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T. A. AromkoBa, C. A. ITuayros
JmenporeTpoBCKuil HAIIMOHAJIBHBIA YHUBEPCUTET YKEJIEIHOILOPOXKHOIO TPAHCIOPTA
nMmenn ak. B. Jlazapsmua

O BJIOXKEHUU AHU3OTPOIIHBIX KJIACCOB B METPUYECKUX
IIPOCTPAHCTBAX C UHTEI'PAJIbHON METPUKOW

AromkoBa T. A., IliuyroB C. O. IIpo BkjaJeHHs aHI30TPOIIHUX KJIACiB y
METPUYHMUX IPOCTOPax 3 iHTerpasbHOIO MeTpukoio. Hexait Lo (T™) — MHOXKHHA
MepioANIHNX BUMIPHUX JTiiCHO3HAYHUX (DYHKINH m 3MIHHUX, 9 : R1+ — Ri — MOJLyJ/Ib Helle-
pepsrocTi, Ly(T™) = {f € Lo(T™) : ||fllv := [ ¥ (|f(z)]) dz < co}. Orpumani mocrarsi

Tm

YMOBH 1151 BKJI&IEHHS KJ1aciB OyHKIIN ’Hzl """ “m g Le(T™), q € (0;1].
KurouoBi ciioBa: TeopeMu BKITaIEHHsI, aHI30TPOIHUI KJIac, MOIYJIb HEITEPEPBHOCTI, KyCKOBO-
craja QyHKIIis.

AromikoBa T. A., ITuuyros C. A. O BjI0’>KeHUU aHU30TPOIHBIX KJIACCOB B MeET-
pPHYeCKUX MPOCTPAHCTBAX C MHTErpasbHoil merpukoii. [lycrs Lo (T™) — MHOXKECTBO
IIEPHOIMIECKIX M3MEPUMDIX JECTBUTEIbHOZHAMHBIX (DYHKIM#A M HepeMeHuerx, ¥ : R} —

RY — mopyns menpepoisroctu, Ly (T™) = {f € Lo(T™) : ||flle :== [ ¥ (|f(x)]) dz < oo}
Tm

IToy4dennbl HOCTATOYHBIE YCIOBHA IJI BJIOXKEHUI KJacCOB (DYHKLMIA HZI"”’“’"” B L (T™),
q € (0;1].

KirogeBble cjioBa: TeopeMa BJIOXKEHUsI, aHU3OTPOIHBIN KJacc, MOIY/Ib HEelPephIBHOCTH,
KYCOYHO-TIOCTOSTHHAsST (DYHKITHSI.

Agoshkova T. A., Pichugov S. A. About embedding anisotropic classes
in metric spaces with integral metric. Let Lo (7T™) be a set of periodic measur-
able real-valued functions of m variables, ¢ : Ri — Rﬁ_ be the continuity modulus and
Ly(T™) ={f € Lo(T™) : ||flly := [ ¥ (]f(z)]) de < co}. The sufficient conditions for em-

Tm

bedding classes of functions H'"“™ in Lq(T™), ¢ € (0;1] are obtained.
Key words: embedding theorem, anisotropic classes, modulus of continuity, piecewise-
constant function.

BBEAEHUE. Paccmorpum npocrpancTBo R™ Tovek X = (Z1,...,%m,), m > 1.
IMycrs f(x) — pelicTBurenbHO3HAYHBIE (DYHKIMM, UMEIONTIE nepros 1 o Kaxkoii me-
pemennoit; T™ = [0,1)™ — ocroBnoit TOp mepnoos; Lo(T™) — MHOKECTBO BCEX TAKIX
dyHKIWMIT, KOTOpbIe TOYTH BCIOAy Ha 17" KOHEYHBI U m3MepuMmbr; () — Kiacc GyHK-
muit ¥ : Ry — Ry, ABIAIONMXCS MOLYISMEI HEIIPEPBIBHOCTH, T. €. 1) — HEIPEPBIBHAS
neyGoiBatomas dynxmus, ¥(0) = 0, ¥(z + y) < (z) + P(y) ana eex z,y € RL;
Ly(T™) ={f € Lo(T™): ||fllw:= [ ¢ (|f(x)])dx < co} — nuneiinoe Merpudeckoe

Tm

mpoctpanctso ¢ Merpuroit p(f,g)y = ||f — glly. Cpenu mpocrpancrs Ly (T™) Bax-
HefimuMu gBJIsAOTCs TpocTparcTBa Ly(T™), 0 < p < 1 (cayuait ¢(t) = t7) u Lo(T™)
¢ Tonosormeit cxogumocrn 1o Mepe: || fllo = [ ¢ (|f(x)]) dx, ¢(t) = %th

T‘NL

@ Aromkosa T. A., [Tuayros C. A., 2014



8 Aeowxosa T. A., Muuyeos C. A.

Omnpenenenune 1. [lod nosrvim modysem nenpepverocmy gynruyuu f 6 npo-
cmpancmee Ly npu h € R}r b6ydem nonuMamsv:

w(f,h)y = sup || &g flly,

Il o <A

ede £y f(@) = ful®) — f (), fu@) = florttr,. . om +tm) u [t = max [t

Onpepenenue 2. [an 3a0anno20 modyas nenpepverocmu w(h) uepes Hf;(T’”)
0603HaYUM KAGCC GYHKUUT

HY(T™) = {f € Ly(T™) : 34> 0 w(f,h)y < Aw(h) VA >0},

2de A — xoncmanma, we 3asucsuias om h.
B ciayuae w(t) = t, a € (0, 1] mony1aem nsorponnsie knacest Jlummmma Ag(7T™).

Onpenenenne 3. 1100 wacmuvim modysem wenpepvierocmu gyurxyuu f no ne-
pemennoti z; (1 < i< m) 6 npocmpancmee Ly(T™) npu h € R}F b6ydem noruMams

wl(fvh)dl = sup H Atei f”d)? i= 17"'7m7
jtl<h

20e Nie, f(x) = f(x+te) — f(x), e, — sexmop, i-a Koopdunama komopozo pasra 1,
a 0CmasvHble KOOPOUHAMbL — HYAU.

Ounpenesnenne 4. /s 3adannoix modyset nenpepvishocmu wi(h), ..., wpm (h) we-

W1y Wm

pes H,, (T™) obosnanwum aruzomponnul Kiace GyHKUUL
"H,f;l"”’wm (IT™)={feLy(T™): 3A>20 wi(f h)y < Aw;(h) Yh>0, i=1,..,m},

2de A — xoncmarma, ne 3asucawas om h.

B cayuae w;(h) = h*i, «; € (0,1], ¢ = 1,...,m nosyuaeM aHU30TPOIHbBIE KIIACCHI
JInnmmna Ail’“"am = Ayt (T™).

Xapmu u Jlurrasyn B [1] mokasamu, uro npu 1 < p < ¢ < 00, § < a < 1, rue
0 = 1/p — 1/q mueer mecto Broxenue AZ(T') — AS=0(TH).

HeoGxommbie 1 nocrarodnbie ycaosus st Broxenns HY (T1) < Lq(T") npu
1 < p < g < oo mosyuenst I1. JI. VabsHOBBIM B [2].

B[3Jupu 1l < p < q<oou f € Ly(T") ycranosieHs! COOTHONMEHUS MEKLY
MOJTYJISIMH HEMPEPLIBHOCTH B PA3HBIX METPUKAX:

w(ﬁi) <Cp,q< > kR <f]1€) > . n=12, ..
q k=n-+1 p

-1
T -
@1 ot Xm

nMeeT MECTO BJIOXKEHUE

Mycts a = . C. M. Hukonbckuit (cm. B [4, rii. 6]) qokasas, daro mpu

o >

Sl
Q=

Agr-en (T™) = L(T™), 1)

e 1<p<g<oo, 0<a; <1,i=1,....,m. Ecam xe a < % — %7 10 Bioxkenue (1)
He UMeeT MeCTa.
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Broxenns xkiaaccos HY1 9 (T™) B Ly(T™) opn wy = ... = Wy, = W HCCIENOBA-
Jmco B [5-8].

B [9] B. 1. Koasima momyans HEOGXOAUMBIE U JIOCTATOUHBIE YCJIOBHsI JJIsl BJIO-
wenust Hyt o @m (T) < Lo(T™). Ina XapaKTepUCTHKH TOIO BJIOMKEHHUsT GOJIBITYIO
pOJIb chIrpasio BeejeHoe Kouisa ol onpejiesieHne yepeJHEHHOTO MOJIYJIsl HEIIPEPBIBHO-
cru. Bynem ucmonb3oBaTh €ro AjIs METPUYECKUX IPOCTPAHCTB L.

Ounpenesenne 5. [10,11] ITod ycpednentvim modysem HenpepvieHOCTIU PyHK-
yuu f e npocmpancmee Ly(T™) npu h € Ri bydem noHuUMaMb

m

W(f,h)y = inf{lgiﬁwi(f’ hi)es Hhi =h, b >0, i=1,...m}.
= i=1

Ipu0<p<1, p<g<oou f € Ly,(T") 3. A. Cropoxenxo B [12]| nosmyauna
COOTHOIIEHNE MEXKJTy MOJIYJIsIMU HENPEPHIBHOCTH B PA3HBIX METPUKAX:

a

h
w(fah)qgcp’q/<w(f;x)p>pd$7 0<h<é
0

B [13] 3. A. CTOPOXKEHKO TOJIy4eHbl HEOOXOIUMbIE U JOCTATOUHBIE YCJIOBHS JIJIs
soxkennss HY(T') < Ly(T'), rme 0 < p <1, p < ¢ < %. B wacthOCTH TIpHM
0<p<g<lul-2<a<1nmeer mecro sroxenne kiaccos A (T") B Ly(T) n
CIIPaBEIJINBO COOTHOIICHIC:

q p ].
W(f, h)g < Cpaht (140 0 < h< o 2)

B mikasie npocrpancts Ly (T1) C. A. Ilnuyros B [14] ncenenosan 3a1ady o Biozxe-
Hun KnaccoB gynxmuit u3 Ly (T1) B Ly (T1). Last bopMy/IMpOBKE pe3y/IbTaTOB BBEJIEM
CJICYIONIHE OIPEICICHUS.

Onpepnestenne 6. [15, c. 75] Ecau ¢(t) — cmpozo noaosrcumenvhas 6crody Ko-

newnas na (0,00) dynkyus, mo ee dynrkyued PacmMAdNCerus HA3bIBALTNCHA GYHKLUL
M, (s), xomopaa onpedeasemca pasencmeom

M,(s) = sup plst)

, 8 € (0,00).
0<t<oo <P(t> ( )

Ounpenesenne 7. [15, c. 76] Huotchum noxasamenem pacmancerus GyHkuuL
@(t) € Q nasvieaemesn wucr0 Y, Maroe, ¥Mo:

1) v, € [0;1];
2) M,(s) = s, Vs € (0;1);
3) Ve > 0 npu s € (0,1) ¢ nekomopoti koncmanmot Ce:

M,(s) < C.s7e5. (3)
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Teopema [14]. ITycmv vy > 0 u f € Ly (T') maxosa, wmo xoneuwen unmeepan
My (
/ 1/) w )w dt < oo.

Tozda f € Li(T") u dan 6cex 0 < h < & 6vinoanaemesa nepasencmeo:

¢( ) C/Mw f;l?t)wdt (4)

¢ wexomopoti nocmoannot C' ne 3asucauwet om h.

Host kmaccos A% (T) nepasencrso (4) cosnaiaer ¢ coorHourenneM (2) npu g = 1.
B [16] nomyweno nocraroumnoe ycnosue suoxennsa Hy (1) < Ly (T™) n coorwo-
menue s Gyuxnmit u3 Ly, (T™), vy > 0:

" w (£ (nt)7)
w( M¢ ) 1

KOTOpOe coBliajiaer ¢ HepaBeHcTBoM (4) npu m = 1.
Taxzke B [16] momy1ena Teopema Biroxkenns Knaccos Hy) (T™) B Ly(T™),0 < ¢ <
st ee bopMyTUPOBKY HAM TIOHAIOOUTCS CJIEIYIONIEe OIpeIeIeHue.

Ounpepenenne 8. (15, c. 70] Qynxyuio p(t) na noayocu [0,00) Hasvisaom Kea-
3u602HYMOl, ecau:

1) ¢(0) = 0;

2) cp(t) noAooHCUMENbHE U 603pacmaem npu t > 0;

3) &2 yoweaem npu t > 0.

Teopema [16]. ITycmo v (zé) — xeasusoenymasn Pgynryua, g € (0;1], v > 0

u Oaa f € Ly (T™) wonewen urmezpan

) <o)

; Yt < .

Tozda f € Ly(T™) u das 6cex h € (0, %] BBIMOAHACTNCA HEPAGEHCTNEO:

v ((Whh)>> <C 7 ) =l (ht)m)”’dta (5)
0

4 ht

2de xoucmanma C sasucum om v, f, m, q.
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Host xnaccos A% (T) mepasencrso (5) coBuagaer ¢ coorHomenueM (2).

B nacrosimeii pabore B aHH30TPOIHOM CJIy9ae MPOBEICHO UCCJIEIOBAHIE BIIOZKE-
nus Kyaccos Ht ¢ (T™) B Ly (T™) (reopema 1). Pacemorpen un 6osree obmumii city-
wait Braoxenns Kiaccop HytCm(T™) B Ly(T™), 0 < ¢ < 1 (reopema 2). Ilpn
JIOKa3aTebCTBe TeopeM 1, 2 MBI UCIOJIb3YeM HPUOIINKEHNEe KYCOYHO-IIOCTOSTHHBIMU
dyuknuamu ¢ nnaBaomumu y3iaamu. Panee ara ujes Obluta ucnosb3osana B (14, 16].

OCHOBHBIE PE3VJIBTATHI
Teopema 1. Ilycmov vy > 0, f € Ly(T™), u natidymea maxue v; € RY (i =

m
1,..;m), wmo > v; = 1 u cxodumes pad
i=1

Z 2kM¢ (2116) Zwi (f, 2k1ul> < oQ. (6)
k=1 i=1 b

Toz0a f € L1(T™) u npu a06om n € N 8uinosHAIOMCA HEPABEHCMBA

¢< (f’2" ) CZQ’fM (2n7F) sz(f,?m) , (7)

2

2de xonemanma C we 3asucum om n.

HoxkazarenbctBo. s npousBosbaoro t >0ui=1,....m

wi (f,t); < 2[|f]l1

Torma
wj (f7t)1 <wi (f_97 ) + wj (97 ) 2||f ng + wi (97 ) . (8)

m
Iycrs h; > 0,i = 1,...,m, u Takue, aro [[ h; = h. Iockombky w;(f, hi)1 =
i=1
wi(ft, hi)1, TO IOy IaEM

o (F) <o | ST ) < B (20 - N
S J v (25 at.

i=17Tm
Iycrs fi = f1,6 + fo,, TOrOa, yunrsisas (8), u3 (9) caemyer, 1ro
v (BH2) <m [ v G e+ 3 [ 0 G (faeh))de (10)
Tm 3 Tm

Tloctpoum crienmasibubie crutaiti-pyakun. Jisa Kaxkaoit u3 m KOOPIHHATHBIX
oceit orpe3ok [0, 1) pasbuBaem Ha OTPE3KU PABHOMN JUIMHBI C IIOMOIIBIO 2["”k], néeN,
PABHOOTCTOSIINAX TOYEK BUJIA:

Jk
Q[nuk

1y Jk =01, L2l
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rue ungekc k (k= 1,...,m) yka3piBaeT HOMED OCH.

5 (]

Takum o6pa3om, rmosydaemM pa3dueHne OCHOBHOTO Topa 1™ Ha 2k=1 mapaJiie-
JIEIIUTIESIOB BUJIA:
m . Jk Je+1
Hjl---jm;Q" = {X erm: < =1, ..,m},

e jr =0,1,...,20"] 1 k=1,.. m.
o J1 J
CaumeM 3HavYeHUsI ¢ QYHKIMU f B y3JI0BOM TOYKE (W’ ceey z[ni’,j‘m]) KazKJI0ro m-
MepHoOro napaJsulestenmnesa 11, 5 .on W OIpemesuM KyCOUHO-IIOCTOSTHHYIO (DYHKITHIIO

Son (fe,x): mmst 5; = 0,...,20 — 1 i =1,... m,

jl jm
00 (o)1= i (g ey ) Xy (9 (1)

re X (x) = Lo x el jus2n
W1, dms2n 0, x €Il  j,.on ’

Bynem ucnionbzoBars ciutaiinbt Son (ft, X) 1J1s OIEHOK cBepxy 1pasoii yactu (10).

Il sxBuBasienTHBIX B Ly dbynkiwmii f coorBercrByiomue ciuiaitnbt (11) upu duk-
CHPOBAHHOM t MOTYT pa3jindaThCs KaK 3JieMeHThI mpoctpanctBa L. OjHAKO HUXKe
MBI [IOKaXKeM, 4TO OJiarojiapsl yCpeJHeHHIo 1o capuraM t ux ucnosb3osanue B (10)
KOPPEKTHO.

IMonoxum B (10)

hzz%, n €N; hizz%i, rie ;yizl (ViERi, izl,...,m);
Jie = 22 (Sor(fe) — Son-1(ft)), fo,6 := San(fe).

k>n

Paccvorpum ps

o0 (fe) + D (Sar(fe) = Sar-1(fe)) -

k=1

I_IOKa)Kel\I7 YTO OH CXOAUTCA B TOM CMBICJIE, 9TO

k=1

/ I[fe — (S20(fe) + Z (Sgr(fe) = Sae-1(fe)))[1dt — 0, s — oc0.
Tm

YaurbiBas, 9TO

a—1<[a] <a, (12)
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oJIy9aeM

S

I lfe = (S2o(fe) + 2 (Sar(fe) — Sar—1(fr)))[1dt = [n | fe — Sao(fe)—
)

- =
_(gzl(ft) — S20(ft)) — (S22 (fe) — Sgl(ft)) - = (Sgs(ftT) — Soem1(fe))|lndt =
[ﬂ ﬁ | fe(x) — Sos (fe, X)| dxdt =

olsval_ olsvml_q )
e > I e () = fo (5227 )| dxdt =
™™ j1=0 Jm=0 Tl . jmi2s
olsvil 1 olsvml_1q 2][1sj11] 2]75777/:11] )
= > - X | .. f I 1fe (@4 525, 2w + 52g) — £(b)] dbdx =
71=0 Jm=0 J1 Tm
Flsv1] S
1 1
olsvil 1 glsvml_q Slsvq] 2lsvm]
= > X [ o[ [lft+x)— f(t)dtdx =
71=0 Im=0 0 o Tm™
m 2[511'1] m
=[I26% [ .0 | ax flhdx <
i=1 0 0
1 1
m 2lsv1] 2lsvm] m m
< H 2[Sui] f f Z || Amei f||1dX < E wi(f7 ﬁ)l — 07 § —> Q.
i=1 0 0 i=1 i=1

Kax BHIHO U3 IPUBEIEHHOrO BHIIITe ,ILOKa3aTeJIbCTBa CXO,ILI/IMOCTI/I 6arogaps ycpes-
HEHHUIO 110 C/IBUTaM 3HAYCHHE il f | fe (x) = fo (512 STy - m)‘ dxdt ue 3a-

J1seees gmi2s T
BUCUT OT BbI60pa npeacTraBuTe A f U3 KJjlacCa 9KBUBAJIECHTHOCTH, TaK KaK OTHOCH-

TEJBHO MEPEMEHHON t 3TOT MHTerpas OyjeT JaBaThb OJHO W TO K€ 3HAYCHUE IIPH
JHOOOM IPEICTABATE/IE KJIACCA SKBUBAJEHTHOCTU. 1109TOMY HCIIOJIb30BAaHUE B Hepa-
sercree (10) cmuraitnos Buya (11) KoppekTHO.

YunrbiBag nepaBencrsa (12), nosydaem, 9410

ij;/ ¥ (27| frell1) dt :Tj;l o (27 [ Sar (fe) — Sgk—l(ft)Hl) dt =

olkvil 1  olkvm]_q

:T[nw 2n+1 Z Z f ’SQk(ft, ) SQk 1 ft, |dx dt

Jj1=0 Jm=0 1II,
olkvil _q Q[ka

m .
< f¢<zn+1 oy = \Al Fo (gt Q[g;qn])o dt <
Tm 1=

J1=0 Jm—o

Jj1=0 Jm=

m glkvil _ olkvm] _q )
< [ |27t ] yc% )OREETEDY ‘ ft( ko] 72[iTm])‘ dt =
™ i=1 j 0
olkvil_q  olkvml_q

= f 1)[} <2n+m+1k Z Z ’Ai ft (ﬁ, ey 2[£Zin])’> dt,

Tm Jj1=0 Jm=0
1 1 1
TAC ok = (72[1“,1] PRI ‘g[kum])-
JaJtee mpuMeHUM HepaBeHCTBA:

P(st) < My (s)(), (13)

My (s182) < My(s1)My(s2),
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BBITEKAIOIINe U3 oupegenenns 6 Gynxnun pacTskenns My (s), 1 HOIyalIUuTHBHOCTD
byHuKIIINM P!

0 (27| frellh) db <

T’"L
olkvil _q olkvm] _q ] ]
<[ My (2n+m+1—k) S 1/;(’ . It (2[1,1,1],...,2[%%])D dt <
Tm k>n j1=0 Jm=0
2[’“’1]71 [)“’Tn] 1 .
< f Mw (2m+1) Z Mw (Qn—k) Z Z ’(/}(‘ ik f ( [ﬁq]"" D
m k>n Jj1=0 Jm=0

olkvil_q

lkvm] _
gcag:<M¢@nk)‘z S 1f¢<aﬁj}(h )

. PILZUE R 2[7Wm
Jj1=0 Jm=0 Tm™
olkvil_q  glkvm]_

1
k>n j1=0 Jm=0 2k
_ [kui] n—k
Clkgn (1 1 Mw (2 )H A;E wa) S

k

<qz< A@wwwnmlefm)<
k>n i=1 D

k n—k - . 1
< Cl kgn (2 Mw (2 ) Z; wz (f7 2[kui] >’¢J>
<a s (2a 9 Eur),) <
=1

lM5 I :13

N

oFv;
k>n

ca s (e Eab),).

k>n

Onennm [ 9 (2”0)2- (fg,t, ﬁ) ) dt, i = 1,..,m. Ilpumensia nepasercrsa (12)
Tm 1

(13) u yunThIBas MOIYaUTABHOCTD (DYHKIUH 1), TTOIyIaeM

[0 @rlfas o) dt < [0 (200 o, S (Foll) de <
s 2

g1+l Jitl Jm+1
alnvil_q glnvml_q Snvy] 2l 3noml
Jm
S IE A0 SIRFD o PP ISP B PN Y (T ) | dx | dt <
m Jj1=0 Jm=0 i1 i im
2[””1] 2["”1‘] alnvm]
m olnvil _q Q[m/m]_l
< [ )Y
Tm = j1=0 Jm=0

ez ft( nu1 7""2[””7n])‘> dt
mo o\ 2l bl
gIMw(Qn | ) ol ) w(\ b o (g ) |) dt <
J1= Jm_

m n+m— nz
HQ[nvl]M¢< )HA[,}V]eszw\
=1 2

<My (2%)wi (f i) | <
< C’anMw (2m) wj ( R 2n1ui )w = Cy2"w; (fa 27%1)1/, .

(15)
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Taxum obpasom, u3 (10) upu h = 5, n € N, (14) u (15) caexnyer, uro

W (Lﬁ)l) < mc’g 2n7k) Z Wi (‘f’ 2%1) *
k>n Y

L
i3
2 i=1

m
1 k k
+Ci2" 2 wi (f g ), < C Z 28My (277F) sz (s 57)
1= =n

rJie HOJIy9eHHBIH Pl CXOAUTCs 10 ycaoBuio (6).

Teopema 1 moxaszama.

Hokazannas Teopema 1 MO3BOJISIET MOIYIATH TEOPEMY BJIOKEHUST AaHU30TPOITHBIX
kiaccos Jlummmna u3 Ly (T™) B Li(T™).

Cnencrue 1. Ilycmv vy > 0, f € AZ“""O"’”, a; € (0,1] (¢ = 1,....m) u

a = ﬁ maxoe, wmo vy + a > 1. Toeda f € L1(T™) u npu ecex n € N

1 (e
BHINOAHAIOMCA HEPAGEHCMEA:

(f, o 1\ !
() ce(2)

20e xoncmanma C we 3asucum om n.

HoxkazaresbeTo. Ilyers v; = ==, @ = 1,..,m. [Iposepum BBITIOJIHEHTE YCTOBHS
i
(6). Yuureiast ceoiicTBo (3) GyHKIUM pACTZKEHHUSsI, IOy UM

o Eat), e Erd e () <

k
2 i

<mC 3> 2H0—wte=8) = O 3 (5=t=)

Yo —eta—1
=1 p=1 \2'¥

IMocnenuuit psy cXOAUTCH, KON Yy — € + & > 1, & 5T0 BO3MOXKHO IIPH JOCTATOYHO
MaJbix € > 0.

Torpa, mo teopeme 1, f € L1(T™) n Bblmonnsercs HepaseHcTBO (7):

z/}(w(fl% )<CZQkM (2n k)zwz(f72ku) <

n

cafrey s () o
k=n i=1

2 i k=n i=1

00 _ ~ N —eta
_ m012n(fy¢—e) Z 2k(1—’y¢+a—a) — 022n('y,¢—6)2n(1—'y,¢+s—o¢) 27’57’i’+a7171 —
k=n

— Cy2n(rw = n(1=ry+e=3) — 0,on(1-a)

m

rie korncranTta C4 He 3aBUCHT OT N.

Caencrsue 1 1okazaHo.

Taxaxe U3 TeopeMbl 1 It aHI30TPOIHEIX Ki1accos Jlummuna us L,(T™),0 < p < 1
BBITEKAeT TeopeMa Bioxkenust B Ly (T™).

Caencreue 2. Ilycmo f € Ajt-om 0 <p <1, 0o € (0,1 (i =1,...m) u
a maxoe, umo & +p > 1. Toeda f € Li(T™) u npu ecex n € N @unoanaomecs

Hnepasercmea:
_ 1 1
w (fa 2n>1 S 042%(&_,’_1)_1) )

20e xoncmanma C we 3asucum om n.
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Pacemorpum Gostee obruii cirydail BIIOsKeHUsT KJIACCOB (DYHKITU le’ SWm(Tm) B
L,(T™), g € (0;1].

Teopema 2. ITycmo 1 <z5> - xeazusoenyman Pynxyua, ¢ € (0;1], v > 0,

m
[ € Ly(T™) u natidymes maxue v; € RL (i = 1,...,m), wmo Y v; = 1 u cxodumcs
=1

Z?ka (2_5)2(4}1 <f72klu,)w < 0. (16)
k=1 i=1

Toeda f € Ly(T™) u npu ecex n € N 60iNOAHAIMCA HEPABEHCMEA:

k=n =1 ¥

n

psd

2de woncmanma C ne 3asucum om n.

Q=

Hoxkazaresbcro. [Tycrs ®(z) = ¢ (x ) ,x € R, Torna npu moGom HaTypasIb-

HOM 7 II0JIydJa€eM
¥ ((w(ffn)q) ) — ¢ (Tge) <
am a7

< [ o(Er i+ £ 2 (s, ) it
T’VTI
rae fit + fo0 = fi-

B kauecrse f1 ¢ u fot paccMoTpuM bDYHKIMH, UCIOIb3YEMbIE [IPU JIOKA3ATEIbCTBE
TEeopeMbI 1.

[Tycts ®(x) — HauMeHbImast BorayTas Maxkopanta dbynximun ®(x). Torma ®(x) —
nostyayimTuBHa (cM., Hapumep, [17, c¢. 111].

Bamernm, uro ([15, c¢. 70]) st HAMMeHbIIEH BOrHYTON MaKOpaHThl P(t) KBa3u-
BOruyToOil dyHKIuU Y(t) CupaBelIuBbl HEPABEHCTBA:

p(t) <(t) < 2p(1). (18)

Kak u B Teopeme 1, a Takyke yunThiBas HepaBeHCTBa (18) M mosya  uTUBHOCTD
dyukiyn ®(x), nvmeem

o ((B4g) ) <m [ B @A) et 5 1B (2 (far b)) dt
A

2 i=17Tm

J @2 | frelly) dt <
olkril _q olkvm] _ T

1+m—k _

Tf kg jZO JZO o [2n+ me ’A;k e (gt g[mnl)’ }dt =
mksn d

olkvi]_q 27[nk1/7n] 1

n— k+7n+1 . .
2 /Y Y % w[ i ft(ﬁ,...,z[ﬂ"m])udtg
Tm k>n  3j1=0 Jm=0
Cl Z 2ka ( ) Z wl (f7 2kvl )w?

k>n

(2”%’ (f2.6r ﬁ)q) < Cz - 2w (f, QT)w :

K3

Tm
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CaenoBaresnbao, pu JioboMm 1 € N mosrydaem

— 1 % s n—k -
W <W(fl2)q) <Cyy 2°My (27)2“" (f’ 2’f1v> ’
k=n i=1 v

2n

rJie HOJIy9eHHbIH psiji cxoauTes 1o yeaosuio (16).

Teopema 2 moxkasama.

13 Teopembl 2 CIEAYIOT TEOPEMBI BJIOXKEHHS AHU30TPONHBLIX KjaccoB Jlummmua
u3 Ly(T™) B Ly(T™) uu3 L,(T™) B Ly(T™) upu 0 < p < ¢ < 1.

Canencrsue 3. Ilycmov (x%) - keasusoenyman Pynryua, ¢ € (0;1], vy > 0,

fe Ayt a; € (0,1] (i = 1,...,m) u @ maroe, wmo > +a > 1. Tozda f € Ly(T™)
u npu 6cex n € N 6binoANAIOMCA NEPAGEHCMEA:

—p 1 : a-1
o (22 co ()
271

20e xoncmanwma C we 3asucum om n.

Caencrsue 4. Ilycmo [ € Agvm 0 <p<qg< 1, o€ (0,1] (i =1,...,m)

u & makoe, wmo B 4+ a > 1. Tozda f € Ly(T™) u npu scex n € N 6unoanaomes

q
HeEpaceHCcmMea:
1 1
R N
¢ <f7 2”>q h 02%(%&—1)’

20e xoncmanma C we 3asucum om n.

[Tosy4yeHHOE HEPABEHCTBO B OJHOMEDHOM CJlydae coBHajaeT ¢ (2).

SAKJIIOYEHUE. B mpejcTaB/ieHHON cTaThe OBLIN MOy IeHbI JOCTATOUHBIE YCIIO-
BHSA 151 BJIOYKeHus Kkaccos Ht ™ B Ly(T™), tie 0 < ¢ < 1 u, KaK cieicTeue,
upu «; € (0,1] (¢ = 1,...,m) noyueHa TeopeMa BIOXKEHUs aHU30TPOIHBIX KJIACCOB
Jnmmma Ay ™ B Le(T™), g € (0;1].
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A. H. Butiok, A. B. MuxaiiieHko
Opnecckuii HarmonabHbIi yHuBepcuTeT umenu V. 1. Meunukosa,
Opecckuil HAITMOHAIBHBIN YIKOHOMUIECKUN YHUBEPCUTET

KPAEBAZ{ SAJAYA OJIAd INOPEPEHIIMAJIBHOT'O
YPABHEHUA JPOBHOT'O ITIOPAIKA

Bitrok O. H., Muxaiisienko A. B. KpaiioBa 3asmaua ajis nudpepeHIiajibHOro
piBHsSIHHsI ApoOoBoOro mopsaky. B crarrti orpuMaHo JocTaTHI yMOBU iCHyBaHHSI Ta €1U-
HOCTI PO3B’sI3Ky KPaioBol 3ajadi 111 AudepeHIiaabHOro PiBHSIHHS APOOOBOTO MOPSIKY.
KuarodyoBi ciioBa: KpaiioBa 3aja4a, iCHyBaHHS Ta €IMHICTH, JpoboBa moxigHa Pimana—

JliyBiss.

Butiok A. H., Muxaitiienko A. B. KpaeBas 3aga4da ajis quddepeHiimaibHOro
ypaBHeHUus APOGHOro mopsifika. B crarbe MOJIyYeHbI JOCTATOYHBIE YCJIOBUS CYIIECTBO-
BaHUsSI U €IMHCTBEHHOCTH DPEIIeHUsI KpaeBol 3ajadu s nuddepeHnnajlbsHoro ypaBHeHUsT
JIPOGHOTO MOPsIIKA.

KuroudeBrblie ciioBa: KpaeBas 3ajada, CyIIECTBOBaHUE U €IMHCTBEHHOCTD, APOOHAsT IPON3-
Bonuast Pumana—J/Inysuis.

Vityuk A. N., Mykhailenko A. V. Boundary-value problem for differential
equation of fractional order. In this paper we received the sufficient conditions of exis-
tence and uniqueness of solution of boundary-value problem for fractional order differential
equation.

Key words: boundary-value problem, existence and uniqueness, Riemann—Liouville frac-
tional derivative.

BBEAEHUE. /Ipobmoe naTerpomuddepeHiinpoBanne HaX0UTCs B MPOIECCe MH-
TEHCUBHOI'O PA3BUTHUsI KAK B TEOPETUYECKOM IIJIaHE, TAK U B IJIAHE [IPUJIOXKEHUN. DTO
00yCJIOBJIEHO MHOTOYUC/IEHHBIMY ITPUJIOXKEHUSIMU [IPU U3YI€HUU MHOTUX (PU3NIECKUX,
XUMHUYECKUX TTPOIECCOB, MPOTEKAIOMNX BO (PPAKTAJIBHBIX cpemax. Maremarnaeckoi
MOJIEJTBIO TAKUX IIPOIIECCOB BBICTYTAIOT JuddepeHIra bHbie yPABHEHIS HEIEJIBIX 110~
PSIIKOB.

Paznuanbie mputoxkenust ApodHoro wHTErpoaudOepeHnnpoBans MOXKHO HANTH
B [1-3]. PaGorbl MHOrMX aBTOPOB HOCBSIIIEHBI MCCJIEOBAHUIO YCIOBUI CyIeCTBOBa-
HUS U €IMHCTBEHHOCTH PEIIeHns] KPAEBbIX 3824 JIst JudOepeHnaaIbHbIX YPaBHEHU I
npobHoro nopska [4-6]. B [8] paccmorpena kpaesas 3aada

Déu(t) = f (t,u(t),ﬁgu(t)) 0<t<l,

a1u(0) — azu’(0) = A, u(l) + bou/(1) = B,

rme 1l < a<2,0<p<a;,b; >0,0=1,2;a1b0 + aghy > 0,55‘,55 €CThb JPOOHbBIE
npoussoauble Kanyro n f : [0,1] X R X R — R menpepbisHast dbyHknus. [loaydeHsr
YCJIOBUSI CYIIECTBOBAHMUS M €JIMHCTBEHHOCTH PellleHusl 5Toi 3asa4n. B [8] nccienobanst

@ Butiok A. H., Muxaitienko A. B., 2014
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YCJIOBHUS CYIIECTBOBaHUS IIOJIOXKUTEJIbHBIX PENIeHuil /Iy KpaeBoi 3a/iadu

Dgu(t) + f(t, ()) 0<t<l,

e 1 < a < 2,D§ — unpoussonnas Pumana—JInyswina u f : [0,1] x [0;00) —
HenpepbiBHAs (DyHKIUSA. YCIOBAS PA3PENIMMOCTH KPAEBOil 3a1a91

Dy™u(t) = f (t,u(t), Dyu(t)) (L.1)
u(0) = u(a) =0,

rae 0 < o < 1, nosyuens B [9]. B Hacrostmieit paboTe 110y 9eHbl yCIOBUS CYIIECTBOBA-
HU4 ¥ eJIMHCTBEHHOCTH perenuii ypasaenus (1.1), KOTOpbIe yI0BIETBOPSIOT KPAEBLIM
yCJIOBASIM

u(0) = u/(a) = 0. (1.2)

IIPEABAPUTEJILHBIE PE3YJIBTATBI. B 3TOM pasiese IpPHUBEIEHBI HEKOTO-
pble OIpesieIeHUs U yTBEP:KIeHHUs, KOTOpble OyJyT HCIOJIb30BaHBI B 3TOi pabore.
Yepes C(J),J = [0, a] ob6o3raunm npocrpancTBo Banaxa HenpepbIBHBIX Ha J GyHK-
muit f :J — R ¢ vopmoit || f(z)|lc = {max|f(z)] : 0 < ¢ < a}. Kak 06br1HO, uepe3
AC(J), L(J) obosnagaeM IpPOCTPAHCTBA, COOTBETCTBEHHO, aBGCOIIOTHO HEIPEPHIBHBIX
u cymmupyembix dyuknuit f:J — R.

Ounpegnenenne 1 [10]. Yepes AC™(J),n = 1,2... obosnawum xaacc @yrryud
f(x) nenpepuvisro dudpeperyupyemvix na J do nopadka n — 1, npuvem fP1(x) €
AC(J).

Ounpepenenne 2 [10,11]. Hycmo o > 0, u f(x) € L(J). Bupascenue

fulz) = Ig f(x) = ﬁ / “@— 0 (0t

20e T'(+) — eamma-Pyrryus, Ha3b6aeMm Ae60CMOPOHHUM UHMe2parom Pumarna—J/Iuysuiis
nopadka o om dynryuu f(x).
Ounpepenenune 3 [10,11]. Jaa f: J — R svipaorcenue

D31 =t () [0 s

2den = [a]+ 1 u [a] ecmv yesas wacmv a, Ha3VBAEM AEBOCTNOPOHHET NPOU3BOOHOT
Pumana—JTuyeusrs nopadka o« om dynwuuu f(x).

JIemma 1 [13]. ITyemo v >0, n = [y] + 1 u nyemo fn—~(z) € AC™(J). Tozda

n—1

IgDg f(x) = f(x) -

x”k

(n k: 1)

20e f,(fi kfl)(O) = lim, 0, f(n k= 1)(95).

¥ n—y
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Jlemma 2 [12]. ITycmv o1 > 0,090 > 0 v 0 < p < 1. Toeda | —ob| < |og — oa|H.
JIemma 3. Iyemov v > 0, f(x) : J = R — usmepuman pyrnkyus u |f(x)] < M.
Tozda p(z) = 1 f(x) € C(J) u p(0) = 0.

OCHOBHBIE PE3WJIBTATHI. PaccmMoTpuM KpaeByio 3a1a4dy

Dity(z) = f(z),0 <z < a,0<a <1, (2.1)

y(0) =y'a) =0, (2.2)

rue f:J — R ecrb uamepumas dyukims, upudem |f(x)| < M.
IIycts 0 < v < 2. Torga coryracHo onpejiejieHusIM 2 U 3

D) = o (5= Q/x(x =)' 7y (t)dt = yy_, ()
0 r2-9) \dz) Jy s
Ecm vy =1+a,0 < a <1, 1o Dy y(z) = y/_ . (x).
Omnpenenenne 4. Qynxyuro y(x) € C(J)NC((0,a]) naswsaem pewenuem wpa-
esoti sadavu (2.1), (2.2), ecau yi_o(x) € AC?(J),y(x) ydosaemeopaem ycaocusm
(2.2) u duppepenyuarvromy ypasreruto (2.1) das n.e. x € J.

Teopema 1. IIycmo f(z) : J — R ecmo usmepumasn dynrkyus u | f(x)| < M,z €
J. Tozda xpaesas 3adava (2.1), (2.2) umeem edurncmeennoe peuienue

y(z) = / "G 0) f(t)dr, (2:3)

2de
_za(ait)a:liaa—l(mit)a 0 <t<u
Gl,1) = l e (2.4)
—m, X < t < a.

HoxkasarenbcrBo. Ilycrs y(r) — pemenne kpaesoit 3anaun (2.1), (2.2). Torna
It Dy T y(x) = I, f(x). Cormacno memme 1 npu n = 2

% xoe—l

Ié+aDé+ay(33) =y(r) - my/pa(o) - my(o)-

Tak kax y(0) = 0, To

(03

V@) = T aytiea0) = IS @) (25)
Haiinem y;_,(0). Cormacuo (2.5)
l.afl T
V@)~ Fagthal0) = o | =0t a0 <z <0 2

B (2.6) nmonaraem x = a u, npuHIMasi B0 BHEMaHue, uTo Y’ (a) = 0, mosyaum

a0 == [ a0 o
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Orciona u u3 (2.5) ciemyer, 9To

%0 1 T N
TeT(l+a) Tlta) /O (x — )" f(t)dt, (2.7)

rae § = foa(a — )27 f(t)dt. Juddepermupys (2.7), momyanm

y(z) =

xo1§ 1 r o1
pr=es +F(a)/0 (x —t)*" L F(t)dt. (2.8)

Ormetnwm, ato cormacuo (2.7), (2.8) y(x) € C([0,a])NC*((0,a]) ny(0) = y/(a) = 0.
Hns 0 < z < a cormacuo (2.7) nmeem

y'(z) =

:L.Ot

y(x) = T T ) UOI(a —t)e L f(t)dt + /:(a - t)alf(t)dt} +

1 z e o _xa(a_t)oc—l (x —1)*
+m/0 (z—t) f(t)dt—/o [ o IT(1+ a) +F(1+a)] ft)dt+

+/:[ 5:<?F(1)Jra] tdt = /Gmt

Teopema 1 nokazana.
Paccvorpum xpaeByio 3amady

D(1)+O‘y(x) = Fly(z)] = F (z,y(x), Dgy(x)),0 < x < a,0 < aw < 1 (3.1)

y(0) =y'(a) =0. (3.2)

IIycts F': J X R X R — R yIOBJIETBODSIET YCIOBUSIM:

(i) F(,y,2) : J = R ectb dbyHukius usMepumas j1jist (PUKCUPOBAHHBIX ¥, 2 € R;

(ii) F(x,,-) : R X R — R ectb byHKIUsS HEIPepbIBHAS JJIs KaXK0r0 (HDUKCUPO-
BAHHOTO T € J;

(iil) |F(x,y,2)| < M.

Oupepenenune 5. Ilod pewenuem kpaesod 3adavwyu (3.1), (3.2) nonumaem ma-
wyro dynryuo y(xr) € C(J) N CL(0,a]), wmo y1_o(x) € AC%(J), D§y(z) € AC(J),
ydosaemeopaem kpaesvim ycrosuam (3.2) u duddepenyuanvromy ypasreruo (3.1)
ons m.e. x € J.

Teopema 2. ITycmo gynryus F(x,y,z) : J X R X R — R ydosaemeopsem ycao-
suam (i), (i), (iii). Oynxyua y(x) € C(J) N CH((0,a]) 6ydem pewenuem xpaesots
3adawu (3.1), (8.2), ecau u MoAvKO ecAl OHA ECTD PEWEHUE UHTNEZPANLHOZ0 YPAGHE-
HUA

= /Oa G(z,t)F(t,y(t), D§y(t))dt. (3.3)
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HoxkazarenbcrBo. Ilycrs y(x) — pemenne kpaesoi 3amadn (3.1), (3.2). Tax
KaK COTJIACHO ompesetenuio 5 y1_q(z) € AC?(J), To D§y(z) = yi_,(z) € AC(J).
CrnenoBarenbho, B cuiy yemosuit (i), (ii), (iil) F (z,y(z), D§y(x)) : J — R ectb
usmepuMmast dynknus, npuueM |F (z,y(z), Dy(x))] < M. B cuny teopembr 1 y(z)
npezcrasumo B Bugie (3.3). Ilycrs Tenepsb y(x) - pellleHne HHTErpaJbHOIO yPaBHEHUs!
(3.9). YunursiBas (2.4), upencrasum (3.3) B Buje

_ ) n 1
a® IMl4+a) TI(l+a

y(z) = | / (z — ) Fly(t))dt, (3.4)

rae
5= / (a — )" F[y(t)]dt.
0
13 (3.4) u nemmsr 1 crenyer, uro y(z) € C(J) u y(0) = 0. Ouesnnto, 40

x> 1 v o1
= + o) /0 (x — )" Fly(t)] dt.

Orcrona u u3 semmsl 3 caenyer, uro y' € C ((0,al]) u y'(a) = 0. Ocrasnocs JJoKa3aTh,
410 Y1_o(x) € AC?(J) u uro y(z) ynosnersopster ypasuenuto 3.1 s .8, x € J.
B cuy (3.4)

y'(z) =

_ 1 Tz —t)Totes ~
= Il a — Il Ocll+otF —
Yl—a 0 y(m) F(l o Oé) A ao‘*lf(l 4 Oé) dt + 0 0 [y(l’)]

O B P = / (- OFyOdt

Orcioa caeayer, 9ro y1_o(z) € AC(J), a takxke uro Dfy(x) = yi_,(z) =
Iy F [y(t)]dt— =2+ ecTb abeomoTHO HenpepbisHast GyHKis. CIIef0BaTEeNbHO, Y —o () €
AC?(J). Hakonen, D3 Ty(z) = yi_(x) = Fly(x)] ans s, x € J.

Teopema 2 mgoxa3zana.

Teopema 3. ITycmo dpynruyus F(x,y,z) : J X R x R — R ydosaemsopsem ycao-
suam (i), (#), (1) u ycaosuro Jlunwuya

|F(!L‘7y,2) _F(.'E,y1721)| < L1|y_y1| +L2|Z_Z1‘7

npuvem

Llaa+1
= ———+Ioa<
P al'(a+1) a0

e
a+1’
Tozda cywecmayem eduncmeenroe pewenue kpaesolt sadawu (3.1), (3.2).
Hoka3zaresnbcrBo. Yepes C, (J) obosHaunm mMHO)KecTBO DyHKImi u(z) : J — R
rakux, uro u(z) € C(J), D§u(z) € C(J) c mHopmoit

aa

el = max (Jut@le. zro 1§ uole ).

Co(J) ¢ Hopmoii || - || sBstercs [9] Ganaxosbim. s u(z) € Cy(J) onpenennm
omeparop



24 Bumox A. H., Muzatirenxo A. B.

Tu(z) = / Gla, ) F (t, u(t), DS u(t)) dt.
0
Hoxazxem, uro T peiictyer usz Cy(J) B Co(J). Hycrs qua u(x) € Co(J)

i) 1

w(z) =Tu(x) = e T(1+ ) * I(a+

5 / (& — 1) Flu(t)]dt,

5:/0 (a — )2~ Flu(t)]dt.

Orciofa n u3 seMmbl 3 caeayer, uro w(z) € C(J),w(0) = 0. AramorndHo, Kak u
BBIIIE, TOCTIEOBATENBHO TIOJTY TUM

W) = = s e [ o= 0" L0 @) = 0
Diw(z) = wi_,(z) = 7aa5—1 + /OI Flu(t)]dt € AC(J). (3.5)

Cuie1oBaTEIBHO, HEMOABUKHAS TOYKa onieparopa T OyJeT pelenneM Kpaesoit 3a-
naan (3.1), (3.2). Hokaxkewm, uro oneparop T sBigercs czkuMarommm. 1lyctsb ug(x) €
Co(J), wi(x) = Tug(x), k = 1,2. Torna

|wi(2) —wa(z)] < /Oa G2, )] (Lallui(z) = uz(2)llc + Lellvi(z) — va(2)] o) dt. (3.6)

Tak Kak
aa-{— 1

: <—
sup{/0 |G(z,t)|dt;z € T} < Tt 1)

To B cuity (3.6) mius x € J |wi(x) — wa(z)| < pllur(x) — uz(x)||o. Crenosarensro,
[wi(z) — wa(@)|[o < pllua(e) — uz(@)|a- (3.7)
C yuerom (3.5) mosyunm, 4ro Jyid x € J

1

|Dywi(z) — Dywa(z)| < sy

/ Yo — 00 [Flus (1)) — Flug(t))| et

+f | Flus (1)) — Flus(0)] dt <

L (L (@) — ws(@)lle + Lallon(2) — va(@)c) -

= aa—l

+L1 ([lua (2) = ua(@)llo + Laflvi(2) — va(2)]0) @ = S,

§ = (Liflua(2) = uz(@)llc + Lefor(z) = va(2) ) =———
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3Hna4aur

D5 w1 (z) = Dgwa(z)lle < S. (3-8)

Ucnonbsys onenky (3.8), mosrydnm

a® «a a~t!
| Dgwn (@) — Dgwa(a >||c Lt (5;(1+a)||u1<x>fu2<x>uc+

+aa (i () — w0 ) < S5 s () — o)

s (3.8), (3.9) caexyer, aro

s o) 2o = ma (on(a) = wa (o) 5 o 1D 01 ()~ Dwalole ) <
< D20 3) — (@) o

Cnenosaresbho, onepatop T : Co(J) — Co(J) sABIsieTcs CKUMAIOMUM U €r0
€IMHCTBEHHAS] HEIIOJ(BUKHAA TOUKA ABJISETCA €JMHCTBEHHBIM DEelleHneM KPaeBoh 3a-
naan (3.1), (3.2). Teopema 3 noKasaHa.

Bameuanne 1. [Tycmo xpaesvie yeaosua (3.2) sadanv 6 sude
y(0) = 0,4/(a) = B. (3.10)

Hatidem pewenue xpaesoti sadavu DTz (x) = 0,2(0) = 0,2'(a) = B. Henoavsys
aemmy 1 u yeaosue z(0) = 0, noayuum, wmo

z® pa—l
o)~ Ty -0 = 0 = g5 -a(0)
Veaosue 2/(@) = B duem, o 2{_,(0) = ZED. Torga 2(a) = 2,z (e) =
x‘aB(;I:(la), ceodumcs x 3adane

Dy u(z) = g (z, U($)7D3U($)) yu(0) = u'(a) =0,

ede g (z,u(z), D§u(z)) = F( u(r) + 5= 22B. Deu(x) + Ba'af‘f)> .

IIpumep 1. Paccmompum xpaesyro sadary
D§Sy(x) = f(z),y(0) = y'(1) = 0,

_ 24 24 12 1.4 2 04
2de f(x) = rent —Tteat  tTraat
Tounoe pewenue smoti sadavwu y(z) = x* — 203 + 22,

B Io.ﬁ(lit)70.47(m7t)0.6
G(I,t) = [ z().(3F1(71't6)—0.4 ’
—%w <t

0<t<z

<1

Tozda pewenue amot 3adavwu y(x / Gz, t)f(t)dt = x* — 223 + 2°.
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3AKJIIOUEHUE. B crarbe paccMOTpeH BOIIPOC CYIIECTBOBAHUS U €INHCTBEHHO-

CTH pelIeHus KPaeBoll 3a1a4n

Dy™y(z) = (F(z,y(2), D§y(x)) , u(0) = u'(0) =0,

rmel<a<lmu Dg — npobuas mpousBosiHas Pumana—JluyBusis.
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€. C. Cinin

HoubachbKuii gepKaBHUl e aroridyunii yHiBepcuTeT

OJHOYACHA AIIPOKCUMAIIIS JIOKAJIBHO IHTETPOBHUX
®VHKIIIN TA IX ¥-IHTETPAJIIB. BUIIAJIOK MAJIOT
TJIATKOCTI

Cinin €. C. OgHo4acHa arrpoKCcuMallisi JIOKAJIbHO iHTErpoBHUX (PYHKIIiN Ta ix
y-inTerpanis. Bunamok masoil riagkocTi. Po3mIsHyTo MUTAHHS OJHOUACHOTO HAGIH-
JKEHHST JIOKAJIBHO IHTErPOBHUX Ha, MifcHiH oci (byHKIii MasIoi riaaKocTi Ta ix i)-inrerpasis 3a
nornomoroio oneparopis Basute [Tyccena. 3uaiiieno acuMITOTHYHI 32aKOHU TIOBE/IIHKY BEPXHIX
rpaHeit (PyHKITIOHAJIIB, sIKi XapaKTepU3yIOTh JaHy 3aJ1ady.

KJ1r0490Bi cjI0Ba: 0HOYACHA AIlPOKCHMAIlisl, JJOKAJBHO iHTerpoBaHa (byHKIIS, Y-iHTerpas,
omnreparop Basute Ilyccena.

Cunun E. C. OgHOoBpeMeHHasi allIPOKCUMAIMs JIOKAJIBHO HHTETrPUPYEMBIX
dbyuxnumit u ux P-uaterpanos. Ciayuait Maso# ragkocTw. PaccMOTpPeHBI BOIPOCH!
OJITHOBPEMEHHOI'O HpI/I6JII/I)KeHI/IH JIOKaJIbHO MHTEIrpUpyeMbIX Ha ,HeI)‘ICTBPITeJIBHOI’?I ocu (byHK-
It MaJIOH TIAJKOCTY U MX Y-MHTErPAJIOB C HOMOIIBIO onepaTopos Basmie [Tyccena. Haiimerns:
ACHUMIITOTUYECKHE 3aKOHBI TIOBE/IEHNST BEPDXHUX IpaHeil pyHKIMOHAIOB, KOTOPBIE XapaKTePU-
3yIOT JaHHYIO 33Ja4dy.

KroueBsbie ciioBa: o HOBpEMEHHAsI AIIIIPOKCUMAIINS, JIOKAJbHO HHTErpupyeMasi (pyHKINs,
y-unrerpas, oneparop Bamre ITyccena.

Silin E. S. Simultaneous approximation of locally integrable functions and
their i-integrals. Low smoothness case. The article presents the problems of simulta-
neous approximation of locally integrable functions on the real axis of low smoothness and
their integrals using Vallee Poussin operators. The asymptotic laws of behavior of the upper
bounds of functionals are found that characterize this problem.

Key words: simultaneous approximation, locally integrable function, v-integral, Vallee
Poussin operator.

Botvn. B [1, 2] O. I. Crenanenp 3anpornoHyBaB HACTYIIHE O3HAUEHHs KJacip
C¥N. Hexait = (Y1,v2) — napa bynkuiit ¥y (t), o (t) Takux, mo V) € A, Py € A,
zie 2 — MHOXKMHA HenepepBHux 1pu ¢ > 0 dyukiii ¢ (t), gKi 3a0BOIbHIIOTH YMOBH:
1) ¥(t) = 0, ¥(0) = 0, 9(t) spocrae Ha [0,1); 2) 9(t) ouykia goHn3y Ha [1,00) i
tlggo P(t) = 0; 3) noximma dymxmii ¥/ (t) = ¥'(t + 0) mae oOMexeHy Bapialio Ha

[0,00); A" = {2A : f@ dt < oo}. Muoxuny dyHKIiN 1)(t), AKi 3aJ10BOJIBHSIIOTH
1

Jiiie yMoBy 2), no3Havaiors J.

Haui, cuiscraBumo koxkuil dyukiii ¢ € 9 3a ymosu ¢t > 1 napy dbyukuiii 7(t) =
P ((t)/2) Ta u(t) = t/(n(t) —t). Toxi noxmagemo: My = {tp € M : 0 < u(t) < K1},
Mo = {”(/} eEM:0 < Ky < ,LL(t) < K3 < OO}, Ay = moﬂﬂ, Q»% = Q[omm/,
Ao =M NA, e Kj, j =1,3 — nesiki crasi, siki, MOXKIIIBO, 3a/1€2KaTh Bif dyHKIT
¥(t). B pobori [3, c. 159-161] nokazano, mo dyHKMIT 1) € Ay HEe MOXKYTH CHAJATH

(© Cinin €. C., 2014
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[0 HyJIst IBUJIIe Mesikol Bix'emuol cremeni t. Qyuruil ¢, (t) = In*(t + ¢), Yo 5(t) =
In®(t+e)In’ In(t+¢), >0, B €R, e > 1, ¢ > 0 e upuxaganu GYHKIHH 3 MHOKUHI
Ao.

IMoknagemo: C — MHOXKWHA HeNepepBHUX OOMEXKEHWX Ha JIHCHIi oci (yHKIIIA,
N — omuHnMYHA Kyiusd Soo = {¢ : esssup|p(t)] < 1} mpocropy icTOTHO OGMEKEHHX
byt abo kmac H, = {p € C : |o(t) — o(t )| < w(|t — YDVt € R}, w(t)
— dikcoBanuit Mmomyap HernepepsHocti. Tomi dyepes C¥M nosnatmmo MHOXKHHY BCIX
HernepepBHUX PyHKIHH f, ski Vo € R MOxKHa 1o71aTi y BUTJIsII

f(@) = 4o +/ (& + yt) dt & Ao + o (a), 1)
R

e Ag = const, iHTErpas po3yMIeThCS SIK IPAHUIS IHTErPAJIIB 110 CUMETPUIHHUX TPO-
Mi2KKaX, 0 PO3MIUPIOIOThCs, DyHKIS ¢ € N,

<D

(6)= 5 [ (r(o) + e (e o &)

R

a Y14, Yo — mapHe 1 HemapHe IIPOJIOBIKEHHS dyHKIn 11, ¥ BigmoBigHo. AKIo
1 € A, Yy € A, To mepersopentns 1) (t) cyMoBHe Ha jiiicHii oci (uB., manpuxma, [2],
reepekenHs 9.5.1). Oyukuio ¢(-) B 306pakenHi (1) Ha3uBaOTH Y-110XiHOW BYHKIIT
f() i mosmauaors f¥(-). Bignosimo, dbynkuino f(-) B (1) HABHBAIOTH (-iHTErPATOM
dynkuii ¢() i no3nagaTs 1 v (¢; ). Takoxk 3ayBazkuMo, O y BAIAJKY, Koau ¢ € Ao,
g € A MHOKUHE C¥M wmicrats B cobi dyHuKIil, gki HEe MaOTh YKOIHOI J1POOOBOL
noxigHol 3a Beitnem.

Oyukiil f € Cvn [Ipy KOXKHUX JificHuX ¢ > h > 1 mocraBuMO y BiNIoOBiIHICTH
omeparop Vi, »(f; x), moxmasmu

—

Vo’,h(f; LL') = AO + fE * Aoyh&(x)v

-

1e Aot () nepersopenns surssny (2) Gyukiii A, p(£)Y(t), B axiit

1, 0<|t| <o—h,
Aon(t) =S S, o —h <t <o,
0, o < |t

Taki oneparopu posrasiamnucs O. I. Crenannem y poborax [1, 2, 4, 5], me 1o-
kazano (Hanpuksan, [2], TBepmxkennsa 9.3.4), mo 3a ymoB ¥ € A, 1y € A onepa-
topu Vo, (f; ) HamexaTh 10 MHOXKUHU €, IUINX (DYHKIH eKCIOHEHIIAIbHOTO TUILY
< 0, a y nepiognunomy Bunajiky, upu 0 = n € Ni h = p € N| p < n, oneparopu
Vor(f;x) cuiBunagaiors 3i cymamu Basute ITyccena. Tomy B mopanbmioMy Ha3uBaTu-
meMo Vi p(f; x) oneparopamu Basre ITyccena.

Ham Taxox 3H&,ZLO6J'I$ITBCH HaCTyHHi OSH&‘ICHHSI

Hexait ¢ = {¢(1) b ,¢(m)}, = (¢ (1) (Z)) i =1, m — nosinbHi mapu
dyHKIiil, Taki, 1mo wg e Ay, wQ € Qlf). Hami, b = {by1,ba,...,byn} — noBlibHMI
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BEKTOP 3 JICHUMH KOOPJIUHATAMU 1

m

=0 (s 30) = 3 ——
; (o)

(@

(1" (@2) = Voull” (@12))) . M (3)

s cymu (3), gka BusHadeHa Ha MHOXKUHI I, MAE CEHC BeJUYUHA

B (935 b) = sgpnz D (32583 b)) |- (4)
®

Sasada otHOoUacHOrO HAbJIMKeHHs DYHKIIIH Ta TX 1p-inTerpaJsis onepatropamu Basi-
ae Iyccena nmossirae B gociimpkenni sennunnu (4). Pamime ng Benuduna Gysa mocii-

JIKeHa HaMmH B [6] 3a yMOB, 1110 KJacu CY9N micTars GbyHKIIIT BEJIUKOT TJIaKOCTI:

1/)( e{A:n'(t) <consti lim (n(o)—0)=c,0<c<oo}, j=1,2, i=1,m,

g—00

uucsa h = h(o) obpani TakuM duHOM, MO 0 — h € [n_l(wj(-i); o)ol,j=1,2,i=1,m
"

. % i
Ta iCHYIOTh KOHCTaHTH K ), K é ), JUI IKUX BUKOHYETHCS YMOBa

(5%) o
(s o) —

O<K()<

Sajada 0JJHOYACHOTO HAOMXKeHHsT oreparopamu Pyp’e Ha Kiiacax C’g‘ﬁ, TOOTO,

y Bunagky ¥1(o) = (o )cosﬂﬁ,wg( )=1(o )smﬁﬂ,BGR h=1ma

1, 0<t<o—1,
* t “+1
st = 1= 1<t <o
0, t>o

Gysa pose’sizana B [7]. V Bunajaky 2m-nepioguaanx OYHKIIH 3a/a9a PO OJHOYACHE
nabizkentst GyHkiii ta ix (¢, 8)-noxinaux cymamu Pyp’e na Kiacax Cg‘ﬂ pO3IIISI-
namnacst B [8]. Y poborax [9] i [10] BuBuanocs oxHOYACHE HAGIMZKEHHS IEPIOIIMIHAX
dbyukuiit Ta ix Y-inrerpanis cymamu Qyp’e #t Base ITyccena, Bignosinmno, na kiacax
Cc¥.

Akmom=1,b =1 iﬂ(l)(a) = (o), T0

o (05 22) — Vo (17 (03 2)) ||

=M O P 1) =

BBincu BumIHBaE, 10 3aJada IIPO OJHOYACHE HAOIMIKEHHs y3arajibHIOE 3ajady [0-
cimxenns pemran £ (CVN; Vo) = sup 11¥ (s ) — Vo, w(I%(@; )|y B TOMY cenci,

MO Ma€ Miclie piBHICTb 8(C¢fﬁ; Von) = @( ) U)h(m; i 1).
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- d
OCHOBHI PE3VJIBTATU. Byunemo BBaxkaru, mo h = h(c) i lim g g 0,0 <
o—00
0 <1
Teopema. Hezxati w{" e Ay, (z) € AL, i = 1,m. Todi daa diticnux wucen o >
h > 1 i dosiavrozo sexmopa b = (bl,bg,..‘,bm) 3 QilicHUMU KOOPOUHAMAMYU TPU
o — 0

m - 4 2 TYL
ny,h)(soo;¢;b) = 5 ftn ln% +- (z) /% dt) +OL),

EE:;L)( H,;¢;b) =0 < Ry, lnh/ < )smtdt+
1 - oo
+71r/w(2t)z /¢2 os)sin st ds dt) + 01w (O’ih>’
2 1

(i)
de R, = \JA? + BZ, A, = Zb cosy$?, By, = Zb sinys), A8 = arctg%; 0., €

[2/3;1], npuvomy 6, = 1, ,;muw w(t) — onyn,/Luu Modym) nenepepsrocmi, O(1) —
BEAUNUNA, AKA piGHOMZpHO obmesicena wodo o ma h.

Hosenennsi. Hagasi gepes K OymemMo mo3HaYaTH MOCTIHE 9UCTI0, MOXKJIUBO, HE
onme i Te caMe B pisHux Micrgx Tekcry. B [11] mokazaHo, 1110 B yMOBaxX TeOpeMuU st
gificanx o > h > 1 B koxHiit Touni ¢ € R BUKOHyeThCs PiBHICTH

a/o<[t|<n/h

sin(ot — 7,)

f(x) = Von(fiz) = r+t) dt+

/5x—|—t /wg )sin st ds dt+

|t|<a/o’

+0(1) (Z(%(U —h) —i(0)) + |¢(0)> M), (5)
fP@) = fPa+1), mamof € CPH,,
f(x+1t), akmo f € 6},@,

{ w (ﬁ), ko f € CA”Z’HW7
1, ko f € 6’;”0,
O(1) — Besnmunua, piBHOMIPHO 0OMEXKEHA MO0 T, h.

Vi € My cupasemyusa HepisHicTs Y(eo) < K(0), 0 < e < 1. Tomy (0 — h) <
Ky(o), 3a ymoBu, mo 0 < © < 1. Ipuitmaroun mo ysaru ueit daxr, Ha migcrasi
criBinHOomens (3) 1 (5) omepyemo

neac (0,57),0(x+1t) =

Yo = al"CtgwaZ§§ C(m) =

—1 O(x+t

) Z b sin(ot — ) dt+

a/o<[t|<n/h =l
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+* / oz +t / sm st ds dt + O(1)¢(MN), 7V = arcth?) (6)

|f|<a/a o
Z b; sm'y,(;) Toni

Hexait, nani Ry, = \/A; + B, A = Z b; COS’y( )7 By, =
i=1

Z bisin(ot — ) = A, sinot — By, cosot = Ry, sin(ot — ayy,), (7)
zie
Bm
- { arcthm, A #0,
2 Am - 0
3riguo mo pisaocteit (6)—(7)
m _Rm 1) t) .
E( )(4,0,95 Pib) = (x:_ ) sin(ot — a;y,) dt+
™
a/o<[t|<n/h
—|—l x+t) /Z ”/}2 sm st ds dt + O(1)¢(M). (8)
7r
tl<a/o o

Bimmitumo, o, ockiibku MHOXKUHT So, 1 H,, iHBapiaHTHI MO0 3CYBYy apryMeHTy,

TO BeJn4rHA (4) He 3aJIeXKUTh BiJl 3HAYCHHS T. TaKuM IHHOM

= (9 3 0) = sup S (3093 b) |- 9)
PEN

Bpaxosytoun pisaocti (4), (8)—(9), onepxyemo

m — —R,, 5(t) .
EE; h)(Sw;¢;b) < sup ysm(ot — Q) dt+
’ s
PESe ajo<|t|<n/h
Z% ds dt| +0(1) <
(z) smst sdt|+0(1) <
|t|<a/o’ o
< Rﬂ Sln((jtt_am)’ dt+
0
a/o<|t|<m/h
1 TS byl (s)
+— / Z%sinst ds| dt+ O(1). (10)
ﬂ-wga/g o =1 W} (U)|

Hasi cupocrumo Buriisiz pasoi yactunu Hepisaocti (10). @yukiis

oo m ()
=y %)((jl sin st ds

=1
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uenepepsra 1 K, (0) = 0. Orke, B meaxomy okosi (0,ap) Bona 30epirae 3uak (abo
nopisaioe Hyuio). Tomy, okJaBIM a = ag 1 BpaxoByioun, mo Gyukis K, () nenapna,
3i cuissiguaormenns (10) BuruinBae

ajo

R Sm(af—am)‘ dt+%/IKa<t)\ dt+0(1). (11)
0

EST}LL)(Sod@; b) < Tm
a/o<[t|<n/h
Hexaii [3, c. 232]

g =t =g — Ik =0,+1,£2,..., an €R, 0 €R. (12)

Yepes ko o3HAYUMO Te 3HAYEHHS K, JJIs SKOI'O tk, € HAlOIIKYa IPABOPYY BiJ TOYKH
(a+7) /o Touka, B axiii sin(ot—a,,) = 1, a uepes ki — Haiiblibiie 31 3HaUenb k Takux,
o ¢ < 7/h. Haui, gepe3 ko MO3HAYMMO Take YUCIIO, IO TOYKA tg, Oyze HalbMKIa
JiBopyd Big Touku —(a + 7)/0 cepex tux, B aKkux sin(ot — a,,) = —1, a uepes ks —
HafiMeHIIIe 31 3HAUEHD, 0 3aJI0BOJIBHAIOTD YMOBY tr > —7/h, i mokmanemo

la7h(t):xk, te [tk,tk+1], k:ko,...,kl—l,

; 13
k:kg,k‘3+1,...,/€2*1, 23,1:[tksatkz]u[tko’th]' ( )

Kopucryouucs cxemoro poeienns jgemu 5.4.7 [3, ¢. 232-234], HeBaxKKo 1epeko-
HATUCS, 0 MA€ MICIle aHAJIOTiYHA

Jlema. Hexati a — dosiavhe wucao, oy, € R io > h > 1. Todi, akuwo ¢ € S,
mo 6 KootcHith mouyt x € R suxonyemovea pisnicmo

/ w(t)isin@tt_ Om) gy / “’(t)Sin(ithzt)am) Qit+o(),  (14)

a/o|t|I<n/h 3,1
axuo @ € Hy,, mo das eciz © € R sukonyemvcs pisnicmo

sin(ot — ayy)
t

((0) — (1)) dt =

a/o<|t|<m/h

B B sin(ot — ayy,) " 1
= [ o0 = o)™ e o (7). (15)

13,1

B pisnocmazx (14) — (15) npomiowcor iz 1 ma dynwyis ly p(t) osnaveni y (13), O(1)
— BEAUMUHU, PIBHOMIPHO 00MeEIHCEHT U000 T.

ITponoexuMo J1oBeIeHHs TeopeMu. 3 piBHocredi (11) Ta (14) Buruinsae, 1o

alo
— m i — Qi 2
E(";L)(Soo;z/);b)gR—/ sinfot = am)| ) 4 2 / K,(8)]dt +0(1).  (16)
o T lon (%) T
93,1 0
ITokJrasiemo
alo

sign [ |Ko(t)] dt, |t <<,
0

signisinl(ji_(gm) , t€is
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i wepes ¢*(t) nosHaunMo (YHKIIIO 3 MHOXKUHU S, KA CIIBIAJAE HA MHOXKUHI
[—a/o;a/0] Uis,; i3 dysknieo ¢, (t). Oyuxmis ¢*(t) 3asxmu Oyae icaysBaru i s

Hel 3HAaYeHHs EE:;L)(SOO;J; b) 6yxe B TouHOCTI 30iraTncst 3 HpaBolo YacTHHOIO (16).

Tomy
ajo

Sin(o't_am) 9
lgh(t)‘ dt+ — 0/ K, (t)] dt+O(1).

m - Rm
Ec(r h)(Soo§¢§b) = /
13,1

Ckopucrasmucs cuissinpomenuamu (5.5.4) ta (5.5.5) poboru [3, c. 236] uepexo-

HY€EMOC, IO

J Sm<jfh(gm | di=24mg+0(),
| | [ ¥a(s)sinst ds dt:%f )I dt + O(1).
t<e o o

TakuMm 9MHOM, OCTATOTHO OJIEPIKYEMO

m (%)
— 4 o 2 b; (t)
E((:r;)(Soo;w;b) =S Ryln-+— E L / 2 dt| + O(1).
’ m N e T GO DA

Posrusinemo Bunanox ¢ € H,,. 3rixuo 3 pisaoctamu (8) i (15)

sin(ot — ayy)

S (Hy; ;b) < sup
’ pEH,,

~ln /(90(15) - QD(O))W dt+

1
1 .
+ 0w (a — h)
[t|<a/o

V [3, c. 239, 240] 6ysnum omepzkani nepisaocri (5.5.16) ta (5.5.17), upu upomy dbarTuaHo
He BUKOPUCTOBYBaBcs TOil dakt, mo n € N i ¢ — nepioguuna dyukmia. Tomy

/2 ka—1
zﬂ)(Hw;i;b) < T ( )smt dt (Z ol + Z >
’ Tk

oMy

+= (o(t) — ¢(0)) —— sinst ds dt
/ / g (o)

/ (2t) /Z (1) sm st ds dt + O(1)w (aih> . (17)

Hauti, HaCJIl,HyIO‘II/I MoHOrpadio [3, c. 240]7 ozHaanMo (pyHKI @ € H,, 11 aKoT
3HAYEHH E((, W (Ho; :1; b) chisnasae 3 npasoro yactunoio (17). Hexait

lu@@zr —1t), tE [ty
1 =4 20 -1) BIRD k=T ke — 1, k=ko k1 — 1,
(1) { w(2(t —xr)), tE [r;trt], 32 0™
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zie gucya Ty 1t o3madeni y cuisigaomenni (12). ITokamemo

P (t) = (1) Popy(t) — 5 (w(m/0) —w(2a/0)), t € [tritrsl,

k= T fey — 1.
() = (=1)F 2t (t) + 5 (W (n/0) —w(2a/0)), € [tr;tria],
k= g g — 1.
Lo, <,
sw(2a/0), t € la/o,tr],
o(t) =3 »+(D)s € [thos thyl,
f% (2a/0), tE [tr,y;—a/ol,
p—(t), € [thsiths]-

DOyuknis @(t) — mykana ekcrpeMajibHa (DYHKIA, OCKLIbKH, KO w(t) — omy-
KJIWi MOJLYJIb HeNepepBHOCTI, To @ € H,, i, sK mokasyoTh 6e3rnocepeiHi mipaxyH Ky,
st byl @(t) crissigHomenns (17) Gyne pisicTro. Ko )k w(t) — moBiabHMI
MOJLYJIb HEIIEPEPBHOCTI, TO criBBinHomenns (17) Gyie pIBHICTIO 3 JIeAKUM MHOKHUKOM
0, € [2/3;1].

ka—1 ki—1

Ockimpku ﬁ + > ﬁ =0 (2In% +O(1)), To HeBAXKKO LIEPEKOHATUCS Y

CIIPaBEITUBOCTI PIBHOCTI

jus

2
™) (T p) — 2 o AP
Eo,h (Hy;;b) = 0, <7r2Rm lnﬁ /w <U> sint dt+

0

1
1 2t 1
+7T0/ < ) |¢(1) /77/1 os)sin st ds dt) +O0(1)w (U — h> .

TakuMm 4rHOM, TeopeMa JOBe/IeHA.
Hexait 1S € A, i = T, m. Toni, arizmo g0 onimxu (5.3.4) [3, c. 214]

m

2.

= 1w”< )y

f '% ®)] dt‘ o(1). (18)

B [3, c. 216] npu ¢ € N HasejeHo cnigBinHomenHs (5.3.11):

O(1)w (1) [ 12l g (19)

[ea

1
f (%) fwg os)sinst ds dt| =
0

1
™

3 ominok (18)—(19) Ta 10BeIEHOT TEOPEMU OIEPIKYEMO

Hacainok 1. Hexati 1/19) e Ay, wéi) €A, i =1,m, 0 < © < 1. Todi dasn
c>h>1npuoc—

203 (Sa0s B5b) = g R In &+ 0(1),

s (H w;@;b)— h/ < >Smtdt+0() <aih>7
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de O, € [2/3;1], npuvomy O, = 1, axwo w(t) — onyxauti Modyav nenepeperocmi i
O(1) — seaununa, pisHOMIPHO 06Mmedcena wodo o, h.

Hocitiumo MOXKJIMBICTh BUKOHaHHS piBHOCTI R, = 0. Jly1st ibOro cKOpuUcTagMOoCst
mipkyBanusmu 3 [10, c. 261-264].

Hacainok 2. Hexatl 1/1@ € 2, 1/15” €A, 0<O<1,0>h>1. Axwo

(1) (2)
1om=2ib" = (b, —by), LD =220 | pr ke 7
1

WiV @) i (o)
2.m =3 0b" = (b],bs,...,b) — dosiavhuli sexmop, KOOpIUHAMU AK020 3a-
m .
dosoavraoms ymosy ». b = 0, axwo 71(72) = const, i = 1,m, abo ymosy
i=1
3 i sin((5?) =76 3 b7 sin((957) =)
bt = L , bp = 2L o) 6 iHwomy eunadxy,

NS ORI

mo npu o — 00

sin(75” —75")

SR (Soci 030%) = O(1), B3 (Has 6:07) = O(1)w (a . h> ,

de O(1) — seaununa, pisromipro obmescena wodo o, h.

BUCHOBKU. B cTaTTi pO3r/IsTHYTO MUTAHHA OTHOYACHOTO HAOJIMKEHHS JIOKAJTb-
HO IHTErpoBHUX Ha MificHIN oci dyHKIH MaJiol TVIaJKoCTI Ta X @-iHTerpaﬂiB 3a 10~
momorofo oneparopiB Bamie Ilyccena. 3naiieHo acHMOTOTHYHI 3aKOHU MTOBEIIHKI
BepXHIX rpaneil byHKIIOHAIIB, sIKi XapaKTepU3yIOTh MaHy 33/1ady.
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1O. A. Yepnernkasa
Opecckuii HarmoHabHBIN yHUBepcuTeT umenu V. 1. Meunukosa

O PASPEIIIMMOCTN CUCTEMbBbI OBBIKHOBEHHDBIX
JANOPEPEHIITNAJIBHBIX YPABHEHUU OTHOCUTEJIBHO
ITPOM3BOJHBIX

Yepaenpbka FO. O. IIpo po3B’a3HIicTh cucTeMU 3BUYANHUX U EpPEeHITiaIbHUX
PiBHsIHB MO0 MOXigHUX. JOCTIIZKYIOTHCSI MUTAHHS PO MPUBEIEHHST CUCTEMU 3BUYANHUX
nmudepeHIiaIbHIX PiBHSHB, 110 HE PO3B’si3aHi BIITHOCHO MOXITHUX, IO CUCTEM, IO PO3B’si3aHi
BiJIHOCHO TIOXiHUX ab0 YaCTKOBO PO3B’si3aHi BiJHOCHO ITOXiIHHX.

Kurouosi ciaoBa: 3amaua Ko, HesBui dynkmii.
b

Yepuenkasa FO. A. O paspernMocTyi cUCTEMBI OOBIKHOBEHHBIX AuddepeH-
UAJIBHBIX yPABHEHUI OTHOCUTEJIBHO IIPOU3BOAHBIX. VCCiemayioTcs: BOIPOCH O MpU-
BEJIEHUU CUCTEMBI OOBIKHOBEHHBIX U] depEeHINaIbHbIX YPABHEHN, HE PA3PEIIeHHbIX OTHO-
CUTEJILHO HMPOU3BOJHBIX, K CACTEMAaM, PA3PEIIEHHBIM OTHOCHATEJLHO [TPOM3BOMAHBIX WJIA Ya-
CTUYHO Pa3pEeNIeHHBIM OTHOCUTETBHO TPOU3BO/IHBIX.

KuaroueBsbie cioBa: 3amaga Kommu, HesBHbIEe DyHKIINN.

Chernetska I. The ordinary differential equations systems solubility in re-
spect to the derivatives. Questions are investigated about bringing the system of ordinary
differential equations not solved with respect to derivatives to the systems, solved with re-
spect to derivatives, or partially solved with respect to derivatives.

Key words: Cauchy problem, implicit functions.

BBEAEHUE. PaccmarpuBaercs 3agada Ko i cucreMbl OOBIKHOBEHHBIX JT(-
depeHnmaIbHbIX YPABHEHUI, HE PA3PEIIEHHBIX OTHOCUTEIBHO ITPON3BOIHBIX, BUIA!

{ O(t,x, i) =0, (1)

x(t) = 0,t = 0,

rue Bekrop-byukius P : D — R™ — nenpepovisua B D = {(¢t,z, %) : t € (0;4a],
lz]| < b,]|2]] <b},a,b>0, = (21, ... 2,)T; vie ||z|| = max|z;],i =1, ...,n.

Huddepenrmaibubie ypaBHEHUsI, He PAa3pelIeHHble OTHOCUTEIHHO IMPOU3BOIHBIX,
Ha3bIBaeMble TaK¥Ke HesABHBLIMU AU PepeHInaIbLHBIMI yPABHEHUSIMA, H3BECTHDI J1aB-
HO W BOBHUKAIOT BO MHOIMX IPUKJIQJHBIX 3aJadax. Takue ypaBHEHHs IIOSABJISIOTCS
B MATEMATUIECKON 95KOHOMUKE (ypaBHEHUE MEKOTPACIEBOrO GAJIAHCA), TEOPUH JIEK-
TpUYEeCKUX Hernei, Teopun MapKOBCKHUX MPOIECCOB, B 3aa9aX ONTUMAJBLHOTO YIIPaB-
JIEHWsI, XUMAYIECKOH KUHETUKY U T. JI.

Cospemennoe passurue Teopun qudepeHnualbHbIX YPABHEHNUI, HE Pa3peIleH-
HBIX OTHOCUTEJIBHO IIPOU3BOIHBIX, BKJIIOYAET B ce0sT MCCIIEI0BAHNE CUHTYIAPHBIX YPaB-
HEHWI U CHCTEM YPABHEHHI B BEIIECTBEHHBIX W KOMILIEKCHBIX obsacTsax. B paborax
Epemenko A., Camoiinenko A. [3|, Crapyuna U., kuna H. [5], dxosna B. u apyrux
U3y9asiCh BOIPOCHI CYIECTBOBAHUS U ACUMIITOTUIECKOTO TOBEJIEHUS PEIeHuil cu-
creM qudepeHnualIbHLIX YpaBHeHH, He pa3pelleHHbIX OTHOCUTEIHHO TPOU3BOIHBIX

@ Yeprenkasa FO. A.; 2014
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€ TIOCTOSTHHBIMU U TT€PEMEHHBIME ITyIkamu Marpuil. Takke ucciemoBanue nuddepen-
[UAJBHBIX CHUCTEM, HE PA3PEIeHHBIX OTHOCUTEIHLHO TPOU3BOJHBIX, B BEIIECTBEHHON
obJiactu npoBojsTcs B paborax Ammuposa O., Babkuna B. H., Burioka A. H., I'pa-
Gosckoit P. T., JIu6imka 1., Camkosoii T. E. [2, 4], Hanke M., Lando M., Campbell
St., Marz R., Kamtyn FO., Kpasnosa I1. u maOruIx apyrux

B nmannoit pabore nzyuaercs 3amada Komm 1 cucreMbl 0OOBIKHOBEHHBIX i de-
PEHIMAJIbHBIX YPABHEHUI, He Pa3pelIeHHbIX OTHOCUTEIHHO IIPOU3BOJAHBIX, Buaa (1),
[P JIOTIOJTHUTEIHHOM YCJIOBUU:

#(t) = 0 mpu ¢t — 0. (2)

Hanmnast pabora saBJIsieTcs pacinpocTpanenneM Meroaa I'pabosckoii P. I'. u JIu6bu-
ka I. [1, 6] na Gosee obIIHe KIACCH HAYATBHBIX 33,/1aM.

Ipegaraercs anropurm paspemmmocts 3aga4u (1)—(2) oTHOCHTENHLHO TPOU3BOI-
HBIX, MW OTHOCUTEHHO YACTH KOMIIOHEHT BEKTOPA ITPOU3BOHOM.

OCHOBHBIE PE3VJIBTATBI. PaccMOTpuM IOIIIANOBO aJITOPUTM TTPUBEIEHUST 3a-
nauan (1)—(2) k 3a1ade 17151 CUCTEMBI OOBIKHOBEHHBIX [ epeHInaIbHBIX YPaBHEHN I,
pa3pelIeHHbIX WK YACTUIHO PA3PEIIEHHBIX OTHOCUTEILHO IPOU3BOJIHBIX OTHOCUTE b~
HO HOBO# Henm3BecTHON dyHKImH. [IJIs 9TOr0 MPOJAETBIBAIOTCS CJIEIYIONINE IIATH:

1. BBogsrcs Beromorarenbabie byHKIANA

x=m(t,Y,9),

rae m; - G x Gy x G3 — %n,i = 0,1, obstactu G C §R,G2 - %k,Gg - %l, 0e G1,
0€ Gy,0 €G3, Y =(Y,...Y2)T, S = (51,...,5)7. Honaraercs, aro dbyHxmus o
— HenpepbiBHO-nuddepennupyeMa, a QyHKIug 73 — HenpepbiBHa upu (t,Y,S) €
Gl X G2 X Gg n

7:(0,0,0) =0,i =0, 1. (4)

2. Ilpeamosnaraercst, uro cymecrByer Takast pyukius T : G X Go X Gz — RP, uro B
HekoTopoit okpectHocTH Toukn (0;0;0) cpaBeyInBO IpeICTABIEHNE:

®(t, mo(t,Y,5),m(t,Y,5)) = F(t,Y,5,T(tY,5)).

Onpenenenne 1. Bydem zosopums, wmo das dyuxyuu T 6vinosreno ycaosue
A, ecau:

1) (t,Y,S) — nenpepwvisna 6 obaacmu G1 X Go X Gs;

2) aubo T(0,0,0) = 0, aubo gynruyuo T 6 wxe (0,0,0) mooxcro doonpedeaumo:
(0,0,0) =0;

3) cywecmeytom u nenpepvisho, 6 G1 X 2x G3 6ce wacmmvie npoussodtvie Gyrkyul
T; =1;,Y,5),5 € {1,...,p} no scem apeymernmanm;

4) nexomopwili Pynryuonasvrodi onpedeaumens ¢ mouke (0,0,0) omauuen om
HYNAA.

Ymounenue nynkma 4) ycaogus A 6 Kascoom KowKpemmom caysae bydem nposooumy
omaesvHo.
Ecin dyukuust T ynoBiaeTBopsieT yCjaoBHIO A, TO cucreMa

T(tvyrla-“7Tk7SI7“'7Sl) =0 (5)
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WIN Pa3pEeInMa OTHOCUTEIHHO BEKTOP-DYHKIUH S, WA PA3PEIINMa OTHOCUTEIHHO
YACTH KOMIIOHEHT BeKTOp-pyHKImU S. DTO HO3BOJUT € y4eToM (3), T. €. ¢ yd4erom
TOI'0, YTO

(Wo)é =71, (6)

nepeiitu or 3agadn Komm (1) ¢ jonosHnTesnsabiM yeaosueM (2) k 3amade Ko,
Pa3penenHoil WM YaCTHYHO PAa3PENIeHHON OTHOCHTENBHO MPOU3BOAHBIX. 1Ipm aToM
MOT'YT BOSHUKHYTH YCJIOBUsI COBMECTHOCTH.

PaccMoTpuM paziudHbIe CJIydad Pa3peluMOCTH WM 9aCTUYIHON Pa3pelmmMOCTH
cucrempl (5) B okpecraocru touku (0,0,0), orHOCUTEBHO BeKTOP-DyHKIUY S, Ujin
OTHOCUTEJIBHO YaCTH KOMIIOHEHT BEKTOP-(DYHKINU S W TOIYIUM B KarKJIOM U3 CIIy-
yaeB coorBercrByoiyIo 3agade Komu (1) ¢ gomosHuTe bHbIM yeIoBreM (2), HOBYIO
HAYAIBHYIO 3aJa9y.

Caywati 1:

IIpenmonoxkum, uro p = | u pyHruusa T’ yIoBJIE€TBOPSET yCJIOBUIO A, Tl MyHKT
4) umeer B (DYHKIMOHAJILHBINA OIIPEJIEIUTEIb %|(070,0) £ 0.

Torya 3 TeOpPeMBbI 0 HesIBHBIX (DYHKIMSIX CIIEyeT, 9To cucreMa (5) OJHO3HAUHO
paspemuma B okpectaocTr Touku (0;0; 0) OTHOCUTEIBHO BEKTOP-MDYHKIMY S, MpHIeM
BekTop-bynknua S = w(t,Y), rne w(t,Y) = col (wyi(t,Y),...,w,(t,Y)), HenpepbiBHa B
obaactu Jy X Jo, J1 X Jo € G1xXGa, (0,0) € J1 xJo, u byHKIMY W1, ..., Wy UMEIOT B 3TOH
006J1aCTH HeIIpepbIBHbIE YaCTHbIE IIPOU3BOAHbIe 110 BeeM nepeMenubiM u w(0,0) = 0.
Cayuati 2:

IIpeamomoxkum, aro 1 < p < [, dbynkmusa T ymosierBopsier ycioBuio A, rae
D(Th,...,Tp) £0

nyHKT 4) umeer BUJ: (DYHKIUOHAIBHBINA OIIPEIe/IUTE/ b DS 5)
22) 1(0,0,...,0)

Torma n3 TeopeMbl O HESIBHBIX (DYHKIIUASIX CJIEIYET, 9TO CHCTEMA

Tj(ta Y17 ey Yk) Sla ey Spa Sp-‘rla ey Sl) = Oa.] = la P (7)
onuHozHauHo paspemmma B okpecrHocru Touku (0,0,...,0) OTHOCHTEIBHO BEKTOD-
dbyukumit S; = w;(t,Y, Spt1,...,5¢), j =1,...,p, npudeM BexTop-pyHKINII W;(t,Y,
Sp+i,..-,5¢), j =1,...,p HEIPEPHIBHLI B 00/IACTH

J1XJ2><J3,J1 ><J2><J3§G1><G2xég,égg%“p,(O,O,...,O)EJ1><J2><J3,

dyHKINT W1, ..., W, UMEIOT B 3TOH 0OJACTH HENpPEPLIBHbIE YACTHBIE TPOU3BOIHEIE O
BceM mepemennbiM 1 w;(0,0,...,0) =0, =1,...,p.
Cayuati 3:

Ipemonoxum, aro | < p, dbyukuusa T ynosiersopsier yciaosuio A, rie nyHKT 4)

D(Ty,...,T})
UMeeT B — it # 0.
P& 0.0,.....0)
Torma cucrema
T;(t,Y1,... Y, S1,...,8) =0,i=1,...,1 (8)

OIHO3HAYHO paspentnMa B okpectHoctr To9ku (0, . .., 0) oTHOCHTEIbHO BEKTOP-(DYHK-
umit S; = w;(t,Y), i = 1,...,1, upuuem oHU HenpepbIBHBL B obsacTu J; X Jo, Touka
(0,0) € J1 x Jo, u dpyHKIUHT W, ..., Wy UMEIOT B ITOH 06JACTH HEIIPEPBIBHBIE YaCTHBIE

[POU3BOJIHBIE TI0 BeeM mepeMeHHbM 1 w;(0,0) =0, i =1,...,1
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Ha cucremy
Tq(tvylv"'7Yk7517'~'75l) :an:€+]—77p (9)

Oy/ileM CMOTPETh, KaK Ha yCJOBUE COBMECTHOCTH.
Cayuati 4:

IIpexamonoxkum, 9To cymecTByer Takoe ducjao m : 1 < m < p,1 < m < [, gro
dyukuus  ynosiaersopsier yciaosuio A, rje myHKT 4) uMeer Bui; QyHKIMOHAIBHBIH

D(Th,....Tm)
ONPEJIEIITENb iz =gy 0.0) #0
Torna cucrema (5) pacnagaercss Ha 2 CHCTEMBL:
Ti(tv Yla ey Yka Sl, ey Sma Sm+17 ceey Sl) = 077' = 13 ey T, (10)
Tj(t, Y1, 000y Yiey STy ey Sty St 1s oon Sl) =0,5=m+1,...,p. (11)
Cucrema (10) ogHO3HAUHO paspermuma B okpecTHocTH Toukn (0,0, . .., 0) oTHOCHTE B
HO BekTOp-byHKIMiA S; = w; (¢,Y, Spt1,...,51), i =1,...,m, upuaem w;(t,Y, Spmi1,
...,@), i =1,...,m HenpepuIBHBI B obmacTh J; X Jo X Jy, JJ1 X Jo X Jy € G1 X Go X

G4, Gy CR™ 1 Touka (0,0,...,0) € Jy X Jy X Jy, GyHKIMEA w1, ..., W, UMEIOT B
9TOI 06JIACTH HENPEPBIBHBIE YACTHBIE TPOU3BOAHBIE IO BCEM IIEPEMEHHBIM M BBIIIOJ-

HeHo ycaosue w;(0,...,0)=0,i=1,...,m.
Paccmorpum cydan 1 u 2 6ostee mogpoOHO.
Caywati 1:

DOyuxius S = w(t,Y) — HelpepbIBHA U UMEET HEIPEPLIBHbIE YACTHDBIE IPOU3BOJI-
HbIE 110 BCeM nepeMeHHBbIM B oKpectHocTH Touku (0,0) € J1 X Ja, J1 X Jo € G X Ga,
u ynosiersopster yeaosusivm w;(0,0) = 0,5 =1,..., 1L

Kpowme Toro, ecim B J; X Jo — obaacru HenpepwisHOCcTH dDyHKImu w(t, Y), cupa-
BEJIUBO:

Ft,Y,w(t,Y), Tt Y ,w(T,Y)) =0,

TOT1a:

O(t, mo(t, Y, w(t,Y)),m(t,Y,w(t,Y)) =0, upu (t,Y) € J; X Ja.
IIpu S; = w;(t,Y),j =1, ...,¢, 3amena (3) nmpunuMaer BUI:

T = Wo(t, Y,wl(t,Y), ...,’wg(t, Y)),

z=m(t, Y, w1 (t,Y),...,we(t,Y)), (12)

Huddepennupyst mo ¢ mepsoe u3 coorHomennit (12) u npupapBHUBasi €10 BTOPOMY,
nostyanM cucremy andbepeHIalbHbIX YPaBHEHHUH ¢ HEN3BECTHON BeKTOP-bYHKIMEHR
Y (t) Buza:

37r0 + b 87’(’0 Y/ ! 871'0 a’UJZ ! a’lT() ( b awZ Y/>
270 Y] - - " =
ot = 0Y; = 0s; ot = 05, = Y, (13)
= 7T1(t, Yi, ..., Y, wl(t, Yi, ..., Yk), ey ’wg(t7 Y., ..., Yk))
Paccmorpum pasiuunble Buabl dbyskuuii 7;(t, Y, S),i = 0,1, Koropble ¢ ydeTom

ycoBus cBs3u (6) Ho3BosAT paspemuTs 3a0a4y (1) ¢ gonosaHuTeNbHBIM yeaoBueM (2)
OTHOCHUTEIFHO ITPOM3BO/IHON HOBOW HEM3BECTHOW (PYHKIINU.
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1.1. Ilycrs dyukmun m;,¢ = 0, 1 uMmeroT ciemyomuit BT

{ To = @1(t)Y+¢1(t) (14)
T = (PQ(tv Y)S + 1!12(757 Y)7
rjae ¢q : Gi1 — %"Xk, ’L/)l G — é}%n,tpg :GixGy — %"Xl,l/)z :G1xGy — %n, IIpuieM
p1(t),¥1(t) — menpepoisro-guddepennupyembr, w2 (t,Y), 12 (t,Y) — HenpepniBHbL B
COOTBETCTBYIONNX OBJIACTSAX.

Coruacuo ycmosuio (4): 11(0) = 0 u 12(0,0) = 0. Cucrema (13) nmeer Bu;

PrE)Y + o1 ()Y + 91 (1) = ot V)w(t,Y) + a1, Y).

T. e. Bu:
g A (Y =Bi()Y + A(LY), (15)
(); [1(6,Y) = (8, Y) = by (1) + pa(t, YV)w(t, V).

) ¢ JIOIOJIHUTEJILHBIM YCJA0BHEM (2) Hepelin K 3a1a4e

1)Y= Bi(t)Y + f1(t,Y)
{ Y( ) —0,t—0. (16)

rae Av(t) = ¢1(1); B, (t) = —y
B urore ot 3amaqau Kommu (1
Kommn

Ecmu marpuna ¢q(t) = Ai(t) = A; nocrosunas mpu t € Gy, A; € R"** 1o
marpuna By = 0 u 3ajgada (16) npuaIMaeT BU:

{ AY = f1(t,Y)
Y(t) - 0,t —=0.

1.2. [lyctb dyurmuu 7;,% = 0, 1 UMEOT CJIeAYIOIIMIT BUI;

{ mo = e1(D)Y + ¥ () (17)
= p2(O)Y +a(t,Y)S +£(L,Y).
rjie ¢q : Gl — %”Xlﬂ 1[)1 : G1 — §Rn,§02 : G1 — %nXk,’(/JQ : Gl X GQ — §Rn><l7 f : G1X
X Gy — RN™, npuuem @1 (t), ¢ () — HenpepbiBHO-UbGEepeHTIUPYeMBL, ©o(t), Pa(t,Y),
&(t,Y') — HenmpepbIBHBI B COOTBETCTBYIOIUX 0OJIACTSIX.
CornacHo yciosuio (4):

¥1(0) =0, £(0,0) = 0.

Cucrema (13) npumer suy (15). Torga or 3amaun Kommu (1) ¢ IONMOJHATETBHBIM YCIIO-
BueM (2) nepenu K 3ajaa4e suna (16), rue

Ai(t) = @1(t); Bi(t) = ga(t) — 9 (1);
AY) = a(t, V)w(t,Y) — ¢ () + E(L,Y).

Ecin marpunpst ¢1(t) u @2(t) nmocrostuasl pu ¢t € G, 1o B cucreme (16) marpurpt
A1 (t) m By (t) GymyT HOCTOSTHHBIMH.
1.3. Ilycrs dyukmun m;,¢ = 0, 1 umeroT ciemyomuit BT

{ o = 901(t>Y + ’(/}1 (t)S + 51 (t) (18)
= a(1)Y + (L, Y)S + &(1,Y).
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roe o1 : Gy — RVF 2 Gy — R g 0 Gy = RVF by 1 Gy x Gy — RX
& G = R E 0 G x Gg — R, upuuem ¢1(t),1¥1(t),& () — HeupepbIBHO-
nuddepentupyemsl, ©o(t), 12(t,Y),&2(t,Y) — HEIPEpHIBHBL B COOTBETCTBYIOIIMX 06~
JIACTSX.

CorunacHo ycsosuio (4):

£1(0) =0, &(0,0)=0.

Ucnonb3ys cucremy (6) u 3amannabie dysxmun 7;,¢ = 0,1 B (18), mosyuuM BeTBb 17151
zagaun Komu (1) ¢ gonosHuTebHBIM yeaoBueM (2):

LY +@r1()Y + Py (Ow(t,Y) + (w5, Y) + i (Dwy (£, Y)Y + & (1) =
= pa()Y +o(t, Y)w(t,Y) + &(t,Y).
TOI‘ﬂa HOJIy‘{I/IM CI/ICTeMyZ
A, Y)Y = Bi()Y + f1(t,Y),
e Ay(t,Y) = @i (t) + b (B)wh (£, Y); Bi(t) = @a(t) — 1 (1);
[it,Y) = o (t, Y)w(t,Y) — hr()wy(t,Y) — & (1) + &(4,Y) — i (Dw(t,Y).

B wurore or 3amaun Komm (1) ¢ JONOJHATEIBHBIM yCIoBHEM (2) MEpenuIn K 3a/jadge
Komu Buna:

{ A(tY)Y = Bi()Y + fi(tY), (19)

Y(t) = 0,t — 0.
1.4. Ilycrs dyukimn m;,¢ = 0,1 uMmeroT ciiemyrommii BuT:

mo = ¢1(t)S + Y1 (t)
{ m =0<pz (f,lY)S + o (t,Y). (20)

rae o 1 Gy — Ry Gy x Gy — R 4hy 1 Gp = R, 1) : Gy x Gy — R, npuuem
©1(t),¥1(t) — menpepbisaO-TUbGepeHnUpYeMbl, ¥o(t,Y), 12 (t,Y) — HenpepnBHBI B
COOTBETCTBYIOMUX OOJIACTSIX.

CoryacHo ycyosuio (4):

¥1(0) =0, 2(0,0) = 0.
Tponuddepennupyem nepsoe ypasaerue cucreMbl (20) 1o ¢, mosryaum:
(mo)i = L1 ()W (t,Y) + o1 ()wi(t, V) + 1 ()wy (£, Y)Y + ¥ (1)
Torma mosryIuM CUCTeMy:
A (Y)Y = Bi(t,Y),
rie
A(8Y) = o1 (wy (,Y);
Bi(t,Y) = =1 (Dw(t,Y) = or(Dwi(t,Y) = vy (8) + @at, V)w(t,Y) +a(t,Y).
Torna 3amagta Ko (1) ¢ monosHnTesHBIM yeaoueM (2) cBesack K 3aaade Kommn

BUA:

(21)

{ A1 (6, Y)Y = By(t,Y)
Y(t) = 0,t — 0.

B urore CIIpaBelJInBa:



O paspewumocmu cucmemv, OY omuocumesvro npou3sooHbLT 43

Teopema 1. Ilycmv 6bNoAHAIOMCA CACOYIOWUE YCAOBUA:
1) sexmop-pynruyus ® : D — R™ — nenpepwvisna ¢ D;

2) cywecmeyrom maxue nenpepusro-duddeperyupyeman GyrKGUS To, HENPEPDIG-
nas dynrkyus m npu (4,Y,S) € G1 X Gy X Gs, ydosaemsoparowue ycaouro
(4), wmo gynxyus T ydosaemeopsem ycaosuro A;

3) cnpasedauso mootcdecmso:
O(t, mo(t, Y, w(t,Y)), m(t, Y, w(t,Y))) =0,

npu (t,Y) € Jy X Ja.
Tozda:

a) ecau pynkyuu m;, i = 0,1 umerom sud (14) uau (17), mo sadaua (1)-(2) npu-
sodumes % sadave Kowu euda (16);

b) ecau dynryuu w0 = 0,1 umerom sud (18), mo sadaua (1)-(2) npusodumcs x
3adave Kowu euda (19);

¢) ecau Pynryun ;0 = 0,1 umerom eud (20), mo zadaua (1)-(2) npusodumes x
3adave Kowu euda (21).

Terteps paccmoTpuMm caywati 2, 3/1eCh TOSBJSIOTCI JIBE JIOTHYECKUE CUTYAITU

OTHOCHUTEBHO TIepeMeHHbIX S;,7 =1,...,p.
Oynxrmn w;(t, Y1, ..., Yi, Spt1, -, Se), = 1,..., p HEIPEPLIBHLL  UMEIOT HeIpe-
PBIBHBIE YACTHBIE IIPOU3BOJIHBIE IO BCEM iepeMeHHBbIM B oKpectHocTr Touku (0,0,...,0) €

J1 X Ja x Js, u yoosmersopstet ycaosuio w;(0,0,...,0) =0, tme j=1,...,p.
Kpowme Toro, eciiu B obsacru HerpepsisrocTn byukumit w; (¢, Y1, ..., Yi, Spi1, ..., 1),
j=1,...,p, cupaBenmuBO:

F(t,Yl, ...,Yk,wl(t,ifl, ceey Yk, Sp+1, ceey S(), ceey
’LUp(t, Yl, ...,Yk, Sp+1, ceey Sg), Sp+1, ceey Sg)),

T(t, }/1, ceey Yk,wl(t, Yl, ceey Yk, Sp+1, ceey Sg), ceey
wp(t, Yl, ceey Yk, Sp-‘-l’ ) Sg), Sp+1, ceey Sg)) = 0,
TOTaa:
(I)(t,ﬂ'o(t,yl...,yk, wl(t, Yl, ...,Yk, Sp+17 ceey Sg), ceey
wp(ta YV].a ) Ykn Sp+17 B3 S@)a Sp+17 () S@)?
7T1(t, Yl...,Yk,wl(t,Yh ceey Y—]€7 Sp+1, ceey S[)7 ceey
wp(t,Yl, ceey Yk, Sp+1, ceey Sg), Sp+1, ceey S[))) = O7

upu (t,Yl, ...,Yk,Sp+1, ey Sg) € Jy X Jy x Js.

ITpu nomonmm dyuxmmit w;(t, Y1, ..., Yi, Spt1,..,5¢), § = 1,...,p, ocymiecTBiusieT-
cs nepexos oT cucreMbl (1) K cucreMe, paspeleHHONW WM YaCTUYHO Pa3pelleHHON
OTHOCHTEIHLHO TPOU3BOIHBIX.
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Ilpu S; = w;(¢, Y1, ..., Y&, Spt+1,..,5¢), 5 =1,...,p, 3amena (3) mpuHIMAET BU:

xTr = 7T()(t, Yl, ceey Yk,wl(t7 }/1, ceey Yk, Sp+1, ceey S@), ceey
wp(t7Y1, ...,Yk, Serl, ceey Sg), Sp+1, ceey S@),

T = 7T1(t,Y'1, cory Yk,wl(t, Yi, veey Yk, Sp+1, veey Sg), veey
wp(t,Yl, ...,Yk, Sp+1, ceey Sg), Sp+1, ceey Sg),

(22)

Huddepennupys nepsoe u3 coorromenuii (22) 1o ¢ u IpUPaBHUBAS €10 BTOPOMY, 110
JgyuuM cucreMy auddepeHuaibabiX ypasHenuii (6) ¢ nemssectHoil dyukuueii Y (t).
3/1eCb BO3MOXKHBI J[BE JIOTHYECKUE CUTYAIHH.

Iepsas cumyavyus:
Cuuraem Sp41, ..., S — HapamerpaMmu, Torga cucreMa (6) mMeer BU:

oo 8770 , Y o 6w] 87r0 ow; ,
gro 0y 270 20 Y, | =
or " 2xav; 0 2408, o Z i

= 7T1(t, Yl, ...,Yk,wl(t, Yl, ...,Yk, Sp+1, ceey Sz)7 ceey
wp(t,Yl, ...,Yk, Sp+1, ceey Sg), Sp+1, ceey Sg)

Bmopas cumyayus:
Cuuraem, uro S; = S;(t), 5 = p+1,...,1. Torma cucrema nuddepeHnIATILHBIX
ypasrenuii (6) npumer BU:

k
871'0 871’0 67'('0 (’9wj P 87‘1’0 a’w]‘ ’
+Z 2205, ot 2405 oy, ™) "

j=1

m=1

87r0 Y om ! 8w] y
* Z .95, ( Z 25, m
Jj= p+1 m=p+

:Wl(taifla"'aYkawl(taYh“ YkaSp—‘rl() SZ( ))7
{8 Vs oY 10, o Se(0) Sy ) o Se0).

Paccmorpum pasauusble Bugasl dysxmmit (¢, Y1, ..., Y5, S1, ..., 5;),4 = 0,1, Ko-
Topbie ¢ yderoMm (22) mosBosaT paspemmTh 3ajgady Komun (1) ¢ gonojgHuTe IbHBIM
ycsioBueM (2) OTHOCHTEIBHO IIPON3BO/IHON HOBOH HEM3BECTHON (DyHKIH.

Paccmorpum mekoropsie Buzmpr dyuknnit 7, ¢ = 0, 1.

2.1. Ilycts dyuknuu 7,1 = 0, 1 UMEIOT CaeayIomuii BUI:

m = p1()Y + 91 (?)
{ 1 :sz(t, Y)S +a(t,Y), (23)

rae @1 - G1 — %nXk, ’(/Jl : G1 — %",(pg : Gl XG2 — §Rn><é7w2 : Gl XGQ — %n, IpuvieM
©1(t), 41 (t) — menpepsiBHO-UbdeEpeHIIPYeMBL, ©o(t,Y),12(t,Y) — HenpepbIBHBI B
COOTBETCTBYIONHUX 0OJIACTAX.

Cormacuo ycoBuio 4:

¥1(0) =0, 2(0,0) = 0.
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Ucnomnb3ys cucremy (6) u dbyuxiuu 7;,¢ = 0,1 B (23), nosmydaum:
P1OY + 1Y +1(t) = 2(t,Y)S +12(t,Y),

rae S = col(S1, ..., Sp, Spt1s-..,50), mpudem S; = w;(t,Y, Spi1,...,5),j=1,...,p.
IMonyunM cucreMy BHIA:

A )Y =Bi(t)Y + f1(t,Y, Spt1, -, S1), (24)

e A1(t) = @1(t); B, (t) = —¢ (t);

FLY, 81,y S)) = Ua(£,Y) — by () + @a(t, Yol (wi (£, Y, Spits ooy S1), oons

wp(t,Y, Sp+1, ceey Sl), Sp+1, ceey S/)

Takuwm o6pazom, or 3agaquu Komu (1) ¢ morosHuTesbHbIM yesoBueM (2) mepenum
K 3agade Kormn

{ Al(t)Yl = Bl(t)Y + fl(t,y7 Serl, ...,Sl)

Y(t) —» 0,t = 0. (25)

2.2. Ilycre dyukmun m;,¢ = 0,1 uMeroT cireayronmit BUI;:

{ mo = 1(H)Y + (1) (26)
™ = 902(t)y + "/’2(757 Y)S + f(t, Y),

rae ¢1 : Gl — %nXk, ¢1 : Gl — %n,(pg : G1 — §Rn><k,¢2 : G1 X G2 — §R"Xl,§ : G1 X
Gy — R, upuuem @1(t),11(t) — menpepsiBHO-mubbeperupyeMbl, @o(t), ¥a(t,Y),
&(t,Y) — HelpepbIBHBL B COOTBETCTBYIOMIUX ODJIACTSIX.

Cortacuo ycsoBuio 4:

P1(0) =0, £(0,0) = 0.
Torna ot 3amaan Kot (1) C JIOIIOJIHUTEJIbHBIM yCJIOBAEM (2) nepenia K 3ajade
Buza (25), rie
A1(t) = @1(); Bi(t) = @a(t) — ¢, (8);
F1(t, Y, Spi1, .0y Se) = (8, Y)col(wi(t, Y, Spi1, oy S1), oens

Wp(t, Y, Spits ooy S1)y Spyts ooy S1) — U3 () + £(8,Y).

2.3. Ilyctp dynknuu m;,¢ = 0,1 UMeIOT CJIeIyIomuil BUI:

{ T = %Ol(t)y + '(/Jl (t)s + 51 (t) (27)
T = @a()Y +a(t,Y)S + &2(8,Y),

rjue ¢ - Gy — %nxk’ 1P1 :G1 — %"Xl,tpz : Gy — %nXk,wQ : Gy x Gy — %"Xl,
& 0 G = RVE 2 Gy x Go — R, upuuem 1(t),1¥1(t), &1 () — HenpepbiBHO-
nuddepenupyeMbl, o (t), ¥2(t,Y), £2(t,Y) — HenpepbIBHBI B COOTBETCTBYIONIUX 00-
JIACTSX.

Cortacuo yciosuio 4:

fl(o) =0, 62(070) =0.
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Ucnonbsys cucremy (6) u 3amannbie dbyaxnuu m;,¢ = 0,1 B (27), moiyunm BeTBb
st 3aaan Komm (1) ¢ gonosauresbHbIM ycioBueM (2).
Ilepsasn cumyayus: cautaeM Spi1, ..., S; — napamerpamu. Ilycrs:

i, () el (1)
= . |ui=12
@i, @) e (D)
wlu (t) s 1/)111 (t) ¢211 (tv Y) s ¢211 (t’ Y)
wlnl (t) s ¢1nl (t) anl (t7 Y) s anL (t7 Y)
’UJ]_(t, }/a Sp+la ) Sl)
W(LY, Spi1, s i) = : ,

wp(t7 Y, Serl7 ceey Sl)

OW;(t,Y, Spi1, s S1)

dY; t=1,..,p,
j=1,..k
Bwl(t,Y,Sp+1,...,Sl) . 8w1(t,Y,S,,+1,.,.,Sl)
6Y1 aYk:
8wp(t,Y,S.p+1,...,Sl) . 3wp(t,Y,S.p+1,...,Sl)
6Y1 aYk:
awi(t7yvsp+17"'7sl) —
859 i:]-v"'vpa
g=p+1,...¢
Bwl(t,Y,Sp+1,...,Sl) . 8w1(t,Y,S,,+1,...,Sl)
OSerl asl
Bwp(t Ysp+1 ..... Sl) Bwp(t YSp+1 ..... Sl)
83p+1 351
Torma nmeem:
Yl Yll W(taya5p+17 7Sl)
p+1
oo o |rew| ;| v : "
Y; Y/ i
k k Sl
OW;(t,Y,Sp+1,...,51)
(WY, Spi1,0mS1)); o i=1..p "
0 ] = 1, ceey k 1
+Uy () . +W4(t) 0 :
. : Y/
0 : F
0
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W(t,Y,Spi1,.., 9
€, i XG50 g )
+ =®o(t) | ¢ [ +Va(LY) : +
£, v B ,(t.Y)
Torma mosyanm cucremy:
A1t Y, Spt1, .., SO)Y' = B1(0)Y + f1(t,Y, Spt1, .., Se), (28)
rre
[OWi(t,Y,S,,Jrl,...,Sl)}
9Y; ,=1,...,D,
j=1,..k
Al(taYvSp-‘rla"'an) :(I)l(t)+\1’1(t) 0 ’
0
Bi(t) = ¢a(t) — o1 (1);
W(t,Y,Spi1,., 8
R A8
fi(t,Y, Spi1, ..., Se) = Ua(t,Y) : + -
M !
Sl EQ,L (tﬁ Y)
W(t7Y,Sp+17...7Sl) (W(t7Y,Sp+17...7Sl)); ¢l (t)
’ Sp+]_ 0 11
(1) : (1) . -
: : !
Sl 0 517,, (t)
Bmopas cumyavyus:
Cunraem, uro S; = S;(t), j = p+ 1,...,0. Torna cucrema nuddepeHIuaIbHBIX
ypasHeHuit (6) npumver Bu:
Y Y7 W(t,Y, Spi1,..,51)
’ . . ’ S;D-i-l(t)
| o |+ew| o |+vi | +
, :
Y Yi Si(t)
, OWi(t,Y,Sp+1,..‘,SZ) )
(W(t,Y, Spt1, ..., S1)), 9Y; i = 1,...p,
(1) J=Lek
+¥4(t) ) +0 () 0
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[3Wi(t,Y,Sp+1 ,,,,, Sl):|
859 1= 17 » Dy

g=p+1,..,¢ pr(t) & ()
+Wq(t) 1 0 N _
Si(t) &1, (1)
0 1
v W(t, 1;31%) S) & (1Y)
=0y(t) [ | +PaAt,Y) : :
e Si(t) &, (8,Y)

Torya nosyunm cucremy (28),

OWi(#,Y,Spt1,-,50) |
1 =1,

9Y; ey P,
i=1,...k
rae Al(t,KSp+1,...,Sg) = ‘I)l(t) +\I/1(t) 0 s
0
Bi(t) = ¢s(t) — @1 (1);
Wi(t,Y,Spi1,...,8
S (aen
fl(t,}/,SpJ,—l,u-,Sé) = \112(t7Y) : + -
s &, (t.Y)
[BWi(t,Y,SPH,.A.,Sl)} .
W(t,}/,Sp_A,_l,...,S[) 95, Z:17"'7p7 / ¢
, Sy (1) g=p+L.t | [Sor1®)
U, (1) : —Uy(t) 1 0
Sl.(t) ’ Si(t)
0 1
(W(t,Y, Spdkla"‘vsl))t gil(t)
=y (t) . - :
: £,

Takum o6pazoM, ¢ HOMOIIBIO IIpeobpazoBanuii or 3agaun Komm (1) ¢ gomossu-
TeJIbHBIM ycsoBueM (2) nepenuin K 3azade Komu Buzga:

{ A1 (4,Y, Spi1y ey S0)Y = Bi(H)Y + f1(t,Y, Spi1, oy Se), (29)

Y(t) — 0,t — 0,

rie Spii, ..., S¢ — b0 OYHKINK, 3aBUCAIIME OT ¢, JINOO0 MapaMeTpHL.
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2.4. Ilycty dyukiun 7,1 = 0, 1 ©MEIOT CJIeAyIONuit BUT:

mo = ¢1(1)S + Y1 ()
{ ™ =O<p2 (f, Y)S 4 by (t,Y), (30)

e 1 : G — §R”Xl,<p2 cG1x Gy — R )1 G1 — R™, by : G1 X Gy — R™, mpuden

p1(t),11(t) — venpepsiBHBL, po(t, YY), 1¥9(t,Y) — nenpepbiBubl u auddepeHnupyembl
B COOTBETCTBYIOMIUX 00JIACTSIX.
Corutacuo ycioBuio 4:

wl (0) =0, '(/)2(070) =0.

IMpomuddepennupyem nepsoe ypashenue cucreMbl (30) 1o ¢, U OpU yCJIOBUHU, UTO
Sp+1, ++-, 5] — TAPAMETPBI, TTOJTYTHM:

W(t,Y, Spt1, ..., S1) (W (LY, Spi1, ., 1)),
Spi1 0
(m0); = #1(t) : + p1() : +
S 0
|:8Wi(t,Y,Sp+1,...,Sl)i|
8}/‘7 = 17 "'7p7 ’
j=1,..k Yy

+1(t) 0 Do+l
: Yy
0

Torna 3aza4a Komm (1) ¢ gonosHnTeIbHBIM yeaoBreM (2) npuMeTr BUJL:

Al(t7 }/7 Sp+17 ey SI)Y/ = fl(ta }/7 Sp+17 ooy Sl) (31)
Y(t) = 0,t =0,
rie
[awi(t,Y,spH,i..,sl)}
9Y; 1,...,p,
7=1,...k
Al(t7KSp+17'--aS€) :Qol(t) 0 ;
0
W(t,Y, Sp+17"'7sl)
’ Sp-‘rl
fl(tvxsp-i-lv "'7Sl) = —<P1(t) : -
Si
(W(L,Y, Sps1s-s 51)); W(t,Y,Spi1,my S1)
0 , Spt1
—£1 (t) . _,(/Jl (t) +p2 (ta Y) : +o (t7 Y)

0 Si
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Hamnee 6ymnem pacemarpusars S; = S;(t), j =p+1,...,1. Torma, mpomuddepen-
UpoBaB 1epBoe ypasHeHue cucrembl (30) 1o ¢, mosrydnm:

W(t,Y,Spi1, .. S)

’

(W(t,Y,Spy1,...,51)),

Sp+1 0
©1(t) : + ¢1(t) : +
Si 0
[3W¢(t,Y,Sp+1,...,SZ)]
oY; i1=1,...,p, ,
j=1,..k Yy
+1(t) 0 S e
: Yy
0
[awi(t,y,spﬂ,i..,sl)}
Sg 1=1,...,D,
g=p+1,..10 (1)
+e1(t) + Vi (1) 1 0 : +Pi(t).
- Si(t)
0 1

Torna 3amaga Kormmu (1) ¢ gononaurenbubiM yenosueM (2) npumer sug (31), rae

[3W¢(t7YVSp+17---,Sz)

av, i=1,..,p,
J=1..k
Al(t7Y, Sp+17...7Sg) = @1(75) O ;
0
W(taYaSp+1a ,Sl)
’ S;D+1
fl(t,Y, Sp+1w"vsl) = _Qol(t) . -
Sy
[E)Wi(t7Y7Sp+17...,Sl)]
Y ces ' aSq Z.: 1’ "'7p7
(W(t, 7Spgla aSl))t 9 :p+ 1’,,,’€ ]/?+1(t)
—p1(t) . —1(t) 1 0 :
: . 10
0 1
W(t,Y, Sp+1,...,Sl)
’ Sp+1
*%(t) +(p2(t,Y) : +7/}2(ta Y)
Si

B urore CIIpaBe/IJInBa CJIEYIOIasl TeopeMa:



O paspewumocmu cucmemv, OY omuocumesvro npou3sooHbLT 51

Teopema 2. Ilycmbv 6bINOAHAIOMCA CACOYIOWUE YCAOBUA:
1) sexmop-pynruyus ® : D — R™ — nenpepwvisna ¢ D;

2) cywecmeyrom maxue nenpepuisro-duddeperyupyeman GyrKyUsL T, HENPEPDLG-
nas Pynrkyua 1 npu (6,Y,S) € G x Gy x G3, ydosaemeoparousue Ycaosuro
(4), wmo Pynryus T ydosaemsopaem ycaosuro A;

3) cnpasedauso moorcdecmso:
(I)(ta 7-‘-O(ta KW(t, K Sp+17 sty 55)7 7Tl(t7 Y7 Sp+17 ey S@))
npu (t,KSerl, ...,Sg) S J1 X J2 X Jd
Tozda:

a) ecau pynkyuu m;,i = 0,1 umerom sud (23) uau (26), mo sadaua (1)-(2) npu-
sodumcs x 3adave Kowu suda (25);

0,

b) ecau pynryuu w0 = 0,1 umerom eud (27), mo 3adaua (1)-(2) npusodumes x
sadaue Kowu euda (29);

c) ecau dynryuy m;,0 = 0,1 umerom eud (30), mo sadaua (1)-(2) npusodumcs x
sadaue Kowu euda (31).

3AKJIIOYEHME. B janHoii pabore nsyuena 3agada Komm (1)—(2), npemnoxen
AJITOPUTM WJIM PA3PENIMMOCTH CHCTEMBI B 3aJade (1) OTHOCHTENBHO MPOHU3BO/IHOM,
WM PA3PEIUMOCTH CUCTEMBI B 33/1a4€ (1) OTHOCHTEJLHO YacTd KOMIIOHEHT BEKTODA
pou3BojiHON. PaccMoTpeHnb! 1Ba ciydasi, B KayK/IOM U3 KOTOPBIX IIPEJIJIOZKEHBI BHBI
dbyuxmit 7;,¢ = 0,1, OpU TOMOIIM KOTOPHIX MOYKHO OCYIIIECTBUTH IIEPEXOJL OT 3aJ[a4n
Komu (1) ¢ gononaurenbupiM yeaosueM (2) mist caywas 1k 3amadam Komu Bujgos
(16), (20), (22), u g caywas 2 k 3amadam Komm suios (25), (29), (31).
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AVERAGE NUMBER OF SQUARES DIVIDING mn

Jleneuenko A. B. Cepennsi KifbKicTh KBaapariB, 1[0 JijisaTb mn. BuBdaerbcs

ACHMIITOTUIHA MOBEJIHKA JBOBUMIpHOI cymaroprol dyukuii Y. 71,2(mn), me m1,2(n) =
m,n<x
>~ 1, 3 BUKOpHCTAHHSIM HEJABHBOTO pe3ysbrary Banaszapaa, Hanmu Ta Ilerepmana it me-
ab?=n
TO/y KOMILIEKCHOTO iHTerpyBanHs. OTpUMAHO aCUMITOTHYHY (HOPMYILy 3 3aJUIIKOBAM dJjIe-

. . 5
HOM O(:lclo/7)7 KUl 38 yMOBH rinore3u PiMaHa MoKpariyeTbes 10 O(:c7/“’).
Kuaro4yoBi cioBa: acumerpudHa yHKINS TiIbHUKIB, HaraToBUMipHa CyMaTOpHA (DYHKITis.

Jleneuenko A. B. Cpensee koJIm4decTBO KBaApaToB, Aeadaiinx mn. Vccremy-

€Tcsl AaCUMOTOTUYECKOE IIOBEJICHUE IByMEPHON CyMMAaTopHO# dbyHKImu » . 71,2(mn), rge
m,n<x
Ti2(n) = Y. 1, c ucnonp3oBaHuneM HexaBHero pesysbrara Bamasapaa, Hanmu, [letepmana
ab?=n
¥ MeTOJIa KOMIIJIEKCHOTO HHTerpuposanus. [lomydena acummrornyeckas hbOpMyJIa ¢ OCTATOT-

HBIM YJIEHOM O(xlo/ "), KOTODBIit TIPH YCIOBHH MHIIOTe3bI PHuMala yiaydmaercs 10 O(ZE7/ 5.
Karmo4yeBble cjioBa: acuMMeTpudecKas (DYHKIMS JeJuTesel, MHOrOMepHasi CyMMaTOPHAsI
DyHKIHS.

Lelechenko A. V. Average number of squares dividing mn. We study the

asymptotic behaviour of the two-dimensional summatory function > 71 2(mn), where
m,n<x

T1,2(n) = >, 1, using recent result of Balazard, Naimi, Pétermann and the complex inte-
ab2=n

gration method. An asymptotic formula with an error term O(m10/7) is obtained. Under the

Riemann hypothesis the error term can be improved up to O(Jc7/5).

Key words: asymmetric divisor function, multidimensional summatory function.

INTRODUCTION.
Let f be a multiplicative arithmetic function of one variable. The asymptotic

behaviour of )" f(n) is a classic problem of analytic number theory, deeply studied
n<e
for various specific functions and classes. Let us consider the problem of estimating

of Y f(mn).

m,n<x
The divisor function 7 is a simple, but non-trivial case. Applying Busche—Rama-

nujan identity

Tmn)= Y r(m/d)r(n/d)u(d) (1)

d|ged(m,n)

we split variables and obtain

RCOEDS T(J')T(k)u(l)=2u(l)(z Tm) .

m,n<x ikl <z j<z/l

(© Lelechenko A. V., 2014
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Using Huxley’s estimate [4] > 7(j) = ylog y+(2y—1)y+O(y?*¢), where § = 131/416,
i<y
we regroup terms and get

3 r(mn) = a? ((i “;?) (log z 422y —1)loga + (2y — 1) )

m,n<x =1
> u(l)logl > u(l)log? 1
_ (Z p(l) logl )12 g ) (210gx+2(2'y — 1)) +27“( )pg ) + O(z11%9), (2)
=1 =1

It is natural to ask whether the main term can be derived analytically, by complex
integration method. We will not go into details, but note that

o0

s 1 -2y
a+by,.a,b _ a,b _
T(p")zy —Z(a+b+1)xy —ma |2, ly| < 1.
a,b=0 a,b=0
o0
The series > 7(mn)m ™ *n~" converges absolutely for Rz, Rw > 1, so by multi-
m,n=1

plicativity in this region we have

© a+b pEw 20)¢2(w
Z mznw H Z az+bw H 17 )2 = CC((Z)i 1(1))) (3)

m,n=1 [)abO p

Achieved representation allows to compute the coefficient of multiple Laurent series
o0
for 2* %27 lw=l 3 7(mn)m™*n~% at 1/(z — 1)(w — 1), which appears coinciding
m,n=1
with the main term of (2).

NOTATION. Letter p with or without indexes denotes a prime number. We write fx
g for the Dirichlet convolution

(f *g)(n Zf g(n/d).

In asymptotic relations we use ~, <, Landau symbols O and o, Vinogradov sym-
bols < and > in their usual meanings. All asymptotic relations are given as an
argument (usually z) tends to the infinity.

Letter v denotes Euler—Mascheroni constant. Everywhere € > 0 is an arbitrarily
small number (not always the same even in one equation).

As usual ((s) is the Riemann zeta-function. Real and imaginary components of
the complex s are denoted as o := Rs and t := s, so s = o + it.

For a fixed o € [1/2,1] define

) 10gf§(a+it)|
p(o) :=limsup ———.
t—00 logt

AUXILIARY ARGUMENTS. We say that a function is symmetric if any permutation
of arguments does not change its value.
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Let f be an arithmetic function of r variables. The associated Dirichlet series are
defined as

oo
F(s1,...,8) = Z f(na,...,ne)ny " - on°r

and (o1,...,0.) is called abscissas of absolute convergence if F(sq,...,s,) converges
absolutely in the region sy > o1,...,Rs, > 0.

Lemma 1. Let f be a symmetric arithmetic function of r variables and (oq,...,04.)
are abscissas of absolute convergence of the associated Dirichlet series F(s1,...,5Sy).
Define

> DY -0
FS(O’,I,T) — Z |f(n17--'7nr)|(n1 nT) (4)

minj—; . (T|log(x/n;)| + 1)’

N1,..,np=1

and let

S feng) = Y f.onoh(e/m) - h(z/n,),  (5)

where h(y) =0 for 0 <y <1, h(1) =1/2 and h(y) =1 otherwise.
Fore 22 T>22 0<0,4,0>0,k=0,—0+0d/logz,1=N; <--- <N,
1=M <---< M, and Ny := N1+ ---+ N, we have

« flna,...ne)
Z (nl...nr)s

N1, ,Np<T

Nik+iM1T Npr+iM,T
1 dwi - - - dw
_ F(s+wy,...,s +w. )zt Tor— T «
(2m)" wy - Wy
N1k—iM1T Nypr—iM, T

< gNo0e= (5, + 6/ logx,z,T). (6)
Proof. This is a result of Balazard, Naimi and Pétermann [1, Prop. 6].
Lemma 2. Let f(t) > 0. If

T
| s <)
1
where g(T) = T*log’ T, o > 1, then

T 1 .
f(@) log® ' T ifa=1
I(T):= | “Zat ’
(T) /1 p < T og® T ifa>1.

Proof. Let us divide the interval of integration into parts:

llogo T|=1 .1 9k
t
ms< > / f()dt—l—g(2)<

=0 T/2k+1 t

log, T T/2k |log, T'|—1 b

1 9(T/2")

—_— t)dt 2 —.

< kz—[)T/Qk+1‘/1 f)dt+9(2) < 1;) T/2r

Now the lemma’s statement follows from elementary estimates.
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Lemma 3. Let n > 0 be arbitrarily small. Then for growing |t| > 3

‘t|1/27(172u(1/2))”7 €1[0,1/2],
[#[21(1/2)(1=0) € [1/2,1 1],
Cs) < § [H20/20-D 10?3 1], o € [L—n,1], ()
0g?/3 1], oel, 1+,
1, oc=21+n.

Proof. Estimates follow from Phragmén—Lindel6f principle and estimates of {(s)
at 0 =0,1/2,1. See Titchmarsh [7, Ch. 5] or Ivi¢ [5, Ch. 7.5] for details.

Lemma 4.

T
/|§(g+z‘t)y2dt<<T, 1/2<0<1.
1

Proof. See Ivié [5, (1.76)].

MAIN RESULTS
Out paper is devoted to

Z T1,2(mn),

m,n<x

where 7y 2(n) = Z 1. This function is not as lucky as 7 and does not posses
ab?=n
representation like (1), so there is no easy way to split m and n.
The main result is

Theorem 1.

> ma(mn) = Cia® + Coz®? + O(a'/7),

m,n<x

where Cp = 2.995..., Cy = —5.404 ... are computable constants.
This theorem is analogous to the estimate by Graham and Kolesnik [2]

D man) =C@2)z +¢(1/2)2"? + 0(2"FF), B =1057/4785 ~ 0.2209.

nx

1. Reduction to complex integration

Applying Lemma 1 with » = 2, f(nq1,n2) = m2(ning), 0 = s = 0, 0, = 1,
Ny =No=M =M, =1,0 =1, logT < logz and writing (m,n, z,w, ¢) instead
of (n1,ng,wy,ws, k) for convenience we deduce from (6) that

S 7y p(mn) = // wdz dw+0 (+Ff (e,2,7)) . (8)

m,n<x

[c iT,c+iT]?
where ¢ =1+ 1/logz and
Flzyw)= Y n2lmn) o R s 1. (9)

mAnW®
m,n=1
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By (4) for non-integer z

T1,2(mn) T1,2(mn)
TEY (¢,z,T) < : < s
Sen ) < ) i og 2 Tog 20 < |, 2= ()
[log Z]>1

T1 g(mn) T1 g(mn)
+ ——— — =
W2, Tollog 2] 2 G win o 21Tl 2

[log 2 |>1 [log =<1

= 21 + 22 + 23. (10)

We have 1 < > 7y 2(mn)/(mn)¢ = F(c,c¢) and we will show below in (19)
m,n=1

that

F(e,0) < = log” x. (11)

1
(c—1)?

Further, for x such that |log £| < 1 we have |log =| > c|z —n|/x for c = 1/(e—1).
Then

T1, 2 mn
Yo K
T/e<§n:<gre ; mn |$ N ’I?,‘

Note that 71 2(mn) < 7(mn) < 7(m)7(n), because 7 is completely submultiplicative.

Thus
7(n) 7(m)
by .
2w Z nlz —n| zm: me

z/e<n<ze

Here

z T(m)ym=° = (*(c) < (c—1)72 = log®x.

m=1

Let M(y) = max,<, 7(n). We have

1
Yy < M (ze)log® Z

nelz —n|’
z/e<n<xe
where the last sum is < 7 ¢logx < 2~ ! logz, so finally
Yy < M(xe)log® . (12)

Now consider 3. Defining M 2(y) = max,<y 71,2(n) we obtain

Sy . T12(mn)e -
w/e§n<m<xe (mn) m1n(|x - TL|, |1' - ’ITLD
M 2,2
< %Q(CZL‘@) Z max(|$—n|—17|w_m|—1) < M1,2(1262)10g1'. (13)

z/e<n<m<ze
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Standard estimates [3, Th. 315] give M »(y) < M(y) < y°, so substituting (11),
(12) and (13) into (10) we obtain

Fy (¢,x,T) < T~ (M (ze)log® x + M 2(2%e?) logz) < T~ 2" (14)

Note also that by definition (5)

‘ Z T12(mn) — Z T 2(mn)| K Z ma(z]|n) < M(z?)x. (15)
m,n<x m,n<x n<
Combining (8), (14) and (15) we get
Z T12(mn) = / F(z,w) dzdw—|—

mnse c zTc-HT
+O0(z" e+ T '2%e). (16)

2. Double Dirichlet series for 71
Let us return to (9) and extract a product of zeta-functions from F(z,w). Define

o0
= 2yt lyl < L. (17)
a,b=0
Using identity
e

Y = ma(p* ) + T2 (p*?) =0

multiply both sides of (17) by (1 — z)(1 — 2?):

T1,2(p") — T12(p

(1—2)(1-a*)f(z,y) =

o0 o0
=03 (m2@"™) = 2T = ma (TR + () )2y +

(oo}
Y (=2 = 2”)m2(0") + (1= 2)r12(0" )z + 71 2(0"2)2%) =
b=0

=3 0 (1= — ) ma(P) + (@ — ) e + 22 (p2))
b=0

and further

(1—2)1-2*) 1 —y)(1 =) f(z,y) =
=(l-z-2®)((1-y—v)+ (1 —yy+24°) +
+(@—2”)((1—y—v*)+2(1 -y +2y°) +
+222(1 -y —y*) +2(1 —y)y + 3y*) =

=14 ay — 2%y —ay’,
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which induces

_ 1 +ay — 2y — ay’ —
fz,y) = (1-—z)1-22)1-y(A—y?)

1— 22y — ay? — 2292 + 2392 + 22>

RS [ [ (TR M
Representation (18) immediately implies that
Fzw) = [[ £ 07") = ((2)C22)C(w)C2w)¢(2 + w) Gz, w) =
| L@ )

(22 + w)C(2w + 2)

where series H(z,w) converges absolutely in the region (22 4+ 2w) > 1. Definite-
ly G(z,w) converges absolutely for (z,w) € @ := {Rz > 1/3,Rw > 1/3}.

Product of zeta-functions (19) shows that inside of the region @ function F'(z,w)
has poles along lines z = 1, 2 = 1/2, w = 1, w = 1/2 and z + w = 1. All of them
are of the first order, except poles at (1,1), (1,1/2), (1/2,1), which are of the second
order, and a pole at (1/2,1/2), which is of the third order.

Both (3) and (19) are partial cases of a general rule, which will be stated as a
lemma.

Lemma 5. Let 71 ,(n) = Y, 1. Then for Rz, Rw > 1 we have

abk=n
S malmn) o TGt (R =w)
m,zn;1 men <L )HleC(lz+(k+1—l)w)Hk(’ ’ 20)

where the series Hy converges absolutely for Rz, Rw > 1/(k + 2).

Proof. Cases k =1 and k = 2 has been proven above, so we consider k > 2 only.
Let

oo
fly) = maay’,  Jallyl < 1.
=0

Q

For a monomial M let [M]f(z,y) be a coefficient at M in the series f. Here
[z f(2,y) = [yl (@, y) = T.k(p) = 1,
so let us define

o0
= D (a™*) = 2m ) + )ty +
a,b=1

+ Z(ﬁ,k(pa) - Tl,k(]?ail))(xa +y) + 1.
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We have
1, a<k,

m15(p") = {2, k<a< 2k,

so one can verify that

0, a+b<k7
1 a+b=k
a, b — ’ ’
[,ry]g(l‘,y)— 0, a+b=k+1, ab=0
-1, a+b=k+1, ab>0.
Thus
k ol k411
1 _(1—2a'y
Fy) = [ Lz, ),

A=2)(1—y) TI; (1 — aly*)

where all monomials of the series h(z,y) has degree at least k + 2.

3. Path of integration and the main term

Our aim is to translate the domain of integration in (16) from [c — iT,c + T2
till [b — iT,b + iT)?, where b = 1/3. This is trickier than translating in the one-
dimensional case, because a hyperrectangle R with opposite vertices (b — iT,b — iT)
and (¢+1iT, ¢+ ¢T) has 24 two-dimensional faces. Figure 1 contains a schematic plain
projection of R with 16 vertices and 32 edges marked.

(o7i7) (otir)
T c—iT cHiT —
(b+z‘T) - (b+iT)
b—iT \ / b+iT
(c—l—iT) ~ | | / - (c+iT)
(cir) — (i)
len—eh]
(e ()
(boir) — (L)

(s—ir) (7r)

Fig 1. The hyperrectangle R with opposite vertices (b — iT,b —iT') and (¢ + iT,c+iT)
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Denote L(z,w) = G(z,w)z*T*z~1w~!. This function has the same poles in R
as G(z,w) has. Note that (on contrary with integration by one-dimensional contour)
poles of the first order do not induce divergence of integrals by plane domains: e. g.,
ff12+y2<1 dedy  — 97 < oo, however s 4z — 0. Only poles of the second and

a24y? 22<1 =

higher orders are worth to pay attention.
Let E(z) be the integral of L(z,w) over all faces of R except [c —iT,c+iT]?. By
residue theorem [6]

1

(2mi)?
[e—iT,c+iT)?

L(z,w)dzdw =

= L O(F (21
(Lxes,+ ;“Elsl/znze%n_;e_sl/g) (5.0) + O(E()). (21)
w= w=1

Expanding L(z,w) into Laurent series in two variables we get

ves Lz w) = GG, (22

res L(z,w) = reis/2 L(z,w) = ¢(2)¢(5)¢(3)G(1, %)xg/Q, (23)
we 1/2 wch

Z:;r]ezsl/QL(z,w) < zlogx. (24)

After substitution into (16) the residue at (1/2,1/2) will be absorbed by error term,
so it is enough to have only upper bound. Inserting (22), (23) and (24) into (21) we
get

// (z,w) dz dw = C12? + Coz®/? + O(zlogz + E(x)), (25)
c T, c+1T
where 5
T
Cy = 2TGG<1 1), Cy = gC(%)C(%)G(L%)-
Let us calculate numerical values of C; and C5. Applying formal identity

F(z,w) _ Cuy = TL2(p" )
N7 1— P (1 — P w _eMr  J
Sty ~ L= =7 30 2

p a,b=0
at z=w =1 we get
> a+b
Cy= res L(z,w)= H(l —pH? TL2P") =2.995...

z=w=1 a+b
P a,b=0 p

The product converges absolutely because

12 = 7'1,2(pa+b) (1 _ o —1 -2 -1 —2\) _
1-p")? > = (1=2p7'+0(p™2)(1+2p7" +0(p7?)) =
a,b=0
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Similarly
F(Z, ’LU) _ _2 T1, 2 a+b

- - 0 = 1 _ p z 1 _ p Z

e~ L1 ; NEa
implies

Cy=2 res L(z w) =
w 1/2
71 2(p
=20(1/2) [[a-»p~ —1/2y Z a+b/2 = —5.404. ..
D a,b=0

4. The error term

Let us estimate F(z). It was defined above to consist of integrals over 23 of 24 faces
of the hyperectangle R, but due to the symmetry many of these integrals can be
estimated in the same way.

In computations below we assume z'/? < T < z, the exact value of T will be
specified later in (28).

There are 2 faces of form [b — T, b+ iT] x [c — T, c +4iT]. We have

b+iT c+zT
I —/ / (z,w dzdw<</ C(b+it1)C(2b + 2ity) x
b c

[1.7]2
x ((e+it2)C(2¢ + 2it2)C (b + e+ i(ty + ta2)) Tty My L dtydto.

By (7) we can estimate
Cle+ita)C(2¢ + 2ita)C (b + e +i(ty +t2)) < log?3T-1-1.

As soon as z1/1°8% <« 1 we have zPT¢ < z4/3. Also flT t;ldtg < logT. Thus I; can
be estimated as

T
I < 23 1og5/3T/ C(b+it)C(2b + 2at )t Ld.
1

By functional equation for ¢, Lemma 4 and Lemma 2

T T
= / C(b + it)¢(2b + 2it)trdt < / t1/6¢2(2/3)t71dt < TY®logT. (26)
1 1
Then
L < 2370 10g®/3 T, (27)

We will show below in (40) that integrals over other faces (and so E(x) as a
whole) are less than either I; or z2t5T~1, so T should be chosen to equalize this two
magnitudes:

T =a*7, (28)
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Substitute it into (16) and (25) to obtain the final error term x'%/7+¢ which approves
the statement of the Theorem 1.

From here and till the end of the section we will omit factors < z° in asymptotic
estimates for the brevity: they do not influence the resulting error term.
There are 4 faces of form [b— T, b+ iT] x [b£4T,c £ 4iT]. We have

b+1iT (‘—‘rlT
I, —/ / (z,w)dz dw <</ / C(b+ it)C(2b + 2it) x
b

b+1T

X (o +iT)C(20 + 2T)C(b+ o +i(t + T))2" 7¢I T~ do dt <
<@ PITT max (o +iT)((20 + AT (b+ 0 +ift +T))a” <
te(1,T)
< 2T/ max ((o+1T)0(0 + 1/3+ iT)(20 +iT)a"
oglb,c

Splitting [b, ] into intervals [1/3,1/2], [1/2,2/3], [2/3,¢| and estimating (o + iT") x
(o +1/3414T)((20 +iT)x? on each of them separately, we get

I < m1/3T—5/6(T/L(1/3)+2u(2/3)x1/2 —|—T'u(1/2)+“(5/6)1‘2/3 +T/L(2/3)x).
Utilizing rough estimate p(1/2) < 1/6 from [7, Th. 5.5] we get by (7) that

1/2—-20/3, o€][0,1/2],
ulo) < {(1 —0)/3, oe[l/21] (29)

and
n(1/3) <5/18, p(2/3) <1/9, wu(5/6) <1/18, (30)

SO
12<<x1/3T75/6(T1/2x1/2+T2/91,2/3+T1/91,)<<x4/3. (31)

There is 1 face of form [b— 4T, b+ iT]?. Applying (30) we have

// (z,w dzdw<<//( b+ 1t1)C (20 + 2ity) X

[b—iT,b+:T]? 1,7
x C(b+ita)C(2b + 2zt2)§(2b +i(t +t2)) 2t Mty Lt dts <

< 22/3 // t?/18+1/9—1tg/18+1/9—1(

(1,772

t1 + tg)l/gdtldtz,

which implies
Iy < 2?3789, (32)

which is less than 2%/3 by our choice of T"in (28).
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There are 4 faces of form [c¢ — T, c+ iT] x [b £ T, c £ iT]. We have

cHT  petil
I, = / L(z,w)dzdw <
e—iT Jo+iT

T c
< / / C(e+it)¢(2c+ 2it)¢ (o +iT)C(20 + 2iT)((c+ o +i(t + T)) x
1 b
x 2Tt T o dt < 2T / ’ C(o +4T)¢(20 + 2iT)z"do.  (33)
b

Here
C

(o +1iT)((20 + 2iT)xdo < m[%x] C(o+1iT)¢(20 +iT)x°.
b o€glb,c

For o € [b,1/2] we have
Clo +1iT)¢(20 + iT)x" < THA/3FTr2/3) /2 o Tgl/3, (34)
Taking into account (29) for o € [1/2,1] we get
C(o +iT)((20 4 iT)az" <« T g7 & g+ « (1420)/3 « o (35)

Returning to (33) we get
I < 22T 1 4 243 (36)

There are 4 faces of form [b £ T, ¢ & iT]?. We have

I = // Liznw)dzdw< — max  L(zw) <
(z,w)€E[b+iT,c+iT]?
[b+iT,c+iT]?

< max ((o1 +1iT)¢(201 + 2iT)( (02 +iT)( (209 4+ iT)( (01 + 02 + 2iT) x

01,02€[b,c]

% xo’1+0’2T—2 < T2p(1/3)+3,u,(2/3)—2x2 < .’I]QT_l. (37)

Finally, there are 8 faces, which are parallel either to z- or w-plane, of form
[b—iT,c+iT] x w, where w € W := {b+4T,c+iT}. We have

c+iT T
Ig = // L(z,b+iT)dz<</1 /bc(a+it)g(2o+2it)<(a+b+z’(t+T))><

b—iT
% C(b+iT)C(2b + 2Tzt T Vo dt < T/ HrE/3)=1,1/3 o

T c
X / / C(o +it)¢(20 + 2it)( (o + 1/3 +iT)z "t do dt.
1 b
Here
C(o+it)¢(20 4 2it)( (0 + 1/3 +iT)z 7t~ <« Tr/3)+20E/3) =1,

SO

T
I < THO/D+u(2/3)=1,1/3 / Tr(/3)+20(2/3) =1, gy o 4/3 (38)
1
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Also
c+iT T c
I; := // L(z,c+iT)dz<</ / C(o +1it)((20 + 2it) x
1 Jb
b—iT

x ((o+c+it+T))¢(c+iT)((2c+ 20Tz Tt ' T do dt <
T prc
< aT™! / / Clo +it)¢(20 + 2it)xt  do dt
1 Jo
We derive from (34) and (35) that

/ C(o +it)¢(20 4 2it)x"do < ta'/? + x,
b

SO

T
Iy < 2T™! / (213 4wtV dt < 2T~ 4 23, (39)
1

Now summing up (27), (31), (32), (36), (37), (38), (39) we get

E(z) < a*/3TY0 4 o> =71, (40)

CONCLUSION.

Our result can be slightly improved under the Riemann hypothesis. In such case we
have (*!(s) < 2¢ for ¢ > 1/2 and p(1/2) = 0 due to [7, (14.2.5)-(14.2.6)]. Then (19)
immediately induces F(z,w) < x°¢(z){(w) for Rz, Rw > 1/4 and all double integrals,
incorporated in F(z), can be split and estimated by a product of two one-dimensional
integrals. For b = 1/4 + 1/log x we obtain

b+iT xz
/ ((2)—dz < zt/4FeT/4,
b—iT Z

c+iT xz
/ ((2)—dz < e,
c

—iT z

C:tiT z
/bi_T §(z)%dz & (a/FrETVA 4 gt tEy T,
Then F(z) < 2%/4t¢T"/* and choice T = 2/ provides us with a = 7/5 = 1.4 in the
statement of Theorem 1.

One should expect in the view of (20) that

S malmn) = Dia? + Doa TVE 4 (7). (41)

m,n<x

Translating the domain of integration till [b — T, b+ iT]?, where b = 1/(k + 1), leads
to the error term at least zititeT2 T + 22T*T~1, which corresponds to aj =
(4k +2)/(3k + 1) for the best possible choice of T. Under the Riemann hypothesis
for b = 1/2k + 1/logx we obtain o = (4k — 1)/(3k — 1). However, for k > 2 both
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of these estimates are bigger than z%/3 and absorbs the term Doz'*'/* in (41). Such
result can hardly be reckoned satisfactory.

One can consider the exponential divisor function 7(¢), which is multiplicative

and defined by 7(¢)(p®) = 7(a). As far as 7€) (p¥) = 7 5(p") for k = 1,2,3,4, the
Dirichlet series for 7(¢) also posesses the representation (19), so Theorem 1 remains
valid for 7(¢) instead of Ti 2.
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CHARACTER SUMS ANALOGUE OF KLOOSTERMAN SUMS
ON NORM GROUP

Ceprees C. C. Cymu xapakrepiB, aHajior cym KJiiocrepmaHa Ha HOPMOBUX
rpynax. Posrisnarorcs cymm xapakrepis, KoTpi € anasoramu cym Kitocrepmana Ha HOp-
MOBHUX I'pylax y Kbl Ifiyux raycoBux uuces. OTpuMani HeTpuBiaIbHI OI[IHKY €KCITOHEHIi-
AJILHUX CYM Ta CyM XapaKTepiB 110 MOJYJIIO P, Ijle P — HPOCTe PalioHaIbHE YHCI0, P = 3
(mod 4).

Kuaro4yoBi ciioBa: cymu xapakrepis, cymu Kitocrepmana, HOpMOBI IpyIiu.

CepreeB C. C. Cymmbl XapakTepoB, aHajsior cymm KiiocrepmaHa Ha HOp-
MEHHBIX Ipymnmnax. PaccMaTprBaloTCs CyMMBI XapaKTEPOB, SIBJISIOIIIECH aHAJIOTAMU CYMM
Kiocrepmana Ha HOPMEHHBIX I'PYIIAX B KOJIBIIE IEIBIX I'ayCCOBBIX duces. [loydennr HeTpU-
BUAJIbHDBIE OLIEHKU IKCIIOHEHIMAIbHBIX CYMM W CyMM XapaKTe€pPOB MO MOIYJIO p'', rae p —
IPOCTOE PAIMOHAJIBHOE IuCI0, p = 3 (mod 4).

KuaroueBrble cjioBa: CyMMbI XapakTepoB, cymma Kiocrepmana, HOpMEHHBIE TDYIIIIHL.

Sergeev S. S. Character sums analogue of Kloosterman sums on norm group.
We consider character sums, analogue of Kloosterman sums over norm group in the ring of
Guassian integers. We obtain non-trivial estimation of exponential sums and character sums
modulo p™, where p — prime number, p = 3 (mod 4).
Key words: character sums, Kloosterman sums, norm group.

INTRODUCTION. Let x and ¢ be multiplicative and additive characters of finite
field k; with ¢ = p™ elements. Usually consider three type sums

> x(f(@), > x(f@), X x(f(@)elg(x)),

z€V Cky (L‘EVC]C; JJEVij;

where f(x),g(x) are polynomials or rational functions, which respectively call expo-
nential sum, character sum and mixed sum. When V' = k, (resp. k), that sums call
complete exponential sum, complete character sum and complete mixed sum (resp.).
Otherwise, such sums call incomplete sums. Sometimes as V' consider a subgroup k,
(or k7, resp.). Prove by A. Weil [7] the Riemann Hypothesis for algebraic curves over
finite field give leave to arrive at non-trivial bounds for mentioned above complete
sums. In particular, for f(z) = ax + bx~ 1,2 € ky, A. Weil [7] proved uniprovable
bound for Kloosterman sum

K(a,b;q) := Z X (az +ba7t) << q7?. (1)

z€ky

Similar results may be obtain for mentioned above sums over the ring of residue
classes (mod ¢) in Z ( [2,5,6]). Our goal is construction of non-trivial estimates for

(© Sergeev S. S., 2014
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character sums analogue of Kloosterman sums on norm group in the ring of residue
classed (mod q) of the Gaussian integers.

NoTATION. We standardize some notation to be used throughout this paper.
Lower case Roman (or Greek, respectively) letters usually denote rational (or Gaus-
sian, respectively) integers; in particular, m, n, k are positive integers and p is always a
rational prime p = 3 (mod 4). We also define a norm on Q(i) into Q by N(a) = |a?|.
For the sake of convenience, we denote by G the set of the Gaussian integers. Let
Z4 ( or G respectively) denote the ring of residue classes modulo ¢ and Zy (or G%
respectively) denote the multiplicative group in Z, (or G,). If x € G} we write 2~
for the multiplicative inverse of x (mod ¢), i.e. x7! is Gaussian integer satisfying
zz~! =1 (mod ¢). We denote by k, a finite field with ¢ elements, ¢ = p”, p a prime.
For a finite set X, | X| denotes its cardinality. By f << g, or f = O(g) for z € X,
where X is an arbitrary set on which f,g are defined, we mean synonymously that
there exists a constant C' > 0 such that |f(z)| < Cg(z) for all z € X. The ”implied
constant”may depend on the some parameters which are always specified or clear in
context. As usual, ged(a,b) or (a,b) stand for the greatest common divisor of a and
b, where a,b € Z (or G). Though Z[z] (or G[z]) we denote the polynomial ring over
Z (or G). For a € Z (or a € G) it stands vp(a) (or vp(e)) if p™»(a) | a,p**(a + 1) t a.
Moreover, Y. means the summation under the condition C is defined additionally,

5(C)

and ey () := ™.

AUXILIARY ARGUMENTS. Before starting out study of character sums several
lemmas will be used in the sequal.
Let us denote by Ey, the following subgroup in G'.

Ep :={x€G}n:N(x)=1 (mod p™)}. (2)

The subgroup E;, we will call the norm group in GJn.
m—1

Lemma 1. The norm group E,, is a cyclic group of order (p+ 1)p

Let u + iv be a generating element of E,,. Then

(u+ )Pt =14 p?xo + ipyo, o, Yo € Z,
To + 2:’/8 =0 (mOd p)a <x07p) = (y07p)) = 17
and also for any t = 4,5,...,p" ! — 1, we have modulo p™

Re(u+iv)PTDt = Ag + Ayt + - + Ay t™ 1,
Im(u +iv)®P*Vt = By + Byt + -+« 4 By, _1t™ 1,

where
Ag =1 (mod p?), By =0 (mod p?),
Ay = p?(z + 343 (mod p?),  Bi = pyo (mod p?),
Ay = —1p?y¢ (mod p?), By =0 (mod p?),
A; = B; =0 (mod p?), j=3,4,...,m—1.
Denote
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An arbitrary element from F,, has unique representation w = (u + iv) PtV Thus

m—1
w = (u+iv)PTVHR = N " (4;(k) +iB;(k)) ¢/ (mod p™). (3)
§=0
It is clear
A;(k) = Aju(k) — Bju(k),
Corollary 1. For k=1,2,...,p, we have

(u(k),p) = (v(k),p) =1, if k # 2E,
u(0) = 1,0(0) = 0, u(P3h) =0 (mod p), (B5+,p) =1,
moreover, for k # pTH

Ao(k) =u(k), Bo(k)=wv(k) (mod p),
pll Ai(k), pllBi(k), p*|l A2(k), p*|| Ba(k);

and
Al (0) = Oa Bl (U) = P¥%o (mOd p4), p2 || AQ(O)a BZ(O) 0 (mOd pS),
Ao (H+) =0 (mod p), (Bo (B5),p) =1,
pllAy(351), b2 1By (B5), P 14a (35, B (25) = 0 (mod p);

Aj(k) = Bj(k) =0 (mod p®), k=0,1,....p,j > 3.
For the proof of Lemma 1 and its Corollary see [6] (Lemma 2).

Lemma 2. Let f(z),g(x) be polynomials over G,
flx) = Zijj,G(x) = ZBjxj,r,s >3,
j=1 j=1

and, moreover, let

Then

2%pm+%up(A2) if vp(A2) <m,vp(Ar) = vp(A2);

0 if vp(A1) < vp(A2);
<
p>" if vp(Ag) = m;

Z epm (Re(f(z) +az™'))| < 215 p™, (5)
z€Gim

where Io is the number of solutions of the congruence over G}

Aju? — By =0 (mod p).
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The assertion of this Lemma it is well-known (see, for example, [6], Lemma 3).

Lemma 3. Let k, be a finite field and let x be a non-trivial multiplicative char-
acter of ky of order d > 1. Suppose [ € kqlx] has m distinct roots and f is not a
perfect d-th power (modp). Then we have

S X(f@)| < (m—1)g” (6)
z€kg
(See [4], Ch. 2C°, p. 43).

Lemma 4. ( [6], Lemma 1) Let p = 3 (mod 4) be a prime, n > 3 be a positive
integer, U, = {1 +pu:uée Gpnfl} be the subgroup of G,n. Then for any character
chi of the group Gy, there exists a polynomial f(n) with coefficients from G

fu) =u+aw?+---+ay 1p" T N=n+ S +1,
p+1

such that we have
X(1+ pu) = epn-1, (Re(Af(u))),
where A € G;n,l depends only on chi, and the coefficients satisfy the inequalities

vplag) = k—vp(k)—1, k=23,...,N—1

Proof. It is well-known that the multiplicative group G} is a cyclic group.
We may select a generator g of G} in such a way that gpzf1 = 1+pui,us € Gj.
Then, using the continuation of p-adic valuation for @ to Q(4), and stating one-to-one
correspondence between (1 + pu;)* and

k’(k’—l)(k‘—no—l)

k(k—-1
1+ kpuy + p2u§ 7( ) + p"+"°u?+"° —
0°

2

=14 pug

for any k € Gpn-1, where ng = [ﬁ} + 1, we conclude that the multiplicative group

U, and additive group G,n-1 are isomorphic (see [1] Ch. IV, 3.2, p. 375-376). Let kg
be such that (1 + pu)*® =1+ p (mod p"). Then gy = g* is also a generatic element

of G}.
Denote
u? 2 U’ n—1
f(“):“—p?‘ﬂo §—~--(modp ).
Consequently

fu) = u4au® + -+ any_1u™¥ ! (mod p" 1),
where N =n + [%} +1,a, = (—1)k+1¥ (mod p"~ 1), k=23,...,N—1.

Define A from the congruence
Af(1) = ko (mod p™1).

It is clear that A € G;n,l.
Therefore we deduce that the transformation G,n-1 — C given by

L+pu — epn-1(Re(Au)), A € Gjas

defines a character of the group U,.
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Remark. Lemma 4 was proved in [6] but here we give more detailed proof.

Corollary 2. Let ¢ = p™,p = 3 (mod 4) and x by a non-trivial character of
Grm of order d > 1. Suppose F(x) € Gym[x] of a degree n. Then we have

m
2

> x(F(x)| <2%(n—1)p™ (7)

z€Gpm

Proof. For m =1 the assertion of Corollary follows from Lemma 3.

Let m > 1. Using the representation z = xo(1 + pz1),20 € Gy, 21 € Gpm-1 for
x € Gpm and also Lemmas 2 and 4 we successively go into a case m = 1,q = p so
that Lemma 3 gives the assertion of Corollary 2.

MaiIN RESULTS. Description of elements E,, (see L. 1 for m > 2) and Lemmas 2
and 3 allow us to obtain Lemma 3 results and Corollary 2 for the character sums on
nor subgroup E,, for the linear-inverse functions ax + Sz =1, a, 3 are fixed from Gpm.

Let x be a non-trivial character of G}... Consider the sum

Sl B En) = Y x(az+Bz7"), a,f € Gyn. (8)

zEE,,

This sum we will call character sum analogue of Kloosterman sum over a norm
group.
Theorem 1. Under conditions above we have next estimation

ploq

Sy (05 85 Em)| = ) x(wo(k) Y epm1(Colk) + Cr(k)t + Co(k)t? +...)| <cp?
k

t=0

with the absolute constant c.

Proof. The case m = 1 was studied by Li [2].
Let m > 1. By the representation (3) we can write

x(w) = x(wo)x (1 + pw1)

where
wo = Ao(k) + ZBo(k), (WO,p) = ].,
Wy =wy? ((A’l(k) +iB (k) t + pmg (A% (k) +iBj(k)) ta‘) 7 (9)
’ (AL (K)BY(k),p) = 1, (By(k),p) =1,
Al(k) = S A;(k), Bj(k) = 5Bj(k)

if k£0,p+ 1, and

ifk=0orp+1.
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Without restricting the generality we will suppose that o, 8 € Zpm,ie. o = a, =
b. Then a straightforward computation gives

X(1+ pwi) = epm-1 (Co(k) + C1(k)t + Co(k)t* + Cs(k)t* +...)

where Ca(k) =0 (mod p), Cj(k) =0 (mod p?),j > 3, and v,(C2(k)) > v, (C1(k)) for
all k=0,1,...,p unless O(1) values of k when v,(C1(k)) > v,(Ca(k)) = 1.
Thus by application of Lemma 2 we obtain

Sy(036: )| =
= [ExeoE) T e (Colk) + Crlb)e+ Cak)e? +..)| < ep (10)

with the absolute constant c. This completes our proof of Theorem 1.
In 2001 Ping Xi [3] studied the sum

2
K(xg)= Y |Sx(mn;q)
m,n€lyq
and proved the following statement:
l l
Let ¢ be a positive integer, ¢ = [] p?j and x be character modg, x = [] x;j, x is

j=1 j=1
character modp;j, and also x;(—1) =1,7 =1,...,0. Then for 8 { ¢ the inequality

79 (9) < K(x.q) < 2'q¢%(q)

holds.
We will consider an analogue of K (x, q) for character sum over F(q) with a non-
trivial character x, where

E(q) ={weGy: Nw)=1 (mod q)}.

More exactly, we will consider only case ¢ = p™,p = 3 (mod 4), since a general case
may be study by analogy.
Theorem 2. Let x be an even non-trivial multiplicative character of G (i. e.
x(—=1) =1). Then the following equality
K(x,p™) =2(p + 1)(p* — 1)p*™~?

holds
Proof. We have

Se(@,BEn) = Y xlaz+pz7 )= Y x(1)D 1

2€Em VE€Gm  x € B,
axr + Bx~t =~ (mod p™)

Hence,

K(x, En) = Z ‘Sx(avﬂ§Em)|2 = Z x(71)x(72) Z 1, (11)

a,ﬁEGpm ’Yla'YZeG;m S(C)
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72

where
C: {x,y € By, B € Gy
First, let m = 1. The system of the congruences (in «, 5) modulo p

{ ar+ Bz t=my

cox+ Bz =y1,ay + By~ =72 (mod p™)} .

ay+ By~ =7
is a solvable system if (22 — y?) | (xy1 — y7y2). With this provision system under

consideration has exactly
1 ifx ;‘éy (mod p),

N(ged(2® — %, p)) = { N(p) if 2?2 =y? (mod p),

solutions.
Thus we infer
K(x,E1)=> N(©) Y x(r)x(r) Y 1, (12)
lp 71,72€G} S(C)
where
z,y € By : 2% = y? (mod 6), 271 = y7y2 (mod §),
gcd(125275)—1 ’
Now, if § = 1 then 3. 1 = |E;|*>. Consequently, the contribution of a summand
5(C)
with 6 = 1 is equal
B Y x(n)x(r2) =0.

Y1,72€G)

Further, for 6 = p we obtain the contribution

Np) > x(m)x(r) Y 1=2|E|N@D)$(p) =2(p+ 1)p*(p* - 1)
’Yh’YzEGS S(C)
where
C- T y7EE1 1 Ey’}/27.’1725y2 (mOd p)a
o (2. 2) = ’
5(v) denote the Euler’s totient function in G.
So,
K(x,Er) =2(p + 1)p*(p* — 1). (13)

Let m > 1. By an analogue with relation (12) we have

K(X,Em):ZN(p”) Z X(72) Z 1
5(0)

v=0 Y1572 GG;

where -1
ar+pr =" m

C:Rz,y€e Ep,a,B8€ G, : 4 mod .

{ Yy B ay + By 1 — ( P )}
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So we have B
KOGEm) =Y+ +> => +> +>
v=0 v=1 v=m 0 1 2
Now,

Yo= > xO)x(e)me®-1)? |Em|® = 0;

Y1:72€Ghm

1 (14)
2= y; NPY) X x(n)x(e) ( > 1+ X 1) ,

=i

N72€GEm S(C)  S(Ch)
where
Ci:{z,y€ Ep,v =72,y =vm,r =y (mod p”)},
Ch Az, y € Em,x =72,y = —71,2 = —y (mod p¥)}.
Hence,
m—1
21 = 2 NE) > X()X(2)NE™) + 32 x()X()NP™T) ¢ =
v=1 Y1,72€Gm Y1,72€Ghm
Y1=72(p™) Nn=—72(p")
m—1
= 2N(p™) - x(7) S x(1+p”d) =
v=1 y1€G}, €G m—v
met (15)
= 2N(p™) x(L+p“0) > x(m)=0,
v=1 6601,)771,—1/ Y1E€GHv

NE™) X x(m)x(e) > 1=NE™)EE™)[En| =

71,72€Gm a=£8(p™)
n=7:2(p"™) afEEn (16)

= 2 2(p2 - 1)(p+1).

22

As a consequently (14)-(16) we have
K(x,p™) =2(p + 1)(p* = )p*™ % (17)

The result of Theorem 2 shows that the upper bound for individual sum S(«, 8; x)
is optimal bound in certain sense.
By the similar method may be investigated close sum

KE(a76’X) = Z ‘S(O&,/B,X”Q

a,BEE,

ConcLUsION. We obtain a non-trivial estimation of exponential sums and char-
acter sums which are analogue of Kloosterman sums over norm group in the ring of
Guassian integers. Described proof method can be used for estimation of sums in close
forms.
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ON THE OSCILLATIONS IN THE QUASI-LINEAR SECOND ORDER
DIFFERENTIAL SYSTEMS WITH SLOWLY-VARYING
PARAMETERS

ITToroser C. A. Ilpo kosimBaHHS B KBasiaiHiliHux audepeHHiaIbHUX CHUCTE-
Max APYTroro HmOopsiAKy 3 HMOBiJIbHO 3MiHHMMU mapamerpamu. Jlis kBasiminiitnol au-
depeHIiaabHOl CHCTEMH APYTOTO HMOPSIJIKY 3 CYTO YSIBHUMU BJIACHUMHU 3HAYEHHSIME MAaTPHIL
JIIHIHOI YaCTUHU OTPUMAHO YMOBH iCHYBAaHHS YACTHHHOT'O PO3B’A3KY, 300payKyBaHOIO y BU-
szl abcourtoTHO Ta piBHOMIpHO 30iKHUX psaiB Pyp’e 3 noBlILHO 3MiHHNMYE KoedimieHTaMI
Ta 9aCTOTOI0 Ha ACHMIITOTHYHO BEJIMKOMY IIPOMIXKKY 3MIHM He3aJIesKHOI 3MIiHHOI.

KuarouoBi cioBa: mudepenriaapbamii, mOBLIBHO 3MiHHMA, psian Pyp’e.

ITTérones C. A. O KosebaHUX B KBa3sMJIMHEHHBIX AuddepeHnnalIbHbIX CH-
cremMax BTOPOro HOpsifKAa C MEIJIEHHO MEHSIOIMMUCH napamerpamu. Jlns ksa-
3UNMHEHHOU MudEPEHITNATBLHON CUCTEMBI BTOPOrO MOPSIIKA C YACTO MHUMBIMH COOCTBEH-
HBIMU 3HAYEHUSIMU MaTPUILI TMHEHHON 9aCcTU MOJIYI€Hbl YCIOBUS CYIECTBOBAHUST YaCTHOTO
pelllennsi, MPeJICTABIMOrO B BHIe aOCOIOTHO W PABHOMEPHO CXOIANUXCS pPAnoB Pypbe ¢
Me€/JIEHHO MEHSIOIMMHUCS KO DUIIMEeHTAMH 1 9aCTOTON HA ACUMITOTUIECKU GOJIBIIIOM TIPO-
MeKyTKe U3MEHEHUsI H3aBUCUMOMN IIePEMEHHOMN.

Kuarouessbie cioBa: auddepeHnnaabHbIi, MeJIIeHHO MEHSIIOIUACs, psiabl ypbe.

Shchogolev S. A. On the oscillations in the quasi-linear second order dif-
ferential systems with slowly-varying parameters. For the quasi-linear second order
differential system with pure imaginary eigenvalues of the matrix of the linear part, the
conditions of the existence of the particular solution, representable as an absolutely and uni-
formly convergent Fourier-series with slowly varying coefficients and frequency, are obtained
at the asymptotic long interval of the independent variable.

Key words: differential, slowly-varying, Fourier series.

INTRODUCTION. In the theory of the differential equations well known the prob-
lem of the periodic solutions od the differential equations and its systems [1-3]. How-
ever, the strict periodicity of the coefficients of the system and its decisions is some
idealization. In real physical systems, the amplitude and frequency of oscillations,
generally speaking, are not constant, and represent yourself in a certain sense, slowly
varying function of time. An important tool in the study of periodic solutions is a
representation of the desired solution in the form of trigonometric Fourier series:

z(t)= Y ape™ (1)

n=—oo

(v — frequency). Sometimes it takes an additional condition

o0

D> Jan] < + oo, (2)

n—=—oo

(© Shchogolev S. A., 2014
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which guaranteed by v € R the absolutely and uniformly convergence of series (1). As
noted in the [4], there is good reason to replace the study of periodic solutions of the
general form by research solutions that can be represented in the form (1) with the
additional condition (2). Narrowing of the space of considered solutions a construc-
tive way to their analytical representation, in particular, facilitates the construction
of approximate analytical expressions for the solutions in the form of finite trigono-
metric sums. Similar problems are considered, for example, in [5-7]. In this regard,
the following problem arises: to research the similar type solutions of the differen-
tial systems with slowly varying parameters, that is to obtain the conditions of the
existence of the solutions, which represented as an absolutely and uniformly conver-
gent Fourier-series with slowly varying coefficients and frequency. In this formulation,
the problem is substantially different from the problem of periodic solutions of the
general form. In some papers of A. V. Kostin and author [8-11] the conditions of
existence of solutions of this type are obtained for a quasi-linear differential systems,
and researched a systems with different properties of the matrix of the linear part.
Considered in these papers systems contained two small parameters p and e, first of
which characterizes the smallness of nonlinearities, and the second - slow variability
coeflicients of the systems. The role of these parameters in the study of oscillations
differ significantly, and, generally speaking, they do not depend on each other. At the
same time in a number of well-known works on the theory of oscillations of quasi-linear
systems, these parameters are the same.

NOTATION. Let G(go) = {t,e: 0<e<egy, —Le ' <t< Le™!, 0 <L < +oo}.

Definition 1. We say, that a function f(¢,¢) belong to class S(m,ep) (m €
Nu{0}), if

1) f:G(go) = C, 2) f(t,e) € C"™(G(eg)) with respect t;

3) d¥f(t,e)/dth = ek fr(t,e) (0< k< m),

def \
[Rrr—— Z sup | fr(t,e)| < +oo.
k=0 G(€0)

Under the slowly varying function we mean a function of class S(m,e).
Definition 2. We say, that a function f(¢,¢,0(t,¢)) belong to class F(m,1, o, )
(m,l € NU{0}), if this function can be represented as:

f(t,e,0(t,¢€)) = Z fn(t,€) exp (inb(t,€)),

n=—oo

and:
1) fu(t,e) € S(m,e0);
o0
def . .
2) [l rmicos)y = Nfollsomeny + Y [0l 1 fallstm.eq) < +00, in particular

n=—oo

o0

£l Fmocnsy = > Ifallsem.eos

n=—oo
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¢
= [p(r,e)dr, p € RT, p € S(m, &), i%lf)ga(t,e):<p0>0.
0 €0

Let f( ,0) € F(m,l,e0,0). We denote V n € Z:

2

L.[f] = % /f(t,e,@) exp(—ind)do,

0

27
1
o /f(t, e,0)df
0

Some basic properties of functions of the classes S(m, ) and F(m, 1, &g, 6) proper-
ties are stated and proved in [12].

particular

MAIN RESULTS
1. Statement of the Problem. Consider the following differential system:

dz;

2
dt = Za'jk(tae)xk + fj(t7579(ta5)) + /’LXj(t7570(t75)7x17x2)7 .] = 1; 27 (3)

k=1

where colon(z1,22) € D C R?, aj € S(m,0), f; € F(m,l,e0,0), X1, X2 belongs
to class F(m,l,e0,0) with respect t,e,60 and analytic with respect z1,22 € D; u €
(0,p0) € R*. Functions aji, f;, X; (j,k = 1,2) are real, and eigenvalues of matrix
(a;i(t,€)) have a form +iw(t,e), where w € RY.

We study a problem of existence of the particular solutions of the classes F'(m*,*,
€*,0) of the system (3).

The system (3) are considered under the following assumptions:

inf t > 0; 4
ot |la12(t,€)| > 0; (4)

inf |kw(t,e) —np(t,e)| =2v>0, k=12, neZ (5)
G(eo)
(means we study the case of absent of the resonance between frequencies w and ¢ in
system (3)).

We note, that similar problem are considered by author in paper [13], but in this
paper sifficiently using the assumption, that parameters x4 and € are related by u” < €2,
where r € N. This condition, though in some cases performed, yet is sufficiently tough.
Therefore in this paper we seek to obtain conditions of the existence of solutions of
these classes, which are not supposed to such a relationship between the parameters
wand €.

2. Auxiliary results. Consider the following system of the differential equations:

o(t,e (il% Zajkt5)§k+fj(t€9)+MX(t€9§17§2)_7_12 (6)

where (&1,&) € D1 C R?, ajy, fj, X; are the same as in the system (3), but (t,¢)
considered as constants.
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Lemma. If condition (5), then 3 pu; € (0, o) such that ¥V p € (0,p1) the

system (6) has a particular solution §;(t,e,6,p) (j = 1,2), which belong to class
F(m,l,e0,0).
Proof. Consider generating system corresponding to system (6):
w(t,e) dg]o Zakt5§k0+f(t50) . (7)
do J J

Easy to show that
ar1(t, e) —inp(t, ) aiz(t,€)
az (t,€) as(t,e) —inp(t, e)
= (w(t,e) = np(t, ) (w(t, €) + nep(t ),
however, based on the assumption (5):

inf |A,(t,e)]=~> >0V neZ
G(go0)

Ay(te) =

Consider the following solution of system (7):

> Ajn(t,E)
Ayt e)

where A, (t,¢) are determinants, which obtained from A,,(¢,¢) by replacing in it the
j-th column by the col(=T',[f1(t,e,8)], —T'n[f2(t, €, 0)]).

Operators L1, Ly has a properties:
1) if f1, f2,91,92 € F(mv Lo, 9)) then L; [flv f2] [91792] € F(ma L, e0, 9) and Lj[fl"’_

g1, f2 + g2] = Lj[f1, fo] + Ljlg1, 92], L [thcfﬂ = cLjlf1, f2] ( =1,2);
2) 3 K; € (0,400) such that

&jol(t,e,0) = Lj[f1, fo] = exp(inf), j = 1,2,

n=—oo

2
ZHL [f1, o)l Pemateo.0) < K1Z||fg | F(m.le0,0)-

j=1

Based on these properties we can state, that &10,&20 € F'(m, 1, €9, 0).
We make in the system (6) the substitution:

5] = §j0(t,€,9) +/j/77j? j = 1527 (8)

where 71,72 — new unknown functions. We obtain:

dnj

plt.e)p Zam (t,e)m + g;(t,€,0) +uzuﬂc (t,e,0)me+
k=1 k=1
+/~1’2H‘(t7€a95n1an27/’6) j = 1727 (9)

where g;(t,e,0) = X;(t,€,0, €10, €20), uji(t, e, 0) = 2Xilbsb080),

1 (0%X;(t,e,0, ,
Hy(t, 2,0, ) = & (225000800 Vg, Gao ¥ Vi)
2 Oy
82X-(~-~) 82X-(---)
2—1 = — L _p2),0<v<l.
+ 011022 i+ 0x3 772) v
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By analyticity of functions X1, Xs the functions g;, ujr € F(m, 1,9, 0), the func-
tions Hy, Hy belongs to class F'(m, [, £9, 0) with respect ¢, €, 6 and analytic with respect
71,72 in some area of these variables, and g;, u;x, H; are real.

Along with the system (9) we consider the linear nonhomogeneous system:

2
dn; .
@(t,E)% = Z ajk(ta E)nkO + gj(t7€7 9)7 J= ]-7 2. (10)
k=1

This system has a particular solution 1,0 = L;[g1,g2] € F(m,l,e0,60) (j = 1,2). We
seek the solution from class F'(m,l,e0,0) of system (9) by the method of succes-
sive approximations, defining the initial approximation n;o(t,¢,0) (j = 1,2), and the
subsequent approximations defining by formulas:

2
js = Lj |g1(t,€,0) + 1Y uin(t,e,0) o1 + p>Hi(t,€,0,m1 01, 02,0-1, 1),
k=1

2

g?(ta g, 9) + MZUQk(ta &, 0)”7’6,571 + M2H2(ta g, 97 771,5717 772,5717 /1') 9
k=1

j=1,2 s=1,2,.... (11)
We denote:

2
Q=<{n,m € F(m,l,e0,0) : Z 115 = mjoll Fm,te0,0) < d5 d >0
=1

By analyticity of functions Hy, Hy IM (d), K2(d) € (0, 4+00) such that Vn3, n3, ni*,
ns* €

2
Z HHj(t’Evevnfangﬁu)HF(m,l,Eo,@) < M(d)’
j=1

2
Z ||Hj(ta57 9777?775,,“) - Hj(tvga eanf*a n;*vﬂ)HF(m,l,sg,O) g
=1

2
S E(d) Y105 = 15 | pemco.0)-
j=1

We denote: u* = max Nlwin(t, €, 0) || Fim.ie0,0)-
Using techniqlfés contraction mapping principle, it is easy to show, that by con-
didtion
2
wK1(d) <2m+1(21 + Du* (Kl(d) Z 9% || F(m1,e0,0) + d) + uM(d)) <dop<d
k=1

all approximations 7n;s (j =1,2; s =0,1,2,...) remain inside 2. And by condition

pEK (d) (2™ (2N + D + pKa(d) < 1
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the process of successive approximations (11) converges to the solution 7,7s from
class F(m, 1,9, 0) of the system (9), and this solution are real.
Lemma are proved.
3. Method of solving the problem. We make in the system (3) the substitu-
tion:
xj:é.j(tagvovﬂ>+yj’ J=12 (12)

where §(t,e,0, 1) (j = 1,2) — solution from class F'(m, 1, g0, 0) of system (6), and y1, y2
— new unknown functions. We obtain:

2 2
d .
L= age(t )i+ ehy(tie,0,0) + p Y wlt e Oyt
k=1 k=1
2
+M2 Zvjk(t7€7 07M)yk + M}/vj(t75707y17y27/1‘)7 j = 17 27 (13)
k=1

where real functions h; from class F(m — 1,1, €0, 0), real functions

2
02X (t,e,0,&0 + vipm, Exo + viung)
vk =

(“):ck axs s

s=1

from class F'(m,l, eg,0), real functions Y7,Ys from class F(m,l, e,0) with respect
t,e, 0, analytic with respect y1,y2 in some area of these variables and contain terms
not lower than second order with respect v, yo.

We make in the system (13) the substitution:

0 1 .
ijEy](- )+y§- =12,

where y%l), yél) — new unknown functions, and y§0), yéo) are defined by formulas:

y§0)(t,5797u) = Ljlhi(t,e,0,p), ha(t,e,0,p)], j=1,2.

As result we obtained:

dy " & 1 1 & 1
ar = 20t R0, 0,50 e 1, 0,0) 4 4 3wl 2, O+

2 2
+:u’2 Z vjk(tv & 97 u)yl(fl)—i—p,g Z Wik (ta & 97 M)y](gl)'i_M}/J(l) (ta &, 91 y§1)7 y§1)7 M)v ] =1, 27
k=1 k=1
(14)
where h;l) € F(m — 2,1,¢e0,0), 0(1),wjk € F(m — 1,1,¢e0,0), Yj(l) belongs to class

J
F(m —1,1,e9,0) with respect t,e,0, analytic with respect y§1),y§2) in some area of
these variables and contains terms not lower than second order with respect yil), yél).

To system (14) we apply the transformation, which reducing its to almost diagonal

kind:

y%l) = a12(t>5)y§2) + al?(tag)y§2)a
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SV = (—iw(t,e) — an (t,)yt? + (iw(t, ) — ar1(t,e))y?. (15)

Determinant of transformation (15) is equal 2iw(t, €)a12(t, €), therefore his non-degeneracy
are provided by condidtions (4), (5). As result we obtain:

dy?

2
= (—1)jiw(t,s)y§-2) + EZBjk(t,s) ) 4 52h(2)(t ,0, 1)+

k=1

2

2
+peaP (te,0,0) + 1> ulP (e, 0y + 12 0Pt e, 0, w0+
k=1 k=1

2
e Y w (e, 0, my? + uY Pt 0,57 w8 ), 5 =1.2, (16)
k=1

where 8, € S(m —1,¢9), h;g) € F(m—2,1,e0,0), agi) € F(m —1,1,&9,6), functions
@ (2 '

ujy, v, are defined by formulas:
; 2 2
@2 1 a1y ji(w? +afy) j_1iarn
== L (ugg — —qyi TR 171012
i =3 (u11 + uz) + % (u11 —u2) + (=1) Yot uig + (—1) 5, U2t
N PO S T L AMPOON H § Gt Wok) MOV V KLUE I
b = o \U11 U2 5y \W11 T U22 Sears 12 5 Ut
(J # k),
RO iar, i(w? 4 a?)) _ia
Vs 2(1111 +vg) + % (vi1 —v2) + (1) it v12 + (— ) S V21,
o2 = Lo ) (1 g ) HL gt
ik = 5\ T U2 o, V11T V22 i 12 o U2
(J # k).

Obviously, that ugk)7 J(i) € F(m,l,e0,0) (j,k=1,2).

Now we increase the order of smallness with respect parameter ¢ of the off-diagonal
elements in matrix of system (16). For this purpose in system (16) we make the
substitution:

@ _ @ _ et o o _ Balte) o

_ _ (3) 17
Y1 Y 20(t, 2) Y275 Y2 2u(t, ) YTy (17)

Choose €1 € (0,¢0) from condition:

Bia(t,€)Ba1(t, )
w2(t, e)

This condition guaranteed the non-degeneracy of transformation (17), and as result
its use has been:

2 sup

G(eo)

< 4.

dy'¥ ,
L (<1t €) + 285, ) +522%k (t. )y + €7 (¢ e.0, ) +
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+,uea (ts&u +u2u()t€0 +u22 te@luy(?’)
k=1

+uezw (toe, 0,y + uY P (e, 0,97 48V ), j =12, (18)

where o, € S(m —2,¢1), hgg) € F(m—2,l,¢e1,0), 03(3) (3) € F(m—1,le,0), Y(B)

belongs to class F(m —1,1,¢1,0) with respect ¢,¢,60 and contalns the terms not lower

than second order with respect y§ ), y(s).

With system (18) we consider the linear homogeneous system:

~ 2
dy; . ~ ~
= (WY ieo(t,e) + <Py (8,0))5; + Yy (8 e, 0)F+
k=1
2
+02 >0l (b e, 0, )G, §=1,2. (19)
k=1

In paper [12] shawn that by condition (5) 3 e2 € (0,e1), p2 € (0,p1) such that
Ve € (0,e2), V u € (0, p2) exists non-degenerating transformation of kind:

2
37]' = gj + ijk(t7€707u’)gk7 .] = 1727 (20)
k=1

where ¢, € F'(m — 1,1,e2,0), which reducing the system (19) to kind:

dy; N -
d7j = ((—=1)iw(t, ) + eB;(t,€) + pAjolt,e) + p* A1 (t, €, 1)y, +
2 o~
e dik(t,e,0, 1)y, 5= 1,2, (21)
k=1

where \jo(t,e) =T [ugi) (t,a,@)}, Mt e,u) =T v](?)(t,s,ﬂ,u)} € S(m,e2), dji €
F(m —1,1,e2,0). By using this result through substitution

2
y](S) = yj(4) + ijk(t,é", 97N)y1(g4)7 .7 =1,2, (22)
k=1

where 1), — the same as that in formula (20), we reduce by € € (0,e2), p € (0, p2)
the system (18) to kind:

dyj(»4)

= ()it ) + 855 (1,2) + uhjo(t,2) + pP A (2 )y +

+52h(4(t59u)+u60 (t,e,0, 1) +€22a te,u)y,(f)—l—
k=1
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+uezw (e, 0wyt + pY P e, 0,50y ), 5 =12, (23)
k=1

where h(-4) € F(m — 2,1,e9,0), Jj( ) w](t) € F(m — 1,1,e9,0), ai € S(m — 2,e9),
Y(4) € F(m—1,l,e9,0) with respect t,&,0 and and contains the terms not lower than

second order with respect y§4), y§4).

We denote:
Ajg(t,{:‘,,u) = (71)]%‘)@75) + &‘ﬂ(t,E) + ,U)\jo(t,é') + H’z/\jl(tagnu) (] = 13 2)

By condition (5) 3 e3 € (0,e2), uz € (0, u2) such that V e € (0,e3), p € (0, u3) the
following inequality is true:

Gi(nf) |Aja(t, e, ) —inp(t,e)| 2y >0, j=1,2, ne€ Z. (24)
€3

Due to inequality (24) the functions

(t,e.0, )]
y {0 ‘ ‘
te 0 9), j=1,2
(t.e,0,p) E Aﬂ t E u) o) exp(inf), j =1,

belongs to class F'(m — 1,1,e3,0). We make in system (3) the substitution:

Y = pey " (te ) + ey, j=1,2, (25)
where y§5), y§5) — new unknown functions. We obtain:
dy(-5)
djt = Nj2(t, &, 1)y, ) +5h(5)(t £,0,u) +62Za (t,e, )y (5)+
k=1
+;L€Zw (toe,0, )y +ueY, " (t,e,0,4° 48 ), j=1,2. (26)

All coefficients of this system belongs to class F'(m — 2,1,e3,0), nonlinearities Y1(5),
Y2(5) analytic with respect y§5), yé‘g) in some area of these variables.

With system (26) we consider the linear nonhomogeneous and diagonal system:

5
dﬁ‘)) = Npa(toe, pyly) +eh$ (te,0,0), j=1,2. (27)
Suppose one of the following two conditions:
ReXjo(t,e) = Redji(t,e,u) =0, j=1,2. (28)
Gl(rg) [ReXjo(t,e)| =72 >0, j=1,2. (29)

Then from results of paper [13] follows, that 3 €4 € (0,e3), pa € (0, pg) such that

Ve € (0,e4), V o € (0,p4) the system (27) has particular solution y( ) (=12
which belong to class F(m — 2,1,e4,0).
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We construct now the process of successive approximations, defining the initial ap-

proximation yj(-g) (t,e,0,1) (j =1,2), and and the subsequent approximations defining

as solutions of class F(m — 2,1,e4,60) of the linear nonhomogeneous systems:

dy]@
dt

2
= \ja(t,e u)yjs) + Eh( (t,e,0,p) + &2 Z a§.‘,;) (t,e,u)y,(:zfl—l-
k=1

+,u€Zw ts@uy,ii 1+u5Yj(5)(t,5,0 ygi 1,y§55) L), 7=12; s=1,2,....

(30)

Using techniques contraction mapping principle, it is easy to show, that 3 ¢35, us €
(0, +00) such that V e € (0,e5), p € (0, us) the process (30) converges to the solution
y](-s) (t,e,0,pu) (j =1,2) from class F(m — 2,1,e5,0) of system (26).

4. Principal Result. Thus the following theorem.

Theorem. Let the system (3) satisfy the conditions (4), (5) and one of the con-
ditions (28), (29). Then 3 * € (0,¢¢), p* € (0, po) such that ¥ p € (0, u*) the system
(8) has a particular solution x;(t,e,0,u) (j =1,2) from class F(m —2,1,¢*,0).

Consider now the linear nonhomogeneous system:

dz;

2
dt = Zajk(tas)wk + fj(tvgag(tvg))v j = 1727 (31)

where a;i, f; the same as in system (3).

Consequence 1. Let the system (31) satisfy the conditions (4), (5). Then &g €
(0,e0) such that system (31) has a particular solution z;(t,e,0,u) (j = 1,2) from
class F(m —2,1,¢g,0).

5. Examples.

As examples of the application of our results establish the conditions for the
existence of solutions from class F(m — 2,1,e*,6) for systems corresponding to the
known in nonlinear mechanics equations of Duffing and Van der Pol.

1. Consider the system of Duffing:

d d
% = T2, % = —w?(t,e)xy + b(t, e)sind(t, ) + px?, (32)

t
0(t,e) = [ p(r,e)dr, w,b,p € S(m,ep); w,b,p € RT, mf cp >0, 1nf w > 0.
0

I
[t

Obviously the system (32) has a kind (3), where ain = 0, ags = 0, aqa
a1 = —w?, f1 =0, fo = bsin, X; =0, Xy = z5.
Assume that the condition (5). Condition (4) holds obviously. Then

b b
§10 = —5—— sinf, & = % cosf, un =0, u1z =0,
w* — @ ws =

3b* . 2 2 it
e e T sin” 0, gz = 0,uy) = —ufy) = 2w(w? — p2)?

.2
sin“ 6,
w2 — p2)2
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3ib?
D Redjo=0(j=1,2),

SR R

111 =0, v12=0, v90o =0, v21 =6 (M sin 6 + Vl/“h) m,

(2) _ (2) _ 3ia12 b ino
U1y Cb5) o (wgwg sinG +vipn | m,

where 0 < 11 < 1, 1 — the real function from class F(m,1,eq,6).

Hence the functions Ug), vg) - are purely imaginary, therefore ReA1; = Relgs =

0. So true conditions (28). Hence

Consequence 2. Let system (32) satisfy condition (5). Then ez € (0,e0), pr €
(0, o) such that ¥ p € (0, pur) the system (32) has a particular solution x;(t,e,0, )
(j =1,2) from class F(m — 2,1,e7,0).

2. Consder the system of Van der Pol:

d d
% = T2, % = —w?(t,e)xy + b(t, e)sind(t, ) + p(1 — z3)o, (33)
functions 6, b, w, aji, f; — the same as in system (32), X; =0, Xo = (1 — 2%)z,.
Assume that the condition (5). Condition (4) holds obviously. Functions &;0(t, ¢, 6)
(j =1,2) — the same as in system (32). Then:

(pr 2

Uil = O7 U2 = O, Ug1 = —m Sin20, Ug9 = 1-— m sin2 07
2 12
@) b .9 ipb .
=1-——— 00— ——————— 20
Uuq] W= ) sin P(a? — )2 sin 20,
2 12
2) . 9 b .
=1-——- 0+ —F——— 20
Ugg (w2 — 902)2 sm” 0 + 2w(w2 — @2)2 Sin 20,
b2
Aip=1— ————— =1,2
j0 2(0)2 _ @2)2 (.7 ’ )
Thus, when the unequality
b(t
§= sup (t2) < V2, (34)

G(eo) w2(ta 5) - 902(157 6)

is true, then condidtions (29) with constant v = 1 — §%/2. Hence
Consequence 3. Let system (33) satisfy condidtions (5) and (34). Then J eg €

(0,e0), ps € (0, o) such that ¥V p € (0, ug) the system (33) has a particular solution
zj(t,e,0,un) ( =1,2) from class F(m — 2,1,¢3,0).

CoONCLUSION. Thus, for the system (3) the sufficient conditions of the existence
of the particular solution from class F(m — 2,1,e*,6) (0 < &* < gg) are obtained.
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LINEAR-INVERSIVE CONGRUENTIAL GENERATOR OF PRN’S

Yan Txe Binsb. Jlinifino-inBepcHuii kourpyentauii reaeparop IIBY. Tusepcumit
KOHTDYEHTHHI MeTOJ '€HePYBAHHSI PIBHOMIDHO PO3MOIITEHUX IICEBIOBUIIAIKOBUX UHCET €
0Cco0IMBO NTPUBAOJINBOIO AJIBTEPHATHBOIO JIIHIHHUM KOHIDYEHTHHUM I'eHEPATOpaM, SKi BOJIOi-
IOTh HU3KOIO HeDarkaHWX 3aKOHOMipHOcTe#t. B maniit crarti po3risamaerbcst HOBU JiHIHHO-
IHBEepPCHUI KOHIDYEHTHUI TeHEPATOP 38 MOJLYJIEM CTEIEHIO ITPOCTOro Yucya. JlatoThbCst OMiHKT
TPUTOHOMETPUIHUX CyM ISl JIHIAHO-IHBEPCHUX KOHIDYEHTHUX IICEBIIOBUIIAIKOBUX UUCEJT.
Peszysnpraru moka3dytoTh, mo 1 iHBEPCHI KOHT'DYEHTHI IICEBJOBHUIAIKOBI YMCJIA MPOXOISITH
S-MIpHUI CepiaJIbHUM TECT Ha CTATUCTUYHY HE3aJIEXKHICTh.

KuarouoBi ciioBa: iHBEpCHI KOHI'DYEHTHI IICEBJIO-BUIAIKOBI 4YMCIa, €KCIOHEHIHI CyMH,
JUCKPITIaHCis.

Yan Txe Bunb. JIuHeliHO-UHBEPCHBIN KOHIPY HTHBIN reHeparop IICY. Un-
BEPCHBI KOHTDYSHTHBII MeTOJ] T€HEPUPOBAHUSI PABHOMEDPHO PACIPEJIEJIEHHBIX IICEBIOCIY-
YafHBIX YHUCEJI SBJISIETCST OCOOEHHO IPUBJIEKATETBHON AJBTEPHATUBON JIMHEHHBIM KOHTDPY-
SHTHBIM T'€HEPaTOPaM, KOTOPhIe 00IaIAI0T PSIIOM HEXKEJATeTbHBIX 3aKOHOMepHOCTel. B Ha-
CTOSAIIEH CTaThe pacCMaTpPUBAeTCA HOBBIN JIMHEITHO-UHBEPCHBINT KOHIPYIHTHBIN I'eHepaTop 10
MOJIYJIIO CTEIIEHHU IIPOCTOr0 Ynca. J{aloTcs OleHKH TPUIOHOMETPUYIECKHUX CYyMM JIJIsl JIMHEHHO-
WHBEPCHBIX KOHI'DYIHTHBIX IMICEBJIOCTYIANHBIX Yncesi. Pe3ybTaThl MOKa3bIBAIOT, UTO ITH WH-
BEPCHBIE KOHI'DYSHTHBIE IICEBIOCIyYaliHble YHUC/Ia IPOXONAT S-MEPHBII CepHAJIbHBIN TECT Ha
CTATUCTUYIECKYIO HE3aBUCUMOCTb.

KuroueBrble ciioBa: MHBEPCHBIE KOHI'DYIHTHBIE [ICEBMIO-CIIYIafiHbIE UNCIIA, SIKCIIOHEHI[NATIb-
HbI€ CyMMBI, J€CKPUIIAHCHS.

Tran The Vinh. Linear-inversive congruential generator of PRN’s. The in-
versive congruential method for generating uniform pseudorandom numbers is a particulary
attractive alternative to inversive congruential generators, which show many undesirable reg-
ularities. In the present paper a new linear-inversive congruential generator with prime-power
modulus is introduced. Exponential sums on linear-inversive congruential pseudorandom
numbers are estimates. The results show that these inversive congruential pseudorandom
numbers pass s-dimensional serial tests on the statistical independence.

Key words: inversive congruential pseudorandom numbers, exponential sum, discrepancy.

INTRODUCTION. Let p be a prime number, m > 1 be a positive integer. Consider
the following recursion

Yntl = ay;1 +b (mod p™),(a,b € Z), (1)

where 1 is a multiplicative inversive modulo p™ for v, if (y,,p) = 1. The parame-
ters a, b, yo we called the multiplier, shift and initial value, respectively.

(© Tran The Vinh, 2014
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In the works of Eichenauer, Lehn, Topuzoglu [5], Niederreiter, Shparlinski [9],
Eichenauer, Grothe [4] ets. were proved that the inversive congruential generator (1)
produces the sequence {z,}, =, = gjﬁh, n = 0,1,2,..., which passes s-dimensional
serial tests on equidistribution and statistical independence for s = 1,2,3,4 if the
defined conditions on relative parameters a, b, yo are accomplishable.

It was proved that this generator is extremely useful for Quasi-Monte Carlo type
application (see, [7—9]). The sequences of PRN’s can be used for the cryptographic
applications. Now the initial value yo and the constants a and b are assumed to be
secret key, and then we use the output of the generator (1) as a stream cipher. By the
works [1], [2] it follows that we must be careful in the time of using the generator (1).

In the current paper we give generalization of the generator (1). This generaliza-
tion is based on the recurrence relation

Yn+1 = ayrjl + b+ cp¥n (mOd pm) (2)

under conditions
(cn,p) = (Wo,p) =1, b=a=0 (mod p).

We call the generator (2) the linear-inversive congruential generator. The compu-
tational complexity of generator (2) is the same as that for the generator (1), but the
reconstruction of parameters a, b, ¢, yo is a tricky problem even if several consecutive
values Yn, Yn+1,---,Yntn are revealed. Thus the generator (2) can be used in cryp-
tographical applications. Notice that the conditions (c¢,,p) = (yo,p) =1, 0=a =0
(mod p) guarantee that the recursion (2) produces an infinite sequence {yy }.

T. Kato, L.-M. Wu and N. Yanagihara [6] studied a nonlinear congruential pseudo-
random numbers generator with modulus 2™ of the form

Yni1 = ay, b+ b+ cy, (mod 2™), (yn,2) =1, n=0,1,2,... (3)

They have obtained a condition at which sequences of the maximal length of the pe-
riod are generated.

P. Varbanets and S. Varbanets [12] considered the generator (2) with conditions
(a,p) = (yo,p) =1, b=c =0 (mod p) and showed that the sequence {z,}, =, = ;’—m
passes tests on equidistribution and statistical independence.

In present paper we investigate generator (2) under conditions a = b =0 (mod p),
(¢n,p) =1, n=1,2,... and show that for the sequence {c,} of special type accord-
ing sequence {x,} passes tests on equidistribution and statistical independence (say,
unpredictability).

It will be observed that W.-S. Chou [3] showed that for generator (1) the condi-
tions a = 0 (mod p), (b, p) = 1 produce according sequence {y, } with a period 7 = 1.
It is not alright for applications. Thus in our paper we introduced additional summand
in order extend the period of PRN’s. We will prove that the sequence {y, }produced
by (2) has reasonably large period. As well, we give the description of y,, as the poly-
nomial on n and initial value yq. It makes possible to obtain an acceptable estimate
for the discrepancy function Dy.

NoTATION. The letter p denotes a prime number, p > 3. For an integer ¢ > 1
we denote by Z, the residue ring of integers modulo q. Also, we denote Z; the set
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of invertible elements of Z,. We write ged(a,b) = (a,b) for notation a great common
divisor of @ and b. For z € Z, ged(z,p) = 1 let 2~! be the multiplicative inverse of
a modulo p™. We write v,(A) if p*»(N|A, pr»(D+1 § A For any t € R and ¢ € N

we write exp(t) = e, e(t) = €™, e,(t) = e (3) We denote an integer part of x by

symbol [z].

AUXILIARY ARGUMENTS. In this section we shall gather some auxiliary results
which we use during the course of proof the main theorems.

Lemma 1. Let p be a prime number and let f(x) € Z[x] be a polynomial of degree
n,n=2,
f(@) = a1z + asx® + azz® + -+ + azz”,

where vp(aj) = vp(az) >0, j > 3.
Then the following estimates

Z epm (f(x)) :{ gpw if vplar) <vplaz),

rE€Zym if  vplar) = vp(az)

hold.

This assertion is a corollary of the estimate of Gauss sum.
We will study the statistical properties of the sequences of PRN’s by the discrep-

N —1;

) _ ((Yn Ynia Unteo1) o ()1, :

ancy of the sequence of points X,(LS (pm, R
s=1,2,....

For the sequence of N points Ps = {(Y1.ny---sYsn)}, » = 0,1,..., N — 1 on the
half-opened interval [0,1)* we denote the discrepancy D) (P;) as

ey

DB)(P,) = An(4) N
acpn:| N

9

where Ayx(A) is the number of points of the sequence Ps that hits the box
A= [alaﬁl) X X [asaﬁs) g [071)37

|Al is the volume of A and the supremum is taken over all boxes A.

Let {z,,} is a sequence of numbers from [0, 1). Form the sequence of s-dimensional
points X,(f) = (Tn, Tntls- s Tnts—1), » = 1,2,..., N. We say that {z,} passes s-
dimensional discrepancy test if for every j = 1,2,...,s the sequence {XJ/} has a
discrepancy which tends to zero for N — oc.

Consider a point set P, from [0,1)° for which all coordinates of all points are
rational numbers of the form %, 0 < a < gq. Let us denote C(q) = (f%,%] Nz,
C*(q) = {a € C(q)|(a,q) = 1}. Let Cy(q) (respectively, C*(q)) be the inner product
of s copies of C(q) (respectively, C*(q)).

Lemma 2. (Niederreiter, [8]). For an integer M > 2 and yo,...,yn—1 € Z°,
let P be the point set consisting of the fractional parts {M‘lyo} s {M‘lyN,l}.
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Then

DN(P)<1—(1—A14)S+ D W

heCx(M)

1= 71
n=0

From this lemma it is seen the the non-trivial estimates of exponential sums over

the sequence {X,SS)} are important for the further investigation we presented.

Next assertion has the paramount importance for estimation of such exponential
sums.

Proposition 1. Let {y,} be the sequence produced by the recursion (2) with the
parameters a =b =0 mod p, (¢,p) = (Yo,p) = 1. Denote my = 2v,(a) +v,(b), my =

[ﬁ] There are exist the polynomial Fy,(u,v) € Zu,v] such that for n > m+1

we have 1 1
Yn = Fu(yo,Yo ) = Aon + A1inyo + Binyy +

+ Bonyy 2+ Bany + - + Bmynyy ™ (mod p™), (4)
B, =0 (mod p™), j >4,
where the coefficients Ajn, Bjn defined by the following relations

Apnt1 =b+ cnp1(b+ cnlo 1) =
= b(1+ cnt1) + Cnprcn(b+ a1 Agn2) =
=b(1+ cpny1 + Cnt16n + Cnpi1Cntn_1Aon—1) = )
=b(1+ cnt1 + Cng1Cn + CnyiCnCn_1 + -+
i CpgiCn -2 Ag ) = bAY(n)
Al,n+1 = Cp+1Cp * - C2C1.

-1 1 2
Biny1 = aAl, + cny1Bn = aAl, (1 + cpp16n + CnpiCocn1 + -+

2 2 _ /
+ Cn+1Cp " - 6201) - a‘Bl,n-‘rl?

n+1 A6
abz AQJ’ (6)
j=1 "l

B3 i1 = a’Bi(n) + ab*Bj (n),
Bj7n+1 =0 (HlOd pm0)7 .7 = 47

Ba ny1

where B4(n), BY(n) have the simple description in terms of coefficients c1,ca, . . ..

Proof. By (2) we infer consequently
Yy = aya1 +b+cyo (modp™),
I
ayo_1 + b+ yoc1
=acy yy (L —acy g ® —bey tyg A aPeryg ! 2abe P yg Do Pyg P )

+ by + calayy t + b1 4 c1yo) = Aoz + Arayo + Birayy "Baayy 2 + Baayg S 4+ - -

Yo = + by + calayy t + by 4 c1yo) =
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where
Apz = b(1 + ¢2),
Agz = cie,
Bia = ac;t +acy = a(c;t + ),
Boy = —abcl_Q,
Bsy = —a®c% + ab?c?,
By = 2a2bcf3 — ab?’c;47

Bj2 =0 (mod pmin (2a+b,a+3b))'

In general case

Yn = Aon + A1nYo + BinYo ' + Banyo 2+ (A, p) = 1.

= Yna1 = ad, vy ' [1— AonAL Yy ' — Bin AL yp -
—BonArayo® — A3 ALY P+ B Ay ]+

+ b+ cnr1(Aon + Arnyo + Binyo '+ Banyy ® + Banyo > + Banyg t + )
= Ao+t + Arnr1yo + Bty + Baar¥o + Banr1yo s

where
Ao 1 = b+ cny1Aon;
A1,n+1 = Cn+1A1n;
By = aAl_nl + cnt1Bin;
B2,n+1 = CL140»,L141_7L2 + Bgn;
B3,n+1 = —aBlnA_Q - aA%nAl_f’ + Cn+lB3n;

in

Bj, =0 (mod p™), j>4.

Hence, we have

Aons1 = b+ cngp1(b+ cnAon—1) =b(1 + cpg1) + cngrcn(b+ cno1Aon—2) =

- b(]- + Cn+41 + Cn+1Cn + Cn+1cncn71AO,n71) -

== b(l + Cn+41 + Cn+1Cn + Cn+1CnCn—1 R Cn+1Cp * - C2140,1) = bAé)(n)

A1,n+1 = Cp+41Cp ** - C2C1.

—1 —1 2
Biny1 = aAl, + a1 B = aAy, (1 +cnyicn + cnpicyeno1 +-- -+

+engrcy, e c3e1) = aBy g,
n+1 Aéj,j

B3 i1 = a®Bi(n) + ab*Bj (n)

Bjn+1 =0 (modp™), j > 4.

BQ,n+1 =ab
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Corollary 3. Let {y,} be the sequence produced by the recursion (2) with v,(b) =
B<vp(a) =ca andlet c; =c,i=1,2,.... Then we have modulo p™
Yn = o+ n(b+p"Ha(yo 1)) — nab(1+p* =" Ha(yg ')+ (7)
+ pipmin (20‘+B’0‘+35)H3(y0_1,n), if ¢c=1 (mod p™),

Yn = Yo + n(b+p*G1(3, 2,95 1)) — n2ab(1 + p* P Go(8, 2, y5 1))+ (8)
+ pdpmin Qe BetSB Gu (5, 2, yotn), if ¢#1 (mod p™),

where H;, G; are polynomials on its own variables with integer coefficients.

Proof. For ¢ =1 (mod p™) we obtain

Appn=nb, A1n =1 (mod p™),

Bi, =na, By, = —ab% (mod p™)

Bs., = —ab% —a*(n—1) (mod p™)

Bjn, = a?b- gi1(n) +ab® - ga(n), g1(n),g2(n) € Z[n).

(9)

From this follows that there are polynomials H;, i = 1,2, 3, such that the relation
(7) holds.

If ¢ 2 1 (mod p™) we denote throughout ¢ an index ¢ (mod p). Let us assume
that n=060+2,0<2<6—1,=nd"1 + 257! (mod p).

Mindful that

06 —
=1 +pu)ict =1+ pul + p*ul———-—=

cr=(1 —pu€+p2u2€(£T_1) + o) F

we also obtain

Yn =0 +n(b+p*Gi1(8, 2,95 ")) — nZab(l + Ga(3, z,y5 ' )p™)+

10
+n3p7G3(6aZ>yal)7 ( )
where v = min (2a + 8, + 35).
The corollary is established. |
Corollary 4. In notation above with ¢, = c+np, n = 1,2,..., we have modulo
pm
Yn = b(n+pfo(n)) + yo(1 + pnfi(n))+
—1)(2n—1
+ (n—l—p(n(n )6( n—1) —|—2n2—n> +p2f21(n))+ (11)

+ 5 2(abfaa(n)) + vy ° (—ab® fs(n)) + p” fa(n),

where f07f1af217f223f3af4 € Z[n}
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Proof. In virtue of Proposition 1 we can write

Aop, =b[1+ (c+np) + (c+np)(c+ (n—1)p) +---
<+ (c+mnp)c+ (n—1)p)--(c+p)] =

n(n—1 "L 12
=b 1+c"+pc”717(2 )+p2c"7221j+... = (12)
i,j=1
i

=b(1+ "p"Fi(n)) = bAj,,
where Fi(n) =1+an+an?+---,a; =0 (mod p?), i =1,2,....

A =1 +p)(1+2p+--+1+np) =
nnt1) , anln+ 1)(6n2 —n —2) (13)

= l4p— 5 + p*F2(n), Fa(n) € Z.
The similar reasoning shows that
Bin = aA (1 +din+don® +--+), (dl,p) =1, vp(d;) =1, j=2,3,.... (14)
Further we have
B2n — a’b ( 41_70 +pF3(7’L)) Zf c 5—'5 1 (HlOd p ) (15)
ab(n + nFy(n)) if ¢=1 (modp™),
2 [
B3, = —a {Aflf(l + (ec+np)(c+ (n—1)p))+
o1
+A[11 1(1+(c+(n—1)p+-~-))—|—--- -
o (16)
AOn/2
—ab® =5 —(n+pg(n)) +--- =
Aln
= —a®(2¢" + Epn + ¢p*n* (1 + pgi(n)))—
—ab*(n + 2¢" + ™) (1 + pnga(n)),
Bjn =p7gj(n) (mod p™), j >4, (17)
where g1(n), g2(n), g;(n), j > 4, are polynomials with integer coefficients.
Hence, by Proposition 1 we obtain Corollary 2. |

From Proposition 1, Corollaries 1 and 2 we deduce

Corollary 5. Let 7 be the least of periods for the sequence {y,} generated by the
congruential recursion (2) with v,(b) = 8 < vp(a) = a. Then 7 =p™ P, ifc, = c or
cn =c+np, (¢,p) = 1.

Proof. Indeed, from formulas for Ag,, Aipn, Bjn, j = 1,2,..., we can conclude

that

)

Ai,n+3 = Ai,37 Bj,n+3 = Bj,?) (mOd Pm)» i=0,1; j=12,...,
if and only if n =0 (mod p™~#). |
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Let {y,} be the sequence produced by (2). For h,hy,hs € Z and k,£ € N U {0},

we denote
N—1
hyn

Sn(h,yo) = Y 2T,

n=0

h h
ore(hi,hoip™) = Y e (M> .

m
YoEZym p

Proposition 2. Let we have the linear-inversive congruential generator produced by
relation (2) with § = vp(b) < vp(a) = a, 26 < m, and let (h,p™) = s. The we have
the following estimates

0 if N=7, m>pf+s,
ISn(h,yo)| < 4 N if m<pB+s,

m+s+8

2p~ 2 (L+logp™®) if m>pB+s.

Proof. First we assume that N =7 = p™# i.e. N is a period of the sequence
{yn}. The Corollaries 1 and 2 from Proposition 1 show that the behavior of the
exponential sum S;(h,yp) on the sequences of PRN’s for the cases ¢, = ¢ and ¢, =
¢+ np are identical. Thus, we consider the sequence generated by (2) with ¢, = c.

By Corollary 1 we have

" T hoF(n)
_ Yn _ oL (n
|ST(h7y0)| - Z € (pmﬁ> - Z € (pmsﬁ) )
n=0 n=0

where h = hop®, F(n) = Co + Cin+ -+ Cpyn™,
Cy=b (mod pPth),
Cy = —ab (mod p+F+l),
C; =0 (mod p?),

moreover,
a=vy(a), B=v,(b), v=min(2a+B,a+38) > a.

Now, applying Lemma 1 we obtain

sl ={ § 1 mSoTe

In the case N < 7 we use the well-known estimate of uncomplete exponential sum
by means of the complete exponential sum (see, [7], Ch. 1, Th. 2)

T—1 hE(n)
Y em(Eee)

n=0

[Sn(h,yo)] € max (1+1logT).

1<t<r

By virtue of the fact that the congruence

hb+t=0 (mod p**t?)
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have only one solution under condition 1 < ¢t < 7, we deduce (by Lemma 1), that

m+4+B—s

1Sn(hyo)| <p*-2p" 2 (1+logp™P)=2p

m+B+s
2

(1+logp™ 7).

Remark. Similar bound for Sn(h,yo) is valid for case ¢, = ¢+ np.

Proposition 3. Let (hi, ho,p) =1, vp(h1+he) = s1, vp(hik+hel) = so and let {y, }
be the sequence produced by (2) with ¢, = ¢ or ¢, = ¢+ np. The following estimates

hy+hy 0 Zf 51<52+ﬁ,m751752>0,
1Yk 2Ye m+4B+s )
Z e( pm ) Sy 2 e if s1Zs2+ B, m—s—s2>0,

YoEZym p™ Y(p—1) otherwise,

hold.
Proof. Let ¢ =1+ pu, u# 0 (mod p™~1). By Corollary 2 we have modulo p™
hiyk + hoye = Bo + Biyo + B_1yg* + B_ayg 2+,
where

By =b[(hy + ha) + (hic"p" Fy (k) + hoc'p" F1(0))] = bBy, (Bj,p) = 1;

k(k+1 0+ 1
B1=(h1+h2)+p(h1 (2 )+h2(2 )+"'>§

B_1 = a[(hy + ha) + di(hik + hot) 4+ do(h1k? + hol®) +---];
c(hy 4 ha) — (hick + hoc?)
c—1

B_3 = —a® (2¢*(hy + ha) + p(hik + hol)+
+c'p? (ha (K + pg()) + ha (€% + pg(£)))) —
— ab® [hik + hol + 2(hic® + hoc®) + (hact® + hac®)(hy + ho)+
+p(hikg(k) + hatg(€))];

B_;=0 (modp”), j=4,5,....

B_,=ab [ + p(h1 F3(k) + h2F3(€))] ;

Substituting ¢* and ¢’ by the polynomials on k and ¢ and applying Lemma 1 we
obtain requisite statement. |
This conclusion of Proposition 3 stays behind also for ¢,, = c+pn, ¢ Z 1 (mod p™).

MAIN REsULTS. The properties of equidistribution and statistical independency
of sequences of PRN’s {y,} generated by (2) we will study using bounds for the
discrepancy of certain points produced by the sequence {z,}, x, = ;’%. We say that
the sequence {x,} passes the s-dimensional test on equidistribution and statistical
independency if every sequence {Xflj)}, Xn = (Zn,...,Tntj-1), j = 1,..., s has the
discrepancy D N(Xflj )) such that D N(XT(«Lj )) — 0 for N — oo. From Lemma 2 it follows
that we should have non-trivial estimates for sum

N-1
Z <h1yn+"'+hjyn+j1> j

m
n=0 p
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LN -1, XY =

Theorem 1. Let {X,(Lj)}, n =01,

(@, ... Tntj—1) be the
sequence of points x9 e [0,1)7 produced by (2). Then for every j, 1 < j < 4, the

following estimate
J ! 1+ (2 logp™ + T j
5\ ;08P 5

D%) = D%)(XO7X17"'7XN—1) < pim +

()
n’, l.e.

holds.
Proof. Let h - Xf,,j) denote the inner dot of h and X
h- Xéj) = hix, + h2$n+1 + -4 hj.%‘n+j_1.

In order to apply Lemma 2, we should have an estimate for the sum

T—1
Z . <hlyn +hoyny1 + - + hjyn+j—1>
n=0 pm

Without loss of generality, we can suppose that (hi,hs,
representation y,, as a polynomial on n (by Corollaries 1 and 2) we have

,hj,p) = 1. From the

hiyn + - 4 hjynyi—1 = (hayo + - - - hjyo)+
+(han +ho(n+1) 4+ hi(n+j = 1)b+ np* PG (y5 ') —

J
—ab(1+p* PGP (yo 1)) S hi(n +1i — 1)%+
i=1

J
+ (Z hi(n +i— 1)3> PGP (yo, hy).
i=1
Hence, the sum h1y, + -+ + h;Yny;j—1 Tepresents a polynomial of special type
M) is appreciable by Lemma 1:

P
f(n) such that the exponential sum Y e ( o
n=1

T—1
h ++h j— m+B+L
(”’" 3ty 1>|<2p e

S (e

n=0

lf (hl —|—h2 —‘r—f—hj,pm) :pi.
Now, using the connection between complete and uncomplete exponential sums
and Lemma 2, we deduce the assertion of theorem. |
Corollary 6. The sequence of PRN’s produced by (2) passes s-dimensional test
on equidistibution and statistical independency for s =1,2,...,p—1.
Theorem 2. Let the sequence {y,} be produced by (2) with (c¢,p) = (yo,p) = 1,
0< B =1uv,(b<a=uvy(a)). Then for h € Z, vy(h) = s, we have
— 1 mts
Sx(h) = s 3 ISwlhy)l < N+ Np~ 5 (2 + VEph).

yEZ;m



Linear-inversive congruential generator of PRN’s 97

Proof. Without loss of generality we will assume that s = 0. By the Cauchy-
Schwarz inequality we obtain

_ 1 _
SE € o 3 ISw ()l = e< b y”) <
P yoezs,, ) K0 vezs,
1 1 oo N-1
< — Z |Ukz(h7—h,p )|: ooy Z |O’]€g(h—h,p )‘:
p(™) k,£=0 p(™) r=0 k=0
vp(k—0)=r
;| m=lo Nl 1 N-1
= m Z |0k7€(h7 —h;p™)| + m Z |0k7k(h7 —h;p™)| =
o) = e(r™) =
vp(k—€)="y k=¢
| mol N-l
=N+ ( m) |Uk’¢(h, —h;pm)|
PP v=0 k,0=0
vp(k—£€)=vy
Using Proposition 3 we infer
= N-1
[Sn(h)]P <N + D) R T
PP ~=0 k,£=0
k#ZL(mod 2)
vp(k—€)=y
N-1 1 m—1 N
+ > okelh,=hip™)| | SN+ —— [213'2" > —+
o p(m) =
k={(mod 2)
vp(k—0)="

N-—1
DY > lowe(h, —hip™)| | <

y<m—B m—B<y<m—-1/ kL=0

m—1
m N
@(m) 7:Op
N-1
DD > lowelh=hip™) o <
y<m—B8 m—pB<y<m—1 k,0=0
vp(k—€)="

1 m m+ﬁ+"/ N
<N+ ——<2Np= 42 P — +p" —
@(m) Z pY Z pY

y<m-—p y=m—f
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1 m m
<N+ —— (2Np7 +oNp™ 4 Npmp*mw) <
p(m)

<Np~ % (4+5p§) )
Thus, for (h,p) = 1:
= 1 _m B
S (k)| < N¥ + Np~# (24 VBpf )|
If (h,p™) = p°, s < m, then similarly to the previous, we have
ISn(h)| < N% + Np~ =t (2 + ﬁp%) .

Theorem 3. Let Dy(yo) denotes the mean of discrepancy of the sequence points

{g:;} produced by the recursion (2) with initial value yo. Then the following bound

for value averaged over all yg € Z;'m

— 1 _m—8
Dy = > DN(yo)<le+3p T logp™

m
e(p™) =

holds.

This assertion follows immediately from Theorem 2 and Lemma 2.
The last theorem shows that for 8 > %m upon the average an estimate of Dy (yo)
it is preferable than individual estimate Dy (yo) given by Theorem 1.

CONCLUSION. In the presented paper a new linear-inversive congruential genera-
tor with prime-power modulus was introduced. Exponential sums on linear-inversive
congruential pseudorandom numbers were estimated. The obtained results show these
inversive congruential pseudorandom numbers pass s-dimensional serial tests on the
statistical independence.
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. C. 3unkeBuu
Omecckast TOCyIapCTBEHHAS aKaIeMUsI CTPOUTEIHCTBA U APXUTEKTYPBI

KBA3SUNOIITNIMAJIBHOE TOPMO2KEHUE BPAIITATEJIBHOT'O
ABN2KEHNA ITNMHAMNWYECKU CUMMETPNYHOT'O TBEPJOTO
TEJIA C IIOJIOCTBIO, 3AIIOJTHEHHON BA3KOM
KNIAKOCTBIO, B CPEJE C COITPOTUBJIEHVEM

Asrop 6utaromapur JI. JI. Axysenko, 1. JI. Jlemenko u A. JI. Paunnckyro 3a nosie3ubre
obeyxaenuns. Pabora wacrmano nommepxkana npoekrom Ne 953.1/010 TpeThero coBMeCTHOrO
koukypca l'ocynapcrBennoro dponma GdyHIaMEHTAJTBHBIX UCCIEI0BAHNM Y KPAUHbI U
Poccniickoro dbonna dynmamenranpupix ucciaenosanuii 2013 roga.

3inkesuuy . C. KpasmonrtumalsibHe rajibMyBaHHsI 00epTajIbHOrO PyXy AWHA-
MiYHO CMMETPUYHOr0 TBEPJOrO Tijia 3 MOPOXKHUHOIO, 3AaIIOBHEHOIO B’S3KOI0 piau-
HOIO, B cepeoBuiili 3 onopoM. Jlociimkena 3a7ada 1po KBa3NONTUMAJIBHE 38, IITBUIKO/Ti-
€10 TaJIbMyBaHHsI 06epTaHb BIILHOIO JUHAMIYHO CUMETPUYHOIO TBEPIOrO Tija 3i cepuaHoo
ITOPOKHIHOIO, 3AII0OBHEHOIO B’s13KO0I0 pinmuoio. Ha Tino nie masnumit raJbMOBHUN MOMEHT CHJI
JiHiiHOrO omopy cepefopuina. OTpuMaHa Ta JOCIPKEHA CHCTeMa HeJHIHHuUX auddepeH-
[IfHUX PIiBHSIHDB, IO OMWCYIOTH E€BOJIIOINI0 OOEPTAaHHSI TBEPJOrO Tija 3i chepUIHO MOPO-
JKHWHOIO, 3aIIOBHEHOIO B’SI3KOIO PiIHHOIO.
Kuaro4yoBi cioBa: KBazuonrTuMaJsibHE rajbMyBaHHsI, TBEpJE Tij0, o0epTaHHs, ITOPOKHUHA
3 B’AA3KOIO PiAMHOIO, CEPEIOBUIIE 3 OIIOPOM.

BunkeBu4 2. C. KBasuonrtumMmajbHOE TOPMOXKEHHE BpalllaTeJIbHOrO JIBU>Ke-
HUSI JUHAMUYECKN CUMMETPUYIHOI'O TBEPAOTO TeJIa C ITOJIOCThIO, 3alI0JTHEHHON BsI3-
KO >KMIKOCTBIO, B CPeJie C COIIpOoTuUBJIeHneM. llcciieqoBana 3ajiada 0 KBa3UOIMITUMAJb-
HOM I10 OBICTPOJIEHCTBUIO TOPMOXKEHUHU BPAIIEHUl CBOOOIHOIO TUHAMUYECKA CUMMETPUIHO-
0 TBEPIOTO TeJa, KOTOPOE COMEPKUT CPEPUIECKYIO MOJIOCTD, 3AMOJTHEHHYIO BSI3KOUW JKUJI-
KocThio. Ha Tesio meficTByeT MaJjblili TOPMO3SIIUNE MOMEHT CHUJI JIUHEHHOTO COIIPOTHBJICHUS
cpenpl. Ilomyaena m mccmemoBana cucTeMa HEMWMHEWHBIX AU(EPEHITNATBHBIX YDABHEHUI,
OIMACBIBAIONIAX YBOJIIONMIO BPAIIEHUs] TBEPJIOrO TeJia CO C(PePUIECKON MOJIOCTHIO, 3aII0JTHEH-
HOI BA3KOU 2KUJIKOCTHIO.

KuaroueBbie ciioBa: KBa3mONTHUMaJIbHOE TOPMOXKEHHE, TBEPJIOe TEJIO, BpAIlleHue, MOJIOCTh
C BA3KOU KUJIKOCTBIO, CpeJla C COIIPOTUBJICHUEM.

Zinkevych Y. S. Quasi-optimal rotation deceleration of a dynamically sym-
metric rigid body with a cavity filled with viscous fluid in a resistive medium.
The problem of quasi-optimal deceleration of rotations of a dynamically symmetric rigid
body is investigated. It is assumed that the body contains a spherical cavity filled with
highly viscous fluid. The rigid body is subjected to a retarding torque generated by linear
medium resistance forces. A system of nonlinear differential equations describing the evolu-
tion of rotation of a rigid body with a spherical cavity filled with highly viscous fluid was
obtained and investigated.

@ Sunkesuu 4. C., 2014
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Key words: quasi-optimal deceleration, rigid body, rotation, cavity filled with viscous fluid,
resistive medium.

BBEOEHUE. Anaiu3 rubpuHBIX CUCTEM, T. €. 00BEKTOB, COJEPKAIINX JIEMEH-
TBI C PACIPE/ICTEHHBIMI U COCPEJIOTOUYEHHBIMY TaPAMETPAMHU, IIPEJICTABIISICT 3HAYTU-
TEJILHBII MHTEPEC B TEOPETUIECKOM U IIPUKJIAIHOM acliekTax. PazpaboTaHbl OIXObI
¥ TIOJIy9eHbl 3HAYNTE/IbHbIE PEe3YJIbTATHI [IJIsi CUCTEM, COIEPIKAIINX «KBA3UTBEDIbIE>
Tesa. Moesn OCIeHIX TPEIIIOIATAIOT, 9TO B OIPEIEJIEHHOM CMBICJIE UX JIBUKEHUE
6GJIM3KO K JIBUYKEHUIO abCOIIOTHO TBEPABIX Tejl. OHO CBOIUTCS K HAJIUYIUIO JONOJTHU-
TeJIbHBIX CJIAraeMbIX B YPaBHEHUSIX JIBY2KEHUsI Diljiepa Jijisi HEKOTOPOro (PUKTUBHOI'O
TBep1oro Tesa. Vcce0Banmio JBUKEHNS U ONTHMAJILHOTO TOPMOYKEHUST TBEP/IOTO Te-
JIa, C TOJIOCTHIO, 3AIIOJTHEHHON YKUJIKOCTHIO OOJIBINON BSI3KOCTH, TOCBAIIEH Psisi paboT
(cM., Hanpumep, [1, 2]). AHaau3y MACCUBHBIX JBUZKEHUIT TBEPIOrO TeJIa B COIPOTUBIIS-
IoIIeiics cpesie yaemsiiock 6oabinoe BHuManue [2—4]. IIpobiema yrpaBieHust BpaleHu-
MU «KBa3UTBEPJIBIX» TEJI TOCPEJCTBOM COCPEJIOTOUEHHBIX MOMEHTOB CHJI, HMEIOIIAs
3HAUeHUe JJIsl IPUJIOYKEHWH, MeHee nccyeiopata. B paborax [2, 5| yaanoch BbIIAEINT
KJIACC CUCTEM, IPUBOJISAIINX K [VIAJIKAM YIIPABJISIONINM BO3IEHCTBUSIM U JAIONIUAX BO3-
MOXKHOCTD IIPUMEHEHUS METO/Ia CUHTYJISIPHBIX BO3MYIIEHUI 6e3 HAKOILIEHUS ITOTPEII-
HOCTEH TUIA «BPEMEHHBIX TOI'PAHCIIOEB>.

Sajaun TUHAMUKA, ODOOIEHHDBIE M OCJIOXKHEHHBIE YIETOM PA3JIMIHBIX BO3MYIIA-
onux (GaKToOpoOB, U B HACTOMAIIEE BPEMSI OCTAIOTCS JIOCTATOYHO akTyaabHbiMu. Heob-
XOIUMOCTD AHAJIN3a BIUSHUI PA3JIMIHBIX HEUIEATHHOCTENH 00yCI0BIEHa POCTOM Tpe-
06OBaHUIl K TOYHOCTU PEIIEHUs MPAKTUIECKUX 33/a9 KOCMOHABTUKHU, THPOCKOINANA U
ap. Biausnaue mHemjeasbHOCTEN MOXKET OBITH BBISIBJIEHO HA OCHOBE aCHUMIITOTUYECKIX
METOJIOB HEJIMHEHHONW MeXaHUKK (CUHTYJIAPHBIX BO3MYIICHUN, YCPEAHEHU U JD. ).

Hwmxke paccmarpuBaercs 3a1atua KBA3NONITUMAIHLHOTO TOPMOYKEHIS BPAICHU M1~
HAMUYIECKN CAMMETPUYIHOTO TeJja, COIAEPKAIIEro CPEPUIECKYIO MOJOCTH, 3AIMOJTHEH-
HYIO BSI3KOH >KHMJIKOCTHIO. Ha TBep/ioe Temo AeficTByeT TOPMO3SIIII MOMEHT CHUJI JIU-
HEUHOTO COIIPpOTUBJIEHUS CPEJIbI. yIIpaBﬂeHI/Ie BpalleHuAMUA IIPOU3BOAUTCA C ITIOMOIIBIO
MOMEHTa CHJI, OPPAHUYEHHOTO 110 MOJIYJf0. KOMIIOHEHTHI YIIPABJISIONINX MOMEHTOB
IpeJCTaBJIeHbl B BUue mpoussenennit ebu; (i = 1,2,3), rue Bolpaxenus by o 3 UMe-
IOT Pa3MepPHOCTh MOMEHTa CHJI, € — MaJblif ImapaMeTp, %123 ~ 1 — Ge3pasmepHbIe
yupasJsioniue byHKIAN, 0/JIEYKAIIIE OIIPEIeJIEHUIO.

OCHOBHBIE PE3VJIBTATBI

1. ITocranoBka 3ama4u. PaccMaTpuBaeTcs AUHAMUIECKH CHMMETPHIHOE TBED-
Joe Tesio co cepuuecKoil IOI0CTHIO, 3AI0MHEHHON XKUJKOCTBIO GOJIbIION BA3KOCTH
(mpm mMasbix umcsax Peitnosbica) [1]. Ha ocrose nmomxona [5] ypasHeHust ynpasisie-
MBIX BpalleHuil (ypasHeHns Diljiepa) 3aliChIBAIOTCSA B BH/IE:

G+wxG=M"+MP+M". (1)

3uecs w = (p,q,7) — BekTOp abcosoTHON yruoBoi ckopocru, J = diag (A, A, C)
— TEH30p MHEPIMH HEBO3MYIIECHHOrO Tesa, MY — BEKTOp YIDPABJSIONIEr0 MOMEHTA
cu, M? — BeKTOp BO3MYIIAIOMIEr0 MOMEHTa CHJI, OOYCJIOBJICHHBINA HAJTNIHEM BAZKON
JKUAKOCTU B cpepryeckoil mojsoctu, M" — BEKTOpP MOMEHTa CHJI JUCCANIAINH, KHHE-

Tiyecknii MoMenT Tena G = Jw, ero Moyas G = |G| = [A? (p? + ¢°) + 027“2]1/2.
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Benumamna ynpasisromero MmoMenTa cust MY mpeamosaraeTes Masoi mopska €.
KomriionenTs! yrpaBsisiionux MOMEHTOB IIPE/ICTABIEHBI B BHUJE IIPOU3BEIEHIII OCTO-
SAHHBIX b;, IMEIONINX Pa3MEPHOCTb MOMEHTA CHJI Ha MaJIblil mapaMerp € u 6e3pasmMep-
HbIE yIIpaBJIsifole (PYHKIMK U;, TIO/JIEXKAIINEe OIIPEIEJIEHHIO,

M} = ebju;, |u] < 1.

Bripazkenus €b; 2 3 XapakTepusyioT 3(pHEKTHBHOCTb CUCTEMBI YIIPABJIEHUS MO KaK-
JI0#1 U3 CBA3AHHON OCeil.

Ussecrno [5], aro upu b; = b(b > 0), rue napamerp b Mmoxer ObiTh DyHKIHENH
BPEMEHU, OIITUMAJILHBINA 110 OBICTPOIEHCTBUIO 3aKOH TOPMOXKeHUsT uMeeT Buj: M; =
—G;G~1. JIpurKenne B 5TOM YaCTHOM CJIydae CHCTEMBI YIPABICHIA GBLIO U3Y9eHO B
[5, 6]. OHO xapakTepu3yercsi TeM, UTO BEJIMUNHA KBAJPATa MOJYJIS SJIUITHIECKAX
dbynkmit k? = const, a MOyl KHHETHYECKOTO MOMeHTa G M CKOPOCTh M3MEHEHHsT
da3bl 1) yOLIBAIOT 10 U3BECTHLIM 3aKOHAM, KaK (PYHKIIUU BPEMEHM.

Ecmu Benmmauubr b; 61u3KM, TO yKA3aHHDLIA 3aKOH TOPMOXKEHUsT OYIeT KBAa3UOI-
TUMaJIbHBIM [5, 7]. JJIs1 IpUKIIaMHBIX 38Ja9 MOITOMY TPECTABIISET UHTEPEC UCCIIe-
JIOBaHUE JIBUXKEHUsI TBEPJOIO Tejla C 3aJIaHHBIM 3aKOHOM YIIPaBJIEHUs JOCTATOYHO
npocroro Buga [5, 7]:

Mlu = Ebiui,ui = —GiGil,Z’ = 1,273.

ILHSI YIIpOIeHud 3a/1a91 B CUCTEMY (1) BHECEHO CTPYKTYPHOE OIrpaHUYICHUC. Cuuraer-
Csd, 9TO ,HI/IaJFOHaJIbeIﬁ TEH30P MOMEHTAa CHJI BA3KOI'O COIIPOTUBJICHHA ITPOIIOPIUOHA-
JICH TEH30PYy MOMEHTa CHUJI HHEPIIUU, T. €. MOMEHT CHUJI JUCCUIIaIIUU IIPOIIOPITMOHAJICH
KHHETUIECCKOMY MOMEHTY

M’ = —eXJw,

e A — HEKOTOPBIH MOCTOSHHBIN KOIMDMUIMEHT TPOTOPIUOHATILHOCTH, 3aBUCSIIII
oT cBoiicTB cpejibl. ColpoTuBIIeHNE, NEHCTBYIOINEe HA TEJIO, MOXKHO IIPEJICTABUTH I1a-
poii nputoKeHHBbIX cuil. [Ipu 9TOM IpOEKIuu MOMEHTa 9TOH Mmapbl HA IJIABHBIE OCU
WHEPIMH TeJjia SBJISTIOTC BesmauHaMu eNAp, eAAq , e A\C'r. Takoe mpesmnooxenue He
SIBJISIETCS TIPOTUBOPEIUBBIM.

YpaBHeHUsl yrpasisieMoro apurkenust (1) B MPOEKIMsIX Ha [VIABHBIE TIEHTPAJIbHBIE
OCH MHEPIUU B JAHHON [IOCTAHOBKE 3aJ[a9/ UMEIOT BHJL

Ap+ (C — A) qr = ebyuy + Lpr? — eXAp,
AG+ (A — O)pr = ebaus + Lqr? — eAAq, (2)
Cr = ebgus + H (p* + ¢*) — eACr.

Beeznennnie B (2) obosnadenus L, H, BbIPAXKAIOTCs CJIELYIOMUM 0OPa30M COLJIa-
cuo [1]

L=BPv'A2C(A-C),H=pvrtA"1 (C - A). (3)

Koaddunuenrsr L, H (3) xapakTepu3yoT MOMEHT CUJI, OOYCJIOBJICHHBII JIBUKEHUSIMI
CUJIBHO BSI3KOU JKUJKOCTH, 3 — 0ObeMHasl MJIOTHOCTh, V — KHHEMaTHIeCKUH KOah-
dunmenT Bsa3kocTH, P — K03 DUIIMEHT, ompeaesieMblii (hpopMoii moJsiocTn; st cde-
pUUecKoit oIocTH pamyca ag on pasen P = 8raf/525 [1]. OcuoBHbIM Jo1yTICHTEM
SIBJISIETCST TIPEJIIIOJIOKEHNE O MAJIOCTH duciia Peitnonaca Re:

Re=1Vv ' ~PT/'v !t~ Pur™t <« 1. (4)
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3aech | — xapakTepHblil JuHeRHbIH pa3mep nosocru (I ~ ag ), V — xapakTepHas CKO-
poctb, a T, — nexkoropsrit Bpemennoit macirabd (T ~ w™! ). Ecym B3aTh 3a epunmimy
JUIMHBL 1 BpeMeHu | u T, COOTBETCTBEHHO, TO COTIacHO (4) KuHeMaTwdecKuit Koad-
dburpent Bsi3kocTH siBiIsieTcst GosbImUM napaMerpoM, v <K 1 [1]. 3amernm Takke, 9TO
Macca JKUJIKOCTH MOXKET OBITb 3HAYUTEJILHON, CPABHUMOI ¢ MacCOil CHCTEMBL.
CraBuTcs 3a1a49a KBa3UONTUMAJIBHOIO 110 OBICTPOIEICTBHIO TOPMOXKEHUS Bpallle-

Huit
w(T)=0,T — miny,|u| < 1. (5)

2. Pentenue 3a1aum KBa3WOIITUMAJIBHOTO TOPMOXKeHUA. JoMHOXKUM TIep-
Boe ypasuenue (2) ma Ap, Bropoe — Ha Agq, Tperbe — Ha Cr u ciaoxum. [ogydnm
nuddeperHnnaabHOE ypaBHEHUE JjIsi KHHETHIECKOTO MOMEHTA TeJIa BUIA

G = —eG72 (b1 A%p? + by A%q% + b3C%r%) — eNG.
HNcnosnbayem ofimee MOPOXK/IAIOIIEe PeleHne cucreMbl (2)
r=C1,p=acost,q=asiny (a > 0,a = const,C; # 0,C; = const) (6)

B KavecTBe Ipeobpa3oBaHus K mepeMeHHbiM a, Cp =1 .

Ioncrasum (6) B Tperbe ypasHeHme (2), a Jis TEPBBIX JBYX yDABHEHUH yqu-
TeiBaeM, uTo a2 = p? + ¢ u & = pcosy + ¢sin. YCpemHUM IOJIyUEHHYIO CHCTEMY
ypaBHeHUil yist ¢ U T 1o dase .

Ilocsie ycpemnenust cucremMa TpuMeT BU:

r = —er (—HC_la2 +b3G71 + )\) , (7)
a=—ea(—LA % + L;bZ G+ )).

IMoncrasass (6) B ypasrerne st G, nosyunm G = (A2a2 + 027“2) 1/2. Torma cucrema
(7) mpumer Bu;

9z = _ex (—HC"ly + b3 (A%y + C’Qx)_l/2 + /\) ,

8
W — ey (fLAflx e A A) . ®

Buecs =12, y = a®.

3. Yucaennsrii pacder. B obmem ciayvae perierne cuctembl (8) MOXKHO TI0-
crpouTh 4ncjieHHo. Jljist sToro mpuBeseM cucreMmy K 6e3pasMepHOMY BUJLY, BbIOpaB
3a XapaKTepHbIE MapaMeTphbl 3aJadd BpeMst TOpMOXKeHUsi T, KO3 DUIUEHT MTPOeK-
[UN YIPABJISIIOIIET0 MOMEHTa b3 M 3HAYEHUS] KUHETUIECKOIO MOMEHTA B HAYAJIbHBIN
MomeHT Bpemenu Gy. Bezpasmepnbie BeTMINHBI UMEIOT BUJT

st g i Aw A _ Czo A_ G
t:TC:A:)\T7A:b7y307C: b307G:G707

= b
A

Zo
k]_: 7]@2:?7]@:]5%]92&(1:%7)(2:*-
0

b3

Beenem xapakTepHOe UMCIIO

bsT
Ao’
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Puc. 1. I'pacduk namenenus pyHximu T Puc. 2. I'pacduk nsmenenust pyHximn g

KOTOpOE OIIpeJiesisieT OCHOBHOM IIPOIECC 3aJiadi — IIPOIECC TOPMOXKEHUSI TBEPIOTO
TeJa ToJT AeHCTBUEM YIIPABJISIONIETO MOMEHTA 38 MUHUMAJIBHBIA ITPOMEXKYTOK BpeMe-
o 1.

Cucrema ypaBHeHMIT JBUKeHUsI B Ge3pa3MepHoii ¢hopMe MMeeT B

52—2{5%(—77:&'*‘%4-)\)7

= =2 (k3 + 050 g )

rae n = HC 1yT.
Kunermyeckuit MOMEHT TeJia OIPEIEIsieTCsl U3 COOTHOIIEHUS

WNurerpupoBanre TpoOBOIUIOCH JIJIsT HAYAJIBHBIX YCJAOBUN To = 1, g = 1, A= 1,
Go = 1.

IIpoBoinIoCh YUCIEHOE PEIIeHre TPU PA3IUIHDIX 3HAYCHUSIX BEJIUIUH X1, X2, k 1
0. Jlj1is pa3HbIX 3HAYEHUN XapaKTePHOrO YNC/Ia CyIIeCTBYIOT 3HAUEHUs Oe3pa3MepHbIX
K03 DUIMEHTOB YIPABJISONETO0 MOMEHTa X1 W X2, IPA KOTOPBIX ITPOUCXOIUT KBa-
3MONTUMAJIHFHOE TOPMOXKEHIE TBEPIOr0 TeJa. XapaKTepP CAMOIO0 TOPMOYKEHUS MMEeT
Pa3JIMYHbIA BUJ,.

Ha puc. 1 mpexcrasien rpacduk n3MeHenns GyHKIuE & = 72, Kpusele 1-3 cooT-
BETCTBYIOT Pa3HbIM 3HadenusiM mapamerpa k = 1,0.1, 10 coorBercrBenno. Yucenmoe
HCCJIeIOBAHNE ITPOBOUJIOCH I XapPaKTEPHOro 4ducia o = 1 npu koddduimentax
yupasasitoriero Mmomenta 1 = 0.1, x2 = 1 (kpusag 1) u npu x1 = x2 = 0.1 (xpu-
Bas 2). I3 pucyHKa BHIHO, YTO YeM MEHbIIE Kk, TeéM MEHbIIe U30IHYyTOCTh KPUBOIA.
Kpusast 3 crpomrack npu 3HaUEHUSIX XapaKTEPHOTO 9nCJIa, Oe3pa3MepHbIX Kodddu-
[IMEHTOB yIIPABJIAIONIEr0 MOMeHTa U mmapamerpa k pasBubix 0.1.

Ha puc. 2 npuBeieH pe3y/IbTAT YICICHHOIO HHTETPUPOBAHNS (PYHKITHN §j = @2 I/
TBEP/IOTO TeJIa C TOU YKe TeOMETPHEl Macc, B TAKO 2Ke cpejie ¢ COMPOTUBJIEHIEM IIPHU
ko3 durmenTax ynpasJsionero MomMenTa X1 = X2 = 0.1 u 3HaAYEHNN XapaKTEePHOTO
qucia 0 = 1. Kpussle 1-3 puc. 2 cOOTBETCTBYIOT PA3JIUIHBIM 3HAYEHUSIM [1apaMeTpa
k =10,1,0.1.
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Xapakrep mnoBeqieHusl (QYHKIINA KAHETHIECKOTO MOMEHTa B CJIydae KBAa3UOITH-

MaJIbHOTO TOPMOYKEHHs TBEPIOrO TeJjia IPEeICTaBJIeH Ha PHUC. 3. UUCIEHHOE MCCIeno-

BaHue IIPOBOJUJIOCH JI TBEPJOrO TeJsa C TOH 2Ke reoMeTpueil Macc U B TakKO# 2Ke
COIIPOTUBJIAIONICICS cpe/ie.

0t

0,54 --nmemm e N g e e e

Puc. 3. I'paduk namenennst kuaetTnaeckoro Momenta G

Kpussie 1-3 #Ha puc. 3 COOTBETCTBYIOT PA3JUIHLIM 3HAYEHUSM TapameTrpa k =

100, 1, 0.1 npu 3HaYEHUU XapaKTepHOro uncjia o = 1, coorBeTcTBeHHO. Vccenopanust
npoBeJieHsl pu X1 = X2 = 0.1.

SAKJIIOYEHUE. AHAIUTUYECKU U YUCJICHHO uccjeJJoBatHa 3aJ1a49a CHHTE3a KBa-

3MONTUMAJIBHOTO 110 OBICTPO/IENCTBIIO TOPMOXKEHNS BPAIEHUI JTUHAMUYECKN CHMMET-
PHUYHOI'O TBEPJOI'O Teja C IIOJIOCTBIO, 3allOJIHEHHON BS3KOH KUJIKOCTBIO, B Cpele ¢
compoTuBjeHuEM. B paMKax aCHMITOTHYECKOrO TOJIXOJIa OIpeeseHbl yIIpaB/IeHue,
BpeMst OBICTPOJICHCTBYS, SBOIONIHN Oe3pa3MePHBIX EPEMEHHBIX 334U T, § U KUHEe-
Traeckoro Momenta G.
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XPOHIKA

K IOBMAJIEIO C. K. ACJIAHOBA

Cepreit Koucrantunosuy AcsianoB pomuicst 18 asrycra 1929 roma B Acrpaxanu
B cembe Bpada. C 1933 roma mpoxkusay ¢ marepbio B Caparose, riue B 1937-1947 rr.
obydJaJicss B CpeHeil IKoJie, KOTOPYIO OKOHYHUJ C 30JI0TON Memasbio. B 1947-1952
rojilax OH OOyYaJIicsl Ha MEXaHUKO-MaTeMaTHIecKoM (akyiibrere CapaToBCKOTO Tocy-
napcrsentoro yuausepcurera uM. H. I'. Hepnbimesckoro (CI'Y), Koropslit oKOHUMI ¢
oryimareM B 1952 rojy mo cuernuajgbHOCTH «MexaHukas.

Juniomuas padora C. K. Acnano-
Ba «O0OTekanne TOHKOIO KJHHA CJIabO0
CBEPX3BYKOBBIM ITIOTOKOM» OBLIa YIOCTO-
ena mpeMun MUHUCTEPCTBA BBICIITETO 00-
pazosanust CCCP, a ee pe3synbrarsl Jer-
JII B OCHOBY JIBYX HayYHBIX ITyOJIMKAIIIT
B akaJieMudeckoM kypHase <«lIpuknai-
Hasg MaTeMaTuka u MexaHukas (1954 u
1955 rr.).

B 1952-55 rr. C. K. Acnanos — ac-
mupant CI'Y no cmnenmanbuocTu «I'mi-
POa’dpOMEXaHNKa U ra30Basd JIUHAMUKA.
Ero mayunpiM pykoBommTEIEM SIBIISIICS
npod. C. B. QasbkoBuu — ofuH u3
MIIPOKO U3BECTHBIX CO3/aTesieil OKOJIO-
3BYKOBOI TIa30JIMHAMUKU, IIOJIyYUBIINNA
dyHIaMEHTAJIbHbIE TEOPEeTUIEeCKUue pe-
3y/IBTATHl B TOM UCKIIOUYUTETHHO TPY/I-
HOMl MaTeMaTWdecKd ODJIACTH HCCIeHO-
BaHWil, HEOOXOAMMON JIJIsT CKOPOCTHOIT
aBUAIIMOHHON TEXHUKU.

B 1955 roxy C. K. Aciaros npejcrasiisier quccepraiuio «O6Tekanne KJINHOBUI-
HBIX TeJI MOTOKOM OKOJIOKPDUTHYECKOW CKOPOCTH», B KOTOPOIl ITOJIyYeHbl (DyHIAMEH-
TaJbHBIE PE3YIbTATH KAK MaTEMATHIECKOTIO, TAK U Fa30IMHAMIIECKOrO XapaKrepa, u

CTAHOBUTCHA KAHIUIATOM (PU3NKO-MATEMATHIECKUX HAYK IO CIeruagbHocTr «['mmapo-
a’dpOMeXaHWMKa U ra30Bas IUHAMUKAY.

OrroHeHTaMH 110 JIMCCEPTAIIMY BBICTYIIMJIM BBIIAIONINECS] yIEeHbIe, OJIYYUBIIAE
mupoBoe npusHanue: npod. . V. OpaHK/Ib — OCHOBOIIOJJIOXKHUK Ta30JMHAMUAKA OKO-
J103ByKOBbIX Tedennit u pod. H. I UynakoB — cnernmasuct o a3era-gyukiun Pu-
MaHa.

Cgoro yueby B actmpantype C. K. AcitanoB coderaeT ¢ mperojiaBaTesbcKoit pabo-
Toit Ha Kadeape maTemaTndeckoro anammsa (0,5 craku accucrenta, 1953-54 rogpl).

@BOJ‘IKOB B. 9., Pauunckaa A. JI., 2014
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B 1956 rogy C. K. Acyranos uzbupaercst Ha JOJKHOCTD JOIEHTa KadeIphl Teope-
THIeCKO# MexaHuKy u rujpoaspojunamuku CI'Y, a B 1958 romy yTBep:KIaercs B yue-
HOM 3BaHuu jiorenta. OH guTaeT oMMl KypC TEOPETHIECKON MEXaHIKH HA MEXaHUKO-
MaTeMaTUIECKOM U JIBYyX (PU3MIeCKuX (PaKy/IbTeTaxX; BejeT 3aHsITUs 110 yPaBHEHMUSM
MaTeMaTHIeCKON (DU3UKY, [T0 YePUEHUI0 U HaYepTaTeTbHON reOMeTPUN; TOArOTaBIIN-
BaeT nBa HOBBIX crenkypca «Hesmneiinbie Bomably u «I'mapommnamuka ropenust u
JETOHAINI», PYKOBOJIUT JUILJIOMHBIME PaOOTaMU.

Obunactsb Hayunbix uccaeposanuit C. K. Acianosa pacmupsiercs:: Hapsijly ¢ OKO-
JIO3BYKOBO#1 ITPOOJIEMOIT HAYMHAETCsT pa3pabOTKa HOBOIO HAIIPABJIECHUS — IMHAMUKA
KUJKOCTH C TEMIIEPATyPHOI 3aBUCHMOCTBIO BSI3KOCTU. EMY yIaercst HoCTpOUTH TOY-
HbIE PeIlleHns] HEeJMHEHHBIX COIPKEHHBIX KPAaeBbIX 3aJa4 O IIPOJIOJILHOM TEYEHU! B
Tpybe U O TeYEHNH B KOAKCHAJBHOM 3a30pe C y4eTOM TeIjI000MeHa C BHEITHel cpe-
0. DTU Pe3yIbTATHI MOI'YT CUATATHCST KJIACCUIECKUMU, UMesl IPSIMO€e OTHOIIEHUE K
HedTEIPOBOIHON TeXHUKE U mMpobsieme 3(pdEeKTUBHON CMa3KH.

Bricokuit MaTemaTnyeckuii ypoBeHb U IPUKJIAIHOE 3HAYEHUE WCCJIEIOBAHMUIA, J10-
kiagpBaeMbix C. K. AcnanoBeiM Ha KOH(DEPEHIMAX, TPUBJIEKIA K HEMY BHUMAHUE
M3BECTHBIX YIEHBIX.

B 1960 roay cocTostioch 3HAKOMCTBO C BBIIAIONUMCS (DU3UKOM, UJIEHOM-KOPPEC-
nmonyiearom AH CCCP K. . IlefIKuHbIM — OCHOBOITOJIOXKHUKOM HOBOI'O HAIIPABJICHUS
B HayKe O TOPEHUH, a MMEHHO: «ras30JumHaMuKa ropeHus». 1T pmkanl [epoit Conmamm-
cruyeckoro Tpyaa K. W. IlenkwH gaBAdacS OJHWUM W3 THOHEPOB W OPTaHU3ATOPOB
coznanuga aromuoit rexuuku B CCCP.

3aBsi3aBIlieecss HAyIHOE COTPYIHUIECTBO 0 KOMILJIEKCHOMY TE€OPETHIECKOMY WC-
CJIEJIOBAHUIO IIPOOJIEMBI HEYCTOWIMBOCTH Ma30/INHAMUYIECKIX [IPOIECCOB C XUMUIECKU-
MU peaKIUAMU OKa3bIBACTCHA JIJIsA C K AC.HaHOBa OPpUOPUTETHBIM Ha MHOI'ME€ I'OJbl, &
K. W. [leskuH CTAHOBUTCS €r0 BTOPBIM HAYYHBIM HACTABHIKOM.

ITonyuaennsre C. K. AcranoBbIM B 9TOT n1epuo/ Oy HIAMEHTAIBHBIE TEOPETHIECKIE
Ppe3yJIbTaThl IIO3BOJIMIN KOJIMYECTBEHHO O0bSICHUTD IIEJIBIA Psijl S9KCIIEPUMEHTAJIBHO Ha-
OJIIOIAEMBIX SIBJIEHUI 110 CTPYKTYPE IPOIECCOB TOPEHUSI U JETOHAIUN.

Haywnbrit ycrex pa3BuToil TeOpun HEYCTONINBOCTH OA3MPOBAJICI Ha ITPETOKEH-
HoMm C. K. AcianoBbiM 3(bdeKTUBHOM METO/I€ HHTErPAJIBHOIO IIOCTPOEHHS Y PABHEHM
00paTHOI CBSI3U, MMO3BOJISIONINX 3aMbIKATH MATEMATUIECKIE IOCTAHOBKU KPAEBBIX 3a-
Jla4d 1Jis BO3MYIIIEHUA.

Teoperudeckue uccienoBanus AcjiaHOBa 10 TOPEHUIO NTPUBJIEK/IM BHUMaHME (DU-
sukoB Ouecckoro yausepcurera Bo riase ¢ mpod. B. A. @epoceesbiM (IPOPEKTOPOM
[0 HAY4HOl paboTe).

Heobxomumocrs Hayunoit mkosibl B. A. ®@emoceeBa B COTPYIHUYECTBE C KBAJIH-
GUIMPOBAaHHBIM TEOPETUKOM I10 TOPEHWIO IOC/IYZKWJIa OCHOBOI IIjIsl IIPUTJIAIIEHUS
C. K. Acmanosa na pat6ory 8 OI'Y umenu U. 1. Meunukosa.

B urore 6 suBapst 1965 roma nomnent C. K. AcaHoB ObLI IPUHAT Ha JIOJKHOCTH
3aBeyromero Kadeapoit reoperndeckoit Mmexannku OI'Y, B KOTOPOit HEM3MEHHO OCTa-
erca B TedeHne 50 JeT.

JokTopckast muccepranusi Ha TeMy «VlcciieioBanne yCTOMIMBOCTH YIAPHO-IETO-
HAIMOHHBIX MPOIECcOoB U ropenus» upeicrasiena C. K. Acnanosbim (1968 r.) mo
crennaabHOCTH «Teopermyeckast M MaTeMaTudeckasds pusnkay. llogydeHnbe B Hel
dyHIaMeHTaIbHbIE PE3YIBTATHI OTHOCITCH K MATEMATUIECKON TEOPUU YIAPHBIX BOJIH,
[IPOIIECCOB MOPEHMS U JIETOHAIIMH.
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B wacrroCcTH, cTpOruit mociaenoBaTebHBIN aHAJIN3 YCTOWIUBOCTH YIAPHBIX BOJIH
[I0KA3aJ1, 9TO JJIsl UJIeaIbHOrO ra3a MMeeT MeCTO COMHUTENbHbI ciyyail (mo A. M. JIg-
[IYHOBY), & 9TO y2Ke CBHJIETEJIbCTBYET O TPUHIMIHNAIBHON HEOOXOAUMOCTH TEpexo/ia
OT IKCIIOHEHIUAJIBHOIO K JIPYrOMYy THUILy BPEMEHHOW 3aBUCHMOCTU BO3MYIIEHUi (a
UMEHHO K CTEHEHHOMY ).

B pesyisibrare CI0XKHOIO MaTEMATHYECKOTO aHAJM3a YAJI0Ch IOJIYYATH HEOOXO-
JUMBIA U JOCTATOYHBIA KpUTEpUil HEyCTONYUBOCTU AETOHAIIMOHHONM BOJIHDBI [JIS CAMO-
[TOJI/IEPYKUBAIOIIETO PEKUMA €€ PACIPOCTPAHEHNsI, KOTOPBI KaK Pa3 M Pean3yercs
Ha [IPaKTHUKE.

DTO TO3BOJIMIIO MATEMATHIECKH 0OOCHOBATD U3BECTHBIA KPUTEPUl HEYCTONIUBO-
cru geronanuu, noayaenabiii K. [lenkuabiv u3 pusndeckux coOOpaKeHmit.

B Teopun ycroitunBocTn mporiecca HOpMaJILHOIO TOPEHUs T'a30BOil cMecn Ha Oase
peaJIbHOI MOJIEJIN YJAJIOCH TIOJIYYUTh aHAJIUTHYECKH KPUTHIecKoe Yncyo Peitrosnbica,
obecrieanBaoIee mepexoll K HeyCTONIMBOMY cocTosiHnt0. HaliieHHbIi TeopeTnaecKuii
pe3yJIbTaT OYeHb XOPOIIO KOJUIECTBEHHO OObSICHSIT JJAHHBIE YKCIIEPUMEHTOB.

B 1970 romy C. K. AcianoB ObLI yTBEp:K/I€H B YI€HOM 3BaHUU IIPOdeccopa.

Ilo npexacrapnenuio akagemnka AH CCCP A. 0. Nuumuckoro n djeHa-Koppec-
nonjgenta AH YCCP M. I. Kpeitna on 6611 n36pan (1982 r.) B HanmosaubHbli KOME-
rer CCCP 110 Teopernyeckoii u npukiiaIHoii mexanuke (o3xe Poccuiickuit komurer),
a c¢ 1992 r. on gBisieTcs wieHOM anasjorundnoro HanmonaabHOro KomMmurera Y KpawHbI.

IIpodeccop C. K. Acnanos umeer okosio 500 HAyIHBIX MyOJIUKAINN B PA3JIMIHBIX
00JIacTAX MaTeMATUKU, MEXAHUKHU, (PU3NKU, & TAKXKE CHHEPreTHKH M METOJI0JIOTUU
HayKU; UM IIOJIOTOBJIEHO 17 KaHIUIATOB U 2 TOKTOPa HayK.

B Ogecckom rocyuusepcurere umenn . U. Meunukosa C. K. Acmanos cpasy
Ha4vaj paboTy 10 OpraHU3alluy CO3/aHusl Ha Oa3e Kadeapbl TeOPEeTHIEeCKOH MeXaHU-
KU HOBO#I crenmajbHOCTH «Mexanukay, 9T0 OBLIO CBSI3aHO C PEIIEHUEM CJIeIYOIINX
IpobJIeM: MOATOTOBKU COOTBETCTBYIOMINX KBAJU(MUIMPOBAHHBIX KaIPOB, Oy I€HUEM
JIOMOJTHATEIHHOTO TIOMEITEHNs Myt Kadeaphl, YIOBJIETBOPEHUsT TOTPEOHOCTH B HEO0-
XOJMMOM MAaTepPUATHHO-TEXHUYIECKOM 0DeCIIeYeHIN YIeOHOIO IIPOIecca U €ro peopra-
HUBAIMY JJIsl [IPEJICTOSIIEro epexo/ia Ha HOBYIO CIIEIMaIbHOCTb.

MHuoroe je1a10ch COOCTBEHHBIMU CUJIAMHU KOJIIEKTUBA Kadeaphl, a HeoOX0IMMbIe
(UHAHCOBBIE CPEJICTBA 0DECIIEYNBAJINCH 33 CUET BBIMOJIHEHUs] KPYIIHBIX X03/I0I0BOPOB
¢ Begymumu orpacyieBbivu HUN «Xumun u mexanukus, «Acrpodusnkay — Mocksa
n «XAMUYECKON TEeXHOJIOruny — Dbuiick.

Ha xadeape Teoperndeckoit MEXaHUKY OBbLIN MOCTPOEHBI: a3POINHAMUIECKAS TPY-
6a, TUAPONMHAMUIECKHUI JIOTOK, YCTAHOBJIEHA COIIPOMATCKAs MAIAHA, MPHOOpPETEH
COBPEMEHHBI TPAKTHKYM II0 TEOPETUIecKOil Mexamuke. Jljisi TeKyIero obcIyKuBa-
HUS yIeOHOTO MPOIECca U JaDOPATOPHBIX MPAKTUKYMOB ObLIa 000PYI0BAaHA CTAHKAMEI
coOCTBEHHAsI MEXaHUYeCKasi MaCTePCKasl.

Coznanue crennajibaoctu «Mexanukay B OI'Y ObLI0 OCYIIIECTBJIEHO B J[Ba dTalla.
B 1972 roxy npodeccopy C. K. AcmanoBy ymanoch jiobuthbes nepegadn B Orecckmii
rocyauBepcuteT u3 Kuesckoro yumsepcurera 15 MecT mo crnenmasibHocTn «Mexanu-
Kay. 3areMm, yxke B 1975 romy, 6puta okondareabHo oTKpbiTa B OI'Y crenmanbHOCTH
«Mexanukay co cuermanuzanueii «['ugpoaspomexannka u ra3oBas JUHAMAKA> B BUIE
HabOpa CTYJAEHTOB Ha JHEBHYIO (hOpMy 00yUeHUsT B 06beMe TOJTHOIEHHON aKaIeMutie-
cKoii rpymmnel (25 Mecr).

Hocrurayreie C. K. AcjraHOBBIM OpUTMHAJIBHBIE TEOPETUYECKUE PE3YJIBTATHI OXBa-
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TBHIBAIOT IMUPOKUI CIIEKTP HAYYIHBIX HampaBjeHuii. VIM MOCTPOEHBI aCHMITOTHIECKTE
npejcrasienns s Gyarnuii C. A. Hamisirnaa u ux MpOM3BOJIHBIX €MHO0OPA3HOI
dopMBI BO BceM BO3MOXKHOM Juaria3one ckopocteii. [locieinee nmeer B cTannoHapHOM
ra30BOil JUHAMUKE (DYH/IAMEHTAJIBHOE MATEMATHYIECKOe 3HAYMCHIE.

B obsractu 0KOJI03BYKOBO# ra30/IMHAMUKN OH IIPEJIJIOKIII METO, CYMMUPOBAHUS
PACXOJIAIINXCS PSIJIOB, KOTOPBI COBMECTHO C MHTErPAJIbHBIM IIpeobpaszoBanueM Mer-
JINHA IIO3BOJISJI OCYINECTBJISTH II€PeBajl depe3 0coOble TOUKH WM CYIECTBEHHBIM 00-
Pa30M HCIIOIB30BATH TEOPHIO /13eTa-PyHKINN PuMana /ijist cTpOroro pemeHus CHHIy-
JIIPHBIX KPAEBbIX 33/1a4 B CMEIIAHHOM SJLIUIITUKO-TUIIEPOOINIECKOIl 00/1aCT! KaK JJIst
CUMMETPHIHOTO, TAK U HECHMMETPHIHOTO OKOJIO3BYKOBOIO OOTEKAaHUs IIPOMUIIEit.

B teopun B3pwiBHBIX yiaapHbIXx BosH C. K. AcsaHOB BriepBble yCIIEIIHO ITpUMeE-
HIJI QHAJIOTUIHBIA METO/[ CPAINNBAHUS ACUMITOTHIYECKUX PAa3JIOKeHul B OskHeil u
JabHell 30HaxX B3pbIBA JJIsl 3a/[a4l MUIePOOIMIeCKOro THIIA.

B mMosenn Todeunoro B3pbIBa yIAJIO0Ch CBA3ATh YETHLIPEXUIEHHDBIE DAa3JIOXKEHUS,
MaTeMaTHIeCKH 3aMKHYB 3aJ[@9dy C HOMOIIHI0 MHTErPaja SHTPONUUHBIX MOTEPH II0
BCeil 00JIaCTH CyIIECTBOBAHUS yIapHOW BOJHBL. [yt peasibHOro ciiydasi B3pbIBa 3a-
psiia KOHEIHOIO 00'beMa CpPAIlMBAaHUS Y/IAJ0Ch JIOCTHYb JIUIIb [0 TVIABHBIM YJIEHAM
ACHMIITOTHUK, HO IIPH 3TOM KOJIMYECTBEHHO XOPOIIO HOATBEP/IMIINCE JTAHHBIE IKCIIEPH-
MEHTOB KakK J[jIsi Ta3000Pa3HbBIX, TAK U JIJIsI TBEP/IbIX B3PHIBYATHIX BEIIECTB.

Teoperudaeckoe 00bsiCHEHHE (C KOJMYECTBEHHBIM IIOTBEPKICHAEM) ObLIO JIAHO
sdbdexry Bpmmkmena, orkpeiromy B 1935 1., U 3aKJI0OYaOMEMycs B 00pa30BaHUU
B3PBIBHBIX BOJIH B MHEPTHBIX MaTepHaJaX IO JeHCTBHEM OOJIBIINX MEXaHUIEeCKUX
HAIPY30K (JIaBJIEHNE W CIBUT), B PE3yJIbTaTeé KOTOPBIX MPOUCXOIUT HETEPMUUECKOE
0CBODOK/IEHIE BHY TPUMOJIEKYJISIDHON SHEPIUN.

IIpenyoxkennas C. K. AcnaHoBbIM MaTeMaTHYIeCKask MOJIENIb IPE3BBIUANHO CII0XK-
HOHI CTPYKTYPBI CIIMHOBOTO PEXKUMA PACIPOCTPAHEHUsI eTOHAINK 0Aa3MpOBaIaCh HA
MPUHIAIAIBHOM ODODIIEHNN KJIACCUIECKON TPEXBOJHOBOM yAapHO KOHMUrYpaIrun
Maxa. OHO cOCTOSIIO B JJOOABJIEHUN Y€TBEPTOTO JIEMEHTA — ABTOMOJIEIBHON BOJIHBI
pa3peKeHust U B UCHOJb30BAHUE HOPMAJIBHOTO (DPOHTA CAMOIO/IEPKUBAIOIIEH J1eTO-
HAIWX, 9TO ITO3BOJIUJIO Y/IOBJIETBOPUTH 3aKOHY COXPAHEHUSI KHHETHIECKOT'O MOMEHTA.

YUpesBbIyaiiHO NIUPOKUIl CHEKTP TEOPETUUECKUX PE3YJIHTATOB IO CaMOOpPraHU3a-
WY TTPOCTPAHCTBEHHO-BPEMEHHON CTPYKTYPBI IIPOIECCOB U SBJICHUN PA3JIMIHON 1pU-
pogsl mostyden C. K. AciiaHOBBIM HA OCHOBE MATEMATHYIECKOTO UCCJICIOBAHIS X BHYT-
PpeHHeil HeyCTONYNBOCTH OTHOCUTEIBHO CJIy4YaiiHbIX Bo3MmytneHuii. Crojia, mpexie Bce-
0, CJIEJIyeT OTHECTH IIPOIECCHI TOPEHUS U JIETOHAIMH B PA3JIUIHBIX TOPIOYNX U B3PBIB-
YATBIX BEIIECTBAX, B TOM YHUCJ/IE B TPyOax 1 KaMepax peakTUBHBIX JIBUTATeJIel; CBAPKY
B3PBIBOM (XOJIO/(HAsI CBAPKA METAJLIOB).

Ornenbroe Hampasierne, B KotopoM C. K. AciiaHOBBIM TOJTyYeH TEJIBIH KJIace
dbyHIaMEHTATBHBIX PE3YIBTATOB, IIPEICTABIISIET COOOI TeOpHst pa30PbI3TUBAHUS KU
KO IIOBEPXHOCTH, 00[yBaeMOil CKOPOCTHBIM IIOTOKOM Ta3a, a TaKXKe TEOpHUs Paclajia
Ha Karum cTpyit xxuakoctu. LIukir nccsie1oBaHuil 10 aHAJIOTUIHOMY JTUCIIEPTHPOBAHUIO
OB BBIIIOJHEH JJIsI TEOPETUIECKOI0 OObsICHEHNS PACIa/ia METEOPHBIX TeJI, BTOPraio-
IUXCA B IUIOTHBIE CJIOM aTMOCGEphl, KOTJla Ha UX ITOBEPXHOCTU 00Pa3yIOTCs IIJICHKH
paciuiasa.

Ha ocuoBe maremaTn<eckoro anam3a BTOPUIHOIO JUCIEPTAPOBAHNS KAIEIb UC-
XOJTHOM a3POB3BECH KU IKOI'O TOPIOYEr0 BEIecTBa ObLiIa IIOCTPOEHA IOCIEI0BATEbHAS
TEOpHsl AETOHAIUH a3PO30JIei.
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MareMaTndeckoe UCCeI0BaHne TeIeHU I HhIOTOHOBCKOM YKUJIKOCTH C YI€TOM IKC-
[TOHEHITUAJILHO 3aBUCUMOCTH €€ BSI3KOCTH OT TEMIIEPATYPbI ¥ yIeTOM YCJIOBUAN TEIIO-
obmeHa ¢ BHemHeil cpeoii nososimiu C. K. AcsiaHoBy 0OHapy»KUTh Psiji UX IIPUHIIU-
[MUAJIbHBIX OTJIMYU OT MOJEJIH C TIOCTOSTHHO# BsI3KOCTHI0. CTPOro aHaIUTUYIECKU U U3
YUCJIEHHOTO SKCIIEPUMEHTa, OBbLIN TOJIYIEHBI IPEJIEIbl CYIEeCTBOBAHUS CTAIMOHAPHBIX
PEXKUMOB TEUEHUS JIJIsl 38129 O HAIIOPHOM TE€YEHUU B KPYTJIOH TPpyDHe U TIIIOCKOM CJBU-
roBoM teuenun tumna Kysrra. B gacTtHOCTH, OBLIN ONIPE/IEIEHDBI YCIOBUS TIOSIBJIEHUS B
[IOTOKE KHJIKOCTU TOYKH Iepernda Ha IMpodusie CKOpOCTH, KOTOPAsi MOXKET IIPUBECTH
K HEYCTONYNUBOCTU TEUEHMUSI.

Metronoornyeckue pa3paborku, seinoiaHennbie C. K. AciaHoBbIM, Kacaauch OC-
HOBOITOJIATAIOITIX HAYYHBIX IIPUHITUIIOB MEXAHUKH — IIPUHIIAIA OTHOCUTEIbHOCTH [a-
swirest u npuanuna Jamambepa. PaccmarpuBasics ux obrmeduaocodcKuii ¢MbICT U
sBostronust puHIUIOB. OT/IeIbHOe HApaBIeHre ObLIO MOCBAIIEHO CUJIAM HHEPIUU U
UX CBSI3M C Pa3BUTHEM [IPOCTPAHCTBEHHO-BPEMEHHOIO MOJIEJIMPOBaHUSI.

B reuenne 45 ser npodeccop C. K. AcmanoB Bo3ryiaBisieT peryssipHyo paboTy
OO0I1IEeropoCKOTO Hay YHO-METOIMIECKOr0 CEMUHAPA, JJIsi IIPEToaBaTe/ el MexXaHuIe-
ckux kadenp By3oB Ozeccol. [lepBoHadasbHO 9TOT ceMUHAD TOIIUHSIICST HEITOCDPE/I-
cTBeHHO Hay4dHO-MeTondeckoMy Cosery Munucrepcrsa obpazosanus CCCP.

Opraunzoannbiii C. K. AciaHOBBIM IOpPOJICKON HAYYHBIA CEMUHAD 110 CHHEPreTH-
ke Ha 6ase FOxkuoro nayunoro nentpa AH Ykpaunbr 60stee 10 jieT cobupast mupokuii
KpYT MpeJICTaBUTEeH YIeOHBIX U MCCIE0BATEIBCKUX yupexk aennit Omecchl.

IIpodeccop C. K. AciaHOB gBJIsIeTCst OHUM U3 TPEX OCHOBATEJIEH MEXKOTPAC/IEBO-
ro mHaygroro cbopuuka Ojiecckoro yanepcurera « PU3nKa adpOJIUCIEPCHBIX CHCTEM,
B KOTOPOM OH H6eCCMEHHO BO3IvIaBisieT pasjes «[azoBas guHaMUKA>.

B rmeuenne 50 jer C. K. AcjiaHOB HEM3MEHHO yYacCTBYeT B OPraHU3aIlUU IIHPOKO
M3BECTHBIX HAYYHBIX KOHpepeHIuil «JlucrnepcHbie cucTeMbls.

Yuenuku u xkojuteru Ceprest KoncrantunoBuua Ac/iaHOBa XKeJIaloT My KPErnKoro
37I0POBbsI, OJIATOMOJY IS U HOBBIX JOCTUKEHUI B €ro aKTHBHON HAydYHOU M memaro-
T'U4ecKoii JIedTeJIbHOCTH.

JIUpeKkTop MHCTUTYTa MEXaHUKU, aBTOMATU3AINN
u komrbioTepbix cucrem OHATIT,
JIOKTOD T. H., ipodeccop Bonkos B. 9.

Bamecruress gupekropa UMM OHY,
KaHauar ¢.-M. H., joneHT Paunnckas A. JI.
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CKBO3b ITPUUSMY BPEMEHMN. ..
OOECCKOMY ME2KBY30BCKOMY CEMUWHAPY
IT1O MEXAHUKE — 50 JIET

B OusecckoM By30BCKOM permoHe B Te4YeHHEe MHOIUX JieT (PYHKIIMOHUPYET MOPOJI-
CKOIl ceMUHAp 10 MEXaHUKe, OXBATBHIBAIOIINI CaMble CYIIHOCTHBIE BOIIPOCHI B 3TO
cdepe BoIcIiero obpazoanust. I'omx 2013 craa mjs Hero obuaeinbiM. Vcropust cemu-
Hapa HACUUTHIBAET TEIEPb yKe Dojiee MATUIEeCITH JIeT.

3HAYUMOCTH U CAMOTO (paKTa OPraHU3AINY, U MHOTOJIETHEH JeATETbHOCTH TAKO-
0 CEMUHAPA, JJIsl HAIIETO PA3BATOrO U MHOTOMYHKIIMOHAJHHOIO BY30BCKOT'O PETHOHA
TPYHO IIEPEOIIEHUTD, €CJIN IPUHATH BO BHUMAHUE /1B OCHOBHBIX (PaKTODa, OIpeje-
JIAIONIUX €ro IeJIECO00Pa3HOCTb.

IlepBbiit — 310 001HIT DUTOCODCKO-ATOTOTETUIECKII CMBICT MEXAHUKN B IIEJIOM
KaK OCHOBBI BCEI'O HAKOILJIEHHOIO YeJI0BEYeCTBOM €CTECTBEHHOHAYYHOI'O OIBITA II0-
3HaHWS MUpa. BTopoit — 6oJiee yTUIUTAPHBIA CMBIC MEXAHUKU KaK OCHOBBI JIFOOOI
TEeXHUKW, B KAKOM Obl KOHKPETHOM BHJI€ OHA HM BOILIOMIAJIACH, T. €. JIFOOOTO MeXa-
HU3Ma, MAIlWHBI, COOPYKEHUs U IPOH., I'Je UMEET MECTO JBU2KEHUE — IePEeMeIeHne
B [IPOCTPAHCTBE U BO BPEMEHU MAaTEPUAIHHBIX JIEMEHTOB.

Ecnu paccmarpuBaTh ceMuHAD B HCTOPUYECKOH Pa3BepTKe, TO Y HErO 3a IPOIIe]-
mue 50 JIeT CJI0KMIIACh HEIPOCTas CyAb0a, BO MHOTOM OTPA3HUBINAs BCE TPYIHOCTH
CJIO’KHOTO II€PUOJIa BPEMEHN, B KOTOPOM MbI YKIJIA U KUBEM ceifuac.

B pasuble nmepuoabl esTENHHOCTH €0 OpraHu3aIiOHHbIE (DOPMBI BHUIOU3MEHSI-
JINCh, COOOPa3ysiCh C OOCTOSITEILCTBAME M TEKYIIMMH 3a1a9aMU BBICIIIETO 00Pa30Ba-
HUSI.

IIepBoHavaILHO TOPOJICKON CEMHUHAP IO TEOPETUIECKON MEXaHUKE ObLJI OPraHU30-
BaH B Ozecce B 1963 r. o uaunmaruse Hayuno-meroauaeckoro Cosera 1o TeopeTuye-
CKOit 1 mpuKaaaHO# Mexanuke mpu Mwunancrepcrse obpazoanust CCCP u smmano ero
npeacenaresns — akagemuka A. FO. Moumnckoro.

Pyxoomuin cemmuapom 3aBeytoruit kadeapoil TeopeTuieckoii MexaHukun Boic-
mrero Mopckoro yumiuiia npodeccop JI. K. Kynpsimos, KoTopsrit, Kak u BeIyIue Ipo-
deccopa— wens npesumauyMa CoBeTa, OTHOCUIICS K «CTapoify IKoJe Mpodeccro-
HAJIOB-MEXaHUKOB.

Pousb 3mux crermasnucros 6buta 3HauuTebHA. OJIMH-/IBa pa3a B TOJ OPraHU30-
BBIBAJINCh BBIE3JIHBbIE 3acellaHus lIpesugumyMa [0 pasHbIM BY30BCKHM PEIHOHAM OT
Mocksbl 10 Biagusocroka. B 1967 1. Takoe 3acemanne cocrosiioch B Omecce Ha 6aze
Omecckoro rocyzapersennoro yausepcurera umenn V. M. Meunukosa (OT'Y). es-
TEeJIbHOCTh CEMUHApa OblLiIa TPU3HAHA JOCTATOYHO 3(MMEKTUBHON M MOJIYUMIa XOPO-
IIYIO OIEHKY.

Saceianusi ceMUHAPA TPOUCXOJIUIIA OJIMH-/IBA PA3a B MECSI] — KaK MPABUJIO, B TeX
By3aX, OTKY/JIa ObLI TOKJIAINK. 3ACIYITHBAINCH U OOCYKIAIUCH JOKJIAIBI U COODIIe-
HUsI 110 MEXaHUKE CAMOI'0 PA3HOTO XapaKTepa U HAIIPABJIEHUsI IIOUCKOB: KAK METOIUKO-
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poceccuoHaIbHBIE, TAK U HAY THO-MCCJIEIOBATEILCKIE, BKIIIOUAS [IPEICTABICHUS Ma-
TEPUAJIOB MOJIFOTOBJICHHBIX KAHIUIATCKUX U JIOKTOPCKUX Juccepranmii. B obsi3aHHO-
CTU PYKOBOJMTEJsI CEMUHAPA BXOJIUJI IIEPUOJUIECKUIT OTUIET O ero JIesITeTbHOCTU B
Mockse na ceccun Hayuano-meromuaeckoro coera Munsysza CCCP, npudem Best 91a
paboTa 3aCUUTHIBAJIACH [IPEIOIABATENI0 KaK IOBLIIIeHNEe ero KBaJnduKanum, oos3a-
TEJIbHOE B BY30BCKOI ITPAKTHUKE.

B 1968 r. JI. K. Kynpsrmos mpeijio:Kuia BO3IJIaBUTh MOPOJICKOI CeMUHAP IO TEO-
peruteckoit Mmexanuke npodeccopy C. K. AcanoBy, KOTOpBIf B TO BpeMsl yKe 3aBe-
nosas Kadenpoit reoperndeckoit Mexanuku B OT'Y (ubie Omecckuil HAMOHAILHBII
yuusepcurer umenu V. Y. Meunukosa — OHY).

IIpemtoxkenne OBLIO MPUHATO, U C
Tex mop yxe Mmuoro Jjer Cepreit Kon-
CTAHTUHOBUY BBINOJIHSIET (DYHKIINH PYKO-
BOJUTEJsT ceMuHapa. HecKoJIbKO CJI0B O
npodeccope C. K. Acnanoe. Ou 6Gec-
CMEHHO PYKOBOJUT Kademapoil Teopern-
qeckoit Mmexanumku OHY Bor yxke 49
jger. B coBerckoe Bpemsi BXOmMJI Kak
DPYKOBOJIUTEIb CEMHHapa B COCTaB YIIO-
MSIHYTOTO BbIlie HaydHo-MeTomaeckoro
cOBeTa COIO3HOTO 3HadeHus. IBisieTcst
BEJLyIIUM  CIEIUAJIINCTOM [0 HeJINHel-
HBIM TporeccaM u  (a30BBIM  IIEPEXO-
JaM B THAPOIMHAMUYECKUX CHCTEMaX.

Hayuno-nieiarornyeckast jgesrenbaocts C. K. AcianoBa Kak paHee, Tak U Ternepb
TECHO CB#3aHA C WCTOpUEN ceMHHapa. B 3HAYNTE/BHON Mepe MMEHHO ero TPYIOM U
9HTY3Ma3MOM TOPOJICKOI cemuHap 1Mo Mexanuke B Ojiecce He TOJILKO COXPAHUIICS B
TPYHBIE T'O/IBI TOCYIAPCTBEHHOTO IIEPEYCTPOICTBA, HO U IIPOJIOJI2KAET YCIIEITHO (PYHK-
[IMOHUPOBATH B HACTOSIIEE BPEMHI.

Bepremcst k ucropun cemuuapa. B robl mepecTpoiiku U HOCIEIYIOMEro n3MeHe-
HUSA OOIECTBEHHOTO YKJIa/1a, KOTIa B cdepe BBICIIEro 00pa30BaHUs BO3HUK WHCTUTYT
OTMOPHBIX Kadeap, PYHKIUN TOPOJCKOTO CEMUHApa YACTUYIHO B3sjia Ha cebs Ormop-
Has Kadeapa Teoperndeckoir MexaHuku 1mo OJIeCCKOMy BY30BCKOMY DETMOHY IIPU TIO-
JurexHuIeckoM uHeTuTyTe (HbiHe OflecCKuil HAIMOHAIBHBIN OJINTEXHUYECKU yHY-
Bepcurer — OHIIY). Onuako Ha COBMECTHBIX 3aCeJaHUsX IPENOYTEHUE OTIABAIOCH
00CYKIEHUIO BOIIPOCOB HAY THO-METOIMIECKOT0 U IIPAKTHIECKOrO XapaKTepa, CBI3aH-
HBIX B OCHOBHOM C IIPEIO/IABAHUEM JUCIUILIINHEI.

[TapaJutesbHO JJTsT BO3MOXKHOCTH OOCYKJEHISI BOIIPOCOB 0OJiee IMUPOKOIO ecTe-
crBeHHOHAyYHOrO miana npodeccopom C. K. AciaHoBbIM ObLIT OPraHu3oBaH rOpOJI-
CKOll cemmuHap 1o cunepreruke npu KOKHOM TieHTpe AKajleMun HayK Y KPAuHbL. DTOT
ceMUHAD YCIIEITHO npopaborast B Tederue 10 jet, cobupast 6OIBIIYIO ayIUTOPUIO CIIy-
maTesaei.

Wurepec, kpome BCero mpovero, MOI0TPEBAICS HOBI3HON 9TON COBPEMEHHOM Hay-
K¥, BO3HUKINEH B 70-X Tojax JBaIIATOTO BEKa, IMpeIarapireil crennduaecKuii moI-
XOJ K aHAJIN3Y MHOIOKOMIIOHEHTHBIX HEPABHOBECHDIX JUHAMUYECKUX CACTEM Pa3JINd-
HOIl IPUPOJIBI, B TOM YHCJIE U MEXaHUIECKUX.
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Tlopasurenpubie 3hEKTH KOMIEKTUBHOIO COTJIACOBAHHOIO IIOBEIEHUS UX IJIe-
MEHTOB MOTYT MPOSIBJISITHCSI JTBOSIKO: KAK B YIIOPSITOYEHUH ITPOCTPAHCTBEHHON CTPYK-
TYPBI CHCTEMBI, T. €. €6 CAMOOPTaHU3aIWH (IIPU HAJIMINN, HAIPUMED, BHEIITHAX BBIHY K-
JIAIOIIUX UCTOYHUKOB), TAK U HAOOOPOT — B IPUBEJECHUH CHCTEMBI K XAO0THUECKOMY
COCTOSIHUIO BCJIEJCTBHE JIECTPYKTYPU3AIUK (XaPAKTEPHO JJIs JUCCUIIATUBHBIX CUCTEM
OTKPBITOI'O THUIIA).

Nner pabora cemuHapa
B magase 2000-x romoB BO3SHHMKJIA HAEsST BO3POINTH TOPOJICKON ceMUHAp IO Me-
XaHuKe B eanHoit ¢popme. Ha HOBOM, MOXKHO CKa3aTh, COBPEMEHHOM dTalle Pa3BUTHUS
BBICIIEHN IKOJIBI Y KDAMHBI TOMY OObEKTHBHO CIIOCOOCTBOBAJIO Cpa3y TPHU (hakTopa:

® IIPEKPAIEHNE JIeATEFHOCTH HHCTUTYTA OMOPHBIX Kadep;

® IIpeKpAallleHne JeITeIbHOCTH CEMUHAPA [I0 CHHEPTeTHUKE BCJIEJCTBUE NCIE3HOBE-
nus 6as3bl cemunapa B FOxuom nearpe AH Vkpaunst (Bupoduem, K TOMy Bpe-
MEHU CEeMUHAD y?Ke BBIIOJHUI CBOIO OCHOBHYIO 06Da30BaTEJbHYIO (DYHKIIUIO);

e npoucmeqmue 8 OHITY cTpykTypHbIe U3MEHEHUST MAITTHOCTPOUTETHLHOTO (ha-
KyJIbTETa, B PE3yJbTaTe KOTOPBIX IIPOM3OIIO CIUSHUE IBYX OA30BBIX MeXa-
HuYIecKux Kadeap ¢ obpazoBanueM 6ojee MOITHON n OoJiee (hyHKIMOHATILHON
emHON KadeIPhl TEOPETUIECKON MEXaHUKHU U MAITMHOBEICHNUS.

BosrmaBusmuit HoBy1o Kadenpy mpodeccop B. B. MoTymbKo BBICTYIHIT TJIABHBIM
SHTY3MACTOM BO3POXK/IEHHs NOPOJICKOTO CEMUHAPA 110 MeXaHuKe Ha HOBoM ocHoBe. Ce-
MuHap cTaj GyHKImornpoBaThk Ha Oaze OHIIY, mosyynB pacimpeHHBINH cTaTyc U
HoBoe HazBaHue OJIeCCKOro ropoJICKOI0 MEXKBY30BCKOI'O CEMUHApa 110 IIpodsieMaM Me-
xaHUKHU. B KadecTBe TJIABHOIO HAYYHOrO PYKOBOIUTENS B cdepe KIACCHIeCKOl Me-
XaHUKY ObLT mpurtanied u jgai coryacue mpodeccop C. K. Acnanos. CopykoBoaure-
JIeM CeMUHapa IO BOIIPOCAM MPUKJIATHON U TEXHUIECKON MEeXaHUKM CTaJl Ipodeccop
B. B. Morynbko.

TlostBu1ach BO3MOXKHOCTD 3HAYUTEIHLHO PACIIUPUATH TEMATUIECKUN CIEKTP CeMU-
Hapa. K paccMOTpeHNIO IPUHIMAJIACH JTOKJIAJIBI IO JIFOOBIM HAIIPABJICHUSIM CIICITUAJIT-
3aIUN MEXaHUIECKUX UCCJICJIOBAHMIA, & TAKYKe BBICTYILICHUS, KACAIOIINECs PA3IMIHBIX
ACIIEKTOB IPEIO/IaBaHnsl MEXaHUIECKUX JUCIHILINH B By3aX. lIpakTuka mociemryio-
X JIET TOATBEPNIIA TIeJIeCO00PA3HOCTh TAKOro Hoaxoa. Ha 3aceganusx cemuHapa
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paccMaTpUBAIOTCH U 0OCYKIAIOTCs CaMble Pa3HOOOPA3HbIE BOIIPOCHI MEXAHUKH, HAYUN-
Hast ¢ GUI0cOMCKO-NCTOPUIECKIX TOJTKOBAHUI MEXAHUIECKUX SBJICHUI U KOHYAs pe-
3yJIbTATAMI KOHKDPETHBIX HAYYHBIX U METO/INYECKUX Pa3pabOTOK, BLIIIOJHEHHBIX IIpe-
[10/IaBATEJISIMU ¥ COTPYIHUKAMU PA3JIMYHBIX By30B ropoma Omecchr.

CopyxkoBojurenu cemunapa npod. 1. M. Cunopenko u npod. B. B. Morynbko

B 2013 r. 8 OHIIY 6bL10 IpUHSTO peleHne BOCCTAHOBUTH KadeIpy TeopeTude-
CKOU MEXaHUKHU B KAIECTBE CAMOCTOSATE/IHHON, YCUJINB T€M CaMbIM (DYHIAMEHTATHHYTO
COCTABJISIONIYIO BBICIIIETO TEXHUIECKOI0 00Pa30BaHusl, 10 KpaifHeil Mepe, Jijist MeXaHu-
YeCKUX CIeruaJibHoCcTeil. Jljisi ceMrHapa 0 MEXaHUKe 3TO O3HAYAET POCT «TEOPETH-
YeCKOIl KOMIIOHEHTBI» KaK B I€pedHe 00CYKIAeMbIX HA CEMUHAPE TE€M, TaK U B CAMOM
COJIEPYKAHUU PACCMATPUBAEMBIX MATEPHUAJIOB.

PeanpHOCTH TaKOI MEPCIIEKTUBHI MO/IEPKUBAECT U HOBBII 3aBe Iy OIIMil Kadeapoit
teoperudeckoit Mexannku OHITY npodeccop U. U. CumopeHko, Npuiaraoriuii MHOTO
YCUJINA U BHUMAHUS K [OJJIEPKAHUIO CEMUHAPA, HA JIOJPKHOM COBPEMEHHOM HAyIHOM
U TEXHUYIECKOM YPOBHE.

Teneps yxke nse kadeaper OHITY B3sisim Ha cebst OTBETCTBEHHOCTH 3a OpPraHU-
3AIIMI0 W IIPOBEJIEHIE 3aCE/IAHNN TOPOJICKOr0 CeMUHApa MO IpobjeMaM MeXaHUKH —
Kadeapa TeOPeTUIECKO MEeXaHUKN 1 Kadeapa MAITUHOBEICHNs U JIeTajeil MaIinH.

CooreercrBenno, kpome mpodeccopa C. K. AcianoBa, COpyKOBOIUTEISIMUA CEMU-
Hapa BBICTYIAIOT 3aBe/yIOlIre JBYX yKaszanHbX Kadeap — npodeccop U. U. Cumo-
penko u npodeccop b. B. Morynbko. IMeHHO Takast COBMeCTHAsI, «CHHEPT€THIECKAST>
JesITeJIbHOCTh 9TUX TPEX YUIEHBIX B HACTOSIIIIEE HEIIPOCTOE BPEMsI HE TOJIBKO COOOIIAeT
CEMUHAPY «HOBOE JIBIXAHUE», JTaBas COBPEMEHHBII UMITYJIbC PA3BUTHsI, HO U POXKJIAET
YBEPEHHOCTH B JIAJIbHEHIIIEH TPEEMCTBEHHOCTH 9TOTO CTApOro, 50-J1eTHOro 6ECKOPHICT-
HOTO CJIyKEeHUsI HayKe U BBICIIEMY 00pa30BaHUIO.

T. B. Makaposa, cekpeTapb ceMHuHapa, K. T. H.,
JoreHT Kadeapbl Teoperndeckoil mexanuku OHITY
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20 JIET MM>M

B srom rogy MacTuTyT MaTemaTuku, 3KOHOMUKA U MexaHuku OmeccKoro Harmo-
HajabHOTO yHEUBepcuTeTa mMmenu 1. I1. MeunnkoBa ormerus csoé 20-yreTne.

Ncropust ero cozpmanus Gepér Hadaao B XIX Beke ¢ €IMHCTBEHHOTO B TO BpeMs
yHEUBepcuTeTa Ha fore ¥YKpamubl, ¢ HoBopoccuiickoro mmepaTopckoro yHuBepcuTe-
Ta, KOTOPBIIl TOTOBUJI CIIEIIMAJIMCTOB [0 €CTECTBEHHBIM HayKaM. B cocraBe pu3mko-
MaTEeMATHIeCKOr0 (haKyIbTeTa OBLIO MATEMATUIECKOEe U (PUIUTECKOE OTIETICHUE.

B 1961 r., mocsie pazmenenus cruenuaabHOCTEN 00PA30BAJICT MEXAHUKO-MATEMATH-
qeckuit dakyaprer. Habop cTy/IeHTOB MPOUCXOMUI 110 TPEM CIEIHAIBHOCTIM: «Ma-
TeMaTHKay, «IIPUKJIaIHAs MaTeMaTuKa» U «MexaHukas. [loaroroska npoussonuiach
HeBsITbIO Kadeapamu: KadeIpoil TeOpeTuIecKo MeXaHUKHU, Kadeapoil MaTeMaTnye-
CKOro aHaym3a, Kadenpoil auddepeHalibHbIX ypaBHeHN, Kadenpoil ajaredpsr u
Teopun 4nces, kadeapoil reomerpun, Kadeapoil BEIYUCIUTETbHON MATEMATHKHT, Ka-
deapoit MeToI0B MaTeMaTHIeCcKo pu3nkn, Kadeapoil OnTUMaIbHOTO YIIPABICHUS 1
Kadepoit BhICIeit MaTEMATHKH.

B coorBercrBunM ¢ TpEOOBAHUSMEI BPEMEHHU IIPOrPAMMA IIOATOTOBKHU CIEIHAIACTOB
HA MeXMaTe coderaja B cebe KJIacCHYeCKre MaTeMAaTHYeCKNe MUCIUILINHBI U JIUCIU-
IUIMHBI TPUKJIQTHOTO HA3HAUYECHUS, CBA3AHHBIE C MATEMATUIECKUM MOJIEINPOBAHUEM
¥ BBIYUC/IMTEIbHBIMUA MeTOJaMu s perrenus 3ajad Ha DBM. O6sizarenbHOll ya-
CTBIO TOJATOTOBKU BBITYCKHUKOB OBLIO YTEHWE CIEIUAJBHBIX KypPCOB IO Kadeapam,
Oaaromapsi 9eMy CTYIEHTBHI IOJIyJasd 3HAHUS 110 HOBBIM HAYYHBIM HAIPABICHUSM,
[PUHAMAJN YIaCTHe B HAYYHO-UCCJIEI0BATEIbCKON pabore.

Hauunnas ¢ cepenunnt 80-x B 4nciie TPUKJIIAIHBIX BBIIEINIACH TPYIIIA JUCIAILINH,
CBA3AHHBIX C IPUMEHEHNEeM MaTeMaTUIeCKUX MeTO/I0B B 9KoHOMUKe. [lo32ke, B Havase
90—X, CTYJIE€HTBI CIHEIINAJIbHOCTHU <«IIPUKJIQ/HAAd MaTeMaTUKa» IIOJIYINJ/JIN BOSMO2KHOCTb
CJIyIIaTh KyPCHI 110 3aIUTe NH(MOPMAIIWH.

B 1992 r. k cocraBy Kadeap Mexmara IpUCcOe MHIIACH CO3/1aHHast Kadeapa «Teo-
PeTHYECKO SKOHOMHUHI», KOTOPas BeJla ITOATOTOBKY CTYJEHTOB IIO JIBYM CIIEINAJIBHO-
CTSIM: «9KOHOMUYIECKAs TEOPU» U «MEXKJyHAPOIHBIE SKOHOMUIECKIE OTHOIIICHUS», 1
Kadeapa MCUX0JOTHH, KOTOPasi BIepBbie 3a BCio uctopuio OmeccKoro yHUBEPCHUTETA
CTaJIa TOTOBUTDH CTYIEHTOB IO CHEIUAIbHOCTU «IICUX0oJorusy. Haydno-npakTuaeckue
HCCJIEOBAHUS 110 IICUXOJIOTUN HEMBICIUMBI 6€3 IPUMEHEHNS MATEMATHIECKUX MeTO-
JIOB aHaJIu3a 1 00pabOTKH JIAHHBIX, UMEHHO II09TOMY B YUEOHBIN IIJIaH IICKXOJIOIOB ObLI
BKJIFOUEH ITOJTHOIEHHBIN KypC BBICIIEN MaTeMaTUKM, & UX JAUILIOMHBIE paboThI 00si3a-
TEJILHO JOJIZKHBI OBIJTH COJIEP2KATH MATEMATHIECKYI0 00pabOTKY 9KCIEPUMEHTATbHBIX
JTAHHDIX.

Takoe pacmmpenne Habopa CHENUAIBHOCTEN TIPUBEJIO K TOMY, 9TO B MapTe 1994
rojia Ha ba3e MEXaHMKO-MATEMATHIECKOTO (haKyIbreTa mpuka3oM pekropa Omecckoro
yuuBepcuteta umenn V. V. Meunukosa 6b11 co3gan VHCTUTYT MaTeMATUKH, SKOHO-
mukn 1 Mexanuku (IMBOM).

@ Kpyrmos B. E.; 2014
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B 1996 r. B cocraB NacTuTryTa ObUTa ITEpEBEIeHA Kadeapa MenekMenTa. [lis cTy-
JIEHTOB CIIEINAIBHOCTH «MEHE/2KMEHT» ObLIN BKJIIOYEHBI JUCIUILINHDI, CBI3aHHBIE C
nH(GOPMAIMOHHBIMIA TEXHOJIOIUSMU B MEHE/[’KMEHTE U MaTeMaTH4ecKoll 00paboTKOit
nudopmarmn. [losTomy kadeapa OKOHUYATENBHO IOIyUNM/Ia Ha3BaHHe Kadepa Me-
HEJ/PKMEHTA U MATEMATHIECKOTO MOJIEJTMPOBAHNS PBHIHOYHBIX IIPOIECCOB.

Cerojast THCTUTYT MaTeMATHKH, SKOHOMUKY U MexaHUKH OJeCCKOro HAI[HOHAJb-
noro yuusepcurera umenu V. V. MeunnkoBa — 310 yuebHOe 110/Ipa3/iesienne, B COCTaB
KOTOpOTO BXxOoauT 16 Kadeap, n KOTOPOe IIPOBOIUT MOATOTOBKY CTY/IEHTOB 10 BOCHMHI
CITEIUAJIBHOCTSM: «MATeMATHKA», <«IIPUKJIATHAs MATEMATHKA», «MEXAHUKa», <«KOM-
IBIOTEPHBIE CUCTEMBl U CETH», «IKOHOMHUYECKasl TEOPUsI», «MeKJYHapOJHbIE SKOHO-
MUYECKH€e OTHOIIEHUSI», «MEHE/PKMEHT OpraHU3aluii 1 aJMUHUCTPUDOBAHUE, <IICH-
xosorusty. UMOM coxpansier Jydinue TPauIui KJIaCCHIeCKOr0 YHUBEPCUTETA U 10~
MIOJTHSIET UX COBPEMEHHBIMHU TOIXO0IaMU 00y YeHHsT CAMOTO BBICOKOTO YPOBHSI, KAK TE€O-
PETHYECKOr0, TaK U MPAKTUIECKOTO HAIPABICHUS.

Ha ceropmsimanii gerp B UMOM paborator 23 jgokTopa Hayk — 16 JOKTOPOB
bU3NKO-MaTEMATHIECKUX HAYK, 3 JJOKTOPA IKOHOMUYIECKUX HAYK, 4 JOKTOPA IICUXOJIO-
rUvecKux Hayk, u 108 KaHIm1aToB HayK, Jo1eHToB. Kpome Toro, Kaxk Il mpero/iaBa-
TeJIb AKTUBHO 3aHIMAETCsl Hay YHO-HUCCJIe0BaTE/IbCKOM pabOTOM, IPUHUMAET yIacTHe
B YKPAUHCKHUX U 3apyDOE’KHBIX KOH(MEPEHIINsIX, CEMUHAPAX W PA3JIUIHOIO POJIA «KPYT-
JIBIX» CTOJIaX.

B pamkax yHumBepcuTeTa M3IarOTCH YI€OHUKH, METOAMYECKHE PAa3pabOTKU, MO-
Horpadun, TOArOTOBIEHHBIE TPOMECCOPCKO-TIPENOIABATENLCKUM cocTaBoM VUMM n
KOTODBIE HCIIOJIB3YIOTCH B yIeOHOM IIpOIiecce.

Mrmoro Bummanus B MucruryTe yaesisercss MOJOABIM yYEHBIM, KOTOPBIE yUaT-
ca B acnupanType MucTuryTta 1o ciemayiomnmm cueruagbaoctam: 01.01.01 — marema-
trugecknii anams, 01.01.02 — nuddepennuanbubie ypasuenust, 01.01.04 — reomerpust
u Tonojiorus, 01.01.06 — anrebpa u Teopusi uucesn, 01.01.07 — BoraucnrebHas Ma-
TemaTnka, 01.01.08 —MaTemaruieckasi JOTUKa, TEOPHUS AJTOPUTMOB U JIMCKPETHAs
maremaTrika, 01.01.09 — BapmamonHOe NCYHUCIEHNEe U TEOPUS ONTUMAJIBHOIO yIIPaB-
sennst, 01.02.04 — mexanuka nedopmupyemoro teepzoro tesa, 01.02.05 — mexanunka
KUJIKOCTH, ra3a u miaa3mbl, 01.05.02 — maTemaTndyeckoe MOJIETUPOBAHUE U BBIYHUCIIN-
TesibHbIe MeTo kI, 01.05.03 — MaTeMaTHyecKoe u mporpaMMHoOe obeciedeHre BbIauC/Ii-
TeabHBIX MamuH u cucteM, 01.05.04 — cucTeMHbBI aHAN3 U TEOPUT ONTHUMATHHBIX De-
mennit, 05.13.13 — BpIYuCAUTEIbHBIE MAIIUHBI, cucTeMbl u ceTu, 05.13.21 — cuctembl
samuTel nHGopmarnn, 08.00.01 — sKoHOMIYECKAs TEOPUS U UCTOPUS SKOHOMUIECKOI
Mbicn, 08.00.02 — MuUpoBOe XO34MCTBO U MEYKIYHAPO/IHbIE SKOHOMUYECKHE OTHOIIE-
Hust, 08.00.04 — 9KOHOMUKA U YIIPABJIEHHUE NPEJIIPUATAAME (110 BUIAM SKOHOMUIECKOMN
nesarenbaoctr), 08.00.10 — crarucruka, 08.00.11 — MaTemMaTnvecKkue METOMbI, MOJE-
s u uadopMmanuonuble TexHojoruun B dkonomuke, 05.01.04 —spronomuka (1cuxo-
Jgorundeckue Hayku), 19.00.01 — obuias ncuxosorusi, ucropus mncuxosoruu, 19.00.03 —
IICUXOJIOTHS TPpyHa, HHKeHepHas Icuxosiorus, 19.00.04 — MenumuHcKas ICUXOIOTHSI,
19.00.08 — crierasibHast cuxosorus (ncuxosorndeckue Haykn). Takxke B THcTHTyTE
MaTEMATUKH, SKOHOMUKU M MEXaHUKU OTKPBITA JIOKTOPAHTYPA MO CJEIYIONIUM CIIe-
nragbaocTaM: 01.01.01 — maremaruaeckuit ananus, 01.01.02 — quddbepennnaabube
ypasrerus, 01.05.02 — maTemMaTrIeCKOEe MOJIETUPOBAHNE U BBIUUCIUTEIbHBIE METOIHI,
01.05.03 — maTemaTuvecKoe U IPOrPaMMHOE 0DecIIeYeHe BEIYUCIUTEIbHBIX MAIIUH 1
cucreM, 01.05.04 — cucreMHBII aHAIN3 U TEOPHUs ONTUMAIbHBIX pemtenuii, 05.01.04 —
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sprosomuka (rcuxosorndeckue nayku), 08.00.01 — sxoHoMUYECKas TEOPUS U UCTOPUS
sKoHOMIYeCKOii MbIcu, 08.00.04 — 5KOHOMUKA U yIIpaBJIeHUE IPeAIPUATHAME (110 BU-
JIaM 9KOHOMHUYIECKOH nesitesbHOCTH ), 08.00.11 — MaTemMaTnyeckne METOIbI, MOJIENN U
nH(pOPMAIMOHHBIE TeXHOI0TUN B 9KOHOMEKE, 19.00.01 — 06111851 1CUX0JI0rusi, HUCTOPUSI
ncuxosorun, 19.00.03 — ncuxostorust Tpyaa, WH2KEHEPHAsT TICUXOJIOTHS.

B IM9M paboraer cneruanu3upoBannbiit yaensiii coet K 41.051.05 mo 3amure
KaHIUJIATCKUX Juccepranuii no maremaruke (auddepennuaibible ypaBHeHNs, Ba-
PUAIMOHHOE UCYUCJIEHIE U TEOPUs YIIPABJIEHUs, MATEMATHIECKAN aHAJIN3, MEXaAHUKA
JiehopMuUpPyeMOro Teja), a Tak:Ke CHelnaIn3upoBaHHblil yaenbii coper K 41.051.07
05 mo 3amuTe KAHAUIATCKUX Auccepramnuii mo cueruaabaoctr 19.00.01 — obias mcu-
XOJIOTHSI, UCTOPUS IICUXOJIOTUN

Ceromust UMOM nacuursiBaet 6osiee 1200 crymeHTOB, cpeu HUX 63 MHOCTPAHHBIX
CTyJZIeHTa U3 15 cTpaH MHpA.

Beicoknit ypoBeHb HOAroTOBKHU 103BOJIsIeT cTyeHTaM MOM 3aHuMAaTH MPU30-
BbIe MECTa HA YKPAMHCKUX U MEXKJIyHAPOJHBIX OJTUMIINAJIaX M0 MATEMaTHKe, B YeM-
MMOHATE MUPA 110 CIOPTUBHOMY mporpamvupoBanuio. Crymeatsr UMSDM exeromso
nonydaor crunenann lIpesunenta Ykpaunsr, Bepxosuoit Pagbr Ykpanusr u Kabu-
nera MuHuCTPOB YKpauHbl, UMEHHbIE CTUIEHIUMH B PA3IUYHBIX OOJIACTSX IHAHUIL:
MaTeMaTuku — crunesus uvenn A. M. JlsamyHoBa, SKOHOMUKH — CTHIIEH/IUST UMEHU
C. 1O. Burre, ncuxosoruu — crurnenusi umenn H. H. Jlanre, npuHuMa0T akTUBHOE
y4JacThe B HAYYHBIX CTYJAEHIYECKUX KOH(MEPEHINAX U CEMUHAPAX.

CrnoxHo yKazarh cdepbl JeITeIbHOCTH JeJIOBEKa, I He PabOTaloT BBIMYCKHU-
ku VIMOM. Muorne n3 HUX TPOJIOJIXKAIOT CJIABHBIE TPAIUINKA CBOUX IIPEIOIABATE-
Jiel, mepejiaBasi HOBBIM IIOKOJIEHUSIM CBO OIBIT. JIpyrue — peajn3yioT CBOM 3HAHUSA B
rOCy/IaPCTBEHHBIX YUPEXK/IEHUsIX, KPYIIHBIX OTE€YeCTBEHHBIX U 3aPYOEXKHBIX KOMIIBIO-
TEPHBIX KOMIIAHUSX, (DUHAHCOBBIX YUPEXKIEHUSX U KOHCAJITHUHIOBBIX (PUPMax, B COD-
CTBEHHOM Ou3Hece.

Hupexrop UMM, npodeccop B. E. Kpyrios



IHO®OPMAIIIA OJIs ABTOPIB
(ckopodyeHwmii Bapianr)

2Kypnas “Bicauk OjecbKOro HaIiOHAJIBHOIO yHiBepcuTeTy. Maremaruka i Me-
xaHika’ Ma€ MeTy iH(GOPMyBaTH YATAYIB PO HOBI HAYKOBI JIOC/I2KEeHHsT ¥ cdepi Teo-
PETUYHOI 1 TPUKJIAIHOT MATEMATAKH 1 MEXaHIK/ Ta CyMiKHAX JUCIUILTH. ¥ KypHAJL
JPYKYIOTBCS CTATTi, B sIKMX HaBeJIeHI OPUTIHAJIBHI Pe3y/IbTaTH TEOPETUIHUX JIOCIIi-
JI2KEHD 1 OIVISIIN 3 aKTYaJbHUX IIPOOJIEM 33 TEMATHKOIO BUIAHHS.

KypHas cTpyKTypOBaHO 3a TAKHMU HAIIPAMAMHU:
1. Maremaruxa.
2. Mexanika.
3. Xponika (10Bljiel, 3HAMEHHI JIATH Ta IIOJI TOIIO).

CrarTi myOiKyIThCsl YKPATHCHKOK, POCIHCHKOI0 200 AHIJIIHCHKOI0 MOBAMU.

o KypHaJsty TpUMAOThCS paHimie He OmyO/iKoBaHI HayKOBI poboTH.

ABTOpCHKUiT OpUTiHAJ CKJIAJIAETHCS 13 JBOX JIPYKOBAHUX MPUMIPHUKIB, Mimmnca-
HUX aBTOpaMHU, Ta eJeKTPOHHOI Bepcil Ha OyIb-AKOMY €JeKTPOHHOMY HOCII.

Enextponna Bepcist MicTUTDL aHKETHi JIlaHi aBTOPIB: Mpi3BHINE, iM’s1, MTO-0ATHKOBI,
Miciie poboTH, ajapecy Hjisl JUCTYyBaHHS Ta TeJieOH.

Tekct crarTi Mae OyTH i ArOTOBIEHMI 38 TOTOMOro0 BumaBHu4ol cucremu LaTeX
V BIAMOBIIHOCTI 0 BUMOT, SIKi BUKJIAJIEHO Ha CTOPIHII XKYPHAJLY IS aBTOPIB Ha caiTi
Oprechkoro HarnjonasbHOro yHiBepcurery imeni I. I. Meunukosa:

www.onu.edu.ua

B posnun “Hayka” — “Haykosi Bunanas’ — “Bicauk OHY” — “Maremaruka i me-
xamika’. Takok X MOXKHA OTPUMATH B PEIAKIHiHIN Kojeril KypHajy. 3arajabHuii
obcar crarti He moBWHEH mepeBunryBaTu 20 CTOPIHOK.

CrpyKTypa cTarTi:

— VIIK;

— Mathematical Subject Classification (2010);

— Ha3Ba CTaTTi;

— CITUCOK aBTOPIB;

— aHOTAaIlil yKpalHCHKOIO, POCIMICHKOIO Ta aHTJIIHCHKOI0 MOBaMU, SIKi MiCTSTh Ha3BY,
CIIICOK aBTOPiB, pe3ioMe, IIPUYIOMY TEKCT Pe3IOMe IIOBMHEH MAaTH He MEHIIE CTa CJIB,
a TaKOXK CIUCOK KJIFOYOBHX CJIB BiJIITOBIIHOIO MOBOIO;

— OCHOBHHII TEKCT CTATTi IOBUHEH BiJIOBiIaTH BUMOTaM IoctaHoBu IlIpesummil
BAK Vkpaiuu “IIpo migpuinenss BuMor 10 GaxoBUX BHUJIAHb, BHECEHUX JI0 MEPEJIiKiB
BAK VYxkpaiuu” Bizg 15.01.2003 p. Ne 7-05/1, 10610 HEOOXiIHO BUALIUTH BCTYIL, OCHOBHY
gacTuny 1 BUCHOBKH. OCHOBHA YaCTUHA ITOBHHHA MICTUTH IIOCTAHOBKY IPOOJIEME Y 3a-
raJIbHOMY BHIJIsiII Ta 1T 3B’S130K 13 BayKJIMBUMU HAYKOBUMU UM IIPAKTHUIHUME 3aBIAH-
HsIMW; aHAJII3 OCTAHHIX JIOC/III2KEHbD 1 MyO/TKaIliil, B SKUX 3aIl09YaTKOBAHO PO3B’sI3aHHS
maHOol TpobJIeMu 1 Ha fKi CIUPAETHCsT aBTOD, BU/IJICHHS HEBUPINIEHUX PAHIIIE YaCTUH
3araJibHOI TPOOJIEMHU, KOTPUM IIPUCBIIYETHCA O3HATEHA CTATTS; (DOPMYITIOBAHHS ITiI€i
craTTi (I0CTAHOBKA 3aBJAHHS ); BUKJIA/l OCHOBHOI'O MaTepiaJly JIOC/IKEHHS 3 IOBHIM
OOI'pyHTYBaHHSIM OTPUMAHUX HAYKOBUX PE3YJIBTATIB; BUCHOBKY 3 I[bOTO JIOCJII/IZKEHHSI



i MepCIeKTUBY MOJAJBINNX PO3BIIOK y manHoMy Hampsami. [locumamas wa Jiteparypy
B TEKCTI HOJIAI0THCS MMOPSIKOBUM HOMEDPOM B KBRJIPATHUX JIY2KKAX;

— CHHCOK JITepaTypHUX J2Kepesl YKIAJA€ThCs B IOPSAJIKY IOCHJIaHb abo B ajl-
daBiTHOMY MOPSIJIKY Ta 0POPMIISIETHCST BIIIIOBIIHO /10 JePXKABHOIO CTaHIApTy Y Kpai-
wu JICTY I'OCT 7.1:2006 "Bibstiorpadiannii 3amuc. Bibaiorpadiunuit onuc. 3araabHi
BUMOI'M Ta [paBWwia cKiaafanusa ta Bianosinae sumoram BAK VYkpaiuu (nuB. Hakas

Ne 63 Biz 26.01.2008).
Vci nagticsiani cTaTTi MPOXOIATD PEIeH3yBAHHSI.

Penxomeris mae mpaBo BiIXWINTH PYKOIHUCH, SKITIO BOHUA HE BiMOBIAIOTH BUMO-
raMm KypHaiay “Bicauk OjiechbKoOro HallioHAJIBHOrO yHiBepcurery. Maremaruka i me-
xaHika’.

B onmomy HOMEDi KypHaTIy HyOIKYyeThCS TIIBKH OJHA CTATTS ABTOPA, B TOMY
9HCJI y CHiBaBTOPCTBI.

CrarTi cif mogaBaTu 10 peJakiiiiHol KoJeril XKypHaJjLy abo HaJICUJIATU 38 ajpe-
COIO:

Pedaxuitinag xonezis scyprany
"Bicnur Odecvrozo Hayionasvrozo ywisepcumemy. Mamemamuka i mexarnixa”
Ogsecbkuii HarioHasibHUI yHiBepcuTeT imeni [. 1. Meunukosa
ByJI. /IBOpSAHCHKA, 2,
M. Omeca, 65082

TexkcT crarTi MOXKHA HAJIICJATH €JIEKTPOHHOIO IOIITO 32 aJIPECOI0:
visnyk math@onu.edu.ua

Pyxonucu crareit Ta enekTpoHHI HOCIT aBTOpaM He IIOBEPTAIOTHCS.

Enexkrponny Bepciio xypuasy mMoxkna 3uafitu B po3aii “Hayka” — “Haykosi Bu-
nanasg’ — “Bicamk OHY” — “Maremarnka i mexamnika’ ma caiiti OmechbKoro Hairio-
HasbHOTO yHiBepcuTery imeni 1. I. Meunukosa:

www.onu.edu.ua



