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A SUGGESTED DEVELOPMENT OF THE SCALAR
ESTIMATION ERROR (A) FOR THE LINEX LOSS
FUNCTION TO ESTIMATE THE THREE PARAMETERS FOR
BURR-XII FROM THE TYPE-II HYBRID CENSORED DATA

Axmeo Quaab Axmeo, Huocna HUopazum Maxou. IIpono3uuisi 1010 3HAXOXKEHHSI MOXHOKH CKAJSIPHOL
ouninky ¢pynxuii BTpat Jlinexe a5 ouninku Tprox napamerpis Burr-XII Ha ocHoBi riépinnux neHzyposa-
HUX AaHuX. ['10punHa cxema neHsypu sisie coboro cymimr tumy I i II TnmiB cxem nieH3ypu. 3HaXOIUTHCS TTOXH-
OKka cKaJsipHOI OIHKM A 3 QyHKLIT BTpaT JIiHeKC 1 po3risnaeThes oLiHka Tphox napamerpis Burr-X II Ha ocHOBI
riopuannx nenszypoBanux nanux I tumy.llapamerpu oniHroroThCs 3 mormomMororo HaOmwkeHHs Jlinmm 1 I66c
BHOIPKH MOJETIOBaHH MeTotoM Monte Kapio. {7t mopiBHSHHS BUKOPHUCTOBYBAJIUCEH Pi3HI METOJM 1 IpOaHaJIi-
30BaHO OJJMH HaOIp AAHUX IS IJIFOCTPAIL].

Kniouoei crnoea: Burr-XII posmoninm, O6aiieciBebki ominky, JliHekc (yHKmis BTpaT, TiOpHIHI IEH3ypoBaHi
nmaui 11 Tumy.

Axmeo JJuaab Axmeo, Jisicna Iopazim Maxoi. IlpensiokeHue Mo HaX0KAeHHIO MOrPEIIHOCTH CKAJSIPHOH
oneHKH QyHKIHMHU nOoTephb JInHeke 1Jist oneHKkH Tpex napamerpoB Burr-XII Ha ocHOBe rHOPHIHBIX LICH3Y-
PUPOBaHHBIX AAaHHBIX. [ MOpuIHAsA cxeMa IEeH3ypsl NpeacTaBisier codoil cmeck Tumos I u Il cxem 1eH3ypEIL.
HaxoauTcst morpentHocTs CKaIsipHOW OLEHKH A U3 (QyHKIuHM noTeph JIMHEKC M pacCMOTPHUBAETCS OIIEHKA TPEX
napamerpoB Burr-X II Ha ocHoBe Meroma. [lapamerpbl omeHHMBAIOTCS C MOMOIIBIO MpHOMmKeHus JInHHM 1
I'n66¢ BBIOOPKH 1O MeToxy MonTe-Kapmo [[iist cpaBHEHHS NCIIOJIB30BATINCH Pa3IMIHBIE METO/BI M ITPOAHATU3H-
POBaH OJIMH Ha0Op AAHHBIX JUTS WLTIOCTPAIINH.

Kiurouesvle crnosa: Burr-XII pacnpenenenus, 6aliecoBckre oneHH, JIMHEKC QYHKINS TOTeph, THOPHUIHEBIE
LeH3ypoBaHHble faHHbIe I Tuma.

Ahmed Dheyab Ahmed, Dejela Ibrahim Mahdi. A Suggested development of the scalar estimation error

(A) for the Linex Loss Function to estimate the three parameters for Burr-XII from the type—II hybrid
censored data. The hybrid censoring scheme is a mixture of type-I and type-II censoring schemes. In this paper
we develop the scalar estimation error A from the linex loss function and we consider the estimation of the three
parameters of Burr-X II based on type-II hybrid censored data. The parameters are estimated by the Lindley Ap-
proximation and Gibbs Sampling. Monte Carlo is simulation used to compare the different methods and we ana-
lyse one data set for illustrative purposes.

Keywords: Burr-XII distribution, Bayes estimators, Linex loss function, Type-II hybrid censoring

1. Introduction

The Burr-XII distribution is proposed by Burr [3] and it's starting to work in it for the last three
decades. It's applied in reliability studies, failure time modeling and areas of quality control [8].

The three parameters Burr-XII probability density function (pdf) can be obtained by compound-
ing a weibull probability density function with a gamma probability density function from the idea of
Takahasi [11].

In this paper, we change the pdf of gamma distribution to obtaine the 3-parameters Burr-XII
probability density function. That is

© Ahmed Dheyab Ahmed, Dejela Ibrahim Mahdi, 2012

MMPOBJIEMU ®YHJAMEHTAJIbHUX I ITPUKJIAAHUX HAVK



ISSN 2076-2429 (print)
ISSN 2223-3814 (on line)

[Mpani Oxecpkoro nomitexHigHoro yHisepcutery, 2012, Bur. 1(38) 235

If x/6 ~ Weibull (6,a.) and 6 ~ gamma (y,1) then the compound pdf, say f(x|a,y,A) is
given by

£(x]ay.n) T[eax e *}H;)ev-le-w}de, (1)
f(xlo,y,h)= Y;? ‘“{p{?jﬂ , x>0, )

which is the 3-parameter Burr-XII (oc,y,k) pdf, where
o, vy — shape parameters a >0 , y>0

A — scale parameters A >0
And the cumulative distribution function (cdf)

a\ Y
F(xoc,y,k)zl—(l+x7J : x>0 (3)

Type-1I and type-II censoring schemes are the two most popular censoring schemes which are
used in the reliability and life testing experiments Kundu and Howlader [7], Panahi and Asadi [9,10].
They discus the censoring schemes and others. The hybrid censoring scheme is a mixture of type-I and
type-II censoring scheme. The type-II hybrid censoring scheme can be described as follows, put iden-
tical items n on test, and then terminate the experiment at the random time 7~ = max (X v ) where
R and T are pre fixed numbers [4], has the advantage of guaranteeing that at least R failures are ob-
served. Banerjee and Kundu [6], Panahi and Asadi [4] They used the type-II hybrid censoring schemes
in Weibull and Burr-XII distribution respectively.

The first was introduced to hybrid censoring scheme by Epstein [5] under the assumption of ex-
ponential lifetime distribution of the experimental unit where he analyzed the data [1]. The first aim of
this paper is to suggest development for the scalar estimation error (A) from the linex loss function,
and the second aim is to estimate the parameters by using the Approximation Bayes estimators and
Gibbs sampling.

2. Bayesian Analysis

The Bayes estimation of the unknown parameters (3 ) under the linex loss function is given by

A 1 -Co
eLinex = _ELnEG( e )’ (4)

where, the Linex Loss function is given by

CA
Line(A)=e—-CA-1, Cc=#0, (5)
where
= (é— 9) is a scalar estimation error using § to estimate 9, here we found Lindley estimator

and Gibbs sampling, (see appendix B to compute Gibbs sampling).
We suppose that a scalar estimation error can be writtin as follows:

_ [é_ 6J m=2.3.4 ©)

By using Lindley approximation of the unknown parameters under the change as in equation (6)
then, the Bayes estimation became
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. 1 —Co
eLinax =m —ELVIEG e . (7)
We assume o,y and A have the prior distribution (gamma distribution)
I (a)ca" e,  a>0, (oa)=0, (8)
Hz(y)ocy“rle‘“ﬂ, y=0, (0c3,a4)>0, 9)
I, (A)ocd® e A=0, (0g,a,)=0. (10)
And the joint prior density function for the parameters o,y,A is given by
H(oc,y,k)zHl(oc)Hz(y)H3(k). (11)
Based on (11) the joint posterior density of o,y and A is
A
H(a’y’k|x):www (X|OL'Y ) ) (12)
[ (x| 0y, ) )dadydh
000

Therefore, the Bayes estimate of any function of o,y and A say g(oc,y,k) , under the change of
Linex Loss function is given by

N 1
gLinex (a”"{’}\‘) = (/(_ELnEu,y,kx [g(a’Y’}\‘):lJ s (13)

where

o—38

I

oe—38

[g(%“/,%)]n(x oy, A )dadyd

E“’Y’MX |:g((x’ Y’}\'):l = 0 00 00 (14)
[[1(x oy, 1) dodydi

000

It is not possible to compute (14) analytically; therefore, we used Lindley Approximation to

compute Bayes estimators, that his Approximation formula as follows:
[u(6).e""*" a6

E(”(Q)/x)z . J'eL(O)+p(O)de ’ (15)
_u<e>+05;;[6u;gé [ o H
! J10=0 o 1e=0 J lo=0 (16)

fugsgszmn Lo Lo,

GAEH0,0000,| [ | 0, |,
where
¢ the number of parameters, 6 is maximum Likelihood estimator, [] ( 9) the prior distribution and

-1
2
o {6L(9) J |
ij
0=0

26,06,

__OL®)
" 00,00,00,|

where
i,j, k,1=1,2,3
For the detailed derivations, see the Appendix 4.
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Thus, based on (7) and (16), the approximate Bayes estimates of a,y and A when we changed

Linex Loss function are respectively

1[C2

m

e—Ca +-

m—

CmOLe

) . 011[
AT Ca
+013(_

| 1333033031

+Gz3(

| L333033032

m
2 -Ca
m

JGU

-1

A

ai as

Jro{ 2 a
—a> |t on ~ a4
»

Li111611612 T L112611621 T L113611631 T L121G12611

as—1

Al,

Li23612631+ Lizicison + Liz2613621+ Lizscizon +
L211621011 + L213621631 + L22262621 + L231G23611 +
L233623031 1 L311631011 + 1312631621 + L313631031 T

L3160 T L32363631 T L331033011 T L332033021 T

A

o=

a1 (17)

2(m-1)

A

m

e"c”?l — Cm(m - 1) }A;ze_c”?l

o)
_aéj

Li1611612 T L112611622 T L113611632 T L121G12012 T+

(o]

-1

a3—1

Bl,
as—1

~

L123612032F L131612612 + Li132613622 + Li33613032 +
L211621612 1+ L213621032 + L222622G21 + L 231622612 +
L13362363:F L311631012F L312631G 2 + L313031G3:

L1636+ L3nonont Li10ncn T Linoson t

A

Y :(l/ﬁ’

(18)
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ml
a
>3
+
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1
7\
a
(3]
3
0o
A
>>%

m m=2 m
e_Ci—Cm(M—l) A e_CiJcm]_

(611_1 j (an_l ]

met | 03| Tz Tax|ton —— —da

1 3 e—ci a Y _
33 N 6

Linciiciz t Li2611023 + L113611633 + L121612613

=Cl.

Li123612633 1 Li31613013 + L132613023 T Li3ci3o33 +
1

1 Cm W;l _ci| L21621631F L213621633 + L 222622623+ L231623613

- e

2 L133623633F L311631013 T L312G31023 + L313631033 T

L3163013+ L32363:033 1 1331633613 1332633623 +

| L333033033

3 =l (19)

3. Simulation Results

In this section we carry out a simulation study to compare the performances of Bayesian proce-
dure in different (m), in terms of the mean squared error (MSEs). The simulation is carried out for dif-
ferent choices of n, R and T values. We have taken all cases, when o =265, y=1 and A =3 and we
have assumed that o,yandA have respectively Gamma(a,,a,), Gamma(a,,a,) and
Gamma(a,a,) priors, where a, =a, =a;=1,5 and a, =a, =a,=2. We replicate the process 100
times. The results are summarized in Table 1 and Table 2.

4. Simulation Comparisons

Simulation comparisons of various (m) is made when n=10, 20, 30, 40, 50 with hybrid type-II
censored data, From Table 1 and Table 2, above, it may be observed that the Bayes estimates when
(m=2) are, generally, better than the Bayes estimates when (m=1, 3, 4 and 5) and Gibbs sampling (be-
cause it gives the smaller MSEs),

5. Real Life Data

In this section we analyse real life data set to estimate the three parameters for Burr-XII distribu-
tion by using Lindleys approximation when (m=2) and Gibbs sampling, The data which represent the
Single thread strength and tested under gauge lengths of 50 cm, with sample size n=26 are: 3,85, 3,85,
3.9, 3.9, 3,95, 4, 4, 4,05, 4,1, 4,15, 4,2, 4,25, 4,25, 4,3, 4,3, 4,35, 4,35, 4,35, 4,4, 4,4, 4,4, 4,45, 4,5,
4,7,4.8, 5.

Consider the following two sampling schemes (Note: we subtract 3,75 from the observations):

Scheme 1 is R=13 and T'=1

And Scheme 2isR=8and 7'=10,7

The data are coming from the Burr-XII distribution by using statistical programming (Easy Fit
5,2 Professional), Table 3 shows the estimators of the three parameters of the Burr-XII distribution,
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The Mean Squared Errors (MSEs) of Lindleys approximation and Gibbs sampling for (T=1

Table 1
and c=1)

R

Parameter

Lindley

m,

m,

m,

m,

ms

Gibbs

10

8,5062e-006
1,2394e-006
2,9178e—006

8,1317e-006
9,2811e-006
2,4101e-006

1,7348e-005
3,2620e—005
1,7092e-005

3,5905e-005
8,0398e-005
3,4272e—005

4,9560e—005
1,2535e-004
4,7534e—005

5,0808e—-001
5,0348e—-001
4,2395¢-001

4,9420e—005
7,7108e-007
1,1746e-005

2,1535e-006
6,0846¢-006
1,9755e-006

3,6413e-006
3,2062e—-005
2,0327e—005

1,9951e-005
7,1428e—005
4,9056e—005

1,3762e-005
1,0541e-004
4,6490e—005

5,0576e—-001
5,0405e-001
4,3990e—001

20

1,0154e-005
4,5250e—006
3,5979e-006

2,1395e-006
4,4416e-006
5,5249e-006

1,5619¢-005
2,9537e-005
1,3430e-005

1,4847e-005
4,5308e—005
1,6581e-005

3,2752e-005
6,1943e—005
2,6640e—005

4,6453e-001
4,4215¢-001
4,6422¢-001

12

4,5552e-005
1,4469¢-006
4,9846e—006

1,0947e-006
1,1860e-005
1,4029e-006

1,9918e-005
2,6461e—005
7,5479e-006

2,3587e-005
4,0762e-005
2,6868e—005

3,3264e—-005
6,7555e—005
2,9016e—005

4,6033¢-001
4,5145¢-001
4,4321e-001

30

15

1,3071e-005
1,0618e-006
1,3382e-005

2,9287¢-006
5,7409¢-006
3,8308-006

1,1974e-005
1,7369¢-005
7,7240e-006

1,9677e-005
3,1001e-005
2,4120e—005

2,5873e—005
5,2682e-005
3,3233e-005

4,7262¢-001
4,5990e-001
4,5478e—001

22

3,0827e¢-005
1,7146e-006
1,5090e-005

1,5610e-006
1,2198e-005
5,2556e-006

7,0052e-006
1,4309¢-005
4,8638e—006

1,8912e-005
2,3826e—005
1,7628e-005

1,4294e-005
4,6430e—005
2,6052e—005

4,8490e-001
4,8474e-001
4,6946¢—001

40

28

1,2571e-005
9,5603e-006
2,0402e—005

3,9381e-006
4,9448e—006
5,3758e-006

1,4059¢-005
1,8454¢-005
1,2125¢-005

1,0585e-005
8,1060e-005
1,9041e-005

1,7491e-005
7,2501e—005
3,1496e—005

4,5867¢-001
4,5213e-001
4,5371e-001

35

3,1035-005
7,3801e-006
1,4414e-005

5,5208e-006
1,2333e-005
6,9652e—-006

9,6089¢-006
1,9973e-005
7,9446e-006

1,4195e-005
2,7043e-005
1,8019e-005

1,3835e-005
3,3937e¢-005
2,7784e—005

4,6451e-001
4,6148e¢-001
4,7808e—001

50

36

1,4338e-005
1,0500e-005
1,1714e-005

5,8246e-006
1,3291e-005
5,4213e-006

5,2029e-006
1,4758e-005
8,2538e-006

1,0154¢-005
2,0121e-005
1,0765¢-005

2,1987¢-005
6,0347¢—005
1,9109¢-005

4,0774e-001
4,0645¢-001
4,9044¢—001

45

> Rerererrererrerrere»re@=e

2,4025e-005
8,1902e-006
2,8147¢—005

1,9830e-006
6,5045e-006
6,4772e-006

5,6542e-006
2,2107e-005
1,6752e-005

1,2374e-005
3,4215e-005
1,7502e-005

2,6637¢—005
5,2571e-005
1,7350e-005

4,3884¢-001
4,3759¢-001
5,2264e—-001

Table 2

The Mean Squared Errors (MSEs) of Lindleys approximation and Gibbs sampling for (T=1,5 and c=1)

R

Parameter

Lindley

m,

m,

m,

m,

ms

Gibbs

10

1,7016e-005
6,8610e—-006
4,7636e—006

4,3781e—006
1,4667e-005
4,3353e—006

1,8444e-005
3,6799¢—-005
1,8257e-005

1,8782e-005
5,0716e—005
3,0826e—005

5,5964e—005
1,0592e-004
5,4897e¢—005

5,0562e-001
4,9974e-001
4,2499¢-001

5,2317e-005
7,9655e-007
3,2351e-006

1,3796e-006
1,2015e-005
1,6437e-006

4,2510¢-006
2,9222¢-005
1,8937¢-005

8,8464e-006
4,1539e-005
2,5355e—005

1,9003e-005
8,3324e-005
4,2842e¢—005

5,0392e-001
5,0876e-001
4,4707¢-001

20

2,4686e—005
1,1189e-006
4,5242¢—006

5,8849¢-006
9,3248e-006
3,2301e-006

1,2764e-005
2,7362e-005
1,2776e-005

1,7964e-005
3,1307¢-005
2,6553e—005

2,7234e-005
6,7505e—005
2,4414e—005

4,6624¢-001
4,4990e-001
4,5969¢-001

12

>=Re»=e@=e>=e

1,9448e-005
7,8155e-007
9,4850e—-006

2,7662e-006
4,6293e—006
8,1835e-006

1,0856e-005
3,3294e-005
6,5291e-006

1,8061e-005
3,4746e—005
1,2743e-005

2,2785e—005
4,9186e—005
2,0806e—005

4,5970e-001
4,3919¢-001
4,2305¢-001
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Parameter

Lindley

m,

m,

m,

m,

ms

Gibbs

30

15

1,6895e-005
2,5623e-006
4,8187¢—006

7,2331e-006
7,3747e-006
5,4615e-006

1,3092e-005
1,3651e-005
1,0594e-005

1,2783e-005
4,2656e—005
1,8453e-005

2,5310e-005
7,050e-005
1,6119e-005

4,7140e-001
4,6336e-001
4,6201e—001

22

3,7356e—005
4,8153e-006
1,6927e-005

6,0398e-006
1,4543e-005
8,2553e-006

1,1116e-005
1,5793e-005
3,5411e-006

2,2828e—005
4,3523e-005
2,1342e—005

1,5984e-005
2,9351e-005
1,4685e-005

4,8490e-001
4,7621e-001
4,5448e¢—001

40

28

1,6380e-005
3,0329¢-006
1,2333e-005

4,7521e-006
9,8769¢-006
8,2026e-006

7,8047e-006
2,1299e-005
4,8088e—006

1,3098e-005
6,7740e—005
1,6645e-005

1,2207e-005
5,3235e-005
2,2930e—005

4,5768e-001
4,5180e-001
4,5533e¢-001

35

4,5031e-005
9,2455e-006
2,3170e—005

5,2617e-006
1,8007e-005
8,2082e-006

1,2534e-005
2,1736e-005
1,2559e-005

1,3693e-005
3,4829¢-005
2,5831e—005

1,7866e-005
3,4765e-005
3,5786e—005

4,6308¢-001
4,5876e-001
4,7648¢—001

50

36

1,8499¢-005
5,3093e-006
8,7650e—-006

7,3096e-006
5,1008e-006
7,4356e-006

2,5208e—006
1,2691e-005
6,2970e—006

1,4239¢-005
3,5267¢-005
1,0131e-005

1,4719e-005
6,4552e¢—005
1,1219e-005

4,1141e-001
4,0795¢-001
5,0677e-001

45

> Re@Rere@re@=e@=e

4,9096e—005
8,2922e-006
1,3161e-005

3,2629e-006
9,3145e-006
9,2604e-006

1,0738e-005
1,9945e-005
1,3010e-005

1,3971¢-005
2,1512¢-005
1,4272¢-005

1,6703e-005
3,6047¢—005
2,8185e—005

4,4065¢-001
4,3939¢-001
5,0248e—-001

Table 3

The estimate of the parameters of Lindleys approximation and Gibbs sampling for
(a=0,5,y=5 A=4 andc=1)

Estimate

Lindley

Gibbs

0,7

S>> =2

4,8300e-001
6,5775e-001
1,8216e+000

3,8663e+000
3,8479e+000
3,8633e+000

13

> => Q>

5,0106e-001
6,9251e—001
1,9932e+000

4,5580e+000
4,5481e+000
4,5568e+000

6. Conclusions

In this paper we have considered the Bayesian procedure for the unknown parameters of the
Burr-XII distribution when the data are type-II hybrid censored, It is observed that the Bayes estima-
tors of the unknown parameters can not be obtained in explicit forms, We compare the performance of
the different methods by Monte Carlo simulation and it is observed that the performances are quite
satisfactory, We show that the Lindley approximation when (m=2) is better than Lindley approxima-
tion when (m=1, 3, 4, 5) and Gibbs sampling,
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