L) = €@l L= L(e) = const,

1€ IIOCTOAHHYIO L MOXKHO CcJeJIaTb CKOJIb YI'OJIHO MaJIoi YMEHbIIECHUEM YHCJIa

¢, oupeesnsioiiero obiacts G, a Takxke yciaosuo F(t,0) =0
Myers f(1), ai(t), B;(6) € CF, f(t)as(t), Bi(t) : A > C (i = T,55§ = LK)

~ HEKOTOpBIe CKaJisipHble GyHKIuN, npudeM a;(t), §(t) yIoBIETBOPIOT YCIOBHIM

Tuma 1)
+oo
(a0 #0. 550 20 e d). [ fauto)] e = 400
+o0 ()3, (1))
/ |6;(t)] dt =1; < oo (l; = const), tliffloo @‘sél)(fl()) =0,

to

~—

tﬂﬁ(ﬁgy =0 me =

(1) 1 _ T
t_lgnoo(ﬁp(t)) XD =0, r>p, r=2,k, p=1k 1).

Bsenem oboznauenust

FO W) = 50, 110 = ig,azL@,ﬂWﬂ Ejﬁﬁﬁ)
£ = 1F 01 f5150) ]/ B F(t)dt, (i=TF).

£ () ‘f<1> ’

Oy = [ £(8)], MA)=ﬂ%N%U=i®,

féi](t)( )= f<]1t>)( ) (.7 :177]{7), f[l] = f{l}(t) +f<1>(t).

)

O6o3HauuB a1, g, . . ., g, B1, B2, - . . , Bk CUMBOJIAMU Y1, Y2, . - -
HO, ITOJIOZKUM
{1}
|:f'[Yf1 1]’)’zr 1( )]7 ; 7;7' < S,
ffg:]'y Y Yi (t) = N
1 /%2 tr—1 %r <1>
] s<i.<s+k,

[0
Yip

, Ys+k COOTBETCTBEH-
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(i1,02, . iy, 7 €N dy,d9,...,0, =1, s + k),
s+k s+k s+k

Fo= S S|, 0]

ip=11,_1=1 11=1
fl,v]l Yig-yi,. (t) OYZIEM HA3BIBATD 7, Yi, - - - Vi, ~-TIPOM3BOAHOM dynkImm f(t) r-ro mops-
ka, a fU')(t) — MaxkopanTOii mOJIHOl (g)—HpOI/I?,BO,ZLHOﬁ dbyukuuu f(t) r-ro nmopsiaxa,

rie « = strit (o, g, ..., a;), 8 = strit (81, Ba, - .., Bk)-
JloToTHATEILHO K yeIoBHaM 1) —4) oTHOCHTEBHO cucTeMbl ud epeHnua bHbIX
ypasuennit (1) GymeM mpemoaraTh, 9To I Hee BLIMOJTHEHBI CJIETYTONTHe YCIOBHS:

la) a(t) € CX, Bi(t) € CF, (i=1,n3);
) qx(t) € C, (kzl,nl +n2+n3);

3a) bi(t) € O, (kyi=T,n1 +nao+n3);

da) F(t,§) € C¥ u cymecrsyer dbynkmus L(t) € CF, Slip |L(t)| < 400 Takast, 910

B obtactu GG CIpaBejTNBLI HEPABEHCTBA

IF (O < LONEN?,  [[FE O] < LMl

i (t,O)) : 0 (L[r] (t)) :

knl +ngtng
nl +na+ng

n1+n2+n3
( ki=N; N=2,3,. .;r:O71,2,...>7

U, KpoMe TOro,

bil(t) =0 (L)), (ki =T T a1, 7=0,1,2,...) 5
5a) eciu 0DO3HAYUTD
Po) = supmas {a (), ol (), 507G, L}
(k=Tni+ns+ng;r=12,...),
re MaKCUMYyM Oepercs IpH KaxKJIOM (DUKCUPOBAHHOM T > t(, TO

tlginoo P.(t)=0, (r=1,2,...).

Ounpenenenne 1. Jan xaoicdoti dynruuu v(t), t > tg, das Komopol 6viNoAHsI-
emes ouenka euda

T2
0(t) < Ay Y PPUEPS2(t) ... PE(t), t > to, Ay = const,

T=r1

2de r1,T9 — HEKOMOPbLE HAMYPAALHBIE YWUCAA, T1 < T U 20€ 04 KaxHCA020 AHH020 3HA-
YEHUA T NOKA3AMEAU K1, . . ., Kr MORYM NPUHUMAMD A100BIE UEADLE HEOMPUUATNEALHBLE
HaveHUA ¢ ycaosuem, wmo ki + 2ks + -+ rk, =1, ycrogumca 2060pumsv, 4mo oHa
umeem (g) -pare = 1 u bydem nucamo Rg(v) >
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Yro6br 060BIUTE 9TO ONpeeeHne Ha MATPHUIBL (B YaCTHOCTH, CTOJOIBI) yCJIO0-
BuMcs Hepasenctso RS (D) > 71, rae D = (dii(t)), t > to cunTaTh PABHOCHUIBHBIM
TpeOOBAHUIO

RI(|D[l) = 1.

Venosumes TaksKe HepaseHcTBO RS (v) > 0 cuuTaTh SKBUBAJEHTHBIM CBOICTBY OIpa-
HudenHocty bysxuun v(t) upu t > to.
Ilpusenem 6e3 JO0Ka3aTENIbLCTBA HEKOTOPHIE OYEBHUIHBIE CBONCTBA (g)—paHra.

Csoiictso 1. Uz nepasencmea RE(v) > r1 ewmexaem aoboe nepacencmeo euda
RB(w)>=r, 20er=0,1,...,7r — 1.

CsoiicTso 2. Us nepasencmea |v1(t)]| < Jva(t)|, t = to u RS (vo) = 71 6tumexaem
nepasercmeo RE (v1) = ry.

CsoiictBo 3. Ecau danv dymryuu vy (t) (k=1,1) u useecmmo, wmo RS (vy,) >
Tk, O UMEIOM MECTO MAKINHCE CACOYIOULUE HEPABEHCTNEA

1. RO (vi+- +v) =T, e()e?:mkin{rk},

2 RJ (v va...v) 2711410+ 7,
R? (v]fl -1152 . ..vlkl) > riky + 1ok + -+ 1k,
ede kq, ko, ...,k — a0bvie HAMYPALOLHYIE YUCAQ.

Caencrue 1. Ecau D = (di;(t)) — nexomopas ny X g Mampuya, mo ycaosue
Rg(D) > 7 PABHOCUALHO T * Mo YCAOBUAM

Rg (dkt) P T, (k = lanla 1= 17”2) .
DTO CBOICTBO BBITEKAECT U3 CBOICTBA 3.

Caencteue 2. Ecau R2(v) > 7, a dynxyua w(t) ozpanuvena npu t > to, mo
RB(vw) > r.

CsoiictBo 4. Ecau das dynkyud vi(t) (k = 171) CYULECMBYOM NPOU3EOTHbLE
v (t) (k = H) U UBBECTNHO, YM

RS () > 1y, RE (UE]) >+ 1,
mo 6y0ym UMEMDB MECITMO MAKIHCE HEPABEHCINBA

Ry {(Uln-vl)m} Zri+- A+l

1]
wa {(U]fl---vlkl) :| >riky 4+ -+ ik + 1,

2de ky, ko, ...,k — a0bvie HamypasvHole YUCAG.
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Omnpenenenne 2. Yeaosumcsa gynkyuamu xaacca W5 nasvieamo maxue dyms-
wuu v(t), t > to, daa xkomopuwx cywecmeyiom vF(t) (k = 1,2,...) nput >ty u
cywecmeyem Toma 6w, 0010 yeaoe wucao v = 0 makoe, Mo uMeem mecmo beckone-
HaA NOCAEJ06ATEADHOCTVD HEPABEHCTNE

R3(v)>r, R? (vm) >r+1, ..., R} (v[k]) >r+k, ...

Yucno T, 6rodawee 6 amo onpedeserue, Mo, 6ydem Ha3bIB8AMD HAYAALHDIM (2‘) -par2oM

dannotli Pynryuu v(t). Omeymemeue 00HOZHAUHOCIUL 6 ONPEJEACHUL T HE NPENAM-
CMBYEM UCTOABIOBAHUN MAKO20 NOHATMNUL.

CgoiicTio 5. K xaaccy W2 sasedomo ommocames 6ce wosduruermol, cucmemo.
(1) (ydosaemeoparowue yeaosusm 1) —4), 1a) — 5a) ) (npu smom moorcro e3amov r =
0) v ux (g)—npouseoﬁnme A106020 NOPAIKA (NPU IMOM MONHCHO CHUMATNG T PAGHBIM

nopAOKY (g) -npou3eodHol).

CsaoiicTBo 6. Ecau dynryuu vy (t) (k = H) npunadaexcam xaaccy W5, a wucaa
Tk (k = ﬁ) ABAANOMCA HAYANDHDLMU (g) -pan2aMy IMUT GYHKYUL, Mo YUCA0 Ty =

min {ry } mooicro paccmampusams Kax Ha4aabHbLl (g) -pane 060l u3z dynryul v (t)
k
(k=1,1).
YeaoBuMcest Ha3bIBATD 79 OOIIMM HAYAJIbHBIM (g)—paHFOM dynkumii vy (t) (k: =1, l).
CBoiicTBO 5 04YeBHIHO, a CBOMCTBO 6 BLITEKAeT M3 CBONCTBA 1.

CaoiictBo 7. FEcau das dynruud vy (t) (k = ﬁ), CYWECTBYIOM NPOU3BOIHDLE

U;(CT)(t) (k =1,1) u ussecmmno, wmo
Rg (/Uk) > Tk Rg (’U][:]) > TR+ T,

w(t) — pynryua waacca WP ¢ nauavrom (g) -parzom pashoim myato, w(t) # 0 u

w’l(t) — oeparuqera npu t = t1, mo umerom MmMecmo maxue HepaseHcmea

vk vk

(1]
R? <1w(t)l> > riky +roky 4+ -+ ik + 1,

k k [r]7
3 vty
Ry || ——— = riki +roky + - ik oy

2de ki, ko, ...,k — a06bie HAMYPAALHDIE YUCAA.

YesoBuMcst ellie B TeX CIydasix, KOrja HaM 3ajaHa BeKTop-dyukims F (¢, Z), kom-
IIOHEHTHI pa3joxkeHus B psa Teitiopa 1o Z KOTOPOil ABJSIOTC PSJIAME OT 41, . . ., 4]

THUII
[e 9]

> Prkr ok (D24 2],
ki+ko+-+k=0
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BBIPAYKEHUS Dkk, . k, (t)Z{€1 e Zlk’ HA3bIBATH COCTABJIATONMME BEKTOP-QyHKINN f(u Z),
a caMy BEeKTOD-(DYHKIMIO Gy/IeM Ha3bIBATH U-PAIOM OT Z. OYHKIWA Dk, ..k, () Oyaem
HA3BIBATH KOI(PPUIMEHTAMI U-PAIA F (t,2).

ITpumenum k cucreme (1) npeobpasosamue

51 = Xlu
52 = Oz(t)021(t)X1 + XQ, (2)
53 = X3a

rue X;(t) (Z = 1,73) — CTOJIOIBI HOBBIX HEM3BECTHBIX (OYHKITHIA,
Co1(t) = Boy1 (t) By (¢);
noyuum cucremy audpepeHnuanbHbIX ypaBHeHUit

X1 =Q1(t) + [B11 + aB12C21] X1 4+ B12Xs + B13 X5 + @4 (¢, X),

a/
X;=a {QQ(t) — C91Q1(t) + |aB2Co1 — 5021 - Ch — C%C21B12021} X+

+ [Baa — C21B12] X9 + [Bis + aB32C21]) X3 + ‘Pz(t,X)} , (3)

X} = B{Qs(t) + [Ba1 + aB32Co1] X1 + B3aXs + Bss X3 + ®3(t, X)},

T7Ie BCe BEJUINHBI — (DYHKIMHU TTepeMeHHoOil £,
(I)l(ta X) = Fl(tag(X))v (I)Q(th) = Fg(t,f(X)) - C21(t)F1(t7£(X))v
P3(t, X) = F3(1,£(X)), &(X) = colon (X1, a(t)C21 (¢) X1 + X2, X3) .

CocTaBuM BCIIOMOIaTe/bHYIO JIMHEHHYIO OTHOCATEJHHO X} (k =1, 3) CUCTEMY ypaB-
HEeHU

Q1(t) + [Bi1 + aB12C21] X1 + B12 X2 + B13X3 = 0,
Q2(t) — C21Q1(t) + [Bag — C21B12]) X2 + [B1s + aB32C21] X3 = 0,

t

X3 — BQs(t) dt = 0.
“+o0

3anuineM ee COKpPAIIEHHO B hopme
H(t,Z) =0, (4)

rie Z = colon (X11(t), X21(t), X31(t)). [Ipeamonaras najee, 9T0 BCe HUXKECIIELYIONTHE
oleparyu 3aKOHHbBI, IPUMEHUM K cucreMe (3) rnpeobpasoBaHue

Z = Z~1<t) +ZZa

riae Zo = colon (X12(t), X22(t), X32(t)) — HOBBIII HemsBecTHBIH crosber, a cTosOer]

Z1(t) = colon (X 11, X21, X31 ) ompenenserca u3 BEKTOPHOTO yPABHECHUS

H(tZ) =0, t=>t
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u obmamaer ceoiicreom lim 7y (t) = 0.
t——+oo

OueBn/HO, 9TO TAKOE PEIIEHNE CUCTEMbI YPABHEHNUI SBIISETCS ¢JMHCTBEHHBIM IIPH
BBIIIOJTHEHUHN yCJIoBHii 2), 3).
BanuIeM BCIIOMOraTe/IbHYy 0 CHCTeMy TuddepeHnnanbHbIX yPaBHEH I 11 CTOJI0-

I1I0B .)ﬁvlg(t)7 ng(t)7 X32(t)

— —
Xip=—Xu () + 1 (ta Zl) + [B11 + aB12021] X2+
3
) —
+B12X22 + B13X32 + Z Dl x, (t, Zl) Xiot+
i=1

1 " = k k k
1 2 3
t5 2 Pl (t,Zl) Xhxhxh 4+
D kitkoths=2

—
Xo1 () —~
[ .
X22—a{ o + @, <t,Z1)+
+ |aB2Co1 — 5021 — O3 — aCy1B1205 (Xu(t) + X12) +

3
+ [Baz — Co1 B12] X2 + [B13 + aB3aCa] X3 + Z (I’/zxi (t, Z1) Xiz+
i=1

1 ” A k1 yka yks
1+ka+ks=

X3, =4 {‘1)3 (t, Z) + [Bs1 + aB32C5%] (fﬂ(t) + X12> +

3
+ B39 (X21(t) + XQQ) + Bss (X31(t) + X32) + Z Dy, (t, Zl) Xio+

i=1

! 7 k1 v ko vke
+§ Z (I)gxfIX;2X§3 (tv Zl) X121X222X323 + ... .
k1+ko+ksz=2

B,ZLGCI) X12 = colon (1‘12, [N ,I’nlg), X22 = colon (l’n1+1 2y vy Tng+4ng 2),

X32 = colon (mn1+n2+1 25y Lny+notng 2) )

) ni+na+nsg
U k k ks is
¢ (t, Zl) X3 X3 X33 = (Plsil-..in1+n2+n3 (t) H xiz) ;

sXP1xk2xks 1
S=

(s=1L3h=1n, b=n1+1n+ng lz=n+na+1,n +na+n3 N,iy...,
iny+ny+ng — HATYPAIIBHbIE THCIA TAKAE, 9TO i1+ *+iny ny+ng = V3 Pluiy.in, 1nyiny ()
IPEJCTABIIAIOT 000l Ko duimenTs! pasiaoxenus Gyakuuu fi, (t, X) B pang Teitaopa

B OKPECTHOCTH TOYKH Z7).
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Ora cucreMa IO3BOJIAeT HATH CTOJIOeIl Zo TEM Ke CIIOCODOM, UTO U cTojber 2.
3aTeM Iojaraem
Z =Z4(t) + Zs(t) + Zs,

rae Z3 — HOBBIM HEM3BECTHBIN CTOJIOEIT.

IIpomosmkas 3TOT mpoIece HeOTPAHMIEHHO, IOy IAM P, (OPMAIbHO YIOBICTBO-
pstoruii cucreme (3) u, BoobIIE rOBOPsi, PACXOAIIUIICS.

B nasnbreitmeM Hac OyaeT HHTEPECOBATH BOIIPOC O B3ANMOCBA3U MEXKLY IIOJIYICH-
HBIM (DOPMAJIBHBIM PSIIOM M MCTHHHBIMA PEIIEHUsIMUA CHCTeMBI (3).

Teopema 1. ITpu evnoanenuu yeaosuld 1) — 4), la) — 5a) pewenue cucmemui
[e3%

ypasnenuts (4) Z = Ui(t), t € A ¢ yeaosuem Z(t) — 0 umeem (5) -npou3eodHbLe

2106020 nopadka, npuvem Ul[r] (t) (r=0,1,...) ecmv eexmop (g) -panea = r+ 1.

CymecTBoBanne Beex (g)—npOI/BBo;LHbIX (r = 1,2,...) BBITEKAET U3 M3BECTHBIX
TEOpEM AHAJIM3a, OCTAETCS TOJBKO TIOJNYYIHUTh JJIS HAX OIEHKY (IpPU 3TOM HAJMIHE
ceoiicrea RS (Uy) > 1 ouesnmo).

Bamummem Toxaectso H (¢,U1) = 0 B BUIE

Q)+ P()U1 =0 (5)

(Q(t) = H(t,0), P(t) = HY, (¢t,U1), npuaem |Det (H, (t,U1))| = d > 0, d = const upn
t > to, P(t) m Q(t) mpunayyesxar kiaccy W2).
U3 (5), ¢ ofHOI CTOPOHBI, CaeyeT

o) (P Q)| - vl @) = 0. (6)

C apyroii CTOPOHBI, CIPABEINBO PABEHCTBO
ns t
S| [ sorwewn | - vi@ o )
i=1 |1

N3 (6) u (7) umeem

o™ (1) (P (1Q(1)’

+Z_3; /Bi(t)P_l(t)Q(t)dt =Y,

Tak Kak KakJasi COCTABJISIONIAs JIEBOM YaCTU MeeT (g)—paHr > 2 (erko mpose-

PUTDH, IPUMeHs cBOiicTBa 3, 4 u 7 (g)—paHra), TO HEIIOCPEJICTBEHHO U3 3TOI'0 TOXKJe-
CTBa $ICHO, 9TO

R? (U{” (t)) > 9.

JlokakeM 10 WHJIyKIMU, YTO Ul[r] (t) mumeer (g)—paHI‘ > r + 1. B camom eure,
st v = 1 370 BepHO. IIPEanonIoKuM, 9TO 3TO YTBEPXKJICHUE BEPHO Ui HOMEpA T.
IMockonbky u3 (5) ciemyer, 4ro

P7L)Q(t) + Ui (t) = 0,
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n3+1 n3+1

GROED DR DR (A Q

=1 i1=1

(Y1, -+ Vns+1 PABHBL @, 1, . . . , Bny COOTBETCTBEHHO), TO KaXKJIast COCTABJISIONIAST IPa-
BOil YacTu (8) ompeJelisieTcss U3 PABEHCTB BH/JA
[r] —
U () = Hopyon () =0, )

rae Ho, .+, (t) — Hexoropas dymnknus (a) -panra > r + 1. I3 (9), ¢ oxHoil cTopoHsI,
cremyer

o), 0] - e, ., o] =0 (10)

C apyroit cTOPOHBI

v ]2 [ SO, 0] =0, (11)

CkaagpiBag (10) u (11) u cymmMupys ux 1o i1, i, ..., i, OyJeM UMETb

n3+1 n3+1

U[r+1] Z Z la(t)Hy,, .., ( |+Z/BZ H,y, .. (t)dt] ). (12)

1-=1 i1=1

IMockoabKy Bece cocTapisitonye npasoii dactu (12) numeror (g) panr = r+2, Tou

r+1
Ul[ ! iveer (g)—paHr > r + 2. Tem cambiM Teopema 1 j1oka3aHa.
AHajmm3upysi MeTOJI TOCTPOEHUsI (POPMAJIBHBIX PEIEeHNU, 8 TaAKXKEe YIUThIBasl, 9TO

H (t,U1) =0 upu t > tg (Ul (t) = colon (),(\1,1’ ),(\2,1’ 5(;)), HEeTPYIHO jajiee y6e nThb-

cs1, aro cronber Us(t) = colon <X 12, X292, ng) dOPMATLHOTO pelIeHus HAXOIUTCS U3

CHCTeMBI HesSBHBIX ypaBHEHHIT
—
—®1 (t,U1) + X11 (t) = [B11 + aB12021 + @) x, (t,U1)] X12+
+ [Biz + @ x, (t,U1)] Xo2 + [Bis + ) x, (t,U1)] X2,

I o
—®y (t,Uy) + a1 Xoy () — [04322021 — 3021—

— Cél — Oé021312021:| )f(v\l/l(t) = (13)

= [322 —C21B12 + (I)/QX2 (t, Ul)} Xo2 + [313 + aB32C1 + q)/2X3 (t, Ul)] K32,

X3o = / B(t) {(331 + aB3sCa1) X11(t) + Bsa X1 (1) +
+oo
+Bas X (1) + @3 (L,UD)| at, ¢ > 1o,
rIe
/le (ta Ul) ) (I)/l X (tv Ul) ) (I)/l X3 (ta Ul) ) (I)/ZXQ (tv Ul) ) (I)/2X3 (ta Ul)

CcTpeMsTCs K HyJo nmpu t — +o00. meer mecto
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JIemma 1. ITpu evnoanenuu 0as cucmemuv ypashenui (4) yeaosuts 1) — 4), 1a)
- ba) cywecmeyem eexmop Us(t) = colon ()?1;,)?2;,)?3; , CMPEMAUWUTICA K HYAIO

npu t — 400, ydosaemeopsarowud cucmeme (13) u obaadarouguti ceoticrneom
RS (Uy) > 2.

YT00BI OLICHUTD ((;)*HPOI/IBBO,ILHI:IQ UQ[T] (t) (r =1,2,...), JOKaxKeM CJIeLYIOILyIO
TeopeMmy, bojiee 0OIITyIO, TeM Teopema 1.

Teopema 2. ITycmo dano sexmoproe ypasHerue

H(t,Z) = Q(t) + P()Z =0, t > to, (14)

(@) = H(t.0), P(t) = Hy(1,0)).

KoapPuruenmo, Komopozo asasomes npu t = ty GyrryusMUu KAGCCE Wg , mpuMem
06U HAUANDHDLTL (g) -pane anemenmos cmoabuya Q(t) pasen rg = 1, a ocmanvhwvie

KOIPPHUUUEHMDL UMEIOT, HAMANLHDIT (g) -pare = 0 u ussecmmo, 4mo
|[DetP(t)| > dy > 0, t > tg, di = const.

Tozda ypasnenue (14) 3asedomo umeem pewenue Z = Tj’(t), CMPEMAULEECHA K HYAIO
nput — +00, HENPEPLIEHOE 6 HEKOMOPOM npomedcymike [t, 400 [, amo pewenue ume-

em ((5) -NPou3sodHble 1100020 NOPAJKA, NPUEM glrl (t) (r=1,2,...) ecmv cmoabey
(g) -pareza =T+ 19.

CymecTBoBanme nCKOMBIX pemennii Z = U(t), a rakxke Tor dakr, aro U(t) ects
croberr (‘;)-paHra > T, OYEBUIHLL.

Bamernm, uTo Torga Jroboe ciaaraemoe B JieBol wactu (14) mocse MOACTAHOBKH
B (14) B7mecro Z Bekrtopa U(t) Gymer umersb (g)—paHr He MEHbIIe, 9eM 7). UTOOBI

OIIEHUTH ol (t), 3amuimem TOXKIeCTBO H (t, [7) =0 B BUJIE
PTH(1)Q(1) + U(t) =0,
OTKY/Ia CJIeJIyeT, ITO

‘a‘l(t) (PY0)QM)'| - T () = o0.

C nipyroit cTopoHBI
ns t
> /6i(t)P*1(t)Q(t) dt| — U< (t) = 0.
i=1 7

Cnoxus JIBa IIOCJIETHUX PaBEHCTBa, IIOJIyIUM

o™l (1) (P (1Q(1)’

+§_; / B P H)Q) dt| — UM () =0, t > to.

oo
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Jlerko ybenuThCs, YTO KazK/1as COCTABJISAIONAS VU-Psijia, COCTOSINErO U3 IIEPBBIX N3 + 1
cJlaraeMbIX, OyJIeT UMeTh (g)—paﬂr HE MeHbIIe, 4eM 7o + 1, a Torna u Ul (t) Gymer

UMeThb (g)—paHr > 1o + 1. Janbime mocrymaeMm Tak »Ke Kak ¥ B CJIydae TeOpeMbl 1.
CdopmymupyeeM Terepb JiBe OCHOBHBIE TEOPEMBI 0 (POPMAJIHHBIX PsJIaX YKA3AH-
HOI'O THIA.

Teopema 3. Ecau cucmema (3) ydosaemeopsiem ycaosusm 1) — 4), 1a) — 5a),
Mo 0AA Hee 3a6e00MO CYULECTNEYEm HOPMAALHOE YACTIHOE PEULCHUE

(oo}
Z = colon (X7, X3, X3) ~ ZUk(t),
k=1

obaadaroulee MaKuUMU C8OTCMEAMU:

1. Kaotcdwti cmonbey, Ug(t) (K = 1,2,...) cywecmsyem u umeem (g) -NPou36o0-
Hote 1100020 nopadka 6 wexomopom npomestcymxe [Ty, +00 [, npuvem wucaa Tk

(k=1,2,...), 6006we 2060ps, ne pasHbv, meotcdy cobol;
2. k-t cmoabey, Ug(t) (K = 1,2,...) umeem (g) -pane = k, a ezo (g) -NPou3eodHas
r-20 NOPAOKA U,ET] t) (r=1,2,...) - (g) -pane =k +r.

eficTBuTesnbHO, cymecTBoBanue cTosbna Us(t) B HekoTopom npomexyTke [T, 400 |
u To, uro RS (UQM> >r+2(r=0,1,...), yKe 6bUIO0 yCTAHOBJIEHO.

Jljist MOKa3aTeIbCTBA TEOPEMBI 3 110 UHJLYKIUHU JIOMYCTUM, 9T0 ¢Tosbunt Uy (t), . . .,
Up—1(t) cymecrByior u obiagaior Hy:KHbIME cBoiicTBaMu. HerpysHo mokasarb, 910
crosbert Uy, (t) JIOJIZKEH OIIPeJedTbCd TOrAa U3 TaKOU CUCTEeMbl YpPaBHEHUN

—_— — —_~/ —_—
X1 + X2+ + X1 = Q1(t)+[Bi1 + aBi12051] (X1k+X1k—1+"'+X11>+
+DB12 <X2k+X2k—1+"'+X;>+Bl3 (X3k+X3k—1+"'+)/(;>+

3
+® (t,Uk71+---+U1)+Z<I>/1Xi (t, Uk—1+ -+ U1) Xip,

i=1

— — —_~/ a/
Xo1 +Xoo +--+Xop1 =a {Q2 —CnQ1 + {04322021 - 5021—
_Oé1 - 04021312021} (X1 k—1 T+ + )/(\1/1) +

+ [Ba22 — Co1 Bi2] (XQk +Xop—1+ -+ )/_(\2/1) +

+ [B13 + aB32C9] (X3k + Xsp-1 +-~-+5(;) + @ (t,Up—1+---+U1)+

3
+ D @b (4, Uk + -+ Un) Xin, (15)
=2
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Xyp+ Xspo1+ o+ Xag = /5(@ [Qa(t)+
+oo

+ [B31 + aB32Ca1] (Xlkfl +"'+)?£) + B33 (XZkfl +"'+f2_1> +

+ B33 ()??::1+~-~+3(\3/1>+‘I>3(t,Uk71+-~-+U1)} dt.

Beranras u3 (15) anagorndHoe paBeHCTBO, ojrydeHnoe u3 (15) samenoit k ma k — 1,
B KOTOpOM Zj_1 = Uy_1, IpusieM K CJIeIyIoliei cucreMe ypaBHEHUit:

—~/

Xik—1 = [Bi1 +aB12Ca1| X1 + B12Xa + B3 X3+

3
+Z(I)/1Xi U1+ -+ Ug_1) Xik,
i=1

—~—/

Oé/
Xop—1 = a{ {06322021 - 5021 — C21 — aCy1 B12Co +

+ @y, (6, UL+ + Uk2):| Xik-1+ (16)

+ [Baa — Co1B12] Xo, + [Bis + aB32Ca1] X3+

3
+Z(D/QXL (taUk—l + - +U1)Xik}7
=2

¢
X3 = / B(t) { [B31 + aB32Co1] X1 k-1 + B32Xok—1 + B3z Xzp—1+
+oo

3
‘*‘Z‘béxi (t,Uk—2+---+U1) Xjp_1+

i=1

1 ” ~— ki —~—— ko —~—— k3
+5 DV rayks (BUk o+ +U) Xigor Xogo1 Xgpo1 +... pdt
1 2 3

" kitkotks=2
ITpumensist k cucreme (16) Teopemy 2, ybexxmaemcest B cymecrsoBannn Bektopa U (t),
yKazaHHOro B TeopeMe 3 Tuma. OTCIoa BLITEKAeT CIpaBeJInBOCTb TEOPEMbI 3.
JlokazaTeabeTBy CIEAYIONEH TeOPEMbI IIPEOILIEM OJHO OIPEICICHHE.

o0
Onpenenenue 3. Dopmanvrodi 6 obwem cayuae psad Y. Ur(t), xaorcdods sae-
k=1
menm Uy (t) (Uk(t) — pyrnryuu) komopoezo onpedeaen, oobuie 20680ps, 6 c60eM Npome-
orcymre suda [Ty, +00 [, yeaosumea nHazweams 0606UWEHHO-ACUMNMOMUNECKUM D -
dom Oas danroti pynryuy v(t), t = to, ecau das kascdozom = 1,2, ... ewnosnsemcs
PABEHCME0

v(t) = Zuk(t) +em(t), t =2 max{to, T1,..., T},
k=1

8 Komopom "006a60%” &, (t) ydosaemsopaem ouewre muna (12) uz [1] ¢ ynryusmu
Ji(t), Ja(t), J3(t), umerowumu (g) -pame = m.
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ITokazkem, 9TO cpaBeIMBO CJIEAYIONIEe YTBEPXK IEHTE

Teopema 4. Ecau cucmema (1) ydosaemesopsem ycaosuam 1) —4), 1a) — 5a), mo
Hatidennoili 8 meopeme 3 hopmanvrwil pad 6ydem asaamvbea 0606ULEHHO-ACUMNIMOMU-
weckuM padom oas aobozo pewenusn Z(t) = colon (X1 (t), Xo(t), X3(t)) cucmemos (3)
€ Yerosuem t_lgrnoc Z(t) = 0, npuuem pewenus nociedrezo muna 3a6e00M0 CYULCMEY-
1om.

HeiictBuTesbHO, caenaeM B cucreMe (3) 3aMeHy

B pesynbrare mosmyunm cucremy auddepeHnnaabHbIX YPaBHEHUH
— — —_~/
X1 + X 4+ 4 Xiemr + X1k = Qi)+
+ [B11 + aB12Co1] (Xlk +Xip1 -+ 5(;) +

+DBi2 <X2k+X2k71+"'+),(\2/1) + B3 (X3k+X3k71 +---—|—5(;) +
+&q (t, Zy+ U1+ + Ul), (17)

Xop +Xoo + -+ Xop1 +Xoi' =« {Q2 —Cn Q1 + [0322C21—
o — -
- [acm - Cy — CVC21B12021} (Xu@ +Xig1+--+ X11> +
+ [Baz — Ca1B19] (sz + Xop—1+---+ 52;1) +

+ [B13 + aB32C51] (X3k+X3k—1 +"'—|—)/(?3/1> + Qo (t, 2 + U1 + -+ Ur),

!/ — —— —_—
Xop+Xsp—1 ++Xs1 =8 [Qs + [Bs1 + aB32Ca] (Xlk + Xip—1 4+ +X11) +

+Bss <X2k+X2kfl+"‘+)’(\2:) + B33 (X3k+X3k—1+'“+)’(\3/1>+

+®3 (t,Zk+Uk_1 —|—~"+U1)].

PackiazpiBas nesuneitnocT B npasoii yacru (17) 110 KOMIIOHEHTaM BeKTOpa Zj, yau-
ThIBas PABEHCTBa, IoJydeHHble u3 (15) 3amenoit k wa k — 1, nouayuum cucremy aud-
depeHnraIbHBIX YPABHEHM

!
Xip=—-X1k-1 + [Bi1 + aB12Co1] X1 + B1aXoy + Bi3 X3+
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3
+Z®/1Xi Ui+ + Uk—1) Xip + Pua (¢, Z)
i=1

- Xop—

X =«
2k o

Oé/
+ CVB22021 — Ec’gl — Oélf
- CYC21B12021} X1k + [Ba2 — Ca1B12] X, + [Bis + aB32Ca1] X3+

3
+Z(I)/2Xi (t,U1+"'+Uk1)Xik+<p*2(tvzk)}, (18)

=1

X3, = ﬂ{ [B31 + aB3aCo] (Xl -1+ Xlk) + B3» <X2k71 + sz) +
+Bss (Xkal +X3k) + @3 (t, U1+ +Uy) —P3(t, U2+ -+ Up)+

3
+> Dk, (L Usr+ -+ U1) Xig + Pus (t,Zk)} ,
i=1
rue v-pagpl P (¢, Zi), Puo (t, Z1), Pus (t, Zx) HE comepKaT COCTABISIONIUX HYJIEBO
U IIepBOil CTeleHd OTHOCUTEJHLHO KOMIOHEHT BEeKTOpa, L.

C moMoImpo MeToa IOoC/Ie0BaTeIbHBIX IPUOJINKEeHHH MOYKHO II0Ka3aTh, 9TO Y
cucreMbl (18) CyIIeCTBYIOT Y4aCTHBIE PENIeHUs, CTPEMSIIUecs K HyJI0 npu t — +00.

Vcnonb3yst 3atem Teopemy 5 u3 [1] n yunreast, uto RS (U] _;) > RS (U]El) >k, B
CHJTy TeOpeMbl 3 MOJydYaeM Hy KHBIH pe3yJbTar.

3AKJTIOYEHHUE. [TocTpoensr 0600IIEeHHBIE ACMMITOTHIECKHE (B CMBICTIE PAGoT [2—
4]) psiaer pist O-periennii cucremsl quddepennnanbubix ypasaennii (1). B nanbreii-
eM IIPeJIIIoJIaraeTcsi pacCMOTPETh aHAJIOIMYHYIO 3ajady Jyisi cucreMmbl Tuna (1) ¢
HECKOJIbKUMHY HECYMMUPYEMBIMH MHOXKUTEJISMYU B IIPABOil YacTH.
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C. O. Yaiiuenko
Joubacckuii rocyiapCTBeHHbIN IeJarOrnIeCcKuil YHUBEPCUTET

MPUBJINXKEHUE INEPUOINYECKNX ®YHKIIUN B BECOBBIX
ITPOCTPAHCTBAX OPJINYA

Yaiiuenko C. O. Habiam>kenusi nepioguvumx (yHKIiI y BaroBux IpPOCTO-
pax Opuanya. OTpuMaHOo psij TpPSMUX 1 0OEpHEHUX TEOpeM Teopil HAOIMKEHHS JJIs -
nudepeHIiitoBHIX MYHKITT B METpUKaxX BaroBux npoctopis Opinda 3 Baramu, 1o HAJIEKATh
Kjacy MakeHnxayrira.

Kirouosi cioBa: mnpocropu Opuinua, HepiBHicTh BepHireitna, naiikparie HabJIMKEHHS,
1p-moxigHa, npsiMi i 0bepHeHi TeopeMu, Kyiacu MaKeHXarTa.

Yaitgyenko C. O. IIpubaukenue repuoaumiecKknx PyHKIHUN B BECOBBIX ITPO-
crpadcTBax Opiamnya. B pabore nosyded psiji NpsiIMBbIX U OOPATHBIX T€OPEM TEOPUU HPH-
OmkeHus s Y-mudepeHImpyeMbIx (OYHKINN B METPUKAX BECOBBIX mpocTpaHncTB Opimaa
C BecaMu, KOTOpbIE NIpUHAJIeKAT Kiaaccy Makenxaynra.

KiroueBsblie ciioBa: mnpocrpancrBa Opiinya, HepaBeHCTBO BepHITeiiHa, HanIydInee Ipu-
GiKeHue, 1)-1POU3BOJIHASL, IIPSIMble M OOpATHBIE TEOPEMBI, KylacChl MaKeHxayITa.

Chaichenko S. O. Approximation of periodical function in the weighted Or-
licz spaces. We obtain some direct and inverse theorems of theory of approximation for
i-differentiable functions in the metrics of weighted Orlicz spaces with weight functions,
which belongs to the Muckenhoupt class.

Key words: Orlicz spaces, Bernstain’s inequality, the best aproximation, -derivative, di-
rect and inverce theorems, Muckenhoupt class.

BBEAEHUE. VccienoBaHuio pa3jindHBIX BOIPOCOB TEOPUY IPHUOJIUKEHHS B IIPO-
crpancTBax OpJinya MOCBSIIIEHO 3HAYUTEIbHOE KOJMIECTBO IO/ IuKaImii. Y TOMsHEM
3/1€Ch JIUIIb HEKOTOPbIE pabOThI, e PACCMATPUBAJINCH BOIIPOCHI [TOJIY9€HUsT TTPSIMBIX
7 OOPATHBIX TEOPEM TEOPHUH AIIPOKCHMAINNA B STUX IIPOCTPAHCTBAX.

B paborax [1-3] uccnenoBanucs npobaeMbl TPUOINKEHNs] B METPUKAX TIPOCTPAHCTB
Opuua, a ciiyuail BECOBBIX IIPOCTPAHCTB ObLT paccMoTpeH B [4,5]. B paborax [6-9]
OBLIM TTOJIyYEeHbI PACIPOCTPAHEHUSI YIIOMSIHYThIX PE3YJIBTATOB Ha, CJIydail MpuoJImKe-
HUsI B HEKOTOPBIX 00JIACTsIX KOMILIEKCHOU TIJI0OCKOCTHA. KpoMe TOro, pa3udHbie yTOU-
HeHUst 1 ODOOIEHNS TPSAMBIX U 0OPATHBIX TEOPEM TeOPHUH TPHUOJIMKEHUS B BECOBBIX
upocrpancreax Opsmya 6buin gokazanst B [10,11].

Ilennro 3TO# PAbOTHI SIBJIAETCS TOMYUEHNE YTBEPKICHUN TUITA TPSIMbBIX U 00paT-
HBIX TeOpeM Teopuu NpuOamKeHust st -muddepennupyembix u (1); 8)-auddepen-
IIpyeMbIX (QYHKIMil B BecoBBIX IpocTpaHcTBax Opmmva Ljs, € BecaMu, KOTODBIe
[IpUHAJJIEXKAT TaK HasdbiBaeMoMy Kjaccy Makenxaymnra. Mcnosibayemoe B aT0it pabore
[OHATHE YP-IPOU3BOAHON 06001IaeT u3BecTHbe HOHATHA (1); 3)-IPOU3BOIHOMN, IPOG-
HBIX TPOU3BOJHBLIX B cMbiciie Beitna u Beitns—Hass, o6bramoit mpons3BoHoil, a mo-
JIyYEHHBIE Pe3YJIbTAThl, C OJHON CTOPOHBI, CO/IEPXKAT KAK YaCTHBIE CJIydYald HEKOTOPHIE
U3 YIIOMSIHYTHIX BBIIIE PE3YJIbTATOB IIPEIIIIeCTBEHHIUKOB, & C JIPYroil CTOPOHBI, [TO3BO-
JISTIOT OOHAPYZKUTH HOBBIE (DAKTHI.

(©) Yaitgenxo C. O., 2014
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IIpuBesieM HEKOTOpBIE CBEIEHUS U3 TEOPUU BBIIYKJIBIX (DYHKINH U BECOBBIX IIPO-
crparcts Opanua (em. [12,13]), koropsie Gy/ieM HCHONIBb30BaTh B 9TOH pabore.
Hepepoisaas seinykias dbyukinus @ = ®(x) naspisaercs dyukiumeit FOunra, ecin
® aBsieTCst YETHOU U YIOBJIETBOPSIET YCIOBUSIM
O(z)

P
limﬂzo7 lim —= =00
z—0 X r—o00 I

ToBopsr, uro dyukus ® yrosiersopsier yesosuio Ag (P € Ag), ecou cymecrsyer
nocTosiHHasA ¢ > 0 Takas, ITO

O(2z) < c P(x), VzeR.

Heorpunarensnaa dbyuxkiuua M = M(t), t > 0 Ha3bBaETCA KBA3UBBILYKJION
dyuxnumeit FOura, ecu cymecrByet BoiyKiast Gyukius FOura ® u mocrosiamast ¢ > 1
TaKas, 9YTO BBIIOJIHIETCS HEPABEHCTBO

O(x) < M(z) < ®(cx), Va =0.

Ob6o3naunM depe3 Q MHOXKECTBO BCEX KBa3WBBINMYKJbIX dyuknuit FOura. [lycrs
M e Q. Torma uepe3 Ly, 0003HAYAIOT KIACC 27-IEPHOJUIECKHX M3MEPHUMBIX IO
JlebGery ¢pyHKIuMii f, KOTOpPBIE yIOBJIETBOPSIIOT YCJIOBUIO

27

/M(|f(x)\)w(x) dz < oo,
0
I‘ﬂe (U(.T) - ZW—HepHOAHQHaﬂ I/ISMepI/IMaH " I1049TUu Be3ﬂe HO.H?}KHTG.HBH&H (byHKLII/IH

(Bec), a gepes Ly, 0603HaaIOT JHHeliHyI0 060/10UKY Ki1acca Ly, . Muoxkectso Ly,
CTaHOBUTCS HOPMUPOBAHHBIM ITPOCTPAHCTBOM, €CJIN

[[f1la1,00 := sup { / [f()g(t)|w(t) di : /M(Ig(t)l)w(t) dt < 1},
0

0

re M(y) := sup(zy — M(z)), y > 0 — mononnurensuas B cMbicie FOura byHKIps.
>0

ToBopsr, uro BecoBas dyHKiusa w = w(t) upunaiyexur Kiaccy Makenxayira
Ap, 1 < p < o0, ecin w sIBIISIETCST 27T-1IEPHOINIECKOT I

1 b 1 b 1 p—1
(b_/ () ‘“) (b—a/ T dt) S o= consty

a a

rze [a,b] mponsBosbHBLH 0Tpe30K u3 [0, 27].
st kBasuBBITy K0 (byukmmu M ompesesnM BeIu<InHy

1 . . P
]ﬁ =inf{p: p>0, MP e Q},
p(M)

p/(M) = W7
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KoTOpas BIepBbie Oblta BBegeHa B pabore [14]. Ecim w € Ay, 10 Ly, € L, te
L — mpocTpaHcTBO 27-IEePUOJUTIECKIX CyMMUPYEMBIX Ha mepuone Gyukuumit u Ly,
CTAHOBUTCA GaAHAXOBBIM MTPOCTPAHCTBOM ¢ HopMoii Opimaa. Barmaxoso mpocTpancTso
Ly, HA3BIBAETCS BECOBBIM IpocTpaHcTBOM Opirmda.

Yepes Qf obosnagator kiaace dbyukimit M € Ay takux, uro M? apnsercsa xpasu-
BBIIYKJIOH Jy1st HekoToporo 6 € (0;1).

Hycrs f € Lysw, M € Q% w € Apvy 1

1 [h
(Uhf)::ﬁ/ihf(x_kt)dt’ O<h<m, x€l[-mmn]

— omeparop ycpeaaenust o CrekyoBy. Obo3HauuB dyepe3 I — eMHUIHBIN OepaTop,
PacCMOTPUM BeJINYUHDI

Haomﬂ 650 r=12..)
i=1 M,w

Qr(f;(s)M,w = sup

0<h; <0,1<i<r

KOTODbIe Ha3LIBAIOTCA MOJYJISIMU IVIQIKOCTH HOPsaKa r hbyHKIHUN f.
Mssectro (cM., mampumep, [4]), uro Momymm rmanxoctu €Q,.(f;0)a,., 061amaior
TAKAMH CBOHCTBAMH:

1. Bemmauna Q. (f;0)as . ABIISETCH HEOTPUIATEIHHOI U He yOBIBAET, KaK (DyHKINS
repeMenHoi § > 0.

2. CupaBejiiBO HEPABEHCTBO
Qr(f1 + fo30) a0 < Qe (f150) Mo + Q0 (f230) M
3. Ecmm f € Lagw, M € Q) we Ay, TO
Q- (f30) a0 < Ol fll v
Hasee HaM TOHAJIOOATCS ONpPEIEICHHS 1)-UHTErpaIa U Y-MPOU3BOIHON, KOTOPDIE

npunaagexar A, Crenanmy [15, ¢. 149-150].
Iycts f € L n

8

Slf]l = f)cos kx + by (f)sin kx) ZAk fyx) (1)

k=1

— pan @ypee dynxmun f. Iycrs, nanee, (k) = (z/Jl ’(/}2) — Iapa MPOU3BOJIBHBIX
YHCJIOBBIX TOCsegoBaresbHocTel 1 (k) u o (k), k = .. PaccMmorpuM psiz,

m+2m (k) Ax(f, ) + (k) Ag(f, ), (2)

rae Ag — HEKOTOPOe YHCJIO U

/Ik.(f, x) = ay sin kx — by, cos kx.
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Ecou psapn (2) poist nanso#t dbyukuun f u napser ¢ seasercs pagoMm @ypbe HEKOTOPOit
dbyuknuu u3 F € L, o pyuknuto F HazwiBaroT Y-uHTerpajiom GyHkmun f u 0603Ha-
qator F(-) = J¥(f; ). MHOxecTBO -mHTerpasios Beex dbyHKImil 13 L o6osHadTaeTcs
LY.

Hycrs f € L, pan (1) — pan @ypoe dyuakuuu f u napa ¢ = (1)1, s) yaoBiaerBo-
psieT yCJIOBUIO

VP(k) = ¥i(k) + v3(k) #0, keN. (3)

Ecmm pan,

> (jgg Afia) - 20 Ak<f;m>> (W
k=1

sBygerca pagoMm Pypbe HeKoTopoit dyHKIuu ¢ € L, TO (¢ HA3BIBAIOT )-IIPOU3BOIHOM
bynkmun f u ncnompsyor obosmadenne o(-) = DY(f;-) = f¥(-). HomvuoxecTso
dbynknuit f € L, y KOTOPBIX CyHMIECTBYIOT 1)-IPOU3BOIHLIC, 0603HauaioT depes LY.
CBsI3b MEXK/Iy 1)-MHTErPAJIAMA U 1)-IIPOM3BOIHBIMU yCTAHOBJIEHA B MOHOIpadum
[15, c. 150]. Tam nokazaHo, uto eciu byukuus f € L, pan (1) — ee psg @ypoe, u BbI-
nostaeno ycyosue (3), To bynkmmsa J¥ (f; ) obiasaer 1)-Ipou3BOIHOI U CIIPABE/TBO

PABEHCTBO
ag
DUTHF;) = ()~ .
Ecma xe dbynxmus f € LY, upan (1) — ee psaa @ypoe, To bynxmas DY (f; ) obranaer
1)-MHTErPaIOM U IIPU ITOM

TV (DY (f;) = f() + Ao,

rie Ag — HEKOTOpas TMOCTOSTHHAS.
OTrMernM TakzKe, 9TO B CJIydae, KOrja

a(k) = (k) sin 2F

Dr(k) = (k) cos i

2 )
OIIpeJIeJIeHne ()-TIPOM3BOHON COBIIaaeT ¢ onpezesnerneM (1); 3)-npoussomHoi [15,
c. 132]. Ecam k Tomy xke (k) = k=", r > 0, To nOHATHE 1)-TIPOU3BOJHON COBIIA-
JIAET ¢ XOPOIIO U3BECTHBIM HoHsATHEM (r; [3)-npousBognoil B cMbiciae Beiia—Haus,
KOTOpasi, B CBOIO OYEpe[ib, sSBJseTcs 0000IeHneM IpOOHON mpom3BoHOM Beitns u
OOBITHOI TTPOM3BOIHOM TIOpsIAKA 7', 7 = 1,2,.. ..
IIpu nokazaTesbCTBE OCHOBHBIX PE3Y/IbTATOB TOi pabOThI OYIET UCIOIb30BATHCS
dakT orpaHmYeHHOCTH B IpocTpaHcTBaX Lz, oneparopa Pypbe u omeparopa Tpu-
POHOMETPHYECKOI'O COIPSI?KEHNUs], KOTOPHBIil OBl ycraHoBJeH B [12, ¢. 278].

Teopema. Ecau M € Q) uw € Ap(ary, mo das npoussoavnoti pynkyuu f € Ly,
GHINOAHAIOMCA HEPAGEHCTNEA

1S (F)llarew < ClNFllne (5)

1w < Clfllat, (6)
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2de

aoéf) + 3 (ar(f) cos kx+by(f)sin kx), n=0,1,..., (7)

k=1

Sn(fia) =
— wacmusie cymmve Pypwve nopadka n dynwyuu f, f(-) — dynryus, mpuzoromempu-
wecku conpsotcennas ¢ f(+) u C > 0 — nexomopas nocmosnnas, Komopas He 3a6Ucum
om f un.

W3 mepasencrs (5) u (6), B 4aCTHOCTH, CJIEIYET, UTO

1f = Su-1 ()l = O En(f)are = O En(f)are, (8)

riae
En(@)M-,W = lnf ”80 - tn71||M,wa 80 S LM,UJ)

tn—1€Tn-1
— Hawty4dIiee npubnzkenne GYHKIUE ¢ ¢ TTOMOIIBIO TOAIIPOCTPAHCTBA T, 1 TPUTO-
HOMETPUYECKUX IOJIMHOMOB IIOpsiJKa, He Bbime n — 1, a O(1) — Bejn4uHbI, pABHO-
MEpPHO OTpaHUYIEHHBIE TI0 N.

Ham moHaiobuTest Takxke CJeyiolee yTBepXK/eHre, ToKa3aHHoe B pabore [16],
KOTOpOE TI03BOJISIET HAXOJUTH OLEHKY CBEpXy HOPMBI (1); 3)-IIDOM3BOIHON TPUTOHO-
METPUIEeCKOTO ITTOJMHOMA Yepe3 HOPMY CaMOTO IOJMHOMAa, B MPOCTpaHcTBe Lar, W
ABJIsIeTCs aHaJoroM Kiaccuueckoro pesynbrara C.H. Bepumreitna [17] o mepasen-
CTBE JIJIT MAKCUMYMa MOJIYJIsT ITPOU3BOIHON TPUTOHOMETPHUIECKOro moJmHOMA. JIst
ero popMyJIUPOBKY Yepe3 Dg | obosuaunm (1); 8)-upoussonnyto dbyHKIMM f, a Yepes
I MHOXKECTBO HE BO3PACTAIOIIMX M UCUYE3AIOIINX Ha OECKOHEYHOCTH ITOCIIEI0BATE b
uocreit ¥(k) > 0, To ecTb:

M ={pk): P(k) —y(k+1) >0, lim (k) =0, k € N}.

Jdemma 1. ITycmo ¢ € M*, BER, M € Q) uw € Apamy- Tozda dns npous-
B0ALH020 MPUZOHOMEMPUNECKO20 NOAUHOMG Ty MOPAJKA, HE SbIULE N, BLINOAHACTCA
HEPaBeHCMBE0

K
”Dng”M,w < W”TnHM,w, Tl:(),].,..., (9)

2de 1/9(0) := 0, a K — noaootcumesvnas nocmosHnas, Komopas He 3a6Ucum om n.

Byzsem Tak»Ke MCIIOJIB30BATh CIIEYIOILYI0 JEMMY, JOKa3aHHYy0 B padore [4].

Jdemma 2. ITyems M € Qf uw € Apary- Tozda, ecau k) e Ly, k=1,2,...,
Mo UMEEM MECTNO HEPAGEHCTNEO

Qk(f;(s)M,w < C62k|‘f(2k)”M,wv k= 1;2a e e (10)

OCHOBHBIE PE3VJIBTATHI. [lycts 91 — m0oaMHOXKECTBO BBIMYKJIBIX TOCIEIO-
BareabHOCTEl JieficTBuTebHBIX Ynces (k) > 0, u3 muoxkecTBa ™, TO €CTh:

M= {p e M*: Y(k+2)—2(k+1)+(k) >0, keN},

o0
a M — noxmuOKecTBO DYyHKIMA ¢ € M, I KOTOPBIX Y %k) < 00.
k=1
O6o3naunmM 4gepes LY L Mw KJacchl y-uHTerpasos dynknuit f € Ly . meer

MECTO CJIEJIYIOIee yTBEPKIECHUE.
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Teopema 1. ITycmo f € LY Ly, npuvem M € QY w € Apvry ubr €M, g €
M. Toeda daa NPOU3EOALHO20 HAMYDAALHOZ0 T 6BINOAHACTNCS HEPABEHCTNEO

En(f)M,w < Kw(n>En<fw)M,w7 (11)

6 xomopom (n) = /Y3 (n) +¥3(n), K — xoncmanma, xomopaa ne sasucum om n
u pynryuu f.

OTMeTnM, 9TO YTBEPXKJIEHUE TEOPEMBI 1 B GOJIBIIMHCTBE CIIy9YaeB sIBJISETCS XO-
poro usBecTHbIM. Ilpu 9(n) = n~%, B =, a > 0, n € N onenka (11) nosyuena
B pabotre [4]. IIpu 1 (n) = (n)sin '%”, Ya(n) = ¥(n)cos '%”, Y e M, B €R coor-
BETCTBYIOIIME Pe3yJbTaThl Hailjensl B pabore [16], a eciu M = P, 1 < p < oo, TO
rakue pesysaprarsl npunamiexar A. . Cremanny n A. K. Kymnesmo [18,19]. Eciu
kel < p<oomkromy ke (n) =n"", B =r, n,r €N, nepapercrso (11) noxazano
A. ®@. Tumanom [20, c. 316].

HoxkazsarenbcrBo. Ilycrs f € LY Ly, tie M € Q nw € Apary, Torma, ecrm
Y1 €M, Yo € M o [15, c. 151-152], Beerma cymectsyer byrkmus f¥ € L0 L0 :=
{p € L: ¢ L 1}, pang Pypbe koropoii coBuamaer ¢ (4). B pabore [21, nemma
3] nokazaHo, uro s JanHOW dyukuun f € L., u npomssoabHoro € > 0 Beerga
Haiiiercs TpuroHoMerpudeckuii nosmuom 1'(x), i KOToporo

2

/M(|f(a:) (@) )w(z) da < e

0

OTciona, B YaCTHOCTH, CJIEIyeT, 9TO
E.(f)Mw—0, n—oo.

I_IOSTOI\ly7 y4auThbiBad COOTHOIICHUE (8)7 MOZKEM YTBEP2K/IaThb, 9TO B CMBbICJIE CXO-
JUMOCTH B METPHUKE IIPOCTPAHCTB LM,w BBIIIOJIHAIOTCA PaBEHCTBa

f)=>" Ap(f;)
k=0

Y(x) = N Y.y — — 1(k) . (k) 5 .
f () kZ:lAk(f ) ) ;;dﬂ(k)Ak(f’ ) ¢2(k)A(f7 ) (12)

U3 pasnoxenust (12) caenyror dbopmyist cesisu Mexy koaddunpentamu Oypbe

bynknumit f¥ u f:
ar(f) = r(k)ar(f¥) — Y2 (k)i (f¥), (13)

bi(f) = e (k)ar(f*) + 1 (k)b (). (14)

VYunreisas Tenepb paserctsa (13) — (14), Haxomum

£ =3 Anlfia) = ) S () cos ke + be(f)sin k) =
k=0 =

k=1
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([ D) = Gl ()] cos ot

+ {le(k)ak(fw) + 1/11(k)bk(fw)} sin k:z:) _

<¢1 [ak fw ) cos kx + bk(f¢)blnk$:|
+1a (k) {ak(fw) sin kx — by (f?) cos kx}) =

+Zw (k) Ai(f*; @ +Zw2 )AR(fVs 2 (15)

Ha ocnoBamuu coornomenuit (7) u (15), nosydaem

F@) = Sualfi2) =Y Axlfiz) =
k=n

= (k) AR(f s +Zw2 VAR(fY; (16)
k=n

Jlaee nmeem

Zlm VA(fY;@
oo o (o )
ZW’“)(S ) - Zwl )(Seatstin) - 1)

- Z (1K) — g + 1) [smfw;x) - @] - ) |Sea (i) - @) an

AHaJIOrUYHO IoJIyYaeM

Z% )AR(f'; 2 sz R)AR(fY;

= 30009 ~ ke  1[Sk750) - )] o [sua () ) 09
Hcnonbays cBoiicTBa HOpMBI, Ha ocHOBaHUH paseHCTB (16) — (18) HaxomuMm

En(f)M,w < ”f - Sn—l(f)”M,w <
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o0

<D [ k) = n(k+ DI[Se(Y) = £y + 1@ |S0a (FY) = £yt

k=n

+ 2[7/12(/4) — ok + 1)]||Sk(F¥) — JM’HM)W + 2 (n) || Sn-1 (f¥) — waM)w <
k=n

< K<w1<n>En<JW>M,w n w2<n>En<fw>M,u) < K Bu(*)pt.0r

rae ¢%(n) = ¥3(n) + ¢¥3(n) u K — koncranra, KoTopas He 3aBUcCHT OT n. Teopema
JIOKa3aHa.
OTMeTHM, ITO B YCJIOBUSIX TEOPEMBI 1 MMeeT MeCTO HepaBEHCTBO

Cunras, uro nocienoBarenbaocru (k) uz I ABIAIOTCA CyKEHUSAMHU Ha MHO-
JKECTBO HATYPAJIbHUX YHCEJ HElPEPBIBHBIX (DyHKIMA (1) HElPEPBIBHOIO apryMeHTa
t > 1, B coorsercTrun ¢ (15, ¢. 159] wepes n(t) = n(;t) obosHaunm byHKIUIO, KOTO-
pasl cBsA3aHA C 1) PABEHCTBOM

YD) = S0, 21

Orcioza, BeieAcTBUE CTPOroil MOHOTOHHOCTH U yObIBaHUs K HyJ0 v, dyukius 7)(t)
Jutst Beex t > 1 onpejiesisieTcst OJTHO3HAYHO

alt) = n(wst) =~ (G000, (19)

riae ¥~ — dbyuknms, obpaTHad K 1.
JIJtst TIOJTy IeHUS CJIeIYIONINX Pe3yIbTATOB Oy/IeM UCIIOIb30BATE OIPeIeIeHUsT MHO-
keers My u F, npunajgexamme AV, Crenanny [15, ¢. 160, 165]:
t
My = eEM: 0<——— <K, t>1
F={peMm: n(t) <K},

rue n(1;t) — dbyHKus, KoTopasi onpe/iesercs pasencTsoM (19).
CupasenymBa, CJIeLyIONas TeopeMa.

Teopema 2. ITycmvy M € Q% v w € Apary- Tozda das mpouseoavrioti dynryuu
f € Larw un €N bydem umemo:

1. Ecau p € My u pad
D Eu(Nawlk (k)7
k=1

cxrodumcs, moz20a cyuLecmeyem npoussoonas fg’, maxas wmo dasr = 0,1,2, ...,
U NPOU3EONLHOZ0 HAMYPAALHOZO T GHIMOAHAEMCA HEPAGEHCMEO

v, 1 L o BN
(115, S e € 3 S

v=n+1
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2. Ecaup € F, n(¢;t) —t > C >0 u pad
ZEk areo () (k) — )|

cxodumeces, Mo Cyw,ecmeyem npouseodHas fg’ A Komopot

1
Qr(fg}vn)MwS (nzTZQﬁ Mw+
+ Z 1/J )>, n €N,

v=n-+1

2de C' — koncmawma, xomopas we 3agucum om n u gynxyuy f.

Ecmu ¢p(n) =n~", B =r, r, n € N, Torga yrBepKIeHue Te€OPeMbl 2 COBIIAIAET
¢ Teopemoii 1 u3 paborsl [11]. B cayuae ¢(n) = n=% 8 = a, a > 0, n € N,
AHAJIOTUYHBIE PE3YJILTATHI ObLIN IIOJIyYeHbI B pabote [4].

HdokazaTesabcTBo. Jl1d moKa3aTebCTBa TEOPEMbl OyIeM HCIOJIH30BATDL CXe-
My, IPeUIOKEHHYI0 B KHure [22, ¢. 120-126]. IIycrs {¢,(-)}22; mocienoBaTeabHOCTD
TPUTOHOMETPUYECKHX TIOJIMHOMOB, KOTOPBIE OCYIIECTBJISIIOT HAMJLY Ylllee TPUOJINAKEHUE
dyskmmn f € Ly ,,. IHonoxmm ays marroil GyHKINT 9 1 KaXXJ0T0 HATYPAJIbHOTO 7

nog =mn,n1 = [n;n)]+1,...,n; = [n(;ni—1)] +1,... .

B sTom cydwae psn
o]
LL’) + Z(tm (I) - tni—l (‘T))
i=1

6yaer cxoquThes K dyHKImn f B npocrpascTse Ly, . PaccmoTpuM psif

(Dg}tno)(‘r) + Z(Dg [tni - tnifl])(x)
i=1

n ybeammcst, 9To OH OyIeT CXOAUThCs B poctpancTse Ly, k cymme T'(z), pag Pypobe
KOTOPOII UMeeT BUJL

gw(lk) (ak(f)COS <kI+IB27T> + b(f) sin <kx+52ﬁ>) (20)

ITpumensist HepaseHCTBO (9) K pasHoCTH U4 (X) = by, () — tp,_, (z) (KoTOpast, oue-
BUJIHO, SIBJISIETCS [TOJIMHOMOM IOPSIIKA 1), MOy IaeM

I(DEu)Olarw < CBuyy 1 (Farelio(na)

BCJIEZICTBUE Y€Tr0o

ZH D i) ()l arw < C(Enﬂ(f)M,w(Mn))l n
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+ZEni+1(f)M,w w(ni)_1>- (21)

Hcnonwssys onenky

Bnilf) E_J E,1(f)

Y(n;)

1/7,/}(1/) s ¢ S gﬁo, (22)

V=N4—1

HOJIydeHHy0 B KHUre [22, ¢. 124-125], u3 coorHomenus (21) nonyuaem

S (DY (- Enp1(Dae | o= Bolf)ie
;II(D[; 1)()||M,w<0< o > e ) (23)

1/)(7’1 v=n-+1

TToCKOJIBKY 110 YCJIOBUIO TEOPEMBI PsiJi B IPABOiil 4acTH COOTHOIEeHus (23) cxoauT-
csl, TO 9TO O3HA4aeT, 4T0 psrx (20) DefCTBUTEIBHO CXONUTCA B MPOCTpancTBe Ly, K
nekoropoit dbyukmun T'(x) € Ly .

ITyctn a,(cni) = a(tp,) u b,(cni) = by (tn,), £=0,1,2,..., — koapdunuentsr Pypne
HOJIAHOMOB &, (). Torma B coorBercrun ¢ pasercrsamu (13) u (14) xoaddurmenTs!

a,(cni) u ﬁ,gn‘) HOJIMHOMOB (Dg’tnl)() UMEIOT BUJ

a,(;“) = ﬁ (afcni) cos %r + b,(v""’) sin ﬁ;) (24)
) _ L fym BT i) BT 9
B, = o <b,c cos o= —ay; " sin — ) (25)

TTockonbKy paBeHCTBO

T(z) = lim (D}t,,)(z)

n—roo

BBIIIOJTHAECTCA B CMBICJIE CXOAUMOCTHU B METPUKE IIPOCTPaHCTB LM,wa TO

arp(T) = lim o{"™,  b(T) = lim B, k=0,1,... .

1—00 1—00
HpI/IHI/II\/IaH BO BHUMAaHUE TO, q9aTo
lim a{" = ar(f), lim b = be(f), k=0,1,...

1—00 17— 00

u3 paseHCTB (24)—(25) momyuaem

1 P . B
ax(T) = w(k)(ak(f) cos o=+ bi(f) sin 2)7

1 B . Pm
bi(T) = ) (bk(f) co8 = = ak(f)sin 2).

Orcrona caenyer, uro psg @ypee dyrkuuu T'(z) HefCTBUTEIBHO COBIANALT C PSIIOM
(20). Dro osmauaer, uro byukusa f(x) meficrBurensio umeer (; 8)-IpOU3BOIHYIO
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fg (), KOTOpast MPUHAJIEKUT IPOCTPAHCTBY Las ,, U JIJIs Heé BBIIOJIHAETCH DaBEH-
CTBO

15 (@) = (Dftag) (@) + Z(Dg [tn; = tn, (@), (26)

B MeTpUKE IIpoCTpaHcTBa Ly .
Ucnomways croiictso 2 Besmmannbt Q. (f¥; 1)/, Ha ocroBarmy cooTHomenus (26)
n B

OJTy 9aeM
v, 1 v _ Yy L v, 1
Q- fv;— < f —Dﬂtno;— +Q, Dﬂtno;— (27)
n M,w n n M,w

YaurbiBasg CBOHCTBO 3 MOJyJisl HEIIPEPBIBHOCTH U HepaBeHCTBO (9), HAXOAUM

1
Q, (fw ~ DYt n) < CIIF¥ = Dftngllnge =
M,w

oo

—CHZDw ni — tn;_ 1)) ||MW\ Z

CZW+CZWJ<KZ%' (28)

Ucnonb3ys onenky (22), uz coornorienuns (28) moaydaem

|
P .
Qr<fw—Dﬁtn0,n>Mw C Z (29)

v=ng+1

nl_ Mi— 1||]\/[w<

ITpurnmas Bo BHUMaHue HepaBeHcTBa (9) u (10), HAXOAMM

1 1 20 1
b, by Y4 Y.
Q, <D5tn0, n)Mw <O, (Dﬁto, n)MW + E Q, <D5 (t; —ti1); n)MWJ <

=1
C 0
(R D )<
M,w

(D (t: = ti-1))*"

Mw =1
C - 2 Eu(f)M w
< Pl IM e
<o 2T 30
O6benunss Teneps coorHomenus (27), (29) u (30), nosygaem
1 C & v
Q’r(fw7> <7 Mw+c )
DI Z+ >

U, TIOCKOJIbKY 110 OLPEIEJIEHUIO N = 7, 3aKAHIMBAEM JOKa3aTeIbCTBO IIyHKTa 1 Teo-
peMBI.

JloKa3aTeIbCTBO IMYHKTa 2 IPOBOAUTCS AHAJOLMYHO, C yIETOM CACAYIOEro aHa-
Jiora, HepaBeHCTBa (22), HoJydeHHOro B KHuTe [22, c. 125-126]:

Bun(h) " Ba)
W) S 2 ) vy YEF

V=ng—1
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SAKJIIOYEHUE. B pabore HaMu TOJIyUeH Psifl MPIMBIX U OOPATHBIX TEOPEM T€O-

puun npubKeHust st Y- depeHnupyeMbix QYHKIUNA B METPUKAX BECOBBIX IIPO-
crparcTB OpJyinda ¢ BecaMmu, KOTOpbIE IPUHAJJIEXKAT Kjaaccy MakeHxayrTa.
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COMPARISON OF ERROR INDICATORS AND REFINEMENT
CRITERIA FOR HP-ADAPTATION ALGORITHM FOR FINITE
ELEMENT METHOD

pe6oriii P. I'., IIlunkapeuko I'. A. IlopiBHsiHHs artocTepiopHUX OIiHIOBaYiB

NOXMOKM Ta KpUTEPiiB 3rylieHHsl CiTK! OJisi hp-aJanTUBHOTO ajIrOPUTMY METOIY
cKiHYeHHUX ejieMeHTiB. B miif crarTi Mu KOpOTKO pO3risfaeMo hp-aJalTUBHUN Me-
TOJI, CKIHYEeHHUX €JIEMEHTIB JIJIsi OJJHOBUMIPHOI 3a/1a4i KOHBEKINI-audy3ii-peakiiii i mpoBogu-
MO TOPIBHSIIbHUM aHAJI3 YUCETbHUX PEe3YJIbTATIB, O/IEp>KAHUX 3a JOMOMOTO KOMOIHYyBaHHS
PO3IVISAYBAHOTO AJITOPUTMY 3 PI3HUMH OI[IHIOBAYAME MOXUOKN T KPUTEPIsIMUA TOKPAIEHHST
€JIEMEHTIB.
Kurouosi caoBa: Meron ckindennux esementis (MCE), meron lanbopkina, kpurepiii Ile-
kJie, kpurepiit CTpyxass, MeTOJ KOHJIEHCAIil BHYTPIIIHIX MapaMeTpiB, hp-aJanTHBHICTD,
anocrepiopHuii oninoosaa moxubku (AOII), KopekTHa 3amada, KpaiioBa 3amada audysii-
aJIBEKIIiT-peakilil, KOHTPOJbHUN PO3B’I30K.

Apeboruii P. I'., ITTuakapenko I'. A. CpaBHeHnE amtOCTEPUOPHBIX OIEHOK I10-
TPEIIHOCTY U KPUTEPUEB CTYIIEeHUs CEeTKHU /Jisi hp-aJanTuBHOro ajiropurmMa Me-
TOJa KOHEYHBIX 3JIEMEHTOB. B 3T0ii cTaThe MBI KOPOTKO PAacCMaTpUBaeM hp-aIalTUBHBII
MEeTO/] KOHEYHBIX 9JIEMEHTOB [IJIs1 OJHOMEDPHOM 33/1a49l KOHBEKINN-TUMDY3UN-PEaKIIny U CPAB-
HUBAeM YHCJIEHHBIE PE3YJIbTATHI, IOJIyUYEeHHbBIE C IIOMOIIBI0 KOMOMHUPOBAHUsS PACCMaTPUBAE-
MOTO aJITOPUTMa, C PA3HBIMU OIEHUBATEISIMHU TIOIPEITHOCTH M KPUTEPUSIMU YTy dIIeHUs KO-
HEYHBIX 3JIEMEHTOB.

KuaroueBble ciioBa: Meros KoHeunbix ssementos (MKD), meron lasmepkuna, xpurepnit
[Tekute, kpurepuit CrpyxaJist, METO/ KOHJICHCAIINY BHY TPEHHHX IIaPaMeTPOB, hp-a1aliTHBHOCTD,
AIlOCTEPHOPHBIIi oneHuBaTess norpemnoctu (AOITD), koppekTHas 3amada, KpaeBas 3aJada
b dy3un-a BeKIINI-PEAKIUN, KOHTPOJbHOE PEIeHNe.

Drebotiy R., Shynkarenko H. Comparison of error indicators and refinement
criteria for hp-adaptation algorithm for finite element method. In this paper we
consider hp-adaptive finite element method for 1D
convection-diffusion-advection boundary value problem and present comparative analysis of
numerical results obtained using combination of introduced algorithm with different kinds
of a posteriori error estimators, and element refinement criteria.

Key words: finite element method, Galerkin method, Peclet criteria, Strouhal criteria,
static condensation, hp-adaptivity, a posteriori error estimator, well posed problem, diffusion-
advection-reaction boundary value problem.

INTRODUCTION. Finite element method is an universal tool for solving boundary
value problems for partial differential equations (see [1]). It is applicable for prob-
lems on very complex domains in 2- and 3-dimensional spaces. During last years the
main focus is on the adaptive algorithms for FEM. The main idea is to adapt mesh

(© Drebotiy R., Shynkarenko H., 2014
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(h-adaptivity), element polynomial order (p-adaptivity) or both mesh and order (hp-
adaptivity) to minimize computational cost needed for solving the given problem.
Such algorithms are implemented using local a posteriori error estimators. It’s nat-
urally to interpret hp-schemes as most advanced as they give us most wide approx-
imation capabilities. Theoretically it is proven that they can produce exponentially
convergent sequences of approximations to original solution of boundary value prob-
lem [2].

In this work we recall hp-adaptive algorithm for solving the diffusion-advection-
reaction boundary value problems with self-adjoint operators introduced in [11]. We
extend the step of selection of elements for refinement with other error indicator
and other selection criteria than were used in initial version of algorithm, providing
numerical results for each of them.

The paper is structured according to the following order: in section 2 we define
model problem; in section 3 we provide some specific problem transformations; in
section 4 we construct variational formulation; in section 5 we make review of general
finite element method schemes; section 6 we provide error estimators which will be
used in adaptation algorithm; in section 7 we introduce various element selection
criteria; in section 8 hp-adaptation algorithm is described. In section 9 we demonstrate
some numerical results. Final conclusions are given in the last section.

MAIN RESULTS

1. Model problem. We consider the following convection-diffusion-reaction
boundary value
problem:

given i = [L(:L'), B = B(x)a o= 5(%), f: f(.’b),
and O_[, ’_Ya g()v gL € R?
find function u = u(zx) such that

d (_du ~du - (1.1)
i (de) +5@+UU*fOHG*(OvL),

du du
i | =afu(0) — ), —fie—| =5[u(L)—al.
| =) ), <G| =) )

2. Scaling of variables. In order to show specific of the boundary value problem
(1.1) we introduce a scaled variable ¢ € [0,1], in such way that = := Lt transforming
dependent variables

{u =jllilZe B=B18l%c o =0lolle f=FIflxe
a=aLlilL e v=7LlalGe: 90 = LIAlL g0, 91:= LllAlL guc,
and after small algebra we rewrite problem (1.1) in the following form
find function u = u(t) such that
— (pu') + Pe[Bu’ + Stou] = f in Q = (0,1); (2.1)
(v = au)l_g = go, —(pu’ = yu)limy = g1,

where v/ := %’, and dimensionless numbers
L3 L|G
Pe .= 7”75”00’(;, St := 7”?”&’6; (2.2)
1l 1B,
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are well-known Peclet criteria and Strouhal criteria respectively.
3. Variational formulation. The boundary value problem (2.1) admits the
following variational formulation

find w €V := H'(Q) such that (3.1)
CQ(U,’U) = <lQ7v> Vo € ‘/a .
where
CQ(’LL, 1)) ::(Mul7 U/)Lz(Q) + Pe[(ﬂu’, U)Lz(g) + St(ou, ’U)LZ(Q)H- (3 2)

+ auv|,_, + yuv|,_; Yu,v €V,
(lo,v) := (f,v)12(0) + agov(0) +vg1v(l) Vv € V. (3.3)

4. Petrov-Galerkin finite element scheme. Let {V}}, , be a family of
finite element approximation subspaces V}, C V, dimV}, = Np, < 400 is dense in V,
moreover, for each v € V there is v, € V}, such that

lv —vnll 1) < Chk||U||Hk+1(Q),C = const > 0. (4.1)

Let {Wh},~o be the family of spaces with the same properties as {V4},-,- In
general case Petrov-Galerkin finite element scheme deal with following discrete vari-
ational problem

given subspaces Vi, C Vand Wy, C V;

dim V), = dim W), = N}, < 400,
find up, € Vi, such that
calup,v) = (lg,v) Yo € Wy,

(4.2)

Let {gbj};.\[:l and {w,,}.'_, be basis of and spaces respectively. Then problem
(4.2) results to system of linear algebraic equations

given subspaces Vi, C Vand W), C V;
dim V), =dim Wy, = N, < 400,
N

find up, = Z qxPx € Vi, such that (4.3)
k=1

N
> akca(dr,wi) = (lg,wi) i =1,...,N.
k=1

In the current paper we use classic Galerkin method i.e. V;, = W),. In general we
can use Petrov-Galerkin method to obtain system of linear equations with symmetric
matrix by choosing w; := z¢;, where

z(x) == eacp[—Pe/,u_lﬁ dt], vz € [0, 1]. (4.4)
0

5. A posteriori error estimators of finite element approximations. Let
us describe different ways for obtaining error level on each finite element. We can use
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explicit estimator - an explicit formula which gives us upper bound of error estimate
as one number or implicit estimator which is obtained as function which approximates
actual error of finite element discretization. To obtain it we solve auxiliary variational
problem.

5.1. Explicit error estimator. To estimate error level we can use explicit error
estimator i.e. explicit formula which gives us upper bound to approximation error on
each finite element. Let us define the approximation error e = u —up € Vi C V, the

residual
Rlup) :== f + (uu})' — BPeu), — o PeStuy,, (5.1)

and bubble function
wi () = (zx — z)(x — K1), suppwr = K,VK € Sy,. (5.2)

Then for each element we can compute the following error indicator [11]

“hK] HLZ(K) J (5-3)

C
" oty VR

where px = deg(uy|| K) and

C = 4[min(po, co)] ™", p(t) > po = const > 0,
a(t) — PeB'(t) > co = const > 0 a.e. in .
5.2. Implicit error estimator. Described estimator gives us only one number

per finite element which we interpret as error level. To combine k- and p- refinements
of elements we need to construct some type of estimator which:

i. will give us distinct error estimate for each of available refinement patterns of
element;

ii. will be simply computable on each element.

For this purposes we will solve auxiliary variational problem for error on each element,
using finite element method for different finite element spaces. Let us define X?(a, b)
as a space of all polynomials of order p on closed interval [a,b]. For all refinement
patterns we may define corresponding approximation spaces. We will use only two
refinements: division of the element into two elements with the same polynomial
orders and increasing element order by one. Corresponding spaces are the following:
Vi (K) := {v € Co(K)| v € XPX(wp_1, Tp_1/2),
() EXPK(Z‘kfl/Q,J?k)}, (54)
Vip (K) = {v € XP*FH(K)| v|ox = 0} .
To obtain error estimate as a single number for finite element error approximation
on each space for m = 1,2 we solve the next problems for local error:

find function e € V;7 2 (K) such that

caolept,vp) = /R [uf} vpdr, Yoy € Vi (K). (5.5)
K
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then error estimates for given two refinements are defined as ry, = ||e}|| g, m = 1,2.

5.3. Error estimator based on fundamental solution. For error indicator
Nk, introduced in 6.1, instead of using explicit formula, defined by error estimate
(5.3) we can use implicit indicator in the form of problem (5.5) but with special
assumptions [12]:

i. for local error approximation we use 1D space of finite functions;

ii. those functions are constructed for element K = [ty_1, x| in the form:

p1(t) =cr111(t) + crap12(t) on t € [tr_1,tp_1/2],
e1(th-1) = 0,01(tk-1/2) = 1

Yrlx) = 5.6
(=) ©a(t) =ca1021(t) + ca2p22(t) on t € [t_1/2,11], (56)
Pa(tr—1/2) = 1, a(tr) = 0,
where {©1;(t)}, {p2:(t)} are the sets of fundamental solutions for equation
— () + Pe[pu’ + Stou] =0 (5.7)

with constant coefficients (selected as mean values of corresponding functions) on cor-
responding intervals [tx_1,%5_1/2] and [t;_1/2,%x]. Then we solve (5.5) and use the
energy norm of obtained approximation as an error indicator ng. To find correspond-
ing fundamental solutions we solve quadratic equation

—fiX% 4 PefA + PeSts = 0. (5.8)
For the roots A1, Ay we have three cases possible:
i if )\1, Ay € R, A1 75 Ao then (pil(t) = eXp(/\lt), (piQ(t) = eXp(/\Qt);
ii. if )\1, Ay € ]R, A1 = Ao then (Pll(t) = exp()\lt), 9012(t) = texp()\lt)
iii. if A, Ap € (C\R, A1 = a+ Bi, Ao = a — (i then
pi1(t) = exp(at) sin(Bt), i (t) = exp(at) cos(Bt).
6. Element selection criteria.
To drive adaptation algorithm we need some rule using which we will be able
to choose elements for the further refinement procedure. The key and most wide-
used idea is to choose elements with greater error, in some sense. Suppose we have

calculated error indicators {ng} for each elements on the mesh. In this paper we use
two selection criteria:

i. ("mazimum” criteria) element K is refined if
nr > (1 — ) Nmaws (6.1)
where Npar = Max 1 and 6 € (0,1) is fixed value;

ii. (7average” criteria) element K is refined if

\/NUK
VIunlE + g i

where ¢ is is acceptable tolerance in % for average error level over finite element,
N is element count.

100% > ¢, (6.2)
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7. Adaptation algorithm. Let us define: TOL - acceptable relative error level
in percent, Pyq, - maximum element order (polynomial degree).

Step 1: Find finite element solution uy on the current mesh p;

Step 2: Stop condition check. For all elements K compute 1y as in section 6.1 (or 6.3).

Key,
(TOL is acceptable relative error level in percent), else:

1/2
Define n:= | > n%) I pllunl|zt x 100% < TOL we stop the algorithm

Step 3: Choose elements for refinement using (6.1) (or (6.2)). The set of all selected
elements we name as Ayg.

Step 4: Mesh modification. For all selected elements K = [x_1, 2] (px := deg (un|x))
choose between bisection and increasing of polynomial degree on it by one.
Compute values r,, = ||ef’||g,m = 1,2 by solving problems (5.5). Consider
the difference A = r9 —r1. If A > §, where § > 0 is predefined value, then
we increase element order by 1, otherwise we bisect it into two elements with
approximation polynomial orders (px, pr)-

Step 5: Go to Step 1.

Remark 1. From the theoretical point of view we should set 6 = 0 but in prac-
tice, according to errors in numerical quadratures and round-off errors, furthermore
the mazimum order of approximating polynomial is bounded - so it’s logically to use
bisection in case when A is very small. For this purposes we choose small number
0> 0.

8. Numerical results. In this chapter we present results of our algorithm for
some singular perturbed problems. Parameters 6 and 6 are equal for all iterations
and are selected using search from several values to provide ”optimal” values which
minimize final number of iterations and final count of degrees of freedom.

We will analyze two sample problems and for each of them we obtain numerical
results for four combinations derived from two estimators described in s.6.1 (explicit
estimator) and s.6.3 (estimator based on fundamental solution) and two selection
criteria (6.1) (or "maximum” criteria) and (6.2) which we will call ”average” criteria.
Initial mesh size is 7 elements. Average convergence rate was calculated using least
squares method.

Problem 1: We consider boundary value problem (1.1) with the following data

p=10=00=10%"%f=10°,a =~y =10% 4o =y, =0,L = 1.

Algorithm parameters are: TOL = 1%, pypas = 9,0 = 2,60 = 0.6. Figure 1 and table 1
demonstrates algorithm behavior for Problem 1 when using indicators from sections
6.3 and 6.1 in combination with ”maximum” criteria (6.1).

We can observe from table 1 than indicator based on fundamental solution can be
more efficient but its error is not monotonically decreasing as in example with explicit
error indicator.

Figure 2 and table 2 demonstrates algorithm behavior for Problem 1 when using
indicators from sections 6.3 and 6.1 in combination with ”average” criteria (6.2).
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Figure 1: Approximation to solution of Problem 1 using implicit error indicator based
on fundamental solution basis which was introduced in section 6.3 (left part) and explicit
indicator from 6.1 (right part). Both combined with the ”maximum” criteria (6.1). The row
in the bottom of each plot shows polynomial degrees on each finite element.

Fundamental solution indicator Explicit indicator
n|N|N CEZ} e i pn|m| N | N CEZJ)C e 7l Dn
0 7 8 | 20.58 | 8.58 0 7 8 | 2124.36 | 886.20
11 7 10| 7.51|3.04] 451 | 1| 7 10 | 669.04 | 271.33 | 5.17
219 141 3.00| 139 229 2| 9 14 | 221.91 | 89.12 | 3.27
3110 16 | 292|117 129 3| 11 18 7771 | 31.07 | 4.17
4112 20| 3.42 | 1.37 | -0.71 || 4 | 12 21 29.82 | 11.90 | 6.21
5|12 21 1.92 1 0.76 | 11.84 || 5 | 12 23 12.94 5.16 | 9.17

6| 12 25 6.10 2.68 | 7.84
7|12 32 1.77 0.70 | 5.39

average rate of convergence 2.37, average rate of convergence 5,

execution time 208ms execution time 330ms

Table 1: Convergence history for Problem 1 with the ”"maximum” criteria (6.1): n is

an iteration number, N element count, N CEZ} count of degrees of freedom, €2 = 7 ab-
solute error indicator, rs} = 7nllus||z' x 100% relative error, p, = — (In €2 —In 62_1) X

-1
(ln Né:} —1In N;Z;l)) rate of convergence.
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Figure 2: Approximation to solution of Problem 1 using implicit error indicator based on
fundamental solution basis which was introduced in section 6.3 (left) and explicit indicator
from 6.1 (right). Both combined with the "average” criteria (6.2). The row in the bottom
of each plot shows polynomial degrees on each finite element.

Fundamental solution indicator Explicit indicator
n| N|N CSZ} 62 7“,(3 Pnlln| N|N é:} 62 7“53 Dn
0] 7 8| 21.43 | 8.94 0] 7 8 | 2124.30 | 886.20
1] 7 12| 408 |165| 408 | 1| 7 15| 627.39 | 2564.32 | 1.94
21 9 16 | 544|218 | -0.99 || 2 | 14 29 | 220.92 | 88.72 | 1.58
3111 20| 3.96 | 1.58 | 1.42 | 3|20 41 77.51 | 30.99 | 3.02
4112 23| 0.84 033 |11.04 | 4| 23 50 29.30 | 11.69 | 4.90
5|23 54 12.02 4.79 | 11.57
6|23 56 4.82 1.92 | 25.11
7123 58 1.77 0.70 | 28.48
average rate of convergence 1.88, average rate of convergence 3.08,
execution time 197ms execution time 504ms

Table 2: Convergence history for Problem 1 with the ”average” criteria (6.2).
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The results for fundamental solution indicator in table 2 are almost the same as
in table 1. Furthermore the behavior of the error has the same specialty with small
peak inside. In general for Problem 1:

i. Comparing table 2 with example from table 1 we can see explicit indicator was
twice more deficient in according to iterations, element and d.o.f. counts.

ii. Error is monotonic in relation to count of d.o.f.

iii. From examples above we can clearly see that convergence rate is monotoni-
cally increasing so this is the fact that approves the possibility of presence of
exponential convergence.

Q
Ing,

In N,

Figure 3: Dependency between absolute error indicator ¢ and number of degrees of free-
dom Nég} in logarithmic scale for Problem 1. a) for algorithm with indicator based on fun-
damental solution described in section 6.3 and ”maximum” criteria (6.1); b) for algorithm
with explicit error indicator from section 6.1 and ”maximum” criteria (6.1); c) for algorithm
with indicator based on fundamental solution described in section 6.3 and ”average” criteria
(6.2); d) for algorithm with explicit error indicator from section 6.1 and ”average” criteria
(6.1).

Also we can conclude from numerical examples for Problem 1: fundamental
solution-based indicator is a bit more efficient but it is not providing monotonically
convergent error. For the last example we possibly observed exponential convergence.
Comparing two criteria for element selection leads to conclusion that ”maximum”
criteria from (6.1) is a bit more efficient than ”average” criteria (6.2) but in general
they are almost identical in according to numerical results.

Problem 2: We consider boundary value problem (1.1) with the following data

p=1,8=e2—2.102,0 = 10%(cosz + 2), f = 103 10*(==0-5)*
a=~v=10% 4y =a; =0,L = 1.

Algorithm parameters are: TOL = 1%, pyae = 9,0 = 0,0 = 0.6. Figure 4 and table 3
demonstrates algorithm behavior for Problem 2 when using indicators from sections
6.3 and 6.1 in combination with ”maximum” criteria (6.1).



54 Drebotiy R., Shynkarenko H.

[ [IENENENEN] 1 (2020312020203 20110111 1 1 1 ] 111111111 12(313[3(2(3[3(3[2[3[313[3 111111 1 1]

Figure 4: Approximation to solution of Problem 2 using implicit error indicator based on
fundamental solution basis which was introduced in section 6.3 (left) and explicit indicator
from 6.1 (right). Both combined with the ”maximum” criteria (6.1). The row in the bottom
of each plot shows polynomial degrees on each finite element.

Fundamental solution indicator Explicit indicator
n| N|N CEZ} € s pnll n| N|N éZ} el 7S} Dn
1] 7 8| 1997 | 118.83 0 8 | 53.86 | 320.53
1] 12 13 | 16.62 | 96.31 | 0.37 1] 11 12 | 33.56 | 194.66 | 1.16
2|15 16 3.8 2781 | 7.09 2| 14 15 | 18.85 | 135.13 | 2.58
317 18 | 5.07 | 48.95 | -2.42 3] 16 17 | 11.07 | 104.86 | 4.25
4118 19 | 1.66 | 18.85 | 20.65 4| 17 19| 5.09| 57.91 | 6.96
5119 20| 1.15 12.1 7.1 5| 18 20| 3.44 | 36.14 | 7.64
6|20 23 | 0.65 6.86 | 4.04 6| 20 26 | 1.54 | 16.25 | 3.04
7|26 31| 0.32 3.33 | 2.39 7| 24 30| 0.92 9.63 | 3.61
8133 40 | 0.32 | 3.3381 0 81 35 44 | 0.48 5.02 | 1.7
9|37 44 | 0.27 2.88 | 1.59 91 56 69 | 0.22 2.34 | 1.69
10 | 37 46 | 0.21 226 | 551 10| 8 | 101 | 0.11 1.24 | 1.6
11 | 42 53 | 0.15 1.57 | 253 || 11 | 138 | 160 | 0.06 0.66 | 1.35
12 | 58 69 | 0.08 0.93 | 1.98
average rate of convergence 2.72, average rate of convergence 2.29,
execution time 825ms execution time 1248ms

Table 3: Convergence history for Problem 2 with the ”maximum” criteria (6.1).
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As in the Problem 1 results error is not monotonic for indicator based on fun-
damental solution and it is monotonic for explicit indicator i.e. exactly the same

behavior as in the Problem 1.

Figure 5 and table 4 demonstrates algorithm behavior for Problem 1 when using

indicators from sections 6.3 and 6.1 in combination with ”average” criteria (6.2).

035 %06 012 019 025 031 038 044

o5 056 062 069 075 081 088 0303

035 %06 012

019 025 031 038 044 05 056 062 069 075 081 088 0909

006 012 019 025 031 038 044

23| [62
05 056 062 069 075 081 088 0394

019 025 031 038 044 05 056 062 069 075 081 088 034

21202 20201321212 13T2 1l fallilr |

3(313[2(3(3[3(2(3[2[2[2[ 111 [1[1[1]111]

Figure 5: Approximation to solution of Problem 2 using implicit error indicator based on
fundamental solution basis which was introduced in section 6.3 (left) and explicit indicator
from 6.1 (right). Both combined with the ”average” criteria (6.2). The row in the bottom

of each plot shows polynomial degrees on each finite element.

Fundamental solution indicator

Explicit indicator

n| N|N ég} el T oo |l n| N|N U(lg} el 7Sl DPn
0 7 81 9.17651 | 54.6 -1 0 7 8 | 53.86 | 320.53
114 15 | 11.58043 | 67.35 | 0.37 || 1| 14 15 | 33.33 | 193.88 | 0.76
2125 29 | 10.38023 | 75.74 | 0.16 || 2| 25 29| 17.3 | 126.26 | 0.99
3| 36 45 | 3.89025 | 37.63 | 2.23 | 3| 37 48 | 8.75 | 84.66 | 1.35
4141 51 | 1.96705 | 22.38 | 544 || 4| 42 56 | 4.38 | 49.93 | 4.47
5| 44 58 | 1.03781 | 10.91 | 4.97 | 5| 44 60 | 2.19 | 23.11 | 10.02
6 | 49 63 0.4601 | 4.83 1983 | 6| 49 65| 1.09 | 11.54 | 8.64
7|58 721 0.23279 | 243 | 51| T | 60 771 0.55 5.76 | 4.08
8 | 69 83| 0.11914 | 1.24 | 471 | 8| 77 95 | 0.27 2.89 | 3.27
9184 98 | 0.06066 | 0.63 | 4.06 | 9| 100 | 119 | 0.14 1.48 | 2.96
10 | 129 | 149 | 0.07 0.83 | 2.56

average rate of convergence 2.58,

execution time 1222ms

average rate of convergence 2.44,

execution time 1719ms

Table 4: Convergence history for Problem 2 with the ”average” criteria (6.2).
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Figure 6: Dependency between absolute error indicator ¢ and number of degrees of free-
dom N, ég} in logarithmic scale for Problem 2. a) for algorithm with indicator based on fun-
damental solution described in section 6.3 and ”maximum” criteria (6.1); b) for algorithm
with explicit error indicator from section 6.1 and ”maximum?” criteria (6.1); ¢) for algorithm
with indicator based on fundamental solution described in section 6.3 and ”average” criteria

(6.2); d) for algorithm with explicit error indicator from section 6.1 and ”average” criteria
(6.1).

In general we can see from provided numerical examples that: 1) the better choice
in according to count of elements, iterations and d.o.f. reached is a combination of the
indicator from chapter 6.3 based on fundamental solution and ”"maximum” criteria
(6.1); 2) there is no large difference between ”maximum” and ”average” selection
criteria; 3) if we need to have monotonic error decreasing we need to choose explicit
indicator from 6.1.

CONCLUSION. In this work we constructed hp-adaptive algorithm for solving the
diffusion-advection-reaction boundary value problems with self-adjoint operators. We
proved the optimality in some sense of refinement selection step used in algorithm.
Also we introduced symmetrization procedure which can be used to transform given
nonsymmetrical variational problem to equivalent symmetric problem, therefore mak-
ing possible application of constructed algorithm to nonsymmetrical problems too.
Also we studied precisely conditions which problem data needs to satisfy to make
boundary problem well-posed.

To drive adaptation process we introduce two a posteriori error estimators. For
element selection for refinement procedure we use explicit estimator, i.e. explicit
formula which gives upper bound of actual error on finite element. After elements
for refinement were selected we need to choose on each element refinement pattern:
bisection with original element order preservation or increment of polynomial degree
on element by one. For this purpose we use classic implicit error estimator (i.e. in the
form auxiliary variational problem for error function). Using explicit estimator gives
us way of homogeneous computation of per-element error, needed for proper selection
elements for refinement. Respectively, using auxiliary error problem gives us elegant
way to choose between different types of elements refinement.

In the end we present comparative analysis of numerical results obtained using
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combination of introduced algorithm with different kinds of a posteriori error estima-
tors, and element refinement criteria.
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AVERAGING SCHEME FOR CONTROLLED SYSTEMS WITH
MAXIMUM OF CONTROL FUNCTION

Kiumapenko O. ., CanoxxuikoBa K. FO. Cxema ycepeaHeHHsI KEpOBaHOI cu-
cTeMM 3 MAaKCUMYMOM 3a KepyBaHHsIM. B maniif crarTi po3risgacTbCs KepoBaHa CHU-
creMa 3 MAKCHUMYMOM 3a KepyBaHHsIM. JIjIs1 J0CIIiI2KEeHHSI CHCTEMU BUKOPUCTOBYETHCSI METOJ
ycepegHeHHs. Po3po6JieHO aJIrOpUTM CIIiBBiJHOIIEHHsT KEPYBaHb MTOYATKOBOI Ta yCepeTHEeHOT
cucreM. HaBomuThcest OO DYyHTYBaHHST METOY YCepeTHEHHS /st KEPOBAHOI CUCTEMHU 3 MAKCH-
MYMOM 3a KepyBaHHSIM.

Kiro4uoBi cisioBa: KepoBaHi cucTeMU 3 MAKCUMYMOM, aCUMIITOTHYHI METOJIU, YCEPEeIHEHHS
KEPOBaHUX CHCTEM, aJI'OPUTM BiIIIOBIIHOCTI KEPYBaHb.

Kuumapenko O. 1., CanoxxuukoBa E. FO. Cxema ycpeaHeHus ypaBjisieMoOu
CHCTEMOI C MAKCUMYMOM IO YIIPABJIEHUIO. B HaHHOIT cTaThe pacCMaTpPUBAETCST YIIPAB-
JIsieMasi CHCTEMa C MAKCUMYMOM TI0 yIIpaBJeHuto. [J1st mcciie1oBaHmsi CHCTEMBI TPUMEHSIETCST
Meroj, ycpeanenusi. Pazpaboran ajropuTM COOTBETCTBUs YIIPABJIEHUN HAYAJLHONW U yCPE/I-
HeHHo cucreM. [IpescraBieno 060CHOBaHNE METO/IA YCPEIHEHUS JJIsI YIIPABJISEMOM CUCTEMBI
C MAKCHMYMOM II0 YIIPABJIEHHUIO.

KuaroueBbie cjioBa: ympasjsieMble CUCTEMBI C MAKCHMyMOM, aCAMIITOTUYECKUAE METOJIBI,
YCPeIHEHUE YIIPABJISIEMbIX CUCTEM, AJTOPUTM COOTBETCTBUS yIIPABJICHMUIA.

Kichmarenko O. D., Sapozhnikova K. Yu. Averaging scheme for controlled
systems with maximum of control function. In this paper controlled system with
maximum of control function is considered. Averaging method is used for system research-
ing. Algorithm of correspondence between control functions of getting and averaged systems
is presented. Justification of the averaging method for controlled system with maximum of
control function is established.

Key words: controlled systems with maximum, asymptotic methods, averaging method for
controlled systems, algorithm of correspondence between control functions.

INTRODUCTION. Nowadays interest in differential equations with maximum in-
creases exponentially. For instance, it is easy to notice in the theory of automatic reg-
ulation [9]. Of course systems that describe real processes sometimes are not easy to
research. That is why it is important to find methods for getting more simple systems
that could be studied easier. It can be averaging method for controlled system that
N.N.Moiseev [4] offered in XX century. Application of the averaging method for dif-
ferential equations with maximum and controlled systems with maximum of state has
been studied extensively by O.D.Kichmarenko and V.A.Plotnikov [2], [3], [5]- [7], [10].
In this paper we present conditions for applying averaging method for controlled sys-
tems with maximum of control function.

MAIN RESULTS
1.Problem statement of averaging method for controlled system with
maximum of control function. We consider motion of automatic regulation system

(©) Kichmarenko O. D., Sapozhnikova K. Yu., 2014
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that is described by system of differential equation with maximum of control function
and small parameter

s€lg(t),v(t)]

i(t)=€(f(t,w(t))+A(w(t))w(t,U(t)’ max U(S)))7 2(0) = w0, (1)

where z(t) € R™ is a phase vector, f : [0,Le!] x R®" — R" is 2m-periodic vec-
tor function on t; € > 0 — small parameter; ¢t € [0,Le~!] is a time of system
exists; A —n X m— matrix, a;; : R® — RY; ¢ : [0,Le™ ] x U x U — R™,
2m—mperiodic vector function on ¢; g(t),~(t) - are known functions and 0 < g(t)
~(t) < ¢; u —is a control function, u € i, u(t) € U C comp(R"); (s)

( ax  (u1(s)), .. max  (u,(8))).

m .
s€[g(t),v(t)] s€[g(t),v(t)]
Piecewise continuous functions are considered as admissible control functions and

absolutely continuous functions as solution for problem (1).
Note that for different € we get different u(t) i.e. u(t) = u(t,e).
Let us consider the correspondence averaged problem

y(t) = e [fy() + Ay®)v(r)],  y(0) = o, (2)
for problem (1). Where

oA

max
s€[g(t),v(t)]

2

Tw®) = 5 [ Fitate)ar, Q

0

v(t) is the control function such that the following condition is holds:

2m(i+1) 2m(i+1)
v(t)dt = t,u(t), max wu(s))dt, 4
[ wde= [ e, _ma o) (1)
27 27
ie.
1 2
V= —/ t,u(t), max wu(s))dt,u(t) elU
g | #80) s  O)

Here V' is Auman integral [1], v € U is a set of admissible control functions of
averaged problem (2). Furthermore, note that for different ¢ we obtain different v(t)
ie. v(t) =v(t,e).

Average system is more simple and does not include maximum.

2.Algorithm of correspondence between control functions of getting
and averaged systems.

Establish the correspondence between control functions u(t) € U and v(t) € V.

i. For admissible control v € U find the correspondence admissible control u € Ll
in the following way:

2 (i+1)
(a) calculate points v; = 5= [ v(t)dt,
211



60 Kichmarenko O. D., Sapozhnikova K. Yu.

(b) assign control u(t) = {u;(t),2mi <t < 2n(i+ 1), =1,2,..}, where u;(¢)
can be obtained from the conditions:
27 (i+1)
1
arg min || — o(t,u(t), max u(s))dt—v;. (5)

u(t)eU || 47 o s€[g(t),v(t)]

ii. For admissible control u € { find the correspondence admissible control v € ¥
in the following way:

(a) denote values u;(t) = {u(t),2mi <t < 27(i+1),i = 1,2,..} calculate points

. 27 (i+1)
W; = 5= t,u;(t), max wu;(s))dt;
o 2& o(t, uq(t) sepnax (s))

(b) assign control v(et) = {w;(t),2mi <t < 2n(i+1),i=1,2,..}, where v;
can be obtained from condition: arg min |jw; — v|| .
veV

Remark. Control functions u(t) in it.1(b) and v(t) in it.2(b) can be determined
ambiguously.

3. Justification of averaging method for controlled system with maxi-
mum of control function.

Theorem. Suppose that in domain Q = {t > 0,z,y € D C R™, u(t) € U C comp(R")}
the following conditions hold:

1) f(t,x) is continuous function on t, 2m— periodic and bounded by constant K1,

1t @)l < K1,

satisfy the Lipschitz condition with respect to x and with constant \i:
It a") = ft 2 < A lla” — 2”5
2) A(x) is bounded by constant Ko matriz s.t.:
[A(@)] < K2,

where | A(x)|| is Euclidian norm, and satisfy Lipschitz condition with constant
)\2.‘

[A") = A@")[ < Az [l2” = 2"|];
3) o(t,u,w) is 2m — periodic function and continuous with respect to t,u,w;

4) for any admissible control v(t) € U the corresponding trajectory y(t) of the
averaged system (2), y(0) = xg € D’ is defined by t > 0, and with its p —
neighborhood is in domain D.

Then for any L > 0 there exists € > 0, C > 0 such that for any ¢ € (0,€°] and
t € [0, Le™1] following statements hold:
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1) for any admissible control u € 8L of system (1) exists control function v € U of
system (2), such that:

() =y < Ce, (6)

where x(t),y(t) are solutions of systems (1) and (2) accordingly, x(0) = y(0) €
D' c D.

2) for any admissible control v € 0 of system (2) exists control function u € 4 of
system (1), such that (6) is holds.

Proof.
Using the integral equations for (1) and (2), we can write:

Jao®) - y(o)l <= [ 1) - frue)ldr+=| [ [Frye) - Foe) dr| +

t

e [ |t - A etrutr, _max  aton)]ars

s€lg(7),v(7)]

€ O/tA(y(T)) [80(7'7U(T)7s€[gr(11?§(T)]U(8)) - ’U(T):| dr <

<ed P+ M) / 5(r)dr + / 1/ y(m)) = Flu(r))|| dr+
0

. / Ao [etruto), s (o) = ot0)]| dv}, 7

note that §(t) = ||z(7) — y(7)|| is the uniform metric, i.e. ©(7,u,w) is continuous
function with respect to 7, u, w then

le(m u, w)l| < M = max |7, u, w)]|

T, U, W

Since previous inequality (7) is justly for any ¢ € [0, 7], we get

&ﬂgs{ul+wuﬂ/ﬁﬁmr+h+k}7
0

where
t

I = / fr () - Fly(r)dr]|

0
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dr.

I = / a0 [otrutry, s ato) =]
0

Applying the Gronwall-Bellman lemma, we obtain:

t
5 {[/\1 + M)\Q] /5(7’)d7’ + I +IQ} < E(Il +12) 65[)\1+Z\/[)\2]T <
0

e (I + Ip) el M), (8)

We denote ¢; = 2m. Let t € [t;,t;+1). Then, using the additive property of the integral,
we get for I;:

h<2{ [ vt = £l + [T ) - T ar+

/f(T,y(ti))*?(y(ti))dT }+/||f(y(7))f(y(t))||d73

k—1 tita bt
<, {2A1 / ly(T) —y(t:)ll dr + /f(T,y(ti))—f(y(ti))dT }+

ts t;

tr
k— biga k-1 it
Z / ly(T) = y(t:)|| dm p+4n K1 < 2X\1e(K1+KaM) / (1 —2mi) dr+4n K, =
i=0 7 i=0 7

= 27T)\1L(K1 + KQM) + 47TK1.

Similarly to the way of previous estimation we can write for Is:

k—1 "t
B [ awem) - awe) (o um), _max u) o) |ars
; y Y Y (SD s€lg(m) ()] >‘
k—1 it
+3 [ |awen (oo at. _max  uto) - o) | ar+
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t

-+/HA@v»(wHJWﬂgeﬁﬁﬁﬁn“$>_”“O’

ty

dr <

k—1 tig

<Y Do [ It wte otrutr), s als)) - ot7)

s€[g(r),7(7)]

dr p +

=0

i

t
+/ HA(y(T)) ((p(T,u(T), max  u(s)) — v(r)) H dr.
s€[g(7),v(7)]
tr
Then, using Cauchy formula, 2) assumption of the theorem, estimation for function
v and (4) we get:

IQ < 2)\2M(K1 + K2M)7TL +47TK2M

So, from estimations for I, Is and using inequality (8), we obtain:

lz(t) —y(B)] < eC,

where
C =2r[L(K,+ KoM){\ + oM +2}].

Theorem is proved.

CoNCLUSION. Thus, algorithm of correspondence between control function u(t)
of getting system and control function v(t) of averaged system is established. Proved
theorem substantiates applying the averaging method for controlled system with max-
imum of control function.
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ON A ONE CLASS OF THE SOLUTIONS OF THE NONLINEAR
FIRST-ORDER DIFFERENTIAL EQUATION
WITH OSCILLATING COEFFICIENTS

ITToroser C. A. IIpo oaun KJac po3B’si3KiB HeJIiHilTHOro nudepeHIiaJIbHOro
PiBHSIHHSI IIE€PHIOro HNOPSAAKY 3 KOJUBHUMU Koedinientamu. [ia meniniitaoro gu-
depeHIliaIbHOTO PIBHSIHHS TEPIIIOTO TMOPSIAKY, KOEMIEHTH SKOTO 300pakKyBaHi y BUTJISIL
abcoroTHO Ta piBHOMIpHO 30ixkHUX psimiB Pyp’e 3 mOBiIBbHO 3MiHHMUME KoedimieHTaMu Ta
YaCTOTOI0, OTPUMAHO YMOBH iICHYBAHHS YACTHHHOT'O PO3B’S3KY AHAJIOTIYHOI CTPYKTYPHU B pe-
30HAHCHOMY BHUIIQJIKY.

KurouoBi cioBa: mudepenmiaabamii, moBlIbHO 3MiHHUI, psaaun Pyp’e.

IITgroaes C. A. O6 omHOM KJiacce pelleHnil HeJuHeMHOro auddepeHnmaib-
HOT'0O YPaAaBHEHUS MEPBOr0 MOPSAAKA C OCIMJIINPYOIMUMI Koddduiinenrtamu. s
HeJmHeHOro auddepeHnnaaIbHOrO ypaBHEeHNsI TEPBOr0 MOPSIIKa, KO MUIIMEHTH KOTOPOTO
MIPeICTABUMBI B BHJIe abOCOTIOTHO U PABHOMEDPHO CXOAAMUXCH PoB Pypbe ¢ MEIJIEHHO Me-
HAIAMACHA KO3MDMUIMEHTAMA U 9aCTOTOH, MOJIYyYeHbl YCJIOBUS CYIIECTBOBAHUSA YACTHOIO
pellleHrs] aHAJIOTUYHO CTPYKTYPbI B PE30HAITHCHOM CJIyYae.

KurouesBslie cioBa: puddepennmaabHblil, MeJIeHHO MeHsonwmiics, psaasl Oypbe.

Shchogolev S. On a one class of the solutions of the nonlinear first-order
differential equation with oscillating coefficients. For the nonlinear first-order differ-
ential equation, whose coefficients are represented as an absolutely and uniformly convergent
Fourier-series with slowly varying coefficients and frequency, the condidtions of existence of
the particular solution of analogous structure are obtained at resonance case.

Key words: differential, slowly-varying, Fourier series.

INTRODUCTION. This paper is a continuation of research initiated in paper [1].
Here we using the definitions and designations from [1]. In this paper are considered
the next system of the differential equations:

dz;

2
7 = aju(t,e)an + fi(te,0(t,€) + pX;(t 2,0t ), 21,22), j=1,2, (1)

k=1

where t,e € G(eo) = {t,e: 0<e<ey, —Le ! <t<Le™!, 0 <L < +oo}, colon(zy,z2) €
D C R?, aji, € S(m, ), fj € F(m,l,e0,0), X1, X2 € F(m,l,0,0) with respect t,, 0
and analytic with respect z1,72 € D; u € (0,10) C R*. Functions aji, fj, X;
(j,k = 1,2) are real, and eigenvalues of matrix (ajx(t,€)) have a form iw(t,e),
where w € RT.

In paper [1] the conditions of existence of the particular solutions belongs to class
F(m*,1*,&*,0) (m* < m,, I* <, e < gg) are obtained (the definitions of classes
S(m,eg), F(m,l,e0,0) given in [1]). It was assumed that the conditions:

inf |a12(t,5)\ > 0,
G(eo)

(©) Shchogolev S., 2014
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inf |kw(t,e) —ne(t,e)| >v>0, k=1,2; neZ,
G(eo)

p(t,e) = df/dt, means considered noresonance case. The purpose of this paper is
to obtain analogous results in resonance case, means when eigenvalues of matrix
(a;k(t,€)) have a form +irep(t,e), r € N. In order to simplify the presentation
instead of system (1) we consider the first-order differential equation of special kind.
The results for this equation can be easily extended to a system (1) and to the same
systems of the more general kind [2].

MAIN RESULTS
1. Statement of the Problem. We consider the next first-order differential
equation:

O (t.e,0,9) + X (1,2, 601,0), ), )
where t,e € G(gg), |z| < d < o0, f € F(m,l,e0,0), X € F(m,l,e0,0) with respect
t,e,0 and analytic with respect z, at |z| < d.

We study the problem of existence of the particular solutions of the classes
F(m*,1*,e*,0) (m* <m,, I* <, e* <¢gg) of the equation (2).

2. Auxiliary results.

Lemma 1. Suppose we are given the following linear first-order differential equa-

tion d
ditc = A(t,€)z +ul(t,e,0(t,¢)), )

where X\ € S(m,ep), u € F(m,l,e0,0). Let condition:

inf |ReA(t,e)] =~ > 0. 4
Jnf [ReA(t,6)] = ()

Then the equation (3) has a particular solution x(t,e,0) € F(m,l,eq,8) for any func-
tion uw € F(m,l,e0,0), and exists Koy € (0,+00) such that

K(]
2l #(m1,00,0) < - [wll #(m.1,20,0)- (5)

Proof. We represent the function u in the form of Fourier-series:

oo

u(t,e,0) = Z un (t,€) exp(ind).

n=—oo

The desired solution will be sought in the form of a Fourier series:

oo

2(t,e,0) = > an(t,e)exp(ind). (6)

n=—oo
Then for coefficients z,,(t, ) we obtain the following differential equations:

dz,

— = on(t, )z, +un(t,e), n €Z, (7)

where o, (t,e) = A\(t,e) — inp(t, ).
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We consider the following solution of equation (7):

ZTp(t,e) = /tun(T,s)exp /tan(s,s)ds dr, (8)

+ L

where the sign in lower limit of integration coincides with the sign of Re(t, €).
We consider the case m = 0 and ReA(t,e) < —y < 0. We have:

t t

Tp(t,e) = /un(r,s)exp /an(s,s)ds dr,

— L T
€

sup |z, (t,e)] < sup [t (T, €)] / exp /Re)\ s,e)ds | dr <

G(eo)
t
< sup [un ()] [ exp(~(t =) dr =
G(ego) .
1 L 1
= — sup |up(t,e)[ (1 —exp | —y(t+ — < = sup |un(t,e)| 9)
Y G(eo0) € Y G(go0)

It is easy to show that a similar estimate holds in the case ReA(t,e) > v > 0.
Thus in case m = 0 Lemma are proved. For the case m > 1 using arguments similar
to those given in [3], and using estimation (9), we obtain the Lemma.

We suppose, that

27

/f(t,s, 0)d0 = 0 (1,2) € G(ey). (10)
0
We consider the function:
fo(tv g, 9) = Mo(t, E) + g(ta g, 0)5
where
& = L'y [f] .
= L =
&(t,e,0) [f(t e, 0)] VZ_:OO ing exp(ind),
(v#0)
and function My(t,€) are defined as the root of equation:
2
(11)

P(t,e, M) = /X(t,s, 0, M + £(t,e,0))do = 0.
0

Lemma 2. Let the equation (2) such that:
1) the function f(t,e,0) satisfy condition (10);
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2) the equation (11) has a root My(t,€) such that

OP(t,e, Mp)

Re E)i

inf =0 > 0. (12)

G(eo)

Then exists p1 € (0, ) such that ¥V u € (0, 1) exists the non-degenerate transfor-
mation of kind

T = 1/)1(75, g, 07 :U‘) + 1/)2(75, g, 03 :U’)yv
where 1,1y € F(m,l,e0,0), reducing the equation (2) to kind:

d
CTZ = pXo(t,e)y + pr(t, e, 0, )y + pev(t, e, 0, p)y+
tec(t,e, 0, ) + pPd(t,e, 0, 1) + pY (t, 2,0, y, 1), (13)

where \g € S(m,eg), r,d € F(m,l,e0,0), v € F(m — 1,1,9,0), function Y belong to
class F(m,l,e0,0) with respect t,e,0 and contain terms not lower than second order
with respect y.

Proof. We make in the equation (2) the substitution:

x =&t e, 0)+ 2, (14)

where z — the new unknown function, for which we obtain the equation:

d
d;: =eg(t,e,0) + ph(t,e,0) + pp(t,e,0)z + pZ(t,e,0,z, 1), (15)
where
1o B .
9= _gﬁ € F(m_ 1a1750»9)7 h = X(t,€,9,MO +£) € F(mvl,gOve)a

6X(ta g, 9, MO + f)
Ox
By condition (11) we have:

_ 182X(t7€,97£0—|—l/2)
) Ox?

p= € F(m,l,e0,0), Z 2 (0<v<l).

Fo[h(t, g, 9)] =0.
We make in equation (15) the substitution:
z = pzo(t,e,0) + 2, (16)

where zg = L[h(t,e,0)] € F(m,l,9,0), and Z — new unknown function. We obtain:

dz ~
d—i =cecy(t,e,0, 1) + p2dy(t,e,0, 1) + up(t,e,0)Z+

+uPq(t,e,0,0)F + pZ(t, 2,0, %, ), (17)
where

0 1
c = —gigf +ge€ F(m—1,l,e0,0), d1 = pzo + — Z(t,&,0, pzo, ) € F(m,l,e,0),
i
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10Z(t,e,0, uzo, 1) = 10%°Z(t,e,0,uz0 + 112, 1)
:; 5% € F(m,l,e,0), Zzi 9.2 z2(0<v <1).

We make in equation (17) the transformation:

Z=(1+ (e, 0))y, (18)

where 1) = L[p(t,e,0)]. For sufficiently small y this transformation is non-degenerate,
and as result of its application we obtain the equation (13), in which:

Xo(t,€) =To[p(t,e,0)], (19)
c=1+m) e, d= 1+ p) Ny, r= (14 p)”! (PZZ*Q(lJF/MZ) *{b\o),

oy
ot’

1

U:_g (14—/1,@’[;)71 Y = (1+M1;)712(t75797(1+{/;)y,/~")'

Lemma 2 are proved.

3. Principal results.

Theorem. Let the equation (2) satisfy condidtions of Lemma 2. Then exists
p2 € (0, p0), e1(p) € (0,e0) such that ¥V p € (0,u2), € € (0,e1(p)) the equation (2)
has a perticular solution xz(t,e,0,u) € F(m —1,1,e1(w),0).

Proof. Based on Lemma 2 for sufficienly small p we reduce the equation (2) to
the equation (13). In equation (13) we make the sustitution:

_e+p?

PR (20)

where ¥ — new unknown function. Since the function Y contain the terms njt lower
the second order with respect y, we obtain:

dy N _ _
dit! = po(t,e)y + p’r(t,e, 0, )y + pev(t, e, 0, p)j+
+&C(tsem+’id(meﬂ)+(e+u2)?(tsegu) (21)
5+M2 s Sy Uy €+/,62 1Sy Uy y Sy Uy Yy .

Consider corresponding to equation (21) the linear nonhomogeneous equation:

~ 3
_ep 1

= uo(t t.e, 0 d(t,e, 0, ). 22

H O(ae)y0+€+u2 C(aga ’“)+5—|—,u2 (757 7#’) ( )

Based on (19) and condidtion (12) we have:
inf |ReAg(t,e)| > 0.
nf [Redo(t,<)

Then based on Lemma 1 the equation (22) has a particular solution yo(t,e,0,u) €
F(m —1,1,e9,0), and exists K; € (0,400) such that:

2

- [
ollon-sacom < K1 (s lelmonosicon + 2z dlron-tan)-

e+ p?
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We construct the process of successive approximations, defining as initial approx-
imation gp, and subsequent approximations defining as solutions from class F(m —
1,1e0,0) of the equations:

s ~ ~ .
% = po(t,€)s+1 + pPr(t, e, 0, 1)ys + pev(t,e, 0, 1)gs + +;7MM2 c(t,e,0, p)+
p . _
+5+ﬂ2 d(t,e, 0, 1) + (E—i—u )Y(t,e,&,ys,u), $s=0,1,2,... . (23)

Using techniques contraction mapping principle [4] it is easy to show that exists
p2 € (0,1p) and e2(p) = Kop, where Ky — sufficiently small constant, such that
V€ (0,p2), Ve € (0,e2(p)) the process (23) converges to the solution y(t, e, 0, ) of
the equation (21), From its based on (21) and Lemma 2 we obtain the theorem.

CONCLUSION. Thus, for the equation (2) with the oscillating coefficients the suffi-
cient conditions of the existence of the solution which represented by a Fourier-series
with slowly varying coefficients and frequency are obtained in a one critical case.
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BOUNDARY-VALUE PROBLEM FOR DIFFERENTIAL EQUATION
WITH MIXED RIEMANN—LIOUVILLE DERIVATIVE OF
FRACTIONAL ORDER

Bitiok O. H., Mixaitnenko A. B. KpaiioBa 3agaua ajs audepeHIiajabHO-
ro piBHaAHHY i3 3Mmimmanor noxigHoro Pimana—JliyBinusa apoboBoro nmopsaaky. B
poboTi OTpUMAHO JOCTATHI YMOBU PO3B’I3HOCTI KpaiioBoi 3a1adi /11 audepenIiajbHoro pis-
HSIHHSI, 1[0 MicTUTH Mimany noxinny Pimana-Jliysisis npo6oBoro mopsiiaxy.
KurouoBi caoBa: jgiBocTtoponns 3mimana noxigaa Pimana'"— Jliysimis, npobosumit mopsi-
JIOK, TeOpeMa iCHyBaHHS Ta €IUHOCTI.

Butiok A. H., Muxaitienko A. B. KpaeBas 3ama4da ajis quddepeHiimaaibHOro
YyPaBHEHUsI CO CMEIIaHHOM npou3BoaHoli Pumana—JInyBuiiiist ApoOGHOro rnmopsaka.
B pabore mostydens jocTaTodHble YCJIOBUAS PA3PEIINMOCTH KPAeBOH 3ajadu Jijist Judepen-
[MAJIbHOTO YPABHEHUsI CO CMEIIAaHHOM Mpou3BoiHOM Pumana-JInyBuiuist 1poGHOro mopsijika.
KuaroueBbie ciioBa: JIeBOCTOPOHHSISI CMeIIaHHAasT Mpon3BoaHas Pumana—/Inysunis, 1pob-
HBII TTOPSIIOK, TEOPEMa CyIIeCTBOBAHUS W €IMHCTBEHHOCTH.

Vityuk A. N., Mykhailenko A. V. Boundary-value problem for differential
equation with mixed Riemann—Liouville derivative of fractional order. In this
paper, we find a sufficient condition for solvability of boundary-value problem for differential
equation with mixed Riemann-Liouville derivative of fractional order.

Key words: left-sided mixed Riemann—TLiouville derivative, fractional order, existence and
uniqueness theorem.

INTRODUCTION. Let P = [0,a] x [0,}],0 < a,b < 00,a > 0,8 > 0,7 = (a; 5),0 =
(0;0). By C(P) we denote the space of continuous functions f : P — R with the norm

17 (z,y)llc = max|f(z, y)|-

By AC(P) and L(P) we denote the space of absolutely continuous and summable
by Lebesgue functions f : P — R accordingly. The following expression

ba(z) = ISH(x) = ﬁ / C(@ — (),

where I'(+) is the gamma-function of Euler, is called [1,2] left-sided Riemann—Liouville
integral of order . Let o = [a] + a,m = [a] + 1. Then the expression

Di¢(x) = ﬁ (;;)n/ox(m — )" L (t)dt

(©) Vityuk A. N., Mykhailenko A. V., 2014
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is called [1, §2,p.42],[2, §1.1, p.9] the left-sided fractional derivative of Riemann—
Liouville of order « of function ¢ : [0,a] — R. Left-sided mixed integral and derivative
of order r are defined as follows [1, §24, p.340]:

5. 000) = s / “@ = 0" f(t, gt

2, f(y) = — ) /Oy(y_s)ﬁ—lf(x,s)ds,

T(5)

mx,y) =157 f(a,y) = IS f(2y) = 1,05, f(a,y) =

// )y — s)PLf (¢, s)dsdt,

D, s = ror () [ z(z L

Dg f(z,y) = D§,Df , f(w,y) =

= 1 a"+m n a— m—[—
" T(n—a)-T(m—pB) dz"dy™ / / Yy — )™ P7Hf(t, s)dsdt,

where n = [a]+ 1, m = [§] + 1. Elliptic boundary-value problems with area boundary
conditions are comprehensively studied. First results dedicated to the research of
hyperbolic boundary-value problems with area boundary conditions were obtained in
papers [3-6]. The research of following boundary-value problem

0*z(z,y)

—— > =F 1.1

Aet) — Flay. () (1)
z(i,y) = 2(2,7) = 0,0 < 2,y < 134, = 0,1 (1.2)

began in [3]. In [8] were established that this problem is equivalent to the solution
of some Fredholm integral equation. Based on this equivalence in [7] the numerical
method of solution of this problem was constructed.

In [9] the conditions of existence and uniqueness of solution of differential inclusion

9*z(z,y)

9202 © F(z,y,2(z,y))

that satisfies the conditions (1.2) were obtained and its properties were studied.
In [6] the following boundary-value problem was considered,

*u
awtaye ~ Al yu=12.y), (0 <z <a,0<y<b),
0*u 0%u
w0.y) =ul@0) =0 55| _. = aavy| _, ="
r=aqa y=b
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and for this problem Green’s function G(z,y;t,s) was constructed such that

a b
u(x,y):/o /0 G(z,y;t,8)f(t,s)dsdt.

Let now 0 < a, 8 < L,p= 14+ 1+ 8),¢g = (1 —a;1— ). In [10] the following
boundary-value problem were considered

Dgu(z,y) = F(x,y,u(x,y), Dou(z,y)),
Uq(2,0) = ug(x,b) = ug(0,y) =uq4(a,y) =0,0< 2 <a,0<y <.

The sufficient conditions of existence and uniqueness of solution of this problem were
received. The present paper deals with conditions of solvability of the boundary-value
problem

Déu(z,y) = Flu(z,y)] = F(z,y,u(z,y)), (1.3)
u(z,0) = u(z,b) = u(0,y) =u(a,y) =0;0 <z < a,0 <y <0 (1.4)

MAIN RESULTS.

2. PRELIMINARIES. In this section we introduce notations, definitions and pre-
liminary facts which are used thoughout this paper.

Definition 2.1 ([11]) Continuous function z(x,y) : P — R is called absolutely
continuous if and only if it can be presented as follows

z(z,y) = z1(x) + 22(y) — 2(0,0) + // (t, s)dsdt,

where z1(z) € AC([0,a)), z2(y) € AC([0,b]), v(x,y) € L(P).

Definition 2.2 ([1, §1, p.21]) Function u(x ) J = R,J = [a,b] belongs to the set
AC™(T), if u®)(x) € AC( ), k=0,n—1.

Let D% u(x,y) = aaif(az,f) k=0,1,... (DY, u(z,y) = u(x,y)).

By AC™(P) we denote class of functions v(z,y) : P — R such that D];yv(x, y) €
AC(P),k=(0,n—1).

Lemma 2.1 ([12]) Let 01,09 are any positive numbers and 0 < 7 < 1. Then

lo] — o3| < o1 — o]

Lemma 2.2 Let u(z) € AC([0,a]),v(y) € AC([0,b]) and u(0) = v(0). Then
2(x,y) = u(z) - v(y) € AC(P).
We consider a boundary-value problem

Dy*y(x) = f(2), (2.1)

y(0) = y(a) =0, (2.2)

where f(z) is a measurable function.

For the solution of boundary-value problem we name function y(x) : [0,a] — R, so
that y(z) € C([0,a]),y1-a(x) € AC?([0,a]), satisfies the boundary-value conditions
(2.2) and differential equation (2.1) for almost all z € [0; a.
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Lemma 2.3 ([14]) Let f(x) : [0,a] — R be a measurable function and |f(x)] < M.
Then the solution of boundary-value problem (2.1), (2.2) is represented as follows:

_ /0 " Gl ) f()dt

_@la=t)*~(a(z=t))"

<
G(x,t) = l A L
- a§~;(1+a) » L < t <

where

t<zx

a.

3. Existence of solutions. Consider a boundary-value problem
Du(z,y) = w(z,y), w(z,y) € C(P), (3.1)

u(z,0) =u(zr,b) =0,0 <z < a;u(0,y) =u(a,y) =0,0 <y < b (3.2)

Definition 3.1 Continuous function u(z,y) : P — R, so that uy(z,y) € AC?*(P),
satisfies the boundary-value conditions (3.2) and differential equation (3.1) for (z,y) €
P is called the solution of boundary-value problem (3.1), (3.2).

Lemma 3.1 The solution of boundary-value problem (3.1), (3.2) is represented

as follows
u(z,y) / / (z,y;t, s)w(t, s)dsdt,

where ®(x,y;t,s) = G(z,t) - G(y,

(y(b=2))" —(b(y—s))")

— <s<vy
_ bBs. 1"(1+ 9 X X ¥
TWT(1+8) r(1+5) Y Ss<h

Proof. Assume that u(z,y) is the solution of boundary-value problem (3.1), (3.2)
and

145 __ 1 & -8
v(z,y) = Dy, u(z,y) = T3 (‘3y2/0 (y — s) P u(z, s)ds. (3.3)
As u(0,y) = u(a,y) =0 for y € [0,D] then
v(0,y) =v(a,y) =0,0 <y < b (3.4)

Take into account that u(z,y) is the solution of boundary-value problem (3.1), (3.2).
Then

Dju(z,y) = Dyt Dyt Pu(z,y) = Dy v(x,y) = w(z,y), (z,y) € P.
Consequently at any fixed y € [0, b] function v(z,y) is the solution of the equation
Dyt fv(e,y) = w(z,y). (3.5)

Under lemma 2.3 the solution of boundary-value problem (3.5), (3.4) is represented
as follows

o(@,y) = /0 Gla, yw(t,y) = 5(z,y),y < [0, ] (3.6)
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From (3.3), (3.2) it follows that at any z € [0, a]
Dyt Pu(z,y) = 6(x,y), (3.7)

u(z,0) = u(z,b) = 0. (3.8)

Thereby u(z,y) under lemma 2.3 can be presented as follows

e = | ' Gy 9)3(e,5)ds = / "G ([ Gttt as -
= /Oa /Ob O(x,y;t, s)w(t, s)dsdt.

Consider a boundary-value problem (1.3), (1.4). The solution of this problem is such
a continuous function u(z,y) : P — R that u,(z,y) € AC?*(P) and that satisfies the
condition (1.4) and differential equation (1.3) for (z,y) € P.

THEOREM 3.1 Suppose that function F(xz,y,u) : P X R — R is continuous and
|F(z,y,u)| < M. Then boundary-value problem (1.3), (1.4) is equivalent to the inte-
gral equation

u(z,y) / / (z,y;t,s)F(t, s, u(t,s))dsdt. (3.9)

Proof. Let u(z,y) € C(P) be solution of boundary-value problem (1.3), (1.4).
Then Flu(z,y)] € C(P) and according to lemma 3.1 u(x,y) is represented by (3.9).

Suppose now that u(z,y) € C(P) is the solution of integral equation (3.9) and
let’s prove that u(z,y) is the solution of boundary-value problem (1.3), (1.4). For

(z,y) € (0,a) x (0,b)
o) = g L ) (e 0% = o= 0 (6 -5~

~(b{y — ))°) Flut, s)|dsdi+ / ’ / (@la—t)* ((y(b — ) — (b(y — £))°) Flu(t, s)]dsdi+

/ / z(a—1)* — (a(z — 1)) (y(b — )’ Flu(t, s)]|dsdt+
+/ / (z(a — 1)) (y(b— s))’ Flu(t, s)|dsdt =

1 z §
T abT(1+ a)L(1 + B) [/O /0 (z(a —1))*(y(b— 5))° Flu(t, s)|dsdt—
_/OxAy(z(a_t))a(b(y_s))ﬂF[u(t’S)]dsdt_/om/y(a(z—t))a(y(b—s))ﬁF[u(’fa5)]d5dt+
x yal'f & S B s S a s 8 it
o [ [ ate0r vt Pt s [ [ o) 0057 Pl s asa

—/:/Oy(x(a—t))“( (y—s))?Flu(t, s dsdt7+/ / (a—t)* (y(b—5)) Flu(t, )] dsdt—
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- /O ’ / (a(@ — 1) (y(b — 5))° Flu(t, s)|dsdt+
+ ' / (z(a —t))*(y(b— s))° Flu(t, s)]dsdt (3.10)

In (3.10) the summands are grouped like this: the first, the fifth, the seventh and
the ninth; the second and the sixth; the third and the eighth; the fourth. We receive

a b
a—t)%(b—s)PFlu(t, s)|dsdt—
F(1+5)/0 /0( t)*(b—s)" Flu(t, s)|dsdt

a ya_ «@ —SB u s sdi—
aaF(1+a)r(1+5)/0 /0 (@ =)y — 5)" Flu(t, s)ldsdt

_ %y’
~ a®bPT(1 + «)

u(z,y)

yﬁ x b .
T WD(1 4 a)L(1+ f) /0 /0 (x —t)*(b— )’ Flu(t, s)]dsdt+
. ) ’ — 1) — S8 B u S S
+r(1+oz)r(1+5)/0 /0 (z —1)%(y — )" Flu(t, s)]dsdt. (3.11)

Then we prove that u,(z,y) = I(Sl_a;l_ﬁ)u(x,y) € AC?(P). Direct computation
results

ug(z,y) = zyy — a% /Oy(y -7) (/Oa(a - z)aF[u(z,T)]dz> dr—

x b
_b%/o (x—2) (/0 (b—T)BF[u(z,T)]dT> dz—&—]é?;?)F[u(x,y)] = A — Ay — A3+ Ay,
(3.12)

where

a b
v= /0 /0 (a—t)*(b— s)?Flu(t,s)|dsdt,
122 Flu(a, )] - /0 ’ /0 C e = D)y — ) Flu(t, s)]dsdt.

If ¢(1) = foa(a — 2)*Flu(z,7)]dz, then Ay = % foy(t —7)o(7)dT.

Since ¢(7) € C([0,b]), then [/(y —7)¢(7)dr € AC([0,b]) and by lemma 2.2 Ay €
AC(P). It is obvious that Ay, A3, Ay € AC(P). Consequently, uq(z,y) € AC(P).
Next, prove that Dy, uq(x,y) € AC(P). Really, by (3.12) we receive

Dyyug(z,y) =~ — aia /Oy o(T)dr — biﬁ /0z Y(z)dz + /OI /Oy Flu(t, s)]dsdt,
where .
P(z) = /0 (b — 1) F[u(z,7)]dr.

It is obvious that D,yu4(z,y) € AC(P). Consequently, u,(z,y) € AC?*(P).Applying
(3.11) we will convince that u(z,u) satisfy boundary-value condition (1.4). In addi-
tion, Dyu(z,y) = D3, u(x,y) = Flu(z,y)] for (z,y) € P. Theorem 3.1 is proved.
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THEOREM 3.2 Assume that function F(z,y,u) : P X R — R satisfies conditions
of theorem 3.1 and Lipschitz condition |F(z,y,u) — F(x,y,v)| < Llu — v|, at that

altopl+b . [,
<1
1948 T(1+ o) -T(1+ B)

p:

Then in the area P the unique solution of boundary-value problem (1.3), (1.4) exists.
Proof: For u(zx,y) € C(P) we define operator Tu

u(z,y) / / (z,y;s,t) - F(t,s,u(t,s))dsdt.

Now prove that T : C(P) — C(P). Let w(z,y) = Tu(z,y) and 0 < 1 < 22 < a,0 <
y < b. Then

(2, ) — (a1, y M/ / IG(@a, ) — Glan, )] - |Gly, 5)|dsdt,

at that

b Yy b
/ Gy, 5)|ds = / Gy, 5)\ds + / Gy, 5)|ds = By + By,
0 0 Y

Applying lemma 2.1 we receive

1 Y

Bi=raep p / W= )" = by =) ds < 7 /0 ((b—y)s)"ds <
5.8 yﬁ—O—l ph+1 '
S F1+ﬁ / stds = Gy s 1) ST(r2)

B 1 b 8 1 5, (- y)BH1 pB+1
B~ gty |, W < e [ 0= Gt <t
Consequently,

b 2pB+1
[ttt < .= 2
Now — .
w@ay) —we@nyl < fET (/ G(22, 1) — G(1, t)|dt+

T2 b
+/ ‘G(SCQ,t) —G(I1,t)|dt+/ |G(l‘2, ) (Il, )|dt> EKl —|—K2—|—K3

1

On application of lemma 2.1 we receive

K; < % /0:81 ((wa(a —)* — (z1(a —t))*) + ((a(zg — t))* —

o 2MBa®*(zg —x1)*  2MBa o
(o — o)y ar < ZIECC L o)t BBy
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MB *2 o Py a
KKW/M (3@ — 1) + (@r(w2 — 1) — (z1(a — £)°)\dt <

MB 2 wr o N N .
gaaT(aH)/w (a =)%(a5 —2f) + a®(z2 = )%)dt <

1

MB vz MB
< . « Nt < —— o «
Ry . (2= o)+ (e = 07t < s alan = m0)°+
(xg — ZEl)aJrl MB @ @ 2aM B
< — _ < T .
et STt e o) Falez —o)) < s
MB @ MBa MBa
s (e . @8 < s (6 —00) € g ()
So,
5M Ba
(w(zs, y) —w(z1,y)| < m(ﬁ —z1)”.
By analogy for 0 < y1 < y2 < b,0 < z < b we receive
5M Ab 2q2t1
— < — VA=
lw(z, y2) — w(x,y1)] F(lJrﬂ)(yz y1)”, T2t a)

For e > 0, if |x1 — 2] < 6, |y1 — y2| < 0, where

5 — ma el(1+a) eI(1+5)
— W H0aMB T 106MA )

then |w(z1, y1)—w(z2, y2)| < e. In theorem 3.1 it is proved that if u(z, y) is the solution
of integral equation (3.10), then uy(z,y) € AC?(P). By analogy it is possible to prove
that wy(z,y) € AC?(P).

Consequently, the fixed point of operator T" will be the solution of boundary-value
problem (1.3), (1.4). Next, prove that operator T : C(P) — C(P) is compressive
operator. Let ug(z,y) € C(P),wg(z,y) = Tug(z,y),k =1,2.

Then for (z,y) € P

La®t! . pp+1
s (2, ) — wa(z, )| < 2
40+BT (1 + )T(1 + B)

||u1(1'7y) _UQ(xay)”Ca (313)

since
« bB

a
= <
FTata) CWdsE

Hereby, from (3.13)

[Tu (2, y) = Tuz(z,y)llc < pllua(z, y) — ua(z,9) o,

notably operator T : C(P) — C(P) is compressive operator. Consequently, operator
T has the unique fixed point that will be the solution of boundary-value problem
(1.3), (1.4). Theorem 3.2 is proved.

CoNCLUSION. In this paper was found a sufficient condition for solvability of
boundary-value problem for differential equation with mixed Riemann—Liouville deriva-
tive of fractional order.



Boundary-value problem for equation with derivative of fractional order 79

10.

11.

12.

13.

14.

Camko C. I'. arerpaJjibl ¥ TpOU3BOHbBIE JPOOHOIO MOPSAIKA U HEKOTOPBIE UX IPHUJIO-
xenus/Camko C.I'., Kunbac A.A., Mapuues O.1. — Munck: Hayka n Texuuka. — 1987.
— 688 c.

Bipuenko H. O. Ocuosu apo6osoro inTerponndepennitopanns/Bipuenko H.O., Pubax
B.4. — Kuis: 3aapyra. — 2007. — 361 c.

Hadamard J. Equations aux derivees partielles, le cas hyperbolique/Hadamard J.//
L’enseignment Math. — 1936. — 35, No. 1. — P. 25-29.

Huber A. Die erste fur Randwertaufgabe geschlossene Berichte bei der Gleichung u,y =
f(z,y) /Huber A. // Monatsh.Math. and Phys. — 1932. — 39. — S. 79-100.

Mangeron D. Sopra un problema al contoro per un’equazione alle derivate parziali di
quarto ordine con le caratteristiche reali doppi/Mangeron D. // Rend. Accad. Sci. Fis.
Mat. Napoli. — 1932. — 2. — P. 28-40.

Mangeron D. New methods for determining solution of mathematical models
governing polyvibrating phenomena/Mangeron D. // Bull. Inst. Politeh. Iasi. — 1968.
— 14, No. 1 — 2. — P. 433-436.

Seifert P. Fehlerabschatzungen fur Differenzenverfahren bei einer hiperbolischen
Differentialgleichung/Seifert P. // Beitrage zur Numer. Math. — 1974. — 2. — P. 193—
209.

Birkhoff G. The draftman’s and related equations/Birkhoff G., Gordon W.J.// J.
Approx. Theory. — 1968. — 1. — P. 199-208.

Buriok A. H. O MHOXKeCTBe pelteHnii KpaeBoii 3amadu st runepboamaeckoro audde-
penrmanbaoro Bkmodenus, Buriok AH. // Iuddepennmansuse ypapaenus. — 1999. —
35, Ne6. — C. 780-783.

Butiok A. H. O paspemmmocTtu KpaeBoii 3agaun jijisi 1uddbepeHIuaibHOro ypaBHEeHUS
npobHoro nopsaxa/Buriok A.H., Muxaiinenko A.B. // Huddepennnanbabe ypapHe-
aus. — 2011, — 47, Nel12. — C. 1803-1807.

Walczak S. Absolutely continuous functions of several variables and their application
to differential equations/Walczak S. // Bull. Polon.Acad.sci.Math. — 1987. — 35, Is. 11
—12. - P. 733-744.

MycxenmumBuau H. W. Cunrynsprble nHTerpasjbHble ypaBHeHuss Mycxenumsuin

H.U. — Mocksa: Hayka. — 1968. — 511 c.

Vityuk A. N., The Darboux problem for an implicit fractional — order differential
equation/Vityuk A.N., Mykhailenko A.V. // J. of Math. Sci. — 2011. — 175, N4. — P.
391-400.

Mykhailenko A. V. Fractional boundary — value problem/Mykhailenko A.V. // Bic-
kK OJ1eCbKOTO HAIIOHAJBHOrO yHiBepcuTery. Maremarmka i mexanika. — 2013. — 18,
sui. 2(18). — C. 59-66.

Received 21.08.2014



ISSN 2804-1579. Bichux, O0. nay. yn-my. Mam. i mex.—2014 .-T.19, eun. 4(24).—C. 80-87

MEXAHIKA

Mathematical Subject Classification: 74B05, 42A38
VIK 539.3

A. JI. Pauunckas
Opnecckuit narmonanbubiil yansepcurer umenu 1. 1. Meanukosa

BBICTPOE BPAIIIEHUE JVMHAMUWYECKU HECUMMETPNTYHOTI O
CIIVTHUKA B T PABUTAIITMOHHOM IIOJIE

Paunncebka A. JI. IlIBuake oGepTaHHst JUHAMIYHO HECUMETPUIHOIO CYITy THU-
Ka y rpasitanifiHomy moJii. BupuaeTbcs mBuUAKUil 06epTaJbHUN PyX BiJIHOCHO IEHTPY
Mac JUHAMIYHO HECHMETPHUYHOIO CYIyTHHKa y rpasBitamiiiHomy momi. Pyx BinbyBaerncs mo
einTuyHii opbiTi. [IpoBeseHo duncesbHe JTOCTIKEHHs roorpada BeKTopa KIHETHIHOI'O MO-
MEHTY Y TPUBUMIPHOMY IIPOCTOPI.

Kuaro4yoBi ciioBa: cyryTHUK, rpaBiTaliifHuii MOMEHT, BEKTOP KiHETUYHOI'O MOMEHTY, I'OJ0-
rpad.

Paunnckast A. JI. BricTpoe BpallleHue JuHAMUYECKN HECUMMETPUYHOTO CIIY T-
HUKa B I'PaBUTAIIMOHHOM moJie. lI3ydaercs: ObICTpOe BpaIaTeIbHOE IBUKEHUE OTHOCHU-
TEJIbHO IIEHTPA MACC JUHAMUYECKN HECHMMETPHYHOIO CIIyTHHKA B I'DABUTAIMOHHOM IIOJIE.
JIBrzKeHre MPOUCXOAUT 10 SJUIHITHYeCKoi opbure. [IpoBejieHO YncIeHHOE BCcie0BaHue ro-
norpada BeKTOpa KHHETHIECKOT0 MOMEHTa B TPEXMEPHOM IIPOCTPAHCTBE.

KuaroueBbie ciioBa: CIyTHUK, TPABUTAIIMOHHBIA MOMEHT, BEKTOD KMHETHIECKOTO MOMEHTA,
rogorpad.

Rachinskaya A. L. The rapid rotation of a dynamically asymmetric satel-
lite in a gravitational field. We study the rapid rotary motion of the mass center of a
dynamically asymmetric satellite in a gravitational field. The motion occurs in an elliptical
orbit. A numerical study of the vector locus kinetic moment in three dimensions.

Key words: satellite, gravity moment, the angular momentum vector, hodograph.

BBEJEHUE. PaccMOTpHM JBUKEHUE CIIyTHUKS OTHOCHUTEILHO HEHTPa MaCC IO,
JelicTBIeM MOMEHTa CHJI TPABHTAIMOHHOIO IPUTAZKeHNs. Bpamare/lbuble JBUKeHII
paccMaTpHBAIOTCA B paMKaxX MOZAEIN AMHAMUKHU TBEPIOrO TeJia, IEeHTP MacC KOTOPOro
JIBUZKETCS 110 3JINITHYECKOH opouTe BOKPYT 3eMJIH. 3312491 IUHAMUIKH, 00OIIeHHbIe
U OCJIOXKHEHHbBIE yUeTOM Pa3/INYHbIX BO3MYIIAIONHUX (PaKTOPOB, ¥ B HACTOSIIEE BPeMsl
OCTAIOTCS JOCTATOYHO AKTYAJIbHBIMHU. VlCCiIeIOBaHUIO BpAINATEIbHBIX JIBUXKEHUI TeJl
OTHOCHTEJIBHO HEMOABMKHON TOYKH MO JEHCTBHEM BO3MYMIAIOMIMX MOMEHTOB CHJI
Pa3IMYHON NPUPOJBI (IPABUTAIIMOHHBIX, a3POJIMHAMUIECKUX, 3JIEKTOPMAIHUTHBIX U
ZIp.), GIM3KOMY K IPUBOIMMOMY HUZKE, TIOCBAIIEHBI PAGOTHL [1-6].

OCHOBHBIE PE3VYJIbTATBI

1. ITocTanoBka 3aga4uu. Beenem Tpu [1eKapTOBbIE CUCTEMbBI KOOPIWHAT, HAYTa~
JIO KOTOPBIX COBMECTHM C IeHTpoM uHeprmu cruyTHuka [1-3]. Cucrema xoopaunaT
Oz; (i = 1,2,3) nBuzKercst HOCTYIIATEIBHO BMECTe € IEHTPOM MHeprumu: ock Oz ma-
paJjiielbHA PAINyC BEKTOPY Hepuresi opouTsl, ocb OTs — BEKTOPY CKOPOCTHU IIEHTPA

(©) Paummckas A. JI., 2014



Bvicmpoe epauienue cnymruka 8 epasumayuoHHOM NOAE 81

MaceC CIYTHHUKA B repuree, ocb Ors — HOpPMaJH K IIOCKOCTH opouThl. CrucreMa Ko-
opmurar Oy; (i = 1,2,3) ceasana ¢ BekropoM KuHerndeckoro Momenta G. Ock Oys
HaIpaBJjIieHa 110 BEKTOPY KMHETHYecKOoro momeHTa G, ock Oys JIEKUT B ILUIOCKOCTU
opbutsl (T.e. B wiockocru Ox122), ock Oy; Jexkur B mwiockoctu OT3ys U HAIIPABJIEHA
TaK, YTO BEKTOPHI Y1, Y2, Y3 00pa3yior upasyio Tpoiiky [1-3]. Ocu cucrembl Koopu-
Har Oz; (i = 1,2,3) cBs3aHbI ¢ IJIABHBIMU IEHTPAJIBHBIMU OCSIMU MHEPIIMU TBEPIOrO
Tesia. B3anmMmHOe 10J102KEHNE IJIaBHBIX IIEHTPAJIBHBIX Oceli nHepiuu u oceii Oy; ompejie-
JM yraamu ittepa. IIpu sToM HanpapJdrone KOCHHYCHI 0y OCeil 2; OTHOCUTETHHO
cucreMbl Oy; BLIPAXKAIOTCS 4epe3 yribl ditiepa ¢, 1, 6 no uzsectabiM dopmyaam [1].
[Tonoxkenme BekTOpa KuHeTmdeckKoro MoMeHTa G OTHOCHTEIBHO €ro IEHTPA MacC B
cucreme KoopauaaT Ox; ONPEeISIIOTCS YIriaMu A 1 9.

VYpaBHeHusl JBUKEHUsI TeJIa OTHOCUTEJILHO HEHTPa Mace 3amumeM B (opme [2]:

G, db_L A L
e~ 7 4t G dt  Gsing’
db G sin O sin o co 1 1 Lo cosyp — Ly sing
— = G'sinfsin s [ — — —
dt TRPESYA T 4, G ’
dy 1 sin?p  cos? g Lqcosyp + Losiny 1)
— =Gcosl | — — — + - ,
dt Ag A1 A2 Gsinf
dy sin®¢p  cos? ¢ Lqicosy+ Losing Lo
— = — tghd — — ctgo.
at ( A T4 c R
Baecw L; (i = 1,2,3) — MOMEHTBI BHEIIHUX CUJI OTHOCHTENLHO oceil Oy;, G —

BEJIMYMHA KMHETHIeCKOro MoMenTa, A; (i = 1,2, 3) — riiaBHbIe HEHTPAILHBIE MOMEHTEI
WHEPIMHA OTHOCUTEJBHO oceit Oz;.

IlenTp Macc cnyTHUKa JBUKETCHA O KEIJIEPOBCKOMY JLIUAICY C IKCIICHTPUCUTE-
TOM e ¥ mepuoioM obparenust (). 3aBUCHMOCTb UCTUHHOM AHOMAJIMY ¥ OT BPEMeHH ¢
JlaeTcsd COOTHOIIIEHUEM

dv wo(1+ ecosv)? 2
a Wv wo = 6, (2)

rJe Wy — YIJIOBasi CKOPOCTHh OPOUTAJILHOTO JIBM2KEHUsI, € — IKCIIEHTPUCUTET OPOUTHI.

PaccmarpuBaercst IUHAMUYECKH HECUMMETPUYHBINA CITyTHUK, MOMEHTHI WHEPIUH
KOTOPOTO JIJTsl OTIPEJIEJIEHHOCTH YIOBJIETBOPAIOT HepaBeHcTBy A; > As > As, B npes-
MIOJIOYKEHWH, UTO YIJI0Bast CKOPOCTD W JBUYKEHNUsI CILy THUKA OTHOCUTEIBHO IEHTPA MACC
CYIIIECTBEHHO GOJIbINE YIVIOBOH CKOPOCTH OPOUTAJIBHOTO IBUXKEHUSI Wy, T.€. Wo/w ~
Ajwp/G < 1. B sroM ciaydae KHHETHUYECKAsl YHEPIHsi BPAINEHUs Tejla BEJIUKA 10
CPaBHEHUIO ¢ MOMEHTaMH BO3MYIIAONMX cui. st Takoil MOeqn BO3MYIIAIOIIErO
MOMEHTa BBOJIUTCS MaJiblil TapamMeTp € < 1 Tak, 9robbl wg = € ().

Ipoekiyu L; MmoMeHTa BHemHUX cuil Ha ocu Oy; 3alUChIBAIOTCA B BH/IE [2]. 31ech
MpUBeieHa IPoeKIns Ha ocb Oy, Ha APYTrrue OCH MPOEKITNU UMEIOT aHAJIOTMIHBIA BU/T
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3wd (1 +ecosu
(1—e2)

S
L, = Z B23;S3; — B3jS25),
Jj=1

3
Smj = Z ApajpQmp, B1=cos (v — \)cosé,
p=1
Ba=sin(v—N), f3=cos(rv—A)sind.

B HexoTOpBIX ciiydasx ygo00HO HApsily ¢ IepeMeHHOH § UCIIOIb30BaTh B KAUeCTBe
JOIIOJTHATETHHON TepeMeHHOH BayKHYIO XapaKTEePUCTUKY KWHETUTIeCKyIo dHepruio 1,
IIPOU3BO/IHAs KOTOPOIl NMeeT BUJ,

ar 2T . 0 sin?¢p  cos? g 1
7 e cos

=" [3+ Gsinb Lo cos Lqsin
3 Aq Ay A3>( ? Y- Lasing) (4)

1 1
+ 51n<pcos<p(A 1 )(Llcosz/}+L281n¢)
1 2

CraBurcs 3a/1a9a NCCIIEI0BATE perterne cucreMs! (1) — (4) mpu Masom € Ha 60J1b-
IITOM HPOMEKYTKe BpeMeHH t ~ 2. Jljia permenns 3a1a4m GyeM IPUMEHSATH METOJI
ycpenuenus [7].

2. ITpouegypa MeTosia ycpeaHeHus. PaccMoTpuM HEBO3MYIIEHHOE JIBUKEHUE
(e = 0), KOryIa MOMEHTBI BHENTHUX CUJI PABHBI HyJ10. B 9T0M Ciiydae BpalieHue TBepIo-
ro Tesa aBjsercs apuxkenneM Dittepa—llyanco. Besmaunnt G, §, A, T, v obparmaiorcst
B [IOCTOSIHHBIE, a ¢, 1, § — HeKoTOpbIe (byHKIMK Bpemenn t. MeJIeHHBIMU TIepEMEeH-
HBIMU B BO3MYINIEHHOM JiBM2KeHuu OyayT G, 0, A\, T', v, a ObICTpBIME — YTJIbI Diljgepa
0, P, 0

Paccmorpum gpmxkenne mmpu yeaosun 2TA; > G? > 2T Ay, coOTBETCTBYIOMEM
TPAEKTOPHUSAM BEKTOPA KUHETHIECKOIO MOMEHTA, OXBATBHIBAIOIIMM OCh HAUOOJIBLIIIErO
MomenTa nHeprnn A; [8]. Beemem Benmammy

(As — A3) (2T A, — G?)
(A1 — A2) (G* — 2T'43)

IIPEJICTABIISIONIYIO cO00f B HEBO3MYIIEHHOM JIBHYKEHNH HOCTOSHHBIA MOJLYJIb JIIAI-
Tuaeckux HYHKIU [9], OMUCHIBAIOINIX ITO JBIKEHUE.

JIJ1st IOCTPOEHNUST YCPeTHEHHOM CHCTeMbI IEPBOTO IIPUOJIMKEHNUS TIOJICTABUM pelle-
HI€ HEBO3MYIIIEHHOTO JBHKeHns Ditiepa—Ilyanco [8] B mpasble yactu ypasaenuit (1),
(4) n upoBeseM ycpesHeHHe 110 IEPEMEHHOI 1), a 3aTeM 110 BPEMEHH ¢ ¢ yIeTOM 3aBH-
cumoctu , 6 ot t [2]. [Ipu 3TOM 1Tt MeITEHHBIX TIepeMeHHBIX §, A, T', G cOXpaHsIoTCst
npexkHre 0603HaUeHNsI. B pe3ysbTaTe oLy IuM

Kk =

(0<k*<1), (5)

s 3w0 (1+ecosv)? d\ 3w0 (1+ecosv)? .
= . = N*,
dt 2G (1 — e2)? Palis N dt  2G(1-e2)* sméﬁlﬁ3
dG T
& _ o (6)
i = a =
. 2A4,T K(k)— E(k)
:A2+A3—2A1+3( oz —1) |:A3+(A2—A3) K(k)kQ
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3necy K(k) nu E(k) monHbIe 3/IMITHYIECKIE HHTETPAJIBI TIEPBOTO M BTOPOTO POJIA
coorercTBeHHO [9]. VI3 cucrembl (6) BUIHO, 9TO BEJMYMHBI KMHETUIECKOTO MOMEH-
Ta ¥ KMHETHIECKOW SHEPIUH OCTAIOTCS IIOCTOSTHHBIMU, CJI€OBATETHHO, MTOCTOSHHBIM
ocTaeTcs MOAYJIb JuunTrdeckux Gyuknuii corsnacuo (5).

3. Yucaennsrii pacuer rozorpada BeKTOpa KHHETHYECKOIO MOMEHTA.
st aucsienHOr0 pactera ObLIO MPOoBeAeHO 0Oe3pa3MepuBaHNe YPABHEHWIT CHUCTEMbI
(6) u ypaBHenusi (2). XapakTepHbIME IIapAMETPAMU 33Ja49u SBJIATCT Go — KUHE-
TUYECKUIT MOMEHT CITyTHWKA B HAYaJbHBIH MOMeHT BpeMenu t = 0, (g — BeamunHA
YTJIOBOI CKOPOCTH W JIBUYKEHUS CIIyTHHKA OTHOCHTEJIBHO IEHTPA MacC B HAYAJIbHBII
MOMEHT BpeMeHU 0e3 BJIMSIHIS MAJIOTO MapaMeTpa 3a7adn. be3pa3MepHbie BeTMInHbI

ompenensiorcsa dbopmytamu t = Qot, G = (%’ A; = M N* = NGQO T = GoTQo
Cucrema ypaBHEHHII TIPUMET BU/I:

do 3¢2 (1 + ecosv)® d\ 3% (1 +ecos 1/)
_—=— y T~ — N*
7 2 (1) B2B3N i~ 3G (1 e?)s 5153
dG dT dv  e(l+ecosv)?
dt Toodt Todt (1 —e2)3/2 7 (™)
S . 24, T . - . K(k)—E(k)
=As+ A3 —2A,+3 a2 —1 A3+(A27A3)W

[Tepponadanbno ucciegoBanue rojorpacda BeKTOpa KHHETHIECKOI0 MOMeHTa Oy-
JIeM [POBOIMTD JIJIsl CILyTHUKA ¢ TeoMerpueii Mace A; = 8, Ay = 6, A3 = 5, KoTOpbIii
coBepIIaeT JBUXKEHHe 110 Kpyrosoii opbure (e = 0). Pacder Oymer nepBoHavdasibHO
MPOBOIUThCs It mapamerpa &€ = 0.3. 3ajaorcs HaYaJbHBIE YCJIOBUS G’(O) =1,
5(0) = w/4, k*(0) = 0.9999. Jlgs yria OTKIOHEHHs BEKTOpa KHHETHHUECKOTO MO-
MEHTa OTHOCHUTEIBHO IJIOCKOCTH X1X3 PACCMOTPUM Pa3JIMIHbIC HAYAJbHBIE 3HAUCHUS
A0) =0, /4, ©/2, aro coorBercrByer KpusbiM 1, 2, 3 puc. 1 u 2. Ha puc. 1 upez-
cTaBJIeHbl IpadUKN U3MEHEHUsT YIyla OPUEHTAIIMN A, Ha puc. 2 — yriaa 0. 13 pucynka
BUJIHO, YTO M3MEHEHHME HAYAJIBHOIO YCJIOBUS s (DYHKIUNA yIyia A TPUBOIUT K Ia-
palIIeSTbHOMY CMeTIeHHo rpadukos DYyHKIMI BA0JIL Beprukain Ha Beanany A(0).

A )

3 . 034 T

082
0g2
3 081
27 0,80

i !

‘K a7a

078

077 3.4
076§ -

075

O SR T e a74 : : B : ; J

073 + +

Puc. 1 Puc. 2

CorytacHO UCCIEIOBAHUIM, IPEICTABICHHBIM HA PUC. 2, MOXKHO CIEJIATh BBIBO/I,
YTO XapaKTep W3MEHEHUsl yIJla OPUEHTAIINN BEKTOpPa KMHETHYECKOI'0 MOMEHTa OTHO-
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CUTEILHO BEPTHKAJIN HOCUT NEPUOAMYECKUN XapakTep. V3MeHeHne Ha9aIbHOro 3Ha-
werns ynxmun \(t) mpuBoguT K cMemenmio rpacduka dynkmun §(f) BIOIL TOPUZ0H-
TaJaM BIPABO M BAOJL Beprukam sHu3. CMernenue rpacduka dynkmun §(1) 3aBucut
or Besimansbl A(0). Jyst A(0) = 7/4 cMeleHre 0 BEPTUKAINM PABHO IIOJIOBHHE aM-
IIITY/IbL, a 110 TopusonTama — P/8, rae P — nepuox dynxmuu 6(1). das A(0) = 7/2
CMEIIeHNe TI0 BEPTUKAJN PABHO aMILIUTY/IE, & 10 ropu3oHTaau — P/4.

BHeceM H3MeHeHHs! B HaUaJIbHbIE YCIOBHs HHTerpuposanus cucremsi (7): G(0) =
1, M(0) = 0, k2(0) = 0.9999 s paznuunbx snadenuit 6(0) = 7/6, 7/4, /3, 7/2,
27 /3. Pegynbrar unTerpupoBanus upejcrasied #Ha puc. 3 u 4. Yuciaennoe uccseno-
BamUe 1oKazajo, uro dyHkima A(f) MokeT Kak yObIBATb, TAK U BO3PACTATb, T. €.
BpAIlEHNE BEKTOPa KMHETHYECKOTO MOMEHTA OKOJIO BEPTHKAJN MOYXKET IIPOUCXOINTH
B Pa3HBIX HAIIpaBjIeHusX. Hampasienue moBopoTa BeKTopa G 3aBUCHT OT HAYAJILHO-
ro 3Hauenus 6(0). MakcuMasbHas CKOPOCTb yBeJWUYeHHs yrila A HabGIIOmaeTcs pu
HadagbHoM yeiaosun 0(0) = 7/4, 1Ipu 3TOM HOBOPOT OCYMIECTBJISAETCS O XOJY 9aco-
Boii crpesiku. MunnMaabHas CKOpocTh yBesmdenus: — i 0(0) = /2, Bektop G B
3TOM CJIydae COBEpIIAeT IIOBOPOT OKOJIO BEPTHKAJU II0 XOMLY YaCOBOH CTPEJKHU C IO-
CTOSTHHBIM OTKJIOHEHHEM OT BepTuKasu. Ha puc. 3 kpuBas 1 COOTBETCTBYeT 3HAYECHUIO
5(0) = 7/4, kpusass 2 u 3 - 6(0) = /6, 7/3 coorercTBenHHO, KpuBasi 4 — §(0) = 27 /3.

A )

El

Puc. 3 Puc. 4

Ha puc. 4 npencrasiien pe3yabTaT IUCACHHOTO MCCIEIOBAHUS MTOBEACHUS (DyHK-
i 0(f). Bummo, uro byHKIHUS MMeeT OJMHAKOBBIH MEePHO/ KOJeGaHMil, HO Pa3HyIo
ammnTyy. [Ipudem npu BospacTanun HadaabHOro 3Havenus yriaa 6(0) or 0 mo w/2
aMIIUTY/Ia BO3PACTAeT MOUTH B JiBa pa3a, a IpH JajbHeiineMm yseandenun 6(0) am-
nmTyna by 6(t) yonsaer.

T'omorpad BekTOpa KMHETHIECKOTO MOMEHTa IMOCTPOEH Ha cdepe eIUNHUTHOTO pa-
JUyca W WMeeT BUJ, IPEeJCTABJIEHHBIH Ha puc. 5. Bce KpuBble MOCTPOEHBI ISt Ha-
vaspaoro 3uadenus A(0) = 0. Kpusste 1, 2, 3 nocrpoenst s 6(0) = 7 /6, /4, n/3
COOTBETCTBEHHO. BUIHO, UTO OTKJIOHEHHE BEKTOPA OT BEPTUKAJIU HOCHUT HEPHO/AYIE-
ckuit xapakTep. Bo Bcex mpe/icTaBIEHHBIX PACUETHBIX ciydasx BekTop G coBepraer
BpAIIeHIe OKOJIO BEPTUKAJIH II0 X0y IacoBOit cTrpesku. U3 puc. 5 BUIHO, 9TO 3a cUeT
YBEJIMYEHUsI CKOPOCTH U3MEHEHUS YIJIa A\ BBIIYKJIOCTH Toforpada yBEITUINBAIOT CBOIO
mupuny. OHAKO caM XapakTep rojorpada CoOXpaHsIeTcs BO BCeX PACIETHBIX CJIydasiX.

Uccnenyem JaBukeHne CIyTHUKA HA SJUIMNTHIECKOH opbuTe. Pacuer mpoBoumi-
Csl JIJIS PA3JIMIHBIX KCIeHTpucuteToB: ¢ = 0.04473 — 1-ii coBeTcKuil CIIyTHUK, € =
0.0487 — 3-if cOBeTCKUIl CIIyTHUK W JJIsl SJUIAITHIECKAX OPOUT PA3IUIHBIX IKCIIEH-
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X3

X1

Puc. 5 Puc. 6

TpuCcHTETOB. JIJIs 3/IMITHYECKUX OPOUT IEPBOrO M BTOPOI'O COBETCKHUX CIIYTHUKOB
roorpad BEKTOPa KHHETHIECKOI'O MOMEHTa HECYIIECTBEHHO OTJINYIAETCS OT TOHOrPa-
da kpyrosoii opoursl. Ha puc. 6 kxpuBas 2 COOTBETCTBYET PACUETY SJLIUIITUIECKOHN
opbutsl ¢ skcnerrpucurerom e = 0.1 mas §(0) = 7/3. Pacuer 2 nokasbiBaer, 9TO
KpHuBasi rojorpada yxKe He UMeeT UYHCTOI0 CHHYCOHJIAJIBLHOTO BHJA, B OTJIHIHE OT
kpuBoii 1 puc. 6, KoTopslil mocTpoen g Kpyrosoit opoutet (6(0) = 7/6). Yeeanue-
HUEe 3KCIeHTpucuTeTa 10 Beanduubl ¢ = (0.421 — CuIbHO /IHITHYECKas opouTa —
IaeT Pe3yJIbTAaT, IIPeICTaBIeHHbI KpuBoit 3 puc. 6. Ha xkpuBoii 3 aBHO BBIpakeHbI
rapMOHUKH Toziorpada. AHAIOTHYHBIE PE3YIBTATHI TIOJIYIeHbI B [2].

Ilepsbie nBa ypaBHenus cucrembl (6) IHOKA3bIBAIOT, YTO XapaKTep M3MEHEHUs yI-
JIOB OPUEHTAIMN BEKTOPa KMHETHYECKOIO MOMEHTA \ U 0 3aBUCUT OT BeJTUIUHBI [V *:

3(A1— Ay) (A — A)k?
A (Ay — As) + A3 (AL — Ay) K2

x | Az + (A2 — AS)W

N* = Ag + Az — 24, +
(8)

JlaHHasi BeJMYUHA MOXKET UMETh PAa3Hblil 3HAK, YTO OMPEJENISIeTCS TeOMeTpHeit
MacC CITyTHHKA, BEJHYMHON MOYJIS SJLINITHICCKIX (DYHKIMIA k? 1 HOTHBIME 3JLINII-
TUYIEeCKUMU UHTErpaJiaMu 3TOi ke nepeMennoit. Ha puc. 7 mokazano, 9To s JII000T0
3HAUEHUS BEJHMIUHBI k2 MOMKHO HAfiTH TaKylO FeOMETPHIO MACC TBEPIOrO TeJa, UTO-
Ob1 Besimumna, N * ObLia paBHa Hy/0. JId JTaHHOrO MCC/IeIOBaHUS OBLIO ITPOBEIEHO
o6e3pasMepuBanie MOMEHTOB MHEPIUH CIyTHHKA Ay = ﬁ—f, As = ‘2—? 110 BeJIMINHE

Hanbosbiero MomenTta uueprnun A;. Torma myist pacderos Ay =1 1 J0IKHO BBIIOT-
HATHCA HEPABEHCTBO 1 > [12 > [13.

Kpussle, nmpescrasiennble Ha PUC. 7, COOTBETCTBYIOT PA3HBIM 3HAYEHUSIM MOJLYJIS
sumnTHuecKux GyHxumit: kpusas 1 — ma k2 = 0.9999, kpusaz 2 — k2 = 0.8, 3
nd — ga k> = 0.5 u 0.1 coorBercTBenHO. JIJIsi reOMeTPUH MAaCC, HPEICTABICHHOI
KPUBBIMU Ha PUC. 7, YTJIbI OPUEHTAIIMA A\ U § OCTAIOTCS MOCTOSHHBIMU BEJTMIMHAM.
TakuM 06pa3oM, [Ist JIF06OT0 3HATEHI BeJIMIHHbI k2 MOXKHO CMOJIEIHPOBATH CITy THIK
C TAKOU TeOMETPUU MACC, UYTO €r0 BEKTOP KHHETUYIECKOI'O MOMEHTa, Oy/IeT BeJIUYnHOM
[IOCTOSTHHOU B cucreMe koopauHar Oy;. Ecim reomerpusi Macc cOOTBETCTBYET KBaJl-
paHTy BBIIIe KPUBOil puc. 7, TO rogorpad BEKTOPa KUHETUYECKOIO MOMEHTa MMEeT
BUJI, TPEJICTABICHHBIN Ha PUC. 8 KPpUBOI 1, J71g KBaIpaHTa HIKe KpuBad 2 puc. 8. 13
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B!

Puc. 7 Puc. 8

PUCYHKa BUJHO, 9TO MEHSIETCsl HAIIPABJIEHIE BBIIYKJIOCTA CUHYCOUIAJIHBHBIX KPUBBIX.
Yucennoe ucciie/loBaHme MOKa3aJj0, 9To XapakTep rojgorpada CyImecTBeHHBIM 00-
PAa30M 3aBHUCUT OT BEeJIMUMHBLI MOy SJUIMITHYIECKUX GyHKImit k2.
Ha puc. 9 npejicrasiien pe3yIbTaT YuCAeHHOTIO UCCIIeI0BaHus rojjorpada BeKTopa
KUHETHIECKOTO MOMEHTA [JIsi PA3IUIHBIX 3HATEHUN MOIYJIsI SJUIMIITUICCKUX (DYHK-
nuit. Ha puc. 9 xkpusas 1 coorsercrsyer snauennio k? = 0.9, xpusag 2 — k2 = 0.8,

Puc. 9

kpusble 3 u 4 — k? = 0.5 u k2 = 0.01 coorBeTcTBeHHO. Pacuer NpoBOIUIICS HA PA3HBIX
BPEMEHHBIX HHTEPBAIAX, TaK KaK C yMEHBIICHHEM k2 CYIIECTBEHHO yBEJIIHBATIACH
CKOPOCTBb TIOBOpPOTa BeKTOpa G OKOJIO BEPTHUKAJIH.

SAKJ/IFOYEHUE. Takum o6pa3oM, B Caydae BOSMYIIEHHOTO JIBUYKEHUS JTUHAMU-
YeCKH HECUMMETPHUIHOTO CIIYTHUKA B I'DABUTAIMOHHOM II0JIE 110 SJUIMIITHIECKON Op-
6uTe mWCCae0BaH rojorpad BEKTOPa KUHETHIECKOI'O MOMEHTa B TPEXMEPHOM IIPO-
crparctBe Ox1ToT3, CBSI3aHHBIN C IJIOCKOCTHIO OpOMTHI criyTHUKA. [loaydeno, aro
BHJ, rojgorpada BEeKTOpa KHHETUIECKOI0 MOMEHTa 3aBUCUT OT SKCIEHTPUCHUTETA Op-
OUTBI CIlyTHUKA, OT BEJUIUHBI MOJIYJIsI SJUIHIITUICCKAX (DYHKIUH U T€OMETPUH MacC
TBeporo Tena. IlokazaHo, 9T0 MOKHO CMOJIETMPOBATH CIIyTHUK C TAKOW reoMeTpueit
Mace, JJIsi KOTOPOro BEKTOP KUHETHIECKOTO MOMEHTa Oy/IeT BeJIMYUHON ITOCTOSHHON
B BBIOPAHHOM cUCTEMe KOOP/UHAT.

Asrop 6saronapur JI. . Axynenxo u JI. /1. Jlemenko 3a nojie3ubie 06CyKICHUS.
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B. ®. YekypuHn, JI. U. IlocTonakm
Mucruryr npukiaaasx npobseM Mexanuku u MareMaTuku HAH Ykpaunb

BAPVAIIMOHHBINI METO/I, OTHOPO/JHBLIX PEIITEHUN IJI14
OCECUMMETPUYHBIX 3AJIAY TEOPUU YIIPYTOCTU

Pabora moknagpiBasiace B THCTHTYTE TPUKJIAIHBIX TPOOIEM MEXAHUKU U
maremaruka HAH Vkpaunbt

Yekypin B. ®@., ITocroaaxki JI. I. Bapianiiinuit MmeTon ogHOpigHUX PO3B’sI3KiB
JIJISI OCECUMEeTPUYHUX 3agadax Teopil npy>kHocti. PozBuneno Bapiamiiinuii meTo
OIHODITHUX PO3B’SI3KiB /I PO3B’SI3yBAaHHS OCECHMETPUYHHX 33Ja9 TeOpil NpPYKHOCTI I
miB6E3MEKHOTO Ta CKIHYEHOrO IMJIIHJPIB 3 HEHABAHTAXKEHOIO OiYHOIO IMoBepxHero. fIk mpu-
KJIaJT 3aCTOCYBAHHS I[LOIO METOY PO3IVISHyTa 3aJada 3rHHAHHS TOBCTOrO KPYTJIOTO JHUCKY
30CEepPEI2KEHUMU CUJIAMHU, TPUKJIATIEHUMHE JI0 HOT0 TOPIEBUX MMOBEPXOHb.

KurouoBi cioBa: mpyzKHWMIT MUIIHIP, CUCTEMHU OTHOPITHUX PO3B’si3KiB, Bapiamiitaumii MeTos
OJIHOPIIHUX PO3B’sI3KiB, 3rMHAHHS KPYIJIOTO JHCKY.

Yekypun B. ®., ITocronaku JI. 1. BapuanunoHHblii MeTOa OOHOPOIHBIX pe-
HIEHUH [JISI OCECHMMETPHYHBIX 33aa4 T€OPUM YIIPYyroctu. Pa3sur BapuaiuoHHBII
METO/T OJTHOPOJIHBIX PEIIEHUIl JJTsl PEIIEHUs] OCECUMMETPUYHBIX 38189 TEOPUY YIIPYTOCTHU JIJTsT
10JTy6ECKOHETHOT'O M KOHEYHOTO IUJINHIPOB C HEHATPYXKEHHOU GOKOBOI TOBEPXHOCTHIO. B Ka-
9ecTBe MIpUMepa MPUMEHEHHsT 9TOT0 METO/IA PACCMOTPEHA 3a/Iada N3ruda TOJCTOr0 KPYTJIOTO
JIMCKA COCPEJIOTOUYEHHBIMU CHJIAMHY, [IPUJIOKEHHBIMU K €r0 TOPIIEBBIM MOBEPXHOCTSIM.
KiroueBble ciaoBa: yupyruil IMUINHADP, CUCTEMbI OJHOPOIHBIX DEIeHMil, BAPUAIMOHHBIA
METOJI OJTHOPOJIHBIX PEIIEeHU, U3rud KPYIrIoro JIUCKA.

Chekurin V. F., Postolaki L. I. Variational method of homogeneous solutions
for axisymmetric elasticity problems. A variational method of homogeneous solutions
for solving of axisymmetric elasticity problems for semiinfinite and finite cylinders with free
lateral surface has been developed. As an example of application of the method the problem
for bending of the thick disk by concentrated forces applied to its end surfaces has been
considered.

Key words: elastic cylinder, the system of homogeneous solutions, the variational method
of homogeneous solutions, bending of the round disk.

BBEAEHUE. Hecmorps Ha 3HAYNTEBbHBIE YCIEXU METOIOB UHUCJICHHOTO AHAJIV-
3a 33729 MEXAHUKHU U IMUPOKUl BHIOOD CEPTHMUIIMPOBAHHBIX BHICOKOIMDDEKTUBHBIX
[IPOTPAMMHBIX CP€/I, TIPETHAZHAYEHHBIX JJIsl PENIeHNs THX 33,1449 C UCIOIb30BaAHIEM
METO/Ia KOHEUHBIX 9JIeMEeHTOB [1], MHTepec K aHAJINTIIECKAM METOIAM BCe IIle OCTaeT-
sl JIOCTATOYHO BBICOKUM. OB 9TOM CBH/IETENILCTBYIOT, B YaCTHOCTH, Mybsukamn [2—4].

MeTom, 0THOPOIHBIX PEIIeHNiT TPUMEHSIICS JIJIsi PEIIeHns] IIJI0OCKUX 33189 TEOPUU
YIPYTOCTH JIJIst HPAMOYTOJIbHBIX obJiacteit [5,6]. CorsacHo ToMy MeTo/ly perieHue 3a-
JIaqd MPEJICTABISETCS B BAJIE PA3JIOXKEHUS 110 TIOJTHBIM CUCTEMAaM CODCTBEHHBIX (DYHK-
U HEKOTOPBIX OJIHOPOJHBIX 33789 IIIIOCKON Teopuu yupyroctu (Tak Ha3bIBAEMBIMU
opuopoabiME penterusiMu I1.®D. TTankoeuya [6]). ITockoabKy 9TH 331841 HE SBJISIOT-
Csl CAMOCOIIPSI?)KEHHBIMH, TO WX COOCTBEHHBIE (DYHKIMHU OOpPa3yiOT HEOPTOrOHAJBLHBIE

©quypHH B.®., Ilocromaku JI. ., 2014
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dYHKITMOHAIBHBIE 0A3UCHI, YTO 3aTPY/IHAET UUCJIOBYIO pean3anuio 3aaad. ToIbKo
JIJIsI CMEIIaHHBIX 33129, KOTJ[a Ha IPAHMIIE 33/IaHbl HOPMAaJIbHbIE IIEPEMEIEeHUs] 1 Kaca-
TeJIbHbIE HAIPSZKEHUsI WM HOPMAaJIbHbIE HAIIPSIYKEHUsI U KacaTebHbIE TIepeMelnleHus,
Y/IaeTCsl MOJIYYUTh AHAJIUTHIECKIE COOTHOIIEHUST, BBIPAXKAIONTE KO3 MUITMEHTHI pa3-
JIO’KEHUsI peltiennst depe3 (hyHKIUI KPAeBbIX YCJIOBUIA.

B paborax [7, 8] 6bLT pa3sBUT BapHAIMOHHBIH METOJ OJHOPOJHBIX PEIIEHUH JJIsi
mrockux 3ajad. 1o 3ToMy MeTOiy MOJIWHEHUEe PerieHus KPAeBBIM YCJIOBUIM OCY-
[ECTBJIAETCS 33 KBaJAPATUIHON HOPMOW. DTO MPUBOIUT K OGECKOHEYHBIM CHCTEMAM
asrebpanvdecKnx ypaBHEHUN OTHOCHUTEIHHO KO(MDMUIMEHTOB DPA3JIOKEHNUs] NCKOMBIX
pellleHnil, KOTOPYIO Pelrajn MeToIoM peyKiun. B paborax [7,8] Ha KOHKPETHBIX IPU-
Mepax UCCJIeJ0BaHa CXOIUMOCTb METO/Ia PEIYKINN U JJoKa3aHa 3(pHEeKTUBHOCTD Bapu-
AIIMOHHOTO METO/IA OJHOPOHBIX PEIIEHUI JIJTsl PEIIEHUs] BCEX YEThIPEX TUIIOB KPAEBBIX
33129 IJIOCKON T€OPUHU YIIPYTOCTH JJIs MPSIMOYTOJIHHON 00JIACTH — KOT/Ia Ha TTPOTUBO-
[IOJIO’KHBIX CTOPOHAX 3aJIAHHDBIE YCJIOBHS B HAIPSYKEHUSIX, IEPEMENICHUAX U CMeIIaH-
HOT'O THUIIA, & TaKXKe JJIsi KOHTaKTHO-KPAEBBIX 3aJa4 JJIs KYCOYHO-OIHOPOIHOIO TeJIa
npsiMoyrosibHOro cedenus [9]. K romy ke aToT MeTo/ 0kazasics BecbMa 3bheKTUBHBIM
J1s oOpaTHbIX 3aja4 [9,10].

JLj1s1 pelneHunst 0CeCUMMETPUIHBIX 3314 IIUPOKOE IPUMEHEHHUE TTOJTY IiJI MEeTOI, e~
pekpecTHOii cynepriosuiuu [2,11]. B mororpadun [12] npeyioxeHn MeTo | 0HOPOTHBIX
perierniit 3Tux 3a7a4. TyT npuBeeHa CUCTEMAa OTHOPOIHBIX PEIEHUI OCECHMMETPU Y-
HOI 38J1a9¥ JIJTsl IUJINHPA, Ha OBOKOBON MOBEPXHOCTU KOTOPOTO 3aJaHbI OJIHOPO/THEIE
ycsioBus B HanpsizkeHusax. CrucremMa moJTydeHa UCXO/Id U3 pejcraBienns [lankoBuyaa —
HeiiGepa. 3ech 1ist onpejesienns: KO3(pUIMEHTOB Pa3JI0XKEeHNsT NCKOMOT'O PEIIEHUSsT
10 CUCTEME OHOPOJIHBIX PEIIEeHUl HCITOIb30BAHO YCJIOBAE MUHUMYMa (bYHKIIMOHAJIA,
KOTOPBII OIPEIE/ISIET CPeTHEKBAIPATHIHOE OTKJIOHEHNE UCKOMOT'O PenteHust 0T (hyHK-
Uil KPAeBBIX YCJIOBUI B HAIPSIKEHUSIX, 33JIAHHBIX Ha TOPIE. B pabore BBITOJIHEHBI
HEKOTOpbIE BBIUUCJIEHUs Jjisi ciydast N = 2, OlHAKO YUCJIEHHBIN AHAJN3 PereHuit
JIUIs KOHKPETHBIX yCJIOBUl HATPY3KH He TpoBeneH. B crathe [13] cucrema omHOPO-
HBIX pelieHnil, mosyvenHast B [12]|, ucnonb3oBana Ui peajn3aruia BAPUAIOHHOTO
METOJ[a PEIIeHUs] OCECUMMETPUYHBIX 3a[a1d TeOPUN YIPYTOCTU JJIsI Oy OeCKOHETHO-
o MWJINHJPA U YUCJCHHOTO aHAJIN3a CXOAMMOCTH STOTO METOJIA.

B 370ii craThe cucreMa OJHOPOJHBIX PEIIEHUIl oIy YeHa UCXOsl U3 [IPEeJICTABIIE-
Hus perenusi depe3 pyHknmio Jlsgpa. Ilposegeno umciiennoe uccienoBanme 3hdex-
TUBHOCTHU TPUMEHEHUST 3TOIO METO/IA JIJIsl PEIIEHIs OCHOBHBIX KPAEBbIX 33189 TEOPUH
YOPYTOCTH JIJIsl MTOJIyOECKOHEYHOIO0 M KOHEYHOrO IHJIMHJIPA C HEHATDYKEHHON OGOKO-
BOI1 TIOBEPXHOCTDHIO, & TAKYKE YUCJIEHHOE UCCIIEIOBAHIE CXOJUMOCTH METOJIA PELYKIINN
B 3aBHCHMOCTH OT YCJIOBUIl HATIDYKEHUS.

OCHOBHBIE PE3VJIBTATBI

1. CucreMbl OOHOPOAHBIX PEIIEHUIl OUrapMOHUYECKOTO ypPaBHEHUsI B
MUWJIMHAPUYIECKOIN CHUCTEME KOODJWHAT. PaccMOTpmM KJIacC OCECHMMETPUIHBIX
3aJ1a9 TEOPUHU YIPYTOCTH Jiist orybeckoHeanoro nunaapa: 0 < r < a, 0 < 6 < 27,
0 < z < o0 (r,0, 2 — nuIMHAPHYECKUE KOODAMHATHI), GOKOBasI IIOBEPXHOCTH KOTOPOTO
a = 1 cBobOIHA OT HArPY30K:

Jrr|§:1 - 07 0rz|£:1 = 07 (1)

a Ha TOpIEBOil oBepxHocTH 2z = () 3a/1aHa OJHA U3 YETBHIPEX CUCTEM yCJoBuil (3anaun
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I1-1V):
) 0zzlc=0=0(&),  Orzlc=0 =T(§), (2)
uzle=o = u(§),  urlc=0 =v(§), (3)
0zzlc=0=0(),  urlc=0 =v(), (4)
uzle=o = u(),  orzlc=0 =T(&). (5)

3nech £ =r/a, ( = z/a — 6e3pasmepnbie kKoopauHaTel, (&), T(£), u(€), v(§) — 3anan-
1

uele ynkiun. Oyuknus o(§) yaosaersopser ycnopmo [ o(€)EdE = 0.
0

JI1s1 perrenust 3TUX 3a7a9 UCHOIb3yeM (pyHKImIo JIsTBa Y, KOTOpas yJ0BIETBOPSET
OJIHOPOZHOMY ypaBHeHuIO [12]:
V2V = 0, (6)

2 2
rae V2 = 53—52 + %8% + 88—(2 — ocecUMMeTpHYHLI onepaTop Jlamaca.
KOMIIOHEHTBI T€H30pa HANPSIKEHUI 0., Opp, 099, O, U BEKTOPA IIE€PEMEIICHIIH
Uy, U, OTIPEJIETIATOTCA depe3 (DYHKIIHIO Y CIIeLyIONIM 06pasoM:

1 0 0%x 1 0 0%x
_— = — 2 — 2 —_— —_— = — 2 _—
2,LLUZZ ac <( v)V<x 3C2) , 2,“0” ac (VV X 8§2> ;

L= 2L (w2 - 1OX 1 20 (1w - 2
207" " 0 (”V * 685)’ 207" " 5% (“ VX" 9E )
02 0?
ST et

3mech o u v — MomyJib ciBura u koaddurment [lyaccorna marepuada.
Pemmenne ypasaenust (6) OyueM nckaTh B Buje

x = exp(—=7¢) f(§)- (7)

Toncrasasst (7) B (6), nomyanM ypasHeHNe Ha HeusBecTHY0 yHKImO f(£)

2(1 —v)V3y.

v 2 " 2_i " 2 i 1 / 4 _
e+ (§)+(2v §2>f(£)+(27 +§2)€f(€)+wf(£)—0> ®)

pellleHre KOTOPOI'0 UMeET BUJ,
f(&) = E(AT1(v€) + BY1 (7€) + CYo (7€) (Jo(vE) Y1 (7€) — J1(v€) Yo (7€) +

+D& (V1 (v)(J5(v€) — 1) = Jo (7€) 1 (7€) Yo (7€) - (9)

3aecs A, B, C, D — neonpenenennsie koaddurmentst; Jo(v€), J1(vE), Yo(v€), Y1 (7€)
— ¢dynknuun Beccenst u HeliMana Hys1eBoro u mepBoro mopsiikoB COOTBETCTBEHHO.

s obecnevenus: orpanudenocru dyukiuu f(£) B rouke & = 0 nosioxkum B dhop-
myse (9) C =0, D = B. Torna dopmysa (9) upuobperaer Bui

(€)= T (vE) A — %Jo(vﬁ)B- (10)
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Taxoe npeJICTABJIEHNE PEIeHNsl, B OTIMYINE OT UCIOJIb3YeMOro B yureparype [14],
[O3BOJISIET MOAYUHUTDL €0 JBYM KPAEBBIM YCJIOBHAM HA TOPIUEBON MOBEPXHOCTH IH-
JITHJIPA.

Toncraasist pemenne (10) B rpanndsble yeaopus (1), mojydaeM OJHOPOJHYIO CH-
cTeMy ypaBHEHUIT OTHOCUTENBbHO KoaddurmentoB A u B

(1 =20)Jo(v) = v i (MA+ Z(vJo(v) = J1(7))B = 0,

(20— 21(7) — 7o) A — 2I1(1)B = 0. )

VYesoBue coBmecTHOCTH crucTeMbl (11) IPUBOAUT K TPAHCIEHIEHTHOMY YPABHEHUIO
OTHOCHUTEJIBLHO 7:

Y (S5 () + Ji () +2(v = 1)JF () = 0, (12)

[I0JIy YeHHOMY Takzke B MoHorpaduu [12], ucxozs us upejcrasienus peiierus B hopme
[TankoBuaa—Heiibepa.

EnuucrBeHHbIM J1eficTBUTEILHBIM KOpHEM ypaBHenust (12) smisierca v = 0, Ko-
TOPBINl He IPeJCTaBJIAeT MHTepeca JJis JajbHeiiero paccMorpenus. [losTomy pac-
CMOTPUM OECKOHEUYHYIO IIOCJIe/I0BATEIbHOCT KOMILJIEKCHBIX KOpHEH vp = ai + Sk,
k=1,...,00. Jlerko ybeuTbcsi, 9T0 —Yg, ¥ U —7;, (depra HaJ GYKBOH O3HAUAET KOM-
IUIEKCHOE COIPSIZKEHNE) TAKXKe ABJIAIOTC KOPHSIMU 3TOI0 ypaBHEeHUs. B najbHeiimem
OyZIeM MCIOJIB30BATDH JIBE IOCJIEIOBATETHHOCTH KOMILIEKCHO COIPSI?)KEHHBIX KODHEH €
MTOJIOYKUTETHHOM JIEHCTBUTENIHHON JaCThI0, KOTOPbIE 00ECIIEINBAIOT 3aTyXaHNe pele-
HUS C POCTOM (.

VYpasrenue (12) pemragu 9uCIEHHO ITyTeM MUHUMH3anuu HeBsasku. [lomyueno 25
MIEPBBIX KOPHEHl C TOYHOCTBIO JIO MSATOTO 3HAKa. VI3BeCTHBI aCUMITOTHYECKUE TTPEI-
CTaBJIeHUs JJIsl NeficTBUTEIbHOM af U MHUMOM [ wacTeil KopHeit vy, [12]:

In(47k) 1 /1 1
“ _ ok — — —2(1 — ¢ = —In(4nk). 13
OTHOCHTETbHAS TIOTPENTHOCTD 0y, = 7‘0‘%0;0"“', 3B = 1Bk —Bel Z,@; Bel OTpeieIeHIs] KOpHe

o dopmyram (13) yrxe mpu k > 10 me mpessmraer 1077 u 10™# coorsercTBemnmo.

Ha puc. 1 upusenennt rpacdbuku 3aBucuMOCTU AefcTBUTENbHON ) (KpuBas 1) u
MHUMOI () (KpuBas 2) 4acreil KopHeil 75 oT ux HoMepa N U UX ACHMOTOTHUYECKUE
3HaueHus of (TpeyrompHuKN), ff (ToUkm), BIdmCIeHHBIE IO dopmyrtam (13)(v =
0.25).

U3 cucremsr (11) nonygyaem cBs3b MexK Ly nocrosHHbIME Ay 1 By:

2J
Ak = KkBk, R = 1<’Yk) (14)

- ((2v = 2) 1 (k) — o))

B pesymiprare npuxomuM K OGECKOHEYHOH CHCTEMe OJHOPOJHBIX KOMIIJIEKCHO3HAY-
HBIX PENIeHN 0CeCUMMETPUYHON 3a/1a91 TE€OPUHN YIPYTOCTH:

0k22(€,C) = 0k22(§) exp(—k(), krr(§5C) = Okrr(§) exp(—1C),

0166 (&, C) = 010 (&) exp(—7k(), Okrz(§,C) = orrz(§) exp(—C),
Ufr (Ea C) = Ukr (f) exp(_’YkC)v Ukz (fa C) = Ukz (g) eXp(_'Yk-C),
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G!!
GIZI 1.2
023

]
-

|
0 0.5 £
Puc.1

KaxKJI0e U3 KOTOPBIX YIOBJIETBOPsieT IpaHudHble yesosus (1) u 3aryxaer npu ¢ — 00.
3/1eCh UCITOJIB30BAHBI 0003HAYEHNU S

716) = 202 (1 (20 = D) + WERORE) ~ 2 ().

O (€) = 2072 (nk (1= 20T (1) — T (1)) + 22680088 = 1 mg))) ,
TYRE

o0 (&) = 21k ((1 = 2v)ykknJo(kE) + éh(%f)) )
o106 = 2t (20 = DI 0E) — EROR) ~ 209

ukr(§) = Tk <f€k7k§=]o(7kf) + %Jl (%f)) )

ks €) = e (€T () + 41 = 1) o () — = o ().

OTa cucTeMa COOTBETCTBYET IIOCJICIOBATEILHOCTH {7} KOpHel ypasaenus (12).
IMocnenosarenbroctu Kopueit {7, } cooTBeTCTBYeT GeCKOHeTHAs CHCTEMA OJHOPOTHBIX

KOMIIVIEKCHO3HAYHDBIX peH_IeHI/Iﬁ
Okzz (57 C) = Okzz (f) eXp(_ﬁkC)a Tkrr (57 C) = Okrr (5) eXp(_WkC)a

EkOG (57 C) = Ek@@ (g) eXp(_ikC)v Ek:rz (ga C) = Ekrz (5) exp(_ikC%
Uy (f, C) = Uk (5) exp(_ﬁkC)v Uk z (57 C) = Ugz (5) eXp(_ﬁkC)v

KOTODBIE TaKKe YI0BJIeTBOPSIOT ycytoBust (1) u 3aTyxaroT Ha GECKOHEUHOCTH.
O6e noc/e10BaTeIbHOCTH OJHOPOJHBIX PEIIeHUil 00Pa3y0T HE3ABUCUMBIE TIOJIHBIE
cucrembl yuknuit. Mcnosnp3ys ux, npeicrasum obiiee pemenue 3a1a4a (2) — (5) B Buge

N)\H

Ozz f C Z Bkgkzz g C +Bk0—kzz(£ C)) (15)
k=1
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26,00 = 2 (B 6,0+ B ,0). (10
700(€,) = ;i Buoron(,0) + Brtian(6:0)) a7)
ora(6,0) = ;,i Bt (€, Q) + Bin(€,0)) (18)
0= i (Brusr (6,€) + Bt (6.0)) + (19)

w60 = 3 fj (Byuge (€, €) + Brina (€,€)) - (20)

3aech mocrostaHas C' BBeJEHA M5 yIeTa TepeMeIIeHus IAINHAPA KaK abCOTIOTHO
2KECTKOTO TeJIa.

Tomuunsst mosyderHoe obmmee pemenue (15) — (20), myrem HajesKaIero Bei6opa
Heolpe ieleHHBIX K03 durmentos By, By, Mo60oMy U3 rpaHudHbIX yesosmit (2) — (5)
MOJIYYUM peIlleHre COOTBETCTBYIoMel 3amaun [ — IV.

2. BapuarmuoHHbIii MeTO/] OTHOPOJAHBIX PEIIeHUH s IT0J1y0eCKOHEeTHO-
ro muiamHApa. B coorBercTBUM C IIOAXOIOM, NpEIJIOXKEHHBIM B |7, 8], mocraBum B
COOTBETCTBHUE KaxKoi mape ycsosnit (2) — (5) KBagpaTndeckuii hyHKIIMOHA:

Fi = [ [(@esleen = 0(€))* = (orlcwn - 7(6)?] e, (21)
0

Fir= [ |(alemo = u(©)? = (urlemo - v(€))°] €, (22)

Frir = |:(Uzz|§:0 — () - (Ur|e=0 — U(f))ﬂ &dg, (23)

FIV = / {(Uzk:o - u(g))Q - (JTZ|C:0 - 7—(5))2:| fdf (24)
0
C ucnospzoBanneM yHKIuoHaIOB (21) — (24) rpannunste yeaosust (2) — (5) MOX-
HO 3ammcaTh B cj1aboii popme:

Fr (0.2 |¢=0,0rz [¢=0) = min, Frr(uz |¢=0, ur [¢c=0) = min,

Fri1 (022 |¢=0,Ur [¢=0) = min, Frv (uz [¢=0, 07z |¢c=0) — min.

Ioncrasnsas npencrasrennst (15) — (20) B dyuxnuonanst (21) — (24), moaydum
KBaJIPATHIHDbIE (POPMBI OTHOCUTEIHHO KOIMDDUINEHTOB pazoxkenus Bi, Ba,..., B,
Bs, ..., HEOOXOMMBIE YCTIOBUST MUHUMYMa KOTOPBIX

8Fj BFJ 6F[[

a5, " a3, % ac

=0, j=1I11I1II,IV, m=12,..
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MIPUBOJISAT K OECKOHETHOM cucTeMe JTUHEHHBIX aJredpandecKux ypaBHeHU

oo 2
Z Z C BY = K3, (25)

k=1p=1

Komuiekcubie kosddurmentst cucremst (25) C°F K2 (s,p =1,2;m = 1,2,...)
3aBHCAT OT 3aJIaHHBIX IPAHUUHBIX ycsoBuil (2) — (5) u Bbipaxkatorces: opmysamu (26)

- (33) coorBercTBEHHO:

1

Citi =5 [ (@tuesohn + oyt ) (20)
0
1
Ko = [ (000070 + (0% ¢, 2
0
1 1 1 1
szk =35 (ufnzuz,z =+ ufnruzr) fd{ - Ufnzgdf uizﬁd& (28)
./ [t |
1 1 1
KS, = / ()i, + v0(E)ulyy) EdE — 2 / ul(€)ede / s, Ede, (20)
0 0 0
1
Citi =5 [ (Ohuestln i) 6, (30
0
1
K, = / (0(€)0%... + v(E)us,) Ed, (31)
0
1 1 1
Cfr?k = %/(ujnzuiz + Uzzrzo'zrz) §d€ - /uinzgdg/uZzgdgu (32)
0 0 0
1 1 1
K, = [ @y, +7(©)os) ede 2 [ u(@)ede [ us,.ede, (33)
/ [ |

C= / (Z(Bkukz(é“,o) — Byt (€,0)) + 2u(f)> gde. (34)
0 k=1

B dopmymnax (26) — (34) miisa yupouieHus 3anic UCHOIb30BAHBI 0003HAYEHMS

Jlizz = Okzz (5)3 Jl%zz = EkZZ (5)7 O—Iirz = Okrz (f)’ O—l%rz = Ek?“z (5)7

O-rlnzz = Omzz (f)’ U?nzz = Emzz (5)7 0'71m"z = Omrz (6)7 O'ng = E’"LTZ (f)a
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uir = Ukr (6)7 uir = ukT (6)’ ullcz = Ukz (6)7 uiz = ﬂkz (5)7
u71n7" = Umr (5)) u?m“ = Hm?‘ (E)a u}nz = Umz (f)’ u72nz = Hmz (5)

3. Uccnenosanume cxommmoctu MeTtona peaykiuu. OrpaHuauMcs 3/1eCh UC-
CJIEJIOBAHUEM TIPAKTUYIECKOM CXOIWMOCTH JJIs HECKOJIBKUX XapaKTePHBIX BUJIOB Ha-
IPY3KH, IPUJIOKEHHO K TOPIEBOI TOBEPXHOCTH 1ToJ1ybecKoHeTHOro i apa. Ocra-
HOBUMCSI Ha CJIEIYIOMUX (DYHKIMSIX MPABbIX dacTell Juisi Kpaesblx ycuosuii (2) — (5):

o(§) = ap arctan(d(§ — o)),  7(§

)
u(§) =0, v(&)
o(§) = ogarctan(d(§ — &), v(€)
u(€) =0, 7(§) =10

€ =05, d=40,

0,
’UOé-a
0

€ =05, d=40,

<

Puc.2 Puc.3

Ilorpemuoctu pemenus 3aga4d [-IV B 3aBucumoctu oT umcia N cjaaraeMbiX, CO-
XpaHseMbIX B paszsioxkenusx (15) — (20), Gymem oleHUBaTh [0 3HAYCHUIM COOTBETCTBY-
I0IUX (DYHKIIMOHAJIOB, BBIYUCIEHHBIX HA PENICHUH, IOy I€HHOM JJIsi BHIOGPAHHOTO N:

1/2 1/2
LRy
ao 2 ’ Vo 2 ’

1/2 1/2
_ 1 (EL _ 1 (Fy
€I = , E1v = .
go 2 T0 2

JlJTst MILTIOCTPAITIN CXOAUMOCTH METOJIa PEJIYKIIMY Ha puc. 2, 3 u 4, 5 Juisd nmpume-
pa IIOKa3aHbI 3aBHCHMOCTH HOPMHUPOBAHHBIX 3HAYEHUIT HAIDSIKEHUil 0, /00, 0r./00
U nepemerieHuii u, /vy, u,/vg or koopauuarsl £ misg 3agad [, I, nojgydennbix npu
pasimunbix N = 3, 5,8 (kpusble 1-3 coorBercrBenno). Kpusbie 4 Ha 3TuX PUCYHKAX,
paccuuranuble mig N = 20, coBuagaor ¢ rpadbukamu 3aganubix dyakimit o(&), 7(£)
u u(§), v(§) xkpaesbix yernopuit (2) — (5).

I'pacduku puc. 6 1eMOHCTPUPYIOT 3aBUCUMOCTH [TOTPEITHOCTE €1, €17, E771 U ETy
pemenus 3aga4d -1V or anciaa N (kpusbie 1, 2, 3 u 4 coorBercrBento). Ormernm,

—_



96 Yexypun B.D., Ilocmonaxu JI. H.

ISEHEl
S
0.25 b2
[N t
_[]:, Lo
1
0 0.5 g
Puc.4 Puc.5
Fen
y 2

=

=l

.

b

r
=<,

Puc.6

uro yxke npu N = 10 uMeeM JOCTATOYHO BLICOKYIO TOYHOCTh PeIIeHHs 331249 MeTOI0M
PeLyKITHN.

TToCcKONMBbKY IIPUJIOXKEHHAsS HAIPY3Ka, SIBJISETCH CaMOypPaBHOBEIEHHOM, TO HaIps-
JKeHHUsI OLICTPO 3aTyXaloT C yJaJleHHeM OT TOPIeBOi IMOBEPXHOCTHU, YTO COLJIACYETCS C
npunnunom Cen-Benana. Ha puc. 7 mis npumepa IIpuBefeHbl 3aBUCHMOCTA HOPMHU-
POBaHHBIX Hanpskenuit o,.,.(0,¢) /oo (xkpusas 1) u 0,,-(0,¢) /00 (kpusas 2), a Ha puc.
8 — 099(1,¢) /00, BbIunCIEHHBIE Muist 3a7a4au | mpu N = 15.

W3 JaHHBLIX, IPUBEJCHHLIX HA PHC. 7, 8, CIeIyeT, 9TO MOJydYeHHBIE DEHICHHS C
JIOCTATOYHON TOYHOCTBIO MOYKHO UCHOJIL30BATh JJIsl KOHEYHDBIX IMINHIPUIECKUX TeJl,
JIJINHA KOTOPBLIX CPABHUMA C UX JUAMETPOM WK GOJbIIe.

4. BapualmoHHBIA MeTOo, OJHOPOAHBIX PEIIeHnii AJisi KOHEIHOTO [AJINH-
,lea. PaCCMOTpI/IM KJIacCcC OCeCI/IMMeTpI/IquIX 3a/1a4v TeOpI/II/I yIIpyFOCTI/I JJIgd KOHEYIHOI'O
mmaagpa: 0 < r < a, 0 < 0 < 27, —b < z < b, 6oKOBasl MOBEPXHOCTH KOTOPOI'O CBO-
GomHast OT HATPY3O0K, a Ha TOpHax OuauHApa ( = *b BBIOJHSAIOTCS YCJIOBHS BHJIA
(zamaan V-VIII):

Ozz |C=ib: O':t (f)a Orz |(=ib: Ti(g)a (35)
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P
P

2.5

0 0.5 g
Puc. 8
Uy c=sp=ur(€), U [e=ap=vE(8), (36)
Ous |ceap= 0% (8), Uy c=ap=vE(8), (37)
s emsp=ur(€), Ors |e=tp=TE(€). (38)

ITockosbKy Ha Topuax mutuHApa ( = +b 3aJaHbl yCJIOBUs OJHOIO THUIIA, TO JIJIs
VIIPOIIEHNU s MCXOMHBIX 33121 YA00HO PA3JIOKUTH KaXKIYIO U3 HIUX HA J[BE HE3aBUCUMBIE
— CHMMETPHYECKYIO U aHTHCUMMETPUIECKYIO OTHOCUTEIbHO cpeauuHoil gunnn ( = 0.

Jis permreHusi 3TUX 3a7a9 UCIHOJIb3yeM (DYHKIHMIO JIsiBa X, KOTOPYIO IPUMEM B
BU/JIE:

— JIJIsl CUMMeTDPUH:

ZLk cosh(—yx(¢) <nk§J1(7k§) - JO(’ka))

k 1

23 Tucosh(-7,0) (Fentme) - Z-n(me). (39)

k 1
— JJId aHTUCUMMETPUN:

Z Ly sinh(=71() (fﬁkal(%i) - WJO(%O)

k 1

oo
33 Tusinb(3:0) (R ~ - da(7i8)). (40)
1 ™k
3xaech Ly, — HEM3BECTHBIE OCTOSHHBIE.
Tor/ia KOMIIOHEHTB! HAIIPSIZKEHUH U NEPEMEINEHnil [T CUMMETPUYHBIX U AHTHU-
cuMMeTpruaHbIX 3a1a4 (35) — (38) npencrasisiores Gopmynamu (41) — (46) u (47) —
(52) coorBeTcTBEHHO:

MM—A

0.2(£,¢) = Z Lkgkzz €) cosh(vxC) Jrfkﬁkn(f) COSh(WkC)) ) (41)
k=1



98

Yexypun B.D., Ilocmonaxu JI. H.

Ory (£7 C) =

a00(&,C) =

JTZ (57 C) =

ur(fa C) =

u.(§,¢) =

Ozz (ga C) =

0rr(£7<) =

L] (5; C) =

0r2(&C) =

ur(§,¢) =

uz(§,¢) =

5 D (Lk0ken(€) cosh () + Tur () cosh(7,0)).
k=1

5> (Exouon(€) cosh(140) + Tipan(€) cosh(7,0))
k=1

N =
M8

=
! ki (Lt (€) cosh(14¢) + Lt (€) cosh(7,0)) .

: i (Lot (€) cosh(y€) + Tt (€) cosh(T,0))

% g (Liokz=(€) sinh(ve() + Ly (€) sinh(7,0))
! g:l (Loors (€) sith(14C) + T (€) sinh(7,0))
% ]i (Likokoo(€) sinh(vxC) + LiGroe(€) sinh(7,C))
: g (Lkoirs () Sinbh(1C) + Lenra (€) sinh(7,0)) .

% Z Ly (§) sinh(1,€) + LiTer (€) sinh(7,,€)) +
k=1

(Liur=(€) sinh(4C) + LiTig. (€) sinh(7,,0)) -

N =
Mg

x>
Il
_

(Lkgkrz (&) cosh(yxC) + LTrr=(€) COSh(ikO) )

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)

(50)

(51)

(52)

B cooTBeTcTBUE ¢ TOAXOI0M, IPEJIOKEHHBIM B [7, 8], mocraBuM B COOTBETCTBHE
KaxK 101 mape ycsosuit (35) — (38) xBaaparuueckuii byHKIMOHAI:

Sl

Uzz|§ b_J )2_ (O—TZ|<:b_T+(€))2:| fdf,

1

Fyr = / [(uzk:b — U+(f))2 — (urle=p — W+(§))2} &dg,

0

1

Fyrr = / [(Uzzk:b - U+(§))2 — (urle=b — U+(§))2} £dg,

0
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1
2 2
Fyrr = / [(uzk:b —ut(€)” = (orzlc=p — 7T()) } §d¢. (56)
0
U3 yenopuit MuHIMYMa KBagpaTHIHbIX (yHKIMoHAIOB (53) — (56)
8Fj —0 8Fj -0 OFvyr
oL, oL, = OC

=0, j=V,VIL,LVII,VIII, m=12,...

MPUXOJUM K PEIIEHNI0 ODECKOHETHOW CUCTEMBI JIMHEHHBIX aJIreOpandecKnX ypaBHEHUI

S g -

k=1p=1

k03bdunmenTs KoTOpOoit mMeroT B (26) — (33) npu caexyonmx 0603HATEHUSIX JJTsT
cilydasi CHMMETPHM:

o—lizz = 0Ok (’g) cosh PYkC) Jlirz = Okrz (g) COSh(’ka)v

(
ullm" = ( )COSh(’YkC)a ullcz = Ukz (g) COSh(VkC)v

Ulzczz Oz ( )COSh( kC)? Jl%rz = Okrz (5) COSh(ikC)’
Uiy = ke (€) cosh(74C)s R, = Wz (€) cosh(F,Q)

U JJId cJiydasd aHTUCUMMETPUN:
Jlizz = Okzz (6) Slnh(7k<)7 Jlirz = Okrz (5) Sinh(’ka)’
ullﬁr = ( ) Slnh(fyké.) ullfz = Ukz (5) Sinh(’yké.)a
Jl%zz E ( ) Slnh( kg) Jl%rz = Ek’FZ (5) Sinh(ﬁkC)v

uir = Ukr (5) Sinh(ik(:% Uiz = Ukz (5) Slnh(ﬁkg)

[Tocrosinnas C' oupenessiercs gepe3 Koaddurnmentsr Ly u Ly kak

C= / (Z(—LkUkz(s, b) — Lyt (&,b)) + 2u(§)> &de.

0

k=1

B kauecrBe mnpuMmepa IpHMeHEHUS
pa3paboTaHHOrO BAPUAIMOHHOTO IOIXO0-
Jla PACCMOTPUM 3a7a4y U3ruba KPyrioro
JIACKA C TIOMOIIBIO IAJINHAPAIECKAX IIy-
ancona u omnopsl (puc. 9). Harpyska co-
3/12€TCs OJIMHAKOBLIMU 110 BEJIMYHUHE, HO
IIPOTUBOIIONOKHO HAIIPABJIEHHBIMH CHJIA-

MU, IIPUJIOZKEHHBIMU K IIYaHCOHY U OIIOpe.
5 lU — : IIpu sToM rpaHuYHBIE yCIOBHUS HA TOD-
aF
IIEBBIX ITIOBEPXHOCTAX JIUCKA JJId CUMMeT-
PUYHOII 1 aHTUCUMMETPUYHON 33184 NMe-
T BH
Puc. 9 foT B,
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0zzle=xb = 5 (F1(§) + F2(€)) Orzle=+b =0,

N~ N

Oszle=tb = (F1(§) - F5(9)), Orzlc=+p = 0.

3rech F(€) n F5(§) moBepXHOCTHBIE DACIIPEIEIEHHIE B y3KUX OKPECTHOCTSIX OKPY 2K-
HOCTell 7 = 1| U T = 7y CUJIBI, KOTOPbIe YIUTLIBAIOT JeificTBUE IIyaHCOHA W OIOPHI,
OPUHUMAaEMbIE B BHJIE:

R© = ovesp (“ETTEY ) = vopenp (—ETY

1
e ¢ = [exp <M> fdg/fexp (M) £d€, 0p 1 6 — mapaMeTpsl, olpe-
0

JEJIAIONINEe BEJININHY HpI/I.HO}KeHHOI/I Harpy3Ku U HIAPUHY obsiacTu ee ,ZLefICTBHH.

B, &
U o,
05 - 0.72

0.5

0.23

i
0 0.5 £
Puc.10 Puc.11

Samaqy peraiu MeTomoM peaykiuu, npuanMasi N = 25. s uamoctparun ¢xo-
mumoctu Meroza Ha puc. 10 m 11 mokazambl rpaduKn HOPMUPOBAHHBIX KOMIIOHEHT
OCEBBIX HAIPSZKEHUH 0, /0) Ha OBePXHOCTAX ( = b Jyisd CUMMETPHYHON U aHTHU-
CHMMETPHUYHON 3a/1a4, KOTOPhle, KaK BUJIHO U3 PUCYHKOB, IPAKTHYECKU COBIIAJAIOT
1pu BBIOpaHHOM N C IPHUJIOKEHHON HATDY3KOM.

Ha puc. 12 n 13, 14 u 15 gns npumepa npuBeeHbl TpadUKA pacIpene/eHni
HOPMUPOBAHHBIX KOMIIOHEHT HAIDPSKEHUil 0,../00, 0pg /00 I CUMMETPUYHON U aH-
TucuMMeTpudHoM 3a1a4. Kpusbie 1 u 2 ma puc. 10-15 mpeacTaBidoT 3HAYEHNS Ha-
Ipsi>KeHnit Ha moBepxHOCcTAX ( = b m ( = —b coorBercTBenHO. Pacuer npoussenen
JITsl TUCKa ¢ OTHOINEHUEM TOJINUHBL 2b K pajnycy a paBuHbM 0.4 npm geiicTBUMA HOD-
MaJIbHBIX TIOBEPXHOCTHBIX CHUJI, PACIIPE/IEIEHUS] KOTOPBIX OIIPEIEISIOTCS CJIE Y FOIIIMHI
3HaYEHNSAME TapamMeTpos r1/a = 0.5, r2/a = 0.8, 6/a = 0.04 (puc. 9).

CpaBHUuBas Pe3yJIbTATHI, IIPE/ICTABIEHHBIE Ha puc. 12—15, MOXKHO C/les1aTh BBIBOJL O
CYIIECTBEHHOM BJIMSTHUM O0XKaTHs Ha HAIPSKEHHOE COCTOSHEE TOJICTOTO JIHMCKA, MO/
BEpraeMoro u3rudy ¢ IOMOIIBIO IUINHJIPUIECKHUX ITYAHCOHA U OIIOPHI.
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G# GBB
ErvBpps G_D" @,
Em ?Erv .5
0.3
0 -
0.2
0.1 -1 |
3 q
{1
Puc.13
Oag
Gl:l
0
0.2
I I 1
1] 1 2 3 C

Puc.14 Puc.15

SAKJIIOYEHUE. Pazpaboran BapualnyuoOHHBI METOJI PEIIeHUs] OCECUMMETPUd-
HBIX 33/1aY TEOPUH YIPYTOCTH JJIsI TOJIyDECKOHETHOr0 U KOHEYHOrO IHJINHIPOB. Me-
TOJ Ga3UpyeTcs HA PA3JIOKEHWN UCKOMOT'O PEIIeHrsl OUrapMOHUYECKOrO0 ypPaBHEHUS,
KOTOpOMY yIoBJeTBOpsieT dbyuknus JIgBa, mo cucremaMm coOCTBEHHBIX DYHKITHI 3a-
Jadu ISl TAJIAHJPa ¢ HEeHArPYKeHHO OGOKOBON moBepxXHOCTHIO. llojxon mpusBogut
K penieHnio OeCKOHEYHBIX CUCTeM aJjrebpamdeckux ypaBHenwii. [lyrem mposejenus
YUCJIEHHBIX 9KCIIEPUMEHTOB II0KAa3aHO, YTO IPUMEHEHNE METO/[a PEYKIINU K STUM CH-
cTeMaM TO3BOJISIET TOJIYIATh TOCTATOYHO TOYHBIE PEIICHIUS YeThIPEX OCHOBHBIX THIIOB
33144 JJIsl TOJIyOECKOHEYHOTO IUJIMHIPA, Ha TOPIE KOTOPOTO 3aJaHbl CAMOYPABHOBE-
IITBAIOIINECS TOBEPXHOCTHBIE CUJIbI, HOPMAJIbHbIE U TAHTEHIMAIbHBIE IT€PEMEICHUsT
JI0O CMeITaHHbIE yCJIOBHUS.

HpI/IMeHeHI/Ie paspa60TaHHoro MeTO/la K 3a/ia4e n3ruda TOJICTOTO JIUCKa C IIOMO-

MIBI0 IUJINHAPUYECKUX IIyaHCOHA U OIOPHI ITO3BOJIMJIO MOJIYYUTh aHAJIUTHYIECKOE pe-
IeHne, KOTOPOe OTpakaeT OObEeMHBIN XapaKTep HAIPSI)KEHHOI'O COCTOSHUST B 30HAX
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MIPUIOKEHNST COCPEJIOTOUEHHON HATPY3KH 1 yINThIBaeT 3pdekTh obkatus. [Tomyaen-
HBIE Pe3yJIbTaThl MOYKHO IIPUMEHSITH, B YACTHOCTH, JIJIsl OIITUMUBAIIMYA T€OMETPUIECKUX
rmapaMerpoB 00pa3IoB M YCJOBUI WX HAIDYXKEHUs IIPU IPOBEIEHUN CTATUCTUIECKUX
UCIIBITAHWI XPYIKUX JIMCTOBBIX MATEPUAJIOB Ha JJIUTEJIbHYIO IPOYHOCTH [15].
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I. II. IIManbknii
IBano-PpankiBebkuit Biin [HCTUTYTY TPpUKIQIHIX IPOOIEM MEXAHIKH i
maremaruku iMm. 1. C. Iligcrpurava HAH Ykpalun

3AKPUTTH TPIIINHU, CIIOJIYUYEHOI 31 IIIIJINHOIO,
B IIJIACTUHI 3A 3rvuHY 3 PO3TATOM - CTUCKOM

IMTanepkwuii I. II. BakpuTTs TPIiIUHA, CIIOJIYyYEHO] 31 HIIJIMHOIO, B IJIACTUHI 3a
3rUHy 3 PO3TArOM — CTUCKOM. Y JIBOBHUMIDHIN IIOCTAHOBII PO3IVIAIAETHCI MilllaHa 3aa-
9a PO KOHTAKTHY B3a€MO/IiI0 6eperiB HACKPI3HOI TPIIUHU, CIIOTYyIEHOI 3 BY3bKOIO MILIMHOO
Ha OJHIH mpsMiii, 3a cyKymnHO! il Ha IJIACTUHY MeMOPAHHOIO Ta 3TMHAJIBHOIO HABAHTAYKEHb.
Bepern niinnnn He KOHTAKTYIOTh. ZlBHINE 3aKPUTTS TPimuHM, 3yMOBJIeHE 1eOPMAITIEIO 3TU-
HY, BPAXOBYETHCsSI 3 BUKOPUCTAHHAM MOJIEJi KOHTaKTy B3/0OBXK JiHil. Ha migcrasi anasgiTu-
YHOI'O PO3B’SI3KY 3aJ1adi JOCII/PKEHO PO3IOJALIM CTPUOKIB IepeMileHHsI, KyTa [IOBOPOTY i
KOHTAKTHUX PEAKIN Ha po3pisi M JOBUIBHUX CIIBBIJHOIIEHDb BEJIUYNH MEeMODAHHOTO Ta
3TUHAJIBHOTO HABAHTAYKEHb.

KuarouoBi cioBa: 1wracTtrHa, miinHA, 32KPUTTs TPIIUHYA, 3TUH, PO3TAT, CTHUCK.

ITaukwuit W. I1. 3akpeiTiie TPEIIUHbI, COEJUHEHHOMN CO IeJIbI0, B MJIACTUHE
npu n3rube ¢ pacTs>kKeHueM — CXKaTueM. B ByMepHOil MOCTaAHOBKE PACCMOTPEHa CMe-
[MaHHAs 331398 KOHTAKTHOI'O B3aMMOJEHCTBUsI GEperoB CKBO3HON TPEIMHBI, COeIMHEHHOM
C Y3KOH LIEJIBbIO, IIPU COBOKYIIHOM BO3JEHCTBUAN Ha ILUIACTUHY MeMOpaHHON M u3rubaroiei
Harpy3okK. bepera mmem He KOHTAKTUPYIOT. ZIBJIeHME 3aKPBITUsI TPEIUHBI, BBI3BAHHOE Jie-
dopmarnmeit n3rnba, yIUTHIBAETCS C UCIOIB30BAHMEM MOJIEN KOHTAKTa BIOJbL juHuU. Ha
OCHOBAHWY aHAJUTUIECKOTO PEIEHNUsI MCCJIEI0BAHBI PACIPE/IETIEHNsT CKAIKOB TEPEMEIEHNST,
yIUIa IOBOPOTA M KOHTAKTHBIX PEaKIUil Ha pa3pese [Jisl [POU3BOJIbHBIX COOTHOIIECHU BeJin-
9rH MeMOpaHHOU M M3rubaloIIeil HArpy30K.

KiroueBsle cioBa: 1iacTuHa, IIeb, 3aKPbITHE TPEIIMHBI, U3rub, pacTsizKeHNe, CyKaThe.

Shatskyi I. P. Closure of crack connected with a slit in a plate under bending
and tension — compression loads. The mixed problem of contact interaction of edges of
through crack connected with narrow slit in a plate under membrane and bending loadings
is considered in two-dimensional statement. The edges of slit are in no contact with each
other. The crack closure phenomenon caused by bending deformation is taken into account
using the model of contact along the line. The distributions of displacement and rotation
angle jumps as well as contact reactions on the cut have been studied on the basis of the
analytical solution for arbitrary correlation of values of membrane and bending loads.

Key words: plate, slit, crack closure, bending, tension, compression.

Bceryn. Ipobiema koHTAKTHOI B3a€MOIl OeperiB TPIIUH B TOHKUX ILJIACTHHAX
VCIIITHO BUPINIYETHCS B pAMKAX KJIACHIHUX TEOPiil IJIOCKOTO HAIIPYZKEHOT'O CTAHY Ta
3TUHY TUIACTUH Ha TJCTaBl MOJe i KOHTaKTy B310BXK JiHil [1-7]. Sokpema, B mpa-
X |2, 4] nobyaoBaHo aHANITHYHI PO3B'SI3KM 337189 KOMOIHOBAHOTO DPO3TSATY—3TUHY
0e3MexKHOI IJIACTUHY 3 IPsIMOJIHIHOI KOHTAKTHOK Tpimuuao. CkjaIHiny KoH]I-
rypario TPIMmMuHONOIIOHOTO AedeKTy, KUl CKIAIAThHCS 13 CUCTEeMU KOHTAKTHUX TPi-

(© IManpkuit 1. T1., 2014
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IIIAH, CIIOJIyYeHUX 3i CIIBBICHUMH IIJIMHAMHI, B YMOBaX PIBHOMIPHOTO 3TMHY IJIACTUHHI
posIsIHYTO B cTaTTi [§].

Meroro 1i€l pobOTH € JHOCIIPKEHHST HAIIPY2KEHO-1e(hOPMOBAHOTO CTaHY ILIACTHU-
HU, TIOCJIA0JIEHOI TPIIHOK, BUPOIIEHOIO 31 MIIJINHY, 3a CYKYITHOI Jil MeMOPaHHOTO Ta
3rUHAJILHOTO HABAHTAXKEHbD.

OCHOBHI PE3VJIBTATHU

1. ITocranoBka 3azmadi. PosrisgHemo HeckiHYeHHY i30TPOIHY IIACTHHY, SKa B
JIeKapTOBUX KOOPAMHATaX 3aiiMae obmacTb (z,y,2) € R? x [—h, h], mocrabneny ma-
CKpi3HUM TpimuHONOMI6HNM edeKToM, po3raimoBanuM Ha Biapisky L = (—I, 1) oci
aberuc. CTpyKTypHO JedeKT CKIamaeThes i3 By3bKol rmiman (—I, b), sika 3a npu-
[YIIEHHSIM He 3aKPUBAETHCS 38 JKOJIHUX YMOB, Ta BUPOIIEHOI i3 Hel rpimunn (b, [)
3 HYJIBOBOIO BiIaJiio Mixk Oeperamu, ki MOXKyTb KoHTakTyBaTu. Ha HeckindeHHOCTI
MEePIIEHTUKYJISIPHO JI0 JIiHIT pO3pi3y IIACTUHA 3a3HAE€ CYKYITHOI Jil PIBHOMIPHO PO3IIO-
JIJIEHNX HOPMaJIbHUX 3YCUJIb 1 1 3ATHHAJBHIX MOMEHTIB m; Oeperu po3pisy Ta JIMIHOBI
TIOBEPXHI IJIACTUHY BJIBHI Bij] 30BHIITHLOTO HaBaHTaXKeHHs. JIoC/TiIKyeMO BIJTUB pO3-
pi3y i MOXKJIMBOI'O KOHTAKTy HOro GeperiB Ha HAIPYKEHU CTaH ILJIACTHHIU.

Amnaytiz 3akpuUTTS TPIMHA TPOBOWINA Y JIBOBUMIPHIi# TTOCTAHOBII B paMKax Tilo-
Te3 mpsMOl HOpMAJI Ha IiJCTaBl MOZel KOHTaKTy B3I0BXK Jiinii [1-7]. BpaxoByoun
CUMeTpio 00’€KTa Ta HaBaHTaXKeHHsI BiJTHOCHO oci abcrmce, copMyTIoBaIn Milany
KpaitoBy 3a/1ady Jjist Tapu 6irapMOHIYHUAX ONEpaTOpiB Ha IJIOIIUHI 3 pO3Pi3oM:

AAp =0, AAw=0, (z,9)€R*\L; (1)

N,=0, M,=0, ze€(-l0b); (2)

Ny =0, My, =0, [uy]=>h|[d,]], el (3)

[uy] = h|[9y]| >0, M, = hNysgn[d,], N, <0, z€ Ly; (4)

[uy] =0, [y =0, N,£M,/h<0, x¢€lLs; (5)

N, =0, Ny =0, Ny =n, M, =0, M, =0, M, =m, (z, y) = oc. (6)

Tyr ¢ — dbynkuis Epi, w — nporun mracrunu, A — oneparop Jlammaca; [uy], [0y —
CTPUOKH IIepeMillleHHsl Ta KyTa IIOBOPOTY HOpMaJsi Ha pospisi; Ng, Ny, N, — MeM-
6pauni sycunst; M,, My, M, — momentn; Ly U Ly U Ly = (b, I).

ITix snavennsvu dyukuiit Ny, M, na (—I, 1) po3ymieMo mBcyMu IXHIX TPAHITHIX
3HavYeHb Ha Geperax po3pisdy. Cami K yHKIHT Ipy IEpexo/ii Yepe3 Po3pi3 3MIHIOIOTHCS
uenepepsuo: [N,] =0, [M,] =0, z € (-1, 1).

Pisrocti (2) — 11e yMOBU BIIBHOrO Kparo Jisl IIUIMHK; piBHOCTI Ta HepiBHOCTI (3)—
(5) BimOOpazKaOTh YMOBU MOXKJIMBOI'O KOHTAKTY O€periB TPIlMHU B pAMKaxX TilOTe3u
PsIMOI HOPMAJTi.

2. Anagituynauii po3s’s3ok g noGyoBu po3s’sa3Ky Kpaitosol 3azgadi (1)—
(6) BUKOpHUCTAJIN METOJ CUHTYJISIPHUX IHTErPAJIbHUX PIBHSAHD, 30KPEMa, IOJAHHS HOD-
MaJbHUX 3YCWJIb i MOMEHTIB Ha JiHil po3pidy wepe3 moximui Bij (yHKIHil cTpubKa
[9-11]:

l

l
Ny, 0)=n+ o [ WO Mfe 0 =m-22 [BJO2, 0
21

47 E—xa’
2
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ne B =2FEh, D = 2Eh?/(3(1 —v?)),a = 3+ v)(1 —v); Eiv — momyas Onra i
koedimient Ilyaccona marepiajy rjacTuHu.

CTpyKTypa PO3B’si3Ky 3aJI€?KUTh BiJl CIIIBBIIHOIIEHHS] BEJIMYMH MEMODAHHOTO Ta
3rUHAJIBHOTO HABAHTAYKEHbD.

Hexait n > 0, a abcosiorHa BeJiMdnHa M HE3HAYHA. 3a BIJCYTHOCTI KOHTAKTY
Geperis tpimuun (L = (b, 1), Ly = &, Ly = @) i3 kpaiiosux ymos (2), (3) npuxoaumo
JIO JIBOX CUHTYJISIPHUX IHTErPAJIbHUX PiBHSHB HA BCHOMY PO3pi3i:

l l

B[ e d o Dafode
—ﬂmwé—f, /mm> L el D). ()

47 —x 4 E—x
—1 —1

Ix po3B’a3kmu, 1110 33J0BOJILHSIIOTH YMOBaM

[ug](£1) =0, [9,](l) =0, (9)
Bigomi [9-12]:
an 4m
w)(@) = FVE—2, [B)) = —poVE -2, (10)
I3 mepiBHOCTI B (3) BCTAHOBJIFOEMO JANIA30H 30BHIIHBOIO HABAHTAYKEHHSI, KOJIA
KOHTakT GeperiB Tpimumun Bimcyrsiit: O = {(n, m):n = klm|/h}, ne £ = 3(1 +
v)/(3+v).
Akmo n = k|m|/h, To Gepern Tpimuaun y = 0, z = —hsgnm JOTUKAIOTHCS

OJIHOYACHO 110 BCiii nopkuHi jinsuku (b, [).

Hexait n < k|m|/h. [pumnycrumo, Mo yMOBH KOHTAKTY B3IOBXK JiHil (4) BUKO-
HYIOTbCs Terep Ha yciit Tpimuni: Ly = &, Lo = (b, 1), L3 = &. BpaxoByiouu, 1o
sgn[d,| = —sgnM,, nepenummenmo ix iHaxme:

hNy = —|M,|, [Uy]/ = *h[ﬂy]/SgnMyv a € Lo. (11)

O6epuysiu inTerpasbii oneparopu (7) 3a gonarkoBux ymoB (9) Ta BpaxyBaBIIu
piBHOCTI (2), Maemo:

b

oo 1 V2 §2N
Z[“y] (@-‘T n:v+/ d5

1 5 mx +
x

l
Ly P p—— VI = &My (§)
@) = —es / et (12)

ITiscTaBisoun OTpUMaHWil pe3ysibTaT y HOBHi BapianT yMoB KoHTakTy (11), mpu-
XOZITMIMO 10 IHTErpaJIbHOTO PIBHSHHS ITIOJI0 PEAKTHBHOIO MOMEHTY:

1
1 12—-¢2M, (f)dg _ km — hnsgnm

- - T z, ze€(bl). (13)
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Posp’sizytoun pisasiunst (13), snaiinumm M, a norim 3 ymosu (11) BusHaumimn
KOHTaKTHY cuity. IlijcTaBisitoun oTpuMaHuil pesysnbrar y cuissigHomensas (12) ta
iHTerpyroun ix 3a ymon (9), ocraTo4yHo jicrasu:

km — hnsgnm  x + (I — b)/2
1+k (x —=b)(l+x)

My () = H(z —b),

_km[/h—n x4+ (1-b)/2

1+k (x —b)(l+x)

[uy](z) = o (H(|m|/h )V — 22—

B(1+ k)
~(klml/h = n)\/ (o= 2) [+ D) H(b — 2)),

19,] () = —m (tm -+ hnsgnm) VB~ 22+

H(z —b);

Ny(z) =

+(xkm — hnsgnm)+/ (b —z)(I + z)H (b — a:)) (14)

Tyr H(...) — onuanana dyuknia esicaiina.

Hpyra (cunosa) HepiBHicTb y (4) 3a/10BOJIbHSETHCs. BuMaraiodn BUKOHAHHS IIep-
ol (kinemaTnaHoT) HepiBHOCTI ¥ Bupasi (4), orpumyemo n+|m/|/h > 0. Takum aurOM,
KpailoBl yMOBU KOHTaKTy GeperiB TPIMHY 110 JIiHIT peasi3yrTbcs B 00/1acTi HaBaHTa-
xkeHb (o = {(n, m) : —|m|/h <n < k|m|/h}.

IIpu n = —|m|/h Geperu TpimuHu HOTUKAIOTHCs Ha yciit Bucori. OTox, B 0bsacti
Q3 = {(n, m) : n < —|m|/h} e cenc posrsimaTn BapianT kpaiiosux ymos (5) Ha yciit
TpimuHi, TpunycTHBIM Opu 1poMy, mo Ly = &, Ly = &, Lz = (b, ). 3amosob-
HUBIII 32 JONOMOroI0 nojanb (7) ymosu (2), (5), micraHeMo cucreMy iHTerpajbHUX
piBHsHB, TOAIOHY 110 (8), HA yKOpOYeHOMY PO3pisi (rmiiauni) 3aBmoBxkku b + I:

b b

o [l = T2 [0SO =m ceLy. 09
—1 —1

3a posp’askom piBHgaHb (15) 3Halnum cTpubKu epeMilleHHs 1 KyTa I0BOPOTY
HOpMaJii Ha po3pi3i, a BinTak 3a Bupazamu (7) KOHTAKTHI 3yCHJLJIsA T& MOMEHT:

[uy)(2) = SO DT DH — 2), [)(x) = — /T 2T+ D) H (b~ );

z+(—0)/2
(z=b)(l+ )

z+(1—-0b)/2
(z=b)(l+x)

CutoBa HepiBHicTb B yMOBax (5) miATBEP/KYETHCS.

Taxkum unnoMm, dopmymn (10), (14), (16) marorb po3B’sS30K HMOCTABIEHO! 3a/adi
BiamosinHo B mianasonax 2y, o, (03 KOMOIHOBAHOrO HABAHTAYKEHHS.

3. Awnaniz pesyasrariB ['panununi nepexomu b — [ ta b — —[ mpusBoIATH 10
BiIOMUX pe3ysbTaTiB Bianosigno mis miaunu [9-12] ta konrakTHOI Tpinmau [2, 4] B

Ny(z) =n H(z —0b), My(z) =m H(z—-1b). (16)
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IJTACTHHI 1M1 KOMOiHOBAHUM HaBaHTaxKeHHAM. [Ipu n = 0 gicTaeMo KapTUHY 3aKPUTTS
TPINMHY, BUPOIIEHOI 3 KOJIiHeapHOT IUIMHY, B 3irHYTill miactuHi [8].

I3 3MiHOIO CHiBBiHOIIIEHHST BEJIUYUH OJIHOPIIHUX HABAHTAXKEHb THUI KPaloBUX
YMOB 3MIiHIOETBCS OJTHOYACHO HA BCiil TPIIIUHI.

3a 1mepeBaskHOr0 PO3TATY YBECh TPITUHONOMIOHUI JedEKT € BIIKPUTUM, a PO3B -
30K ITOCTABJIEHO] 3aJIadi € CYNEepIIO3UILEI0 PO3B’sA3KiB Bij po3Tdary Ta 3rumHy. Ko
IepeBazkae 3TMH, TO Ha KOHTAKTHIN TPINWHI, 0 BUXOJIUTH 13 IIJIMHHA, PO3KPUTT
30epira€Thbcsl TAKUM »Ke, dK 1 JIJIsI KOHTAaKTHOI TPIIIMHE, 10 3aiiMa€ BECh BiIpi30K
(=1, 1). Brums IIMHE BUSIBJISIETHCS JIAINE B 3MiHI KOHTAKTHOI peakiiil (y mocuieH-
Hi KOHTAKTHOI B3aeMoii Geperis). ¥ pasi HepeBazkKHOrO CTUCKY TPIIUHA IIOBHICTIO
3aKpUTa, & Ha MIUIMHI — KJIACUYHA KOHIIEHTPAIlid HAIIPYKEeHb BiJl 3TUHY 31 CTUCKOM.

BucHOBKU. Mosenb KOHTaKTY B3/I0BXK JIiHIT yCyBa€ KIHEMATHYHY CYII€PEYHICTbD,
MOB’si3aHy i3 B3a€MHUM ITPOHUKAHHSM IOBEPXOHb TPIIIMHU IIiJT YaC 3rUHY [LJIACTUHH,
i TMM caMHUM JTO3BOJISIE ICTOTHO POIIMIUPHUTH Tialla30H KOMOIHOBAHNX HABAHTAXKEHD, B
AKOMY OTPUMYIOTHCS KOPEKTHI aHAJITUYIHI pe3yabTaTh [ TPilmuHONomioHX nede-
KTiB 31 CKJIaJIHOIO CTPYKTYPOIO.
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IH®OPMAIIA OJIsd ABTOPIB

(ckopoueHuii BapiaHT)

2Kypnan «Bicauk Omecbkoro HanionajbHoro ysisepcurery. Maremaruka i mexanikay
Ma€ MeTy iHGOPMyBaTH YMTAdiB IIPO HOBI HAYKOBI JOCIiMKeHHs y cdepi TeopeTHdHol i npu-
KJIaJHOI MaTeMaTHUKHU i MeXaHiK! Ta CyMIXKHUX AUCHHUILIH. Y XKypHaJ JPYKYIOThCS CTaTTi,
B SIKMX HaBeJleHI OPUTiHAJIbHI Pe3yJIbTATA TEOPETUIHUX JOCJII/?KEHD 1 OIVISIIN 3 aKTYaJIbHUX
pobJieM 3a TEeMaTHUKOIO BUAHHS.

2KypHaJj crpyKTypoBaHO 3a TaKUMU HAIIPSIMAaMU:
1. MaremaTuka.
2. Mexamnika.
3. Xponika (1oBisnel, 3HAMEHHI 1aTH Ta NOAIl TOLIO).

CrarTi ny6utikyoThcst yKpalHCHKOIO, POCIHCHKOIO a0 aHIVIIHCHKOIO MOBAMU.

o »KypHajy NpUIMAOTHCsT paHilre He Omyb/IiKOBaHI HAYKOBI po6oTH.

ABTOpCHKUI OPUTIHAJ CKJIAIAETHCA 13 JBOX JAPYKOBAHUX MPUMIPHUKIB, MiJMUCAHAX aB-
TOpaMU, Ta eJEKTPOHHOI Bepcil Ha Oy/Ib-SIKOMY €JIeKTPOHHOMY HOCII.

Enexkrponna Bepcist micTuTh aHKeTHI gaHi aBTOpIB: npi3Buile, imM’s, Mo 6aTbKOBI, Micue
pobotu, agpecy st TUCTYBaHHS Ta TeaedOoH.

Tekcr crarTi Mmae GyTu miAroTOBJIEHUH 38 JONOMOro0 BujaBuu4ol cucremu N TEXy Bijg-
MOBITHOCTI O BUMOT, sIKi BUKJIAJEHO Ha CTOPIHII YKyPHAJLY /i aBTOPiB Ha caiiti OmecbKoro
HarjoHaJIbHOrO yHiBepcurery imeni I. I. Meunuxosa:

www.onu.edu.ua

B posaim «Haykas — «Haykosi Bumanusi» — «Bicauk OHY» — «Maremaruka i Mexanikas.
Takoxk TxX MOXKHA OTPpUMATHU B PeJAKIIHIA KoJeril »kypHasy. 3arajbHuii obcsar crarri
He TIOBUHEH IepeBuirysaTu 20 CTOPiHOK.

CrpykTypa cTarTi:

— YIK;

— Mathematical Subject Classification (2010);

— Ha3Ba CTATTI;

— CIIICOK aBTOPIB;

— aHoTaIlil YKPalHChKOIO, POCIICHKOIO Ta aHIJIHICHKOIO MOBAMH, SIKi MICTATH Ha3BY, CIIH-
COK aBTOPIB, pPe3I0Me, MPUYIOMY TEKCT pe3ioMe INOBUHEH MAaTH He MEHIIEe CTa CJiB, a TAKOXK
CIIMCOK KJIFOYOBUX CJIB Bi/IIIOBITHOIO MOBOIO;

— OCHOBHMII TEKCT CTaTTi MOBUHEH BiamosimaTru Bumoram mocraHoBu I[Ipesmaii BAK
Vkpaian «IIpo nigsmmennst Bumor o dpaxoBux BHIaHb, BHeceHNX A0 meperikie BAK Ykpai-
uu» Big 15.01.2003 p. Ne 7-05/1, T06T0 HEOOXIHO BUILIATH BCTYI, OCHOBHY YaCTUHY i BUC-
HOoBKM. OCHOBHA YaCTWHA MMOBUHHA MICTHUTU MOCTAHOBKY HPOOJEMHU y 3arajbHOMY BUIJISIII
Ta 11 3B’930K 13 Ba)X/IMBUMHU HAyKOBUMH YN TPAKTUIHUMU 3aBIAHHSIMW, aHAJI3 OCTAHHIX
JOCHIJIPKEeHb 1 myOJiKalliil, B IKAX 3all09YaTKOBAHO PO3B’si3aHHs JAaHOI IpobjaeMu i Ha sKi
CIIUPAETHCST ABTOP, BUJIIEHHSI HEBUPIIIEHUX paHillle YaCTUH 3arajbHOI MPOOJIEMU, KOTPUM
TIPUCBATYETHCS O3HAMECHA CTATTST; (DOPMYITIOBAHHS TIiIeH cTaTTi (MOCTAHOBKA 3aBJIAHHS ); BU-
KJIaJT OCHOBHOI'O MaTepiajly MOCTi?KEHHs 3 TIOBHUM OOI'DYHTYBAHHSM OTPUMAHUX HAYKOBUX
Pe3y/IbTaTiB; BUCHOBKH 3 I[bOT'O JOCJ/II>KEHHSI 1 TIEPCIIEKTUBHU T10/IaJIbIITNX PO3BIJIOK Y JAHOMY
nanpsami. [locunanas Ha JiTepaTypy B TEKCTI MOJAIOTHCS TMOPSIIKOBUM HOMEPOM B KBaJIpaT-
HUX JIy’KKaX;

— CIHCOK JIITEPATyPHUX JIZKEPEJT YKIIAJAETHCS B TIOPSIJIKY MOCUJIaHb ab0 B ayipaBiTHOMY
MOPSIAKY Ta OMOPMIISEThCS BiAIOBIAHO 10 mep:kasHOrO cTramapry Ykpainu JICTY I'OCT



7.1:2006 <«bibsiorpadiunmii 3anuc. bBibmiorpadivnmii onuc. 3arajgbHi BUMOTH Ta IPABUIA
CKJIaJIaHHs» Ta Bianosimae Bumoram BAK Ykpainu (qus. makas Ne 63 Big 26.01.2008).

Yci Hagicaani cTaTTi TPOXOAAThH PEIEH3YBAHHS.

PenkoJterisi Mmae mpaBo BiAXUJINTHA PYKOIIUCH, AKINO BOHHU HE BiIIIOBIIAIOTH BUMOTaM XKy P-
Hasy “Bicauk OmechbKoro HallioHAJIBHOTO yHiBepcuTeTy. Maremarnka i MexaHika”.

B omsomy HOMEpi KypHaJIy IMyOJIKYEThCS TIJILKKA OJIHA CTATTS aBTOPa, B TOMY YHUCH y
CITiBABTOPCTBI.

CrarTi cJ1ig momaBaTh I0 peJakIiiHOI KOJeril xKypHasly abo HAICHIATH 3& aJIPecoro:

Pedaxuitina xonezis olcyprany
«Bicnux Odecvkozo HauionarvHozo ywisepcumemy. Mamemamuka i mMexanika»
Opecpkuit Hamiona bHMit yHiBepcuTeT imeni . 1. Meunukosa
ByJ1. JIBopsinChKa, 2,
M. Oneca, 65082

Texcr cTarTi MOXKHA HaJiCIATH €JIEKTPOHHOIO IOIITOIO 33 aJIPEeCOIO:
visnyk math@onu.edu.ua

Pykonucu crareit Ta esleKTpoHHI HOCIl aBTOpaM He IOBEPTAIOTHCS.

Enextponny Bepcio xypuany moxkna 3uaiitu B po3ain «Hayka» — «Haykosi Buman-
Hsi» — «Bicauk OHY» — «Maremaruka i mexanika» Ha caiiTi O/1eCbKOro HalllOHAJILHOTO
yHiBepcuTery imeni I. I. Meunukosa:

www.onu.edu.ua



