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®I'BOY BIIO «IOxkno-Ypanbckuii rocyuapersennbiii yausepcurers (HUY)

PETYJIAPU30BAHHBIN L-CJIE] OZHOI'O BOSMVYIIIEHHOT O
OITEPATOPA

3axkiposa I'. A., Kupunos €. B. PerynsipusoBanuii L-caig ogqHoro 36ypeHoro
omneparopa. B po6oti 3a gomomoroo MoaudikoBaHOTO PE30JIBBEHTHOrO METOLY OTPHMAa-
HO (OPMyILy BiZHOCHOTO Pery/sipu30BaHOrO CJiLy 30yPEeHOro JUCKPETHOIO CAMOCIIPSIZKEHOTO
oreparopa.
Kuro4oBi ciioBa: BiHOCHMIT Perysisipu30BaHuil CJiijl, AUCKPETHUIN OLIEPATOP.

3akupoBa I'. A., Kupusio E. B. PerynsipuszoBannsbiii L-cjien oagHoro Bosmy-
I[eHHOT'o omeparopa. B mamHoi paboTe ¢ MTOMOIIBIO0 MOTUMDUIIMPOBAHHOTO PE30IHBEHT-
HOTO METO/Ia IMOJIyueHa (POPMYJIa OTHOCUTEIHHOTO PEryIsipU30BAHHOTO CJIe/1a BO3MYIIEHHOTO
JUCKPETHOTO CAMOCOIIPSI?KEHHOI'0 OIIepaTopa.
KuroueBrbie cjioBa: OTHOCUTEJIBHBIN PEryaspU30BAHHbBIN CI€T, JUCKPETHBIN OMepaTop.

Zakirova G. A., Kirillov E. V. L-regularized trace of one of the perturbed
operator. In this paper, using the modified method of the resolvent,getting a formula of
relative regularized trace for an perturbed discrete and self-adjoint operator.

Key words: relative regularized trace, discrete operator.

BBEAEHUE. lcroku Teopuu perysisspu30BAHHBIX CJIEIOB OTHOCAT K padbore
M. M. Tenndanga, B. M. Jleeurana 1953 r. [1], B KoTopoii Gblta HalijeHa acCHMIITO-
THKA, COOCTBEHHBIX umces oneparopa llrypma-JIuysunns. B 60-e romer 3Ta Teopus
ObIJIa TTPAKTUIECKH 3aBEPINEeHA, /I OOBIKHOBEHHBIX A depeHITnaIbHBIX OIIepaTOPOB
paboramu B. B. Jlujackoro, B. A. Cagosuuuero [2, 3, 4].

Boruuciienne perysisipu30BaHHBIX CJIEJO0B SIBJIETCH OIHOM M3 BaKHEHIINX 33734
cuekTpasibHOrO aHasm3a. He Bcerpa yjgaercda HanpsaMylo HaWTH ACUMIITOTHKY COO-
CTBEHHBIX YHCEJI OTIEPATOPOB UJIU YKE ITO COMPOBOXKIAETCS OOTBIMTUMHU TPYIHOCTSIMHU.
Metos, peryisipu30BaHHBIX CJIEI0B MTO3BOJISET 3HAYUTEIHHO YIIPOCTUTD TIOUCK ACHMII-
TOTUKHN COOCTBEHHBIX UHCEJI.

IIpu pabore ¢ CHHIYJISPHBIME OMEPATOPAMH WJIU OIEPATOPAME C HesJIePHOIN pe-
30JIbBEHTON BHIYUC/IMTD PEryJIsPU30BAHHBIN CiIel yAaercd He scerga. B cBa3u ¢ arum
B 2005 roxy B pa6ore [5] A. TI. CenoBbiM ObLIa BHIIBHHYTA MEST UCTIOIB30OBAHUS TAK
Ha3bIBAEMbIX OTHOCUTEIHLHBIX PETYISPU30BAHHBIX CJI€I0B. TepMUHOIOTHS 1 OCHOBHBIE
YTBEpPXKIeHns ObLIN B3ATHI U3 TEOPUU YPABHEHUN CODOJIEBCKOTO TUTIA, PA3PabOTAHHON
I. A. Ceupnmiokom [6] u ero yueHukamu.

Umeer mecTo m nmpakTuUdecKas 3HAIUMOCTh. Hampumep, dpopmyna peryispuso-
BaHHOTO ciaefa oneparopa llItypma-/IuyBusiis OnuchBaeT 3aKOH COXPAHEHUST IHED-
MU IMHAMHWYECKON CHCTeMBI, omuchiBaeMoii ypasHenneM Kopresera—/le ®@pusa [7].
D@opMyIIbI PEryNsipU30BAHHBIX CJ1e10B, Bhrauciennse V1. M. JIndumnom B pabore [8],

(©) Baxmposa I'. A., Kupuios E. B., 2013
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AMEIOT Caeaytomuit (PU3nIeCcKnuit CMBIC/T: € HX ITOMOIINBIO OBLIO HAHIEHO W3MEHEHHE
cBOOOIHOM SHEPTUH KPUCTAJLIA TTPU BHEJIPEHUN B HETO IyZKEPOIHOMN MPUMECH.
Paccmorpum ypasaenue [3ekiepa

(a* — A)uy = aAu — BA*u + f,

MOZIEJIMPYIOLIEe SBOJIIONUIO CBOGOAHOI noBepxHocTH (huibTpyonieiics kuakocru [9)].
Bneck mapamerpel a, 3 > 0, a? € R xapakTepusyoT cpey, cBoboanbIi wien f = f(z)
COOTBEICTBYET UCTOYHUKAM (CTOKaM) 2KHUJIKOCTH.

B mammoit pabore paccMaTpuBaeTCs OMHOMEDPHBIH Caydail, T. €. A = agTZ'
Sagaaum oneparopet T, L : U — F dbopmyramu
2 & 2
T=aA-pBA* A=—, L=a"-A, 1
g da? (1)

mpuyiemM

F =Wy (0,7),k € N|_J{0},
U= {W5*?(0,7) : u(0) = u(w) = 0},
domT = {u € Wy*2(0,7) : u”(0) = u"(m) =0} [ U.

[IycTs P — omepaTop yMHOXKEHHUS HA, BOODIIE TOBOPS, KOMILJIEKCHO3HAYHY O (OYHKIIUIO
p € C%(0,7), yIOBIETBOPAIONIYIO YCIOBHIO:

Paccmorpum oneparop T + P. O6osnaunm wepes {v,}2, = o(T + P) — tne v,
3aHYMEPOBAHBI B TIOPSI/IKE HEBO3DACTAHWS WX JEHCTBUTETHHBIX YACTEH C yIETOM aj-
reOpamvIecKoil KpaTHOCTH.

Bsenem HeoOX0IMMBIE OIIPEICICHMS:

Omnpenenenne 1. [10] pX(T) = {u € C: (uL —T)~' € L(F;U)} — pesoav-
senmmoe mmooicecmeo onepamopa T omuocumenvro onepamopa L.

Onpegenenne 2. [10] Mnoosicecmso ol (T) = C\ p™(T).
Onpegnenenne 3. [10] Ro(u) = (L — T)~! — L-pesoaveenma onepamopa T.

Onpenenenne 4. [10] R(u) = (uL — T — P)~! — L-pesoaveenma onepamopa
T+ P.

OCHOBHBIE PE3VJIBTATHI.
Paccmorpum oneparoper T' u L, 3ananubie dhopmysoii (1). OueBuuno, 4ro

(2)

rae {A,}22; = 0(A) — coberBenHbIe Yncsa oneparopa Jlamnaca, MOpOKIEHHOrO Kpa-
eBoii 3agateit Jdupuxie:
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N3zBecTHO, 9TO

s oneparopa L nmeem:

(a® =Xo)pa,a®#As
Lo, = (a? = A)p, = (@ = A, = { ,

0,a2=X\g
TMO3TOMY':
Ps 2

b a # A57
R ()ps = 1= Hs (3)

Ov a2 = )\37

Ps 2 _
R . /Ba4 _ Oéa2 Y a Sy 4
o(mes = Ps a2 £\ (4)
5

(1 — ,Ufs)(a2 - >‘8)’

Ouesmnno, uto omepatopsl Ro(u), RE (1), € p(T), aBasgioTCca AaepHBIMH, TO-
CKOJIbKY PAIbI I3 COOCTBEHHBIX YHCes JAHHBIX OIepaTOPOB CXOAATCH.

BuiGepest Y = {41 | — fin| = rn 1o = nf— 2},

1. Heobxongumbie yTBEepK/JIeHUS

Jlemma 1. Ecau npu p € 7, ||PRo(p)|| = ¢ < 1, mo cnpasedauso paserncmeso
LR(u) = LRo(1) + Y_[Ro() P*LRo(n)- (5)
k=1

Jloxaszameavbcmeo.
PaccmoTpum TOXK1€CTBO
pL =T — P = (I—-pRo(p))(nL — T).
Tak kak ||PRo(p)|| < 1, To cyrmecrByer JTuHEHHBI OrpaHNYEHHBIH OIepaTop
R(p) = (uL =T = P)™" = Ro(u)(I — pRo(n)) ™"

W3 sToro coorrormenus caemyer, uro R(u) = Ro(p)B(u), tae B(u) — HEKOTODHIit
orpaHuyeHHbIH oneparop. ITockosabKy T — IHUCKPETHBIN omepatop, T0 Ro(y) sBis-
€TCsl BIIOJIHE HEIPEPBIBHBIM, CJIeJ0BaTe/IbHO, R(1) ecTh TakKe BIIOJIHE HEIpPEePbIBHbI
omeparop, T. e. omeparop 1 + P saBasercsa muckperHbiM. U3 mocieaHero cooTHo-
LIeHus TakxkKe cjeayer, 4ro R(u) — sijepHblii oneparop, s KOTOPOro CIPaBeJInBO
Pa3J/IOKeHre B CXOSAIIUNCS 110 HOPME DI

oo

R(p) = Ro(u) + > _[Ro(1)P)* Ro(p),
k=1
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OTCIO/Ia, JOMHOXKHB IPEIbIIYINEe TOXKAECTBO HA L ciieBa, MOy dnM

[Ro(1e) PI*LRo(p).

M8

LR(u) = LRo(p) +

ES
Il

1

Jdemma 2. ITyemo p € p*(T), mozda ewnoinaemes caredyrouwsas ouenxa:

1
[LRo ()] < —F7= (6)
p(p, o™ (T))
3decw p(p, o™ (T)) osnawaem paccmoanue om mowku p do L-cnexmpa onepamopa T .

Jlokasamenvemeo.

Iycrs A € pP(T). Uzsectro mpeacrapaente L-pe3oabBenTs oneparopa 1’ B BHe
psana Heitmana

Ro(A) = Ro(1) Y (1 — A)¥(LRo (1))
k=0

OueBnIHO, YTO PAJ, B MPABOH YaCTH aDCOJIOTHO CXOIMUTCA, ITO KpaiHel Mepe i
TeX A, KOTOPBIE YJOBJIETBOPAIOT YCJIOBUIO |A — p] < m.
Orcioma mosyaum

1
[LRo ()]l < ool (T))°

2. BrrunciieHmne oTHOCUTEJIBHOTO PETyJISPU30BAaHHOTO CJIe1a BO3MYIIEH-
Horo omepartopa 1T + P

Paccvorpum HOpMY paszmHoCTH MpoeKTOpoB Pucca:

H% / (R(1) — Ro()dp| < /

|
Tn Tn

|Ro() PI| - [|R(p) Il dpe] <

< [ IRoGLI - IRGDdw < 1.
Tn

[TosToMy Bce KOpHEBBIE HOAIPOCTPAHCTBA oneparopa 1 + P mMeT Takyo ke pas-
MEpHOCTh, 9TO U omneparop 1, ciiefoBaTeIbHO, CIeKTp omeparopa 1T + P B JaHHOM
caydae Oyzer omHOKpaTHbiM. Paccmorpum psaf (5)

LR(p) = LRo(1) + Y _[Ro(1)P]*LRo(1).
k=1

o
YMHOKHUM IIPABYIO U JIEBYIO 9aCTU JAHHOIO PABEHCTBA HA —— W MPOUMHTErPUPYyEM
T
[TOJIy 9€HHOE PABEHCTBO 110 KOHTYPY 7Yyn. Llosydum

1 1
_— duy = —
3 Z/ uLR(p)du 5 Z/

n

1
WLRo(u)du+ 3 5 [ lBoli) P LRo(u)d.
k=1 Tn

n



Pezyaapusosarnviii L-caed 00n020 803MYyuLerno20 onepamopa 11

Haiinem marpudsbiil cien or 0obenx dacTeil MOJy9IeHHOIO PABEHCTBA, IIPHU ITOM
BOCIIONTb3yeMCsT IIepHOCTbIO orepaTtopoB 1T u T + P.

1 1 S >
Spy— /uLRo(u)du = Spo— / ny dp = pinSpPn = fin Y _(Pnps, s) =
i Sy, 21

o n =1 'u_i’“ s=1
= Hn Z ((9057 LPn)SDm 905) = Mn Z ((‘Pm ©n)(Pn, 908)> = Hn.
s=1 s=1

Ananornuno,
1
Sp— LR(p)dp = vy,
p%i[ynu (w)dp = v,

J7151 OLIeHOK HOMPABOK T€OPHX BO3MYIIEHMH HCIOIb3yeM CIAYIONIYIO JeMMY, U3
Becruyio u3 [11]:

Jlemma 3. Ilpu p € 7, cnpasedausa credyrousan 0ueHKa

IRo(m)]| = O(n~?).

OuenuM [-10 MONPABKY TEOPUU BO3MYIIECHMUIA.

1 1
jok] = |Sp=— / s(Ro(u)P) LRo(u)dp] = —— | / Sp(PRo)ldu| <
21 27l "

In

1

1
l < l _
orl | [Sp(PRo)'| * ldu| < 5 L max || (PRo) |1 |dp]

Tn _
max ||(PR)1||1/ |dpl < - max I(PRo)' 2|l  max || (PRo)?[l <
HEYn HEYn

- 27l pevn .
< PRy)2 PRz < IPI Ro|'2 Rol? =
< 7 max [|(PRo)™|| - max [|(PRo)llz < max || Ro """ - max || Rol|3 =
HEYn HEYn HEYn HEYn
Tn”PHl 1 2 1-1
= - max || R, =0(n .
e ma Aol = 0!

BobrumciuM mepBy0 MOMPABKY TEOPUH BO3MYIIEHWH, UCHOJIb3ys PAaBEHCTBA (3),

1 1
o =Svg [ nRo()PLRo()di = 5 [ uSp(Rolu)PLRa()dn =
T Sy, 21 /s,

1

1 (.¢] o
=5 / 1Y (Ro(w)PLRops, ps)du = o / 1) (PRY(p)Lgs, ps)du =
) ™ O 21 S —

o0

1 / = (Pps, 0s) 1 / [
=-—[u dp=-— > (Pps,ps dp =
2wt P2 e )  m P9 | @y
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1 H
= P ny ¥n /
27?2( P on) v (= )™ (a? = Ay,

=

pdp (P, en)

1
= 5 (Pon, on / :
2m( ) oy (1= pn)?(a® = Ay) a? -\,

Boruncany (Pyy, ¢,). B xauecrse {p,} BO3bMEM OPTOHOPMHDPOBAHHBIN HAOOD
cobcTBeHHbIX (YHKIMN omeparopa Jlammaca, 3aHyMepOBaHHBIN MO HEBO3PACTAHUIO
COOCTBEHHBIX 3HAYEHWUH Ag C YIETOM WX KPATHOCTH.

(Pon, on) = /O7r p(x)ph (z)dr = 72r/07r p(z) sin?(nx)de =

2 T T

1
= f/ dx—i——/ )sin(2na)dx =
T Jo

1 ™ 1 "
—— + 2 =
A p(x)dx 1 WQA p"(x) cos(2nx)dx

1 T 7 . _l v x)dx n—2
= 7/0 p"(x) cos(2nz)dx = /0 p(z)dz +O(n™7).

m m

2 /Oﬂp(a:)(l_cosemj))dm 1 /7r (x)dz — 1 /Oﬂp(x) cos(2n)dz =

C yd4eroMm npowu3BeIEHHBIX BBIYUCTEHUIN MOy IUM

2 [T 1 T . 2 [T _
) ;/0 p(x) 2 p"(z) sin(nzx)dx ;/0 p(z)dz + O(n~?%)
n a? — A\, - a? -\, '

Boraucanm BTOPYIO TIONPABKY:
1 Z [ (PVm, v) (PUp, ) (An — a?) }
(BAZ, — o) (Ap — a?) — (BAZ — aXp) (A — a?)

m;’ﬁa7
m#n
(Pvp, vq)(Pvg, vy,) > 1 4 4
— < _— = .
{ Ba* — aa? :|n;£a = 0) mgl (n—m)5n O™) = 0™
m;ﬁa:
m#n

CBO/‘_IH BO€IMHO BCE BBIYUCJICHUS, TOJIYIUM YTO DAL

i |:Vn — Uy — ﬁ /Oﬂ p(m)daz}

CXOJIUTCS.
Taxum 06pa3om, HOKa3aHa, CJIEIYIOIAs:
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Teopema 1. Ecau 6binoanenvt ycao6us
1) p'(0) =p/(m),
2) |IP| <5,
9 pa)eC

mozda cnpasediusa Gopmyas OMHOCUMEALHO20 PELYAAPUSOBAHHOZ0 A BO3MYULEH-
Hno20 onepamopa T + P:

i [un — [y — M/Oﬂp(m)dx} =0.

n=1

3AKJIIOYEHUE. Bbuio noka3aHo, 9TO B YCJIOBUSX MOCTABJIEHHON 3aJadn BO3-
MYIIIEHHBIH OIEPATOD MMEET JIUCKPETHBIN CIeKTpP, U MoIyueHa (hopMysIa ero OTHOCH-
TEJBHOTO PETYASTPU30BAHHOTO CJIEIA.

1. Tenbdpanag 1. M. O6 omHOM TOXKIECTBE 1/ COOCTBEHHBIX 3HadeHmMil muddepen-
IMAJILHOTO omepaTopa Broporo mopsinka / . M. Temsdang, B. M. Jlesuran // JTAH
CCCP. — 1991. — T. 84, Ne 4. — C. 593-596.

2.  JIngpckwuii B. B. Perynspu3oBaHuble CyMMBbI KODHEH OJHOIO KJIACCA LEJIbIX (DyHKITHT
/ B. B. Jluackuii, B. A. Cagosananii // O yHKINOHAIBHBIH AHAIA3 W €r0 MPHUJIOKEHUS.

-1967. - T. 2. — C. 52-59.

3. CagoBauumii B. A. Crexnp oneparopos / B. A. Camosuuumnii, B. E. ITogonsckmii //
VYMH. - 2006. — T. 61. — Beir. 5. — C. 89-156.

4. CagoBHuuuii B. A. [I3era-dymknus u cobcrBennble dncia auddepeHnnaaIbHbIX
omeparopos // Tudd. ypasnenus. — 1974. — T. 10, Ne 4. — C. 1276-1285.

5. CenmoB A. . Perynapu3oBaHHbIN €€l OIIEPATOPA C HEAIEPHON PE30JIbBEHTOU, BO3-
MYIIEHHOTO orpanmdeHHbiM // Becrauk Mal'V. — 2005. — Bemm. 8. — C. 173-177.

6. Sviridyuk G. A. Linear Sobolev Type Equation and Degenerator Semigroups of
Operators/G. A. Sviridyuk, V. E. Fedorov // Utrecht, Boston. — 2003.

7. 3axapos B. E. Ypasuenune Kopresera—me @pusa — BIOJIHE HHTEIPUPYEMasd FAMUIIb-
ToHoBa cucrema / B. E. 3axapos, JI. I. ®annees //OyHKIEOHAIBHBIN aHAIN3 U €T0
nputoxkenus. — 1971. — T. 5, o, 8. — C. 18-27.

8.  JIndbmmun V. M. O6 oxHoil 3amatde TeOpUU BO3MYINEHUI, CBSI3AHHON C KBAHTOBO
crarucrukoii / B. E. 3axapos, JI. 1. ®annees //YMH. — 1952. — T. 7, Bom. 1. — C.
171-180.

9. Hzekuep M. M. O6006uienue ypaBHeHUs] ABUKEHUS TPYHTOBBIX BOJ, CO CBOGOIHOM
nosepxuoctsio //JJAH CCCP. — 1972. — T. 202, Ne 5. — C. 1031-1033.

10. Csupugmok I'. A. K obweit Teopun nosyrpynu oneparopos //YMH. — 1994, — T. 49,
i, 4. — C. 47-74.

11. Karo T. Teopusa Bo3mymenus auneiinbix oneparopos / Karo T. — M. : Mup, 1972. -
739 c.
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YNCJIEHHOE NCCJIEJOBAHUE MATEMATUYECKOM MOJEJIN
BYCCUHECKA — JIABA

Bamunuasiea A. O., MypasiioB A. C. HucenbHe Oocaig>KeHHsI MaTeMaTUIHOT
moneni Byccinecka — JIsBa. CrarTs npucBSYeHA MOCTKEHHIO MATEeMAaTHIHOI MOJIE-
i Byccinecka — Jlasa. Y crarTi HaBemeHa TeopeMa PO iCHyBaHHS Ta €IMHOCTI PO3B’S3KY
piBusuus Byccinecka — JIgBa i ommc asropuTMy [y 9UCEIHHOTO BUPIINIEHHS MOCTABJIEHOTO
3aBJAHHS.

Kirouosi cioBa: wmozmens Byccinecka — JIsBa, piBHSIHHS COGOJIEBCHKOTO THILY.

ambinuisiea A. A., MypaspeB A. C. YucjieHHoe ucc/ieJOBaHUE MaTeMa-
Tudeckoii momenn Byccunecka — JIssBa. Crarbsi mOCBsAIEHa MCCIETOBAHUIO MATEMa-
Taeckoit momesm Byccunecka — JIgBa. B craThe mpuBeneHa TeopeMa O CyNIeCTBOBAHUU U
€IMHCTBEHHOCTH pellleHns ypaBHeHus: Byccumecka — JIsBa u onmcanure aaropurMa [Iisi €Guc-
JIEHHOT'O PEIleHusl [TOCTABICHHON 3aatu.
KimroueBble cioBa: Mozess Byccunecka — JlaBa, ypaBaenus co00/IEBCKOIO THUIIA.

Zamyshlyaeva A. A., Muravyov A. S. Numerical study of mathematical
models of Boussinesq — Love. The article is devoted to the study of the Boussinesq —
Love mathematical model. In this paper we present a theorem on the existence and unique-
ness of solutions of the Boussinesq — Love equation and description of the algorithm for the
numerical solution of the problem.

Key words: Boussinesq — Love model, Sobolev type equations.

BBEOEHUE. nTepec K ypaBHEHUSIM COOOJIEBCKOIO THIIA OOYCJIOBIEH TEM, UTO
MHOrHE (DU3MYECKHE MPOIMECChl U sIBJIEHUS, TAKHEe KaK (DUIbTPAIUS BI3KOYIPYroh
xkujkocru [1], BoinyuuBanue nByTaBpoBbix 6asiok [2], Konebanus B mosexynax JTHK
[3], pacupocTpanenue BOJH Ha MeJKON Boze [4], HOHHO-3BYKOBBIX BOJIH B ITazMme [5],
dbazoBbIe TEpEX0IBI B paMKax MEe30CKOMMYECKOH Teopwu [6] W Ap. OnmchIBalOTCS Ta-
KUMU ypaBHEeHUsSMHU. B HalmeMm cjaydae pedb MOHIET O YaCTHOM CJIydae ypaBHEHHS
cobOJIEBCKOTO THIIA, a MMEHHO 00 ypaBHennn Byccunecka — JIsasa.

Paccmorpum ypasuenne Byccunecka — JlsaBa

A = A)ug = a(N — A)uy + BN — A)u, O<z<m t>0 (1)
C HAYAJIbHBIMU
u(z,0) = p(z), O<z<m @)
ue(x,0) = (), O<z<m
W KPAEBBIMA
u(0,t) = u(m,t) =0, t>0 (3)

yenosusimu. 3mech u = u(x,t) — HensBecTHas DYHKIMSA, @, 1) — 3aJaHHBIe QYHKINN,
nojjeskaT JajlbHedIeMy onpeaeenuio, A = % — ozmHOMepHbIi oneparop Jlamia-
ca. Maremaruueckas Mozenb (1) — (3) onuchiBaeT HpoIOJIbHbBIE KOJEOAHUS YIPYTOro

(© Bambrmizesa A. A., Mypasbes A. C., 2013
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CTEpPKHS C y9eTOM IOIEPeIHOil nHepiuu. Maremarndeckas T€OpHUs yIPYTOCTH HAH-
GoJiee MOMHO OTpaxkeHa B MOHOrpaduu [7].

OCHOBHBIE PE3VJ/IbTATHI.
1. TeopeMa O CylnIeCTBOBaAaHUM U €IMUHCTBEHHOCTU pellleHud.

Teopema 1. [Tycmb GynEyuY @, 1) HENPEPBIEHBL U UMEIO, KYCOUHO-HENDEPLIGHYIO
npouseodnyo Ha [0, 7], npuwém p(0) = () = 0,9(0) = ¥(w) = 0. Tozda
(i) ecau X # —12,1 € N, mo sadaua (1)-(3) umeem edurcmeennoe pewenue, nped-
cmasumoe 6 ude:

) =23 (0 et o B )
M /4”61 #’ /‘l’kl

(ii) ecau A = =12 u N # —1? u ewnoansemcs
_

Yr=—;

i

mo 3adaua (1)—(3) umeem eduncmeennoe pewenue, Npedcmasumoe 6 sude:

\/>§ Prhky — ¢keuk1 +'¢)k_ﬂk1‘10key,k2t sinkz ) +
MHko —Hkq Hko —Hkq
+g01\/76”lt81nl:£

(iii) ecau X = N = —I2, mo npu ycaosuu evnosnenua
o(x)sinlzdr =0 < ¢ =0,

Y(z)sinlade =0 < ¢ =0,

ol
O — 30—y

3adava (1)-(3) umeem pewenue, npedcmasumoe 6 eude:

\[E : Phbky — wke/‘kl +¢k—#k1Wkeuk2t sin k.
Mg —Hkq Mg —Hkq

2. AgropurMm umncjaeHHoro pereHus. Onmmncanue mporpamMMbl ajigs 9BM.

Ha ocHoBamuu mosydeHHO# TeopeMbl Obla pa3paboTaHa W peaan30BaHa B Cpee
Maple 15.0 gia Windows nporpamMma Jijist YMCJIEHHOIO pelrenus 33/1a4u Byccunecka —
Jlasa (1)—(3) na a3vike nporpamMmmuposanus Maple. [Ijia pa3paboTKu aaropuTMa, mpo-
rpaMMbI ObLT TpUMeHeH MOaudUIMPOBaHHBIH MeTo 1 ['anepkuna. B mporpamMme MoxKHO
YIPABJIATh TOYHOCTHIO HAXOXK/IEHUsS PEIIEHUsI B BHUJE KOJUIECTBA CJIATAEMBIX TaJIep-
KHUHCKO#M CyMMBbl. BJIOK-CXeMa airopuTMa mpejcraBiena Ha PUCyHKe 1.

Omnuriem anropurm nogapodree. Kaxiomy 610Ky aaropurMa COOTBETCTBYET OJIUH
mar.

gz 1. Tlocse HadaIa BBIMOJHEHUST TTPOrPAMMBI HEOOXOIUMO BBECTH KOJUIECTBO
CJIaraeMbIX TaJEPKUHCKON cymMMmbl N, K03 dummenTsr A, A1, A2, @, [, HaYaJIbHBIE
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ycaoBus ug, U1, orpe3ox [s0, s1], Ha KOTOPOM MILETCH PEelIeHue, U HPOMEXKYTOK Bpe-
menu ¢ € [0, 7].

IHlge 2. B nukye or 1 1o N cocraB/isieTcs NCKOMOe MPUOJINKEHHOe perieHne V B
N

BUJIE TAJIEPKUHCKON CYMMBL Y @y, (t) sin ma.

Ilaz 3. Boipaxkenus sz;n V1 [TO/ICTABJISIETCS. B yPABHEHUE,

Ilaz 4. B mukye mo ¢ ot 1 1o N ypaBHeHHe YMHOXKAETCs HA COOCTBEHHYIO (DYHK-
WO o, () ¥ mHTErpUpyeTcst Ha orpeske [s0, s1].

ITa2 5. TlpoBepka TPUHOAIEKHOCTH A\ CIEKTPYy omeparopa Jlamiaca, TO ecrhb
IpecTaBuMO Jiu \ B Buge —k2.

Ecsiz Ha ngarom mare ucruHa:

Ilaz 6. IlpoBepKa yCmoBUS A = Aq.

Ecmm ma mectom 1mare nctwHa:

Ilage 7. IlpoBepka yCJIOBHST W3 TPETHErO IIYHKTA, TEOPEMbI 3 [IJIsT HA9aIbHBIX YCJI0-
Buil, a mmeHno, 410 ax(0) = 0 u a;(0) = 0.

Ecsin Ha cexpMoM mare ucruna:

IITaz 8. B mukze or 1 10 N COTIIACHO TPEThEMY ITYHKTY TEOPEMBI 3 COCTARJISETCS
cucreMa OOBIKHOBEHHBIX Mu(PEPEHITHATBHBIX YPABHEHNH, UCKTI0OYast k-€ ypaBHEHUE.

gz 9. Hagambabe hyHKIMN PACKIAIBIBAIOTCS B TAJEPKUHCKYIO CYMMY, UCXO/Is
73 HUX ONPEeIAI0TCH HadaIbHbIE YCIOBUS JJIs CUCTEMbI yPABHEHWUIA, IOy YeHHON HA
[IPEbIAYINEM IIare, NCKJII09as yCJIOBUASA C HOMEPOM K.

Iaz 10. OraenbHo pelnaercs ajaredpanvyeckoe ypaBHEHUE OTHOCUTENIbHO ag(t).
Taxkum obpazom Oymer HaiimeHo k-e claraemMoe TajJepKUHCKOM cymMbr. /lajiee BBIMOJI-
HSETCS MEeCTHAIIATHINA IITar.

Ecsm ma mecroMm mare J10xKb:

IIlaz 11. B coorBercrBuu CO BTOPHIM IIYHKTOM TEOPEMBI 3 IMPOBEPSETCs yCJIOBUE
JIIsl HAYaJIbHBIX JAHHBIX, 910 ay(0) = a’;—(ko). Tne pp — KOpeHb XapaKTEePUCTUIECKOTO
ypaBHeHus Jist ypaBHeHusi Byccunecka — Jlssa (1).

Ecsiu va ogquHHaAIATOM II1are UCTUHA!

IITaz 12. B nukye or 1 1o N cocTraBiseTcs OTHOPOIHAS cucTeMa, Tud HepeHnaib-
HBIX ypaBHEHUil, 0COOEHHOCTHIO KOTOPOil SIBISETCs, 9TO k-€ ypaBHEHUE dTOM CHCTEMBI
Oyner omHOpOmHBIM muddEepeHnaIbHBIM yPABHEHNEM TePBOro mopsiaka. Jlaiee BbI-
MTOJTHSAETCST YeTHIPHAIIATHIN TI1ar.

Ecin Ha naTom mare JIOXKb:

ITaz 13. B nmuke or 1 1o N cocTraBisieTcss CHCTEMa OJTHOPOTHBIX Auddepentim-
AJIbHBIX ypaBHEHUIA.

Ilgz 1/. HauanbHbie yCJIOBUST PACKIAIBIBAIOTCS B TAJEPKUHCKYIO CYMMY, UCXOIST
U3 HUX ONPEIEISIIOTCS HAYAJIBHBIE YCIOBUS JJIs CHUCTEMBI YPABHEHUMH, MOJIYy9IeHHOMN
panee. /lajiee BBIMTOTHSETCS IIIECTHAIIATHIN TIIar.

Eciu Ha cenpbMOM WM OMHHAIIIATOM IIIare JIOXKb:

IIlaz 15. B coorBercTBUU C TPETHUM IIyHKTOM TE€OPEMbBI 3 IPOrPAMMA BBIBOIUT
COODIIEHNEe, 9TO PEIICHUH HET.

gz 16. Tonyuennas cucrteMa OTHOPOIHBIX MUMQEPEHITNATBHBIX YPABHEHUH C
Ha4YaJIbHBIMU JAHHBIMU PEITAETCS METOIOM, BCTPOEHHBIM B makeT Maple 15.

Ila2 17. llomyyeHHoe perienre BHIBOANUTCS HA SKPAaH B BuJe (PYHKIUNA U B BUJIE
rpaduka.
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e ™~

\ Hauano nporpammol |
/ MALA2, 0,8, T,
// s1, 52, x00, x10, N.

v

MpeacTasneHve peleHmns B Buae

N
raNepKUHCKOM CYMMBbI > a,,(t)sin(mx)
=

|

MoAcTaHOBKa ranepKUHCKUX
nNpUGAUKEHUI B ypaBHEHNE

|

YMHOKEHWE YpaBHEHMSA Ha
cobCTBEHHYO QYHKLMIO

P i\ ~
HerT: _ A=- o————Jla
i Her < A=A >
A
: Her Her
CocTaBneHue cucTembl
andodepeHLManbHbIX
YpaBHeHwu v

Ve N
/ o \
| Pewernit HeT ) CocTaBneHme cucTembl
— _

k-oe ypasHeHue A.y., uckntodas k-oe

ABAAETCA 4.y. NepBoro ypaBHeHue
nopsaka
¢ CocTaBieHWe HauanbHbIX
YCNOBUIA AN CUCTEMBI,
Cocrasnenve nckntouasn k-bie
» Ha4yaNbHbIX YCNOBUI
ANA CUCTEMbI

Pewenne
anrebpanyeckoro yp-usa
oTHoCHTenbHO a(t)

‘ ‘ PeweHune cuctembl OQY ‘ < ‘

/" PelleHue ypaBHeHMA N
rpaduK peleHns /

}

/7 ™\
[ Kowew nporpammbl |
"

/

Puc. 1. Biok-cxema ajgropurma Mertosa perrenus 3agaun (1) — (3)
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3. BpIUuc/INTENbHbINA YKCIEPUMEHT.
Paccmorpum ypasuenne Byccnnecka — Jlssa (1)

A= A)uy = a(N — A)uy + BN — A)u, z€]0,7], te]0,1], (1)

rne A=-1, XN =0, N =0, a=p=1,crpaununbivu u(0,t) = u(m,t) =0 u
HAYAJIBHBIMU YCIIOBUSMHE
u(z,0) = sin 2z,
u(x,0) = sin 3x.
IIpu momoru asrropuTMa, OMUCAHHOTO BBIIIE, OBLIO MOIYYIeHO IPUOTNKEHHOE pe-
menne npu N = 6:

3 1 8 VATt - VAt
u(x,t) = (e 5 +4 2)s1n31’+( 23\/4163(3+ : 753\/ le— =6 )>sin4m.

‘.?: > o -*J:. ’a"l : =
“'ff #I ” lllllll ﬂ"’

1111 i
IIIII

Puc. 2. Pemenne ypasuennsa Byccunecka — Jlasa

3AKJIIOUYEHHUE. Teopernyeckue pe3ysbraThl, IPEACTaBICHHbIE B TeopeMme 1, Obl-
JIM OIPUMEHEHBI JjId pa3paboTKu u peasusanuu B cpeae Maple 15.0 nporpamMMbl s
qucsaeHHoro perenus 3aaa4u (1) — (3) Ha a3bike nporpammuposanus Maple. Tanuas
[IPOrpaMMa IIO3BOJIIET HAXOAUTh YUCJIEHHOEe pernenue s 3axadu (1) — (3) ¢ mpo-
u3BOJbHbIMU Hapamerpamu A, A, N/, o u B, a TakzKe ¢ IPOU3BOJILHLIMY HAYAIbLHLIMU

yenosusimu @(x) u Y (x).

1. Bapeubmarr I I. O6 ocHoBHBIX IpeacTaBiIeHUAX Teopur (HUIHTPALUN B TPEUIUH-
HoBatex cpegax / I 11. BapenGaart, FO. I1. 2Kenros, 1. H. Kounna // Ilpuki. mat. u
mexan. — 1960. — T. 24, Ne 5. — C. 58-73.
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VYusem /. Jluneiinoie n neqmueiinse Bosmst | JIx. Yusem. — M. : Mup, 1977.
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I'. C. Buma

JloubachbKuii JepKaBHUN TeIATONYHNN YHIBEPCUTET

ICHYBAHHSI OITUMAJIBHOTO KEPYBAHHS /1JISI JTESIKUX
KJIACIB CUCTEM JIN®EPEHIIAJILHNX PIBHIHDL
3 IMITYJIBCHOIO JAI€IO

Buma I'. C. IcHyBaHH# ONTUMAaJIBHOIO KEPYBaHHH JJIA JAEAKAX KJaciB cHUCTeM
nudepeHiadbHUX PIBHSHb 3 IMITyJIBCHOO Ai€ro. [ljisi jgesikux KiaciB iMILyJIbCHUX CH-
CT€M OTPHMMAHO YMOBU iCHYBaHHSI ONTHMAJILHIX KepyBaHb B TepMiHAX MPABUX YACTHH Ta
KPHUTEPIIo gKOCTIi.

Kiro4oBi ciioBa: onruMasbHe KePYBaHHs, IMITYJIbCHA Jiisl, MOMEHT IMITyJIbCY, CTPUOOK.

3uma A. C. CymecrBoBaHNe OINTHMAJIBHOIO YIIPaBJIEHUS JIsi HEKOTOPbBIX
KJlaccoB cucrem auddepeHnnanbHbIX yPABHEHUN C UMILYJIbCHBIM BO3€HCTBUEM.
1 HEKOTOPBIX KJIACCOB HMMILY/IbCHBIX CHCTEM IIOJy9eHbl YCJIOBHS CYNIECTBOBAHUS OITH-
MaJIbHBIX YIIPABJIEHUI B TEDMHUHAX [IPABBIX YaCTeil ¥ KPpUTEpUs KadecTsa.
KiroueBble cioBa: ONTHUMAJIBHOE YIIPABJIEHNE, NMITYJIbCHOE BO3IEHCTBIE, MOMEHT MMITYJIh-
ca, CKadoK.

Zima G. S. Existence of optimal controls for some classes of the systems of
differential equations with an impulsive action. It is showed the conditions of exis-
tence of optimal controls for some classes of the systems of differential equations in terms of
their right parts and cost function.

Key words: optimal controls, impulsive action, moment of impulse, jump.

BceTyn. B paniit poboTi po3risiaeTbesa 3a4a49a ONTHMAIBHOIO KEPYyBAaHHS CH-
cTeMO0 Mu(epeHIiaIbHUX PiBHIHD 3 IMIYIbCHOIO [Ti€I0

&= A(t,x) + B(t,x)u, t#t;,
A Tli=t, = gi(x)wy, (1)
z(0) = zo

3 KPUTEPIEM SIKOCT1

C(u,w) =

[AY(t, 2) + BO(t,u)|dt + A (x(t1), ..., x(tn), t1, . t)+ @)

+Bl(w1, v, WN, T, ...,tN) — Z"Ilf,

e T > 0 dikcosane, t € [0,T7], t; € (0,T] — momenTn immysncrol aii, N = N(T') < oo
— KinbkicTh MOMeHTIB iMmyibcHOT aii Ha (0, 7.
Binbm Touna mocranoBka 3azadi Oy/me 3pobseHa B OCHOBHIM 9acTHHI poOOTH.
Iloxi6ui 3amaqi pamimre posrmsmanuca B podorax dararbox aBropis. Tak, B Mo-
Horpadii [1] Taka 3a7a41a po3rIsgaNacs 3 TOYKH 30DPY ONMTHMAIBHUX IMITYJIbCHUX Ke-
pyBanb. Ile o3Hauae, M0 KePYBaHHS MPUCYTHE JIUIIE B iMIyabcHIN gacTuui. ABTopn
3aMpPOIOHYBAJIN PO3B’sI3aHHS TAKOI 3a/1a49i METOJAOM KBa3iBapialiifHuX HEPIBHOCTEN.

(©3umaT. C., 2013
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Metoau po3B’si3aHHs TaKOl 331291 3 TOYKU 30PY PO3PUBHUX JUHAMIUHAX CHCTEM
3 MOJAJIBITNM 3aCTOCYBAHHSAM TMPUHIINITY MAKCUMyMa po3BuBajucsa B poborax JI. T.
Amenkona Ta fioro yuuis (nuB. Hanpukiaz [2]), ge e mupoka 6i6miorpadis.

B monorpadii [3] mig iMIynbcHEX cHCTeM PO3BHBAIOTHLCHA Bapialiiini miaxonu B
koMGiHauii 3 npuHIMNoM MakcuMmyma. Binznauumo rakox podoru [4], [5], [6], ne orpu-
MaHO IPUHIMII MAKCUMYMAa JJjid cucreM 3 He(DiKCOBAHMMYU MOMEHTAMHU IMILYJIbCIB.

B poGori [7] 3amaua onTuManbHOTO KepyBaHHsT IMITYJIbCHUMH CHCTEMAMHU 3BOIUThH-
s 10 3312491 ONTUMAJIBHOTO KEPYBAHHS [1J1 PIBHAHB 3 MipaMu B I€IKOMY OAHAXOBOMY
MPOCTOPi, TP IIOMY B POJIi KEPYBaHHS BUCTYMAIOTh CKiHYeHHI Mipu. B pesynbrari
3a7a4qa HaDyBa€ BULISIY

dx = Azxdz + f(t,x)dt + g(t, z)v(dt) + C(t, z)u(dt),
z(0) =mg, tel,

() = /l(t, 2(8))dt + W (x(T)) + o(u) — inf,

ryT u(dt) — mipa, 1m0 € napamerpom Kepysauus. IIpu 1ocuTb cepRO3HUX MPHILYIIEH-
HSX, 8 caMe:

1) ninmumnesicTs i ginifinuii picr Gyukuiit f, g, C' 3a 3MiHHO© T;

2) cnabKa KOMIIAKTHICTh MHOXKUHM JIONYCTUMUX KEPYBaHb;

t
3) neminenepeprricts oneparopa Li(u) = [eAt=9)C(s, z(s))u(ds), t€ I,
0

TYT JOBOJAUTBHCA ICHYBAHHS OITUMAJIbLHUX KEPYBAaHb JIJIA TAKOl 33/1a4i.

B poGori [8] posrisiHyTa 3ama9a ONTHMAJBLHOTO KEPYBAHHS IMITYJIBCHOIO CHCTE-
MOIO TIPU HEJOKAJbHUX KpaiflOBUX yMOBaX. 3a JOMOMOTOI0 Bapiallii KepyBaHHS TYT
OTpUMAaHi pi3Hi HEOOXiAHI YMOBH ONTUMAIBLHOCTI APYTOro MOPSIIAKY.

O Hak Big3HAYMMO, [0 OTPUMAH] B TEPEPaXOBAHUX BUIIE POOOTAX PE3YTHTATH HO-
CATh B OCHOBHOMY XapaKTep HEOOXIJHMX yMOB iCHyBaHHS OINTUMAJIbHOIO KePyBaHHSI.
Bukrouenns ckiagae juine JTiHIHUN BUTAI0K, IJIsT SKOTO 3 MPUHIIATY MAaKCHUMYMa,
MOYKHA OTPUMATH JIOCTATHI YMOBW iCHYBaHHSI ONTUMAJBHOCTI. ToMy aKTyaJbHOIO €
3a/1a9a OTPUMAHHSA JOCTATHIX YMOB ONTHUMAJIBHOCTI I8 HEJIHIMHUX IMIOyJIbCHUX CH-
CTeM B TepMiHaX iX IpaBHUX JACTHH Ta KPUTEPisd AKOCTi, 663 3aCTOCYBAHHS TPUHITAILY
MakcuMyMa. Pe3yabrarm, orpuMaHni B poOOTi, € y3araJbHEHHSM pPe3yIbTaTiB poboTH
[9] na iMmynbcHUE BULIAJIOK.

PobGora ckiamaeThes 3i BCTYITY, MOCTAHOBKH 33121, OCHOBHOT'O PE3YJIbTaTy Ta MPH-
KJIAJLy.

ITocTtanoBka 3agaui. Posrusnaerses 3agaua onrumasnbroro kepysants (1), (2),
ne rg € R™ — dikcosaunuii Bexkrop, T > 0 dikcosane, t € [0,T], t; € (0,T] —
momenTy imuysnbeuol uii, N = N(T') < oo — kinbkicrb MOMeHTiB imiLysibCHOT Jii Ha
(0,T], w € U C R™, U — 3aMKHeHa OIyKJa MHOXWHA B R™, 110 MICTHTh TOUYKY
0, w; (i=1,N)CV,V — samkHena MHoxkuna B R”, mo mictuts Touxy 0. TyT
A(t,z) — n-mipua BekTop-dyHKUig, B(t,x) — n X m-mipHa MaTpuis, g; — 1 X T-
MipHI MaTpHII.

Dyuxuii A(t,z), B(t,r) BBAXKAIOTbCA HEIIEPEPBHUMHM 33 CYKYLHICTIO 3MiHHUX € €
[0,T], = € R", g;(x) — wenepeprHi 3a & € R™. Bynemo BBaXkaTn TakoXK, IO TSt
HUX BUKOHAHA YMOBA JIHIHHOIO TO & POCTy, TOOTO icHye crasa K > 0 Taka, 1Mo Jajs
te[0,T]ixzeR"”
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| A(t,2) [< K(1+ | ), )
| B(t,o) 1< K( [ ]), | g: 1< K(+ | 2],

TyT | - | — eBKJIiIOBA HOpMa BEKTODA, a || - || — HOpMa MaTpwuii, y3romzkeHa 3 HOPMOIO
BEKTOPA.

Bignocno bynkniit A, BY, A, B!, mo sxoaars 10 kpurepito axocri (2), Gyaemo
BBAYKATH, IO BOHH € HEMEPEPBHUMH 33 CYKYITHICTIO 3Mimanx, mpudomy A° > 0, A >
>0, a BY ra B! 3a710B01bHAIOTH yMOBH:

BO(t,u) — onyksa mo uw ta BO(t,u) > alul?
and gegkux a >0 i p>1;

(4)

Bl(wl, ...,’LUN,tl7 7tN) Z a(| w1 |p +...+ | wWN |p) (5)

Honycruvnvn ais 3amadi (1), (2) BBakaroThess KepyBaHHsS u = u(t) Ta BeKTOpH
w1, ..., Wy TaKi, I10:

a) u(t) € Lp[0,T],u(t) € U, t € [0,T);

6) w; €Vi=1,.,N;

B) po3s’a30k 3azadi Komi (1) z(t) = (¢, u, w, o) Busnagyenuii ua [0, 7).

OCHOBHI PE3VJIBTATU. OCHOBHUM pE3yJbTATOM JAHOI pODOTH € HACTYITHA
TeopeMa

Teopema 1. Hexati das cucmemu (1) 3 wpumepiem axocmi (2) 6ukonyromses ne-
PEPATOB8aHL 6UULE YMOBU, MOJi 3a0a%a ONMUMAALHO20 Kepysanhs (1), (2) mae po3s’s-
30K 6 KAACT ONYCTNUMUT KEPYEaHb.

HoBenennsi. Cnioyarky BiI3HAYNMO, IO MHOXKWHA, JTOMYCTAMUX KEPYBaHb HEIO-
POXKHs1, OCKLIbKU BoHa MicTuTh TOuKy (0, 0), BiANIOBiAHA JAHOMY KEPYBAHHIO CHCTEMA
(1) upu upOMY MaE BUIJIAL

@ = At x),
z(0) = zo,

i B cuny menepepsrocti dbyskiii A(t,z) i ymosu (3) po3s’s30k Takol 3amaui Ko
icuye Ha Bigpizky [0, T

Ockinbku kpurepiit sikocri C(u, w) > 0, T0 icHye HEBiJ €éMHA HUXKHSA IDAHULA T
snavenb C(u,w). Hexaii w™, w( — mocminoBHiCTH JOMYyCTHMUX KepyBaHb TaKWX,
IO BiJITIOBiTHA TOCJIiTOBHICTH C(u("),w(")) — m upu n — 0o. BigHauumo, 1110 mpu
JOCUTH BEJIMKUX 7 BUKOHYETHCSI HEPIBHICTH

Clu™, w™) <m+1.

N
3Bincu, Ta 3 (5) BUNIMBAE OIIHKA @ Y | wgn) [P< m + 1. Ocranre o3Hagae obMexRe-
i=1

i=
En), i=1,N. A tomy 3 Hel MOXKHA BUALINTH 30iKHY T ATOCITi-
(n

)

HICTH HOCJIiJOBHOCTI W

JoBHICTE. Be3 oOMexkeHHs 3arajbHOCTI OyIeMO BBAXKATH, IO CAMa, W ) 30iKHa, 15T

i =1,N, orxe w\™ — w*

3 ymoBu (3) TAKOXK BUILIUBAE, IO MIPU JOCUTHh BEJIUKUX 7

. IIpn mpomy B cuiy 3aMKHyTOCTL V' w e V,i=1N.

g
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T
1
/ ) e < "L (6)

OTxe 3 mocaizorocti u(™) (t) Moxkna BumiIATH cIa6KO 36ixKHY migmocizopHicTs. He
BTPAYAIOYH 3araJbHOCTI, TAKOXK OymeMo BBaskarH, mo cama u'™ (t) crabko 36iraeTbes
10 u)(t) € L,([0,T]), axa 3am080/1bHs€ HepiBHicTS (6).
Toni 3a semoro Masypa [10, c. 173] suaiigerbcs onykiia kombiHaLis
n(k)
bi(t) = Z a; (k)u;(t)
i=1
n(k)
enementis u;(t) € U (a; > 0, Z a; = 1), mo by — u*, k — oo 3a HOpMOIO L),

Orxke, icHye 30i2kHA MaiiKe CKple Ha [0, 00) 3a mipoto JlebGera migmocainoBHicTh by, ,
1o by, — u*(t), | — oo ms maitxke Beix t. Ockinbku U omykiia i 3aMKHEHA MHOXKHUHA,
n(k)
o Y. a;u;(t) € U. Toni i3 3amknenocti muoxkunu U Bunnusae, wo u*(t) € U maiizxke
i=1
s Beix ¢ € [0, 77.
TIpoBeemo Terep ominky po3s’sskin (™ (t), mo sianosizaoTs kepysanmsm (ul™ (1),
(n)
w; )

s g = P Ma€EMO
p—1

™ (6|7 < (| 2o | +/ | (@™ (s),5) + B (s),5) || ™ (s) | ds+

+Z|gz t;)), w7 <

o<i<t (7)

<31 (| wo |7 + / (L+[a™()]) + K (L + [ (s)]) | ul™ (s) [Jds)?+
0

(Y K@+ ™ () wil)?.

0<i<t

OuiHMMO OKpeMO KOXKHUIA 3 JI0JaHKIB:

K1+ 2™ (s)]) + K1+ |z"(s)]) | u™(s) [Jds)? =

—
ol o

= KO+ DD 1) i)
ft 1+ |z (s)])9ds - (ft(1+ | u™ (s) |)Pds) > <
° o (8)
< quzfﬁlu + |2 (s)])2ds( 2?*11 (14 | u™(s) |)Pds)? <
0
< (2K)9( T+f|x(”) )|7ds) T+f | u™(s) P ds)?) <

< ((2K)IT + (2K)1 f|a:(") )|2ds)( T+f|u(”) s) |P ds)?).
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t
osuaumvo (2K)9T = Cy. Ockimexu (T + [ | ul™(s) [P ds)s < (T + ™) = Co,
0

TO, MIPOJIOBIKYIOUM HEPIBHICTD (8), MaTUMEMO, IO APYIrHil JOJAHOK B Hill OIIHIOETHCS
BEJTMIUHOIO

) + Co(2K)" / 120 (5)[“ds. ()
0

Jns oninku cymapHoro 4ieHa B (7) MaTHMeMO

(> K@+ 2™ ))w™N? < K13 @+ 2@ ) Y fwl )b <

0<i<t 0<t;<t 0<i<t
1 q
<K Y 271+ () <
a
0<t; <t
1
<KDY 22l Y () <
a o<t; <t o<t; <t
L+ Mg 991 -1 () (m)
< K% )P (20N 4270 Y ™)) < Ca+ Cs Y ™ ()],
a
0<t; <t 0<t; <t

1 q 1 q

ge Cy= K9(—EMydga 1y, 0y = K9(— ) Ege 1, (10)
a a
I3 (7) — (10) orpumyemo HepiBHICTH
t
|2 ()7 < Oy 4+ Co(2K)? [ |2 (s)]9ds + Cy + Cs 3" |2 (t)|7 =
0 0<t; <t (11)
t
= Cs + Oy [ |2 (s)|9ds,
0
e Ce=C1+C4, Cr= CQ(2K)q.

3 amasiora mepisrocti I'ponyosma — Bemmana [11, c. 30] maemo:

™M) < Ce" [ (1+Cs) < Coe“ T (1+ C5)N = Cs (12)
o<t; <t
as te 0,7

Ocranne o3nadae piBHOMipHy o6MeskenicTs po3s’askin x(™ (t) mrsa t € [0, 7).
Ha inrepsasni [0,¢;] mus 6yap-sxux asox momentiB wacy ¢/, t” (0 < ¢ <t" <)
MAaEMO

™ (t) = zo + /A(gc(”)(s)7 s) + B(z™ (s), s)ul™ (s)ds,
0

e () — 2 (1)) < / A (), )| + [Ba™ (s), 8)[[u (s)lds.  (13)

t
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3 (12) ra ymoBu JiHiiiHoro pocry BuiuBa€ icHysanus crajiol C' > 0, wo jyis Beix n
A (1), 8)] <O, |BE™(t),0)]<C telo,T].
A romy 3 (13), B cuuy Henepepsrocri dyukuiit A i B, orpumyemo

¢

2 (#) — 2 ()| < Ol — | + 0(/ (™) (5)[Pds) B¢ — ¢'[3,
t/

1
lz™ () — 2™ @) < Ol — | + C(%)% It —t|a. (14)

Hepisricts (14) 03Hauae piBHOCTEIeHeBY HemepepBHicTs mocigosrocTi dbymkimiiiz™(t).
Toni 3 (12) i (14) BumuBae icHyBaHHSA piBHOMipHO 36ixKHOI TiamocizosrOCTI 271 (1)
nocizosnocri (™ () ua [0,¢,]. Hexaii 1 (t) — i1 rpanuis. Tlosmasumo ¥ (¢, +0) =
= aF1(ty) + g1 (zM (tl))wgkl). IIpu ¢ € [t1,t2] po3rnsHEMO PiBHAHHS

¢
2 (t) = 2P (¢, +0) + /[A(xkl(s), s) + B(z"1 (s), s)u(s)]ds.
t1
AHaJIoTi9HO HOMepeIHLOMY JOBOIUTLCA KOMIAKTHICT HOCTiTOBHOCTI 21 (1) Ha [t1, o)
B piBHOMipHilt Merpuni. OT:ke icnye nignocinosuicTs x%2(t) nocaimosmocri z*1(¢)
Taka, o x"2(t) 36iraeThcs piBHOMIpPHO 70 T2 (t) TpH t € [ty, 2] Tlpm kg — 00 Maewmo,
o Z2(t1+0) = 1 (t1)+9g1 (21 (t1))wi. Jani va inrepsadi [to, t3] po3rIsIa€Mo PIBHAHHS

t
a*2 (1) = 2%2 (ty + 0) + /[A(x’~C2 (s),s) + B(z*2(s), s)u(s)]ds.
ta
Amnagioriuno, icaye migmocmimosricts ¥ (t) mocmimosrocti 2¥2 (t) Taxa, mo x*3 (t) 36i-

ra€ThCsa PIBHOMIPHO 10 x3(t) mpw ¢ € [to, t3).
ITokazkemo Temep, mo QyHKITiA

xl(t), te [O,tl]
J)*(t) _ xg(t), te [t17t2] (15)
$N+1(t>, te [tN,T]

€ po3B’si3KOM BHUXinHOT 3aadi (1) asist kepyBanb (u*, w*), T06TO 1m0 2*(t) 3aM0BlNbHSE
piBHAHHSA

2" (t) = wo + /[A(a?*(S), 8) + B(a"(s), s)u(s)lds + D gila™(t:))wi.  (16)

0<t; <t
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Ha Binpizsky [0, t1] TBepxenns ouesumue. [lokaxkemo, mo npu t € [t1, t2] cupasenimse
piBHSAHHSA

xa(t) = w1(t1) + gr(z1(t))wy + /[A(wz(S)» s) + B(xa(s), s)u™(s)lds.  (17)

Ockimpkn lim x%2(t) = x4(t) piBHOMipHO 32 t € [t1,15] i
ko—o00

a2 (t) = 22 (t +0) + /[A(xkz (5),8) + B(a"2(s), s)u* (s)]ds (18)

t1
({ko} — miamocainosmicTs mocinosHocTi {ky}), To 2F2(t) 4+ 0) — wo(ty +0) i
a*2 (1 +0) = 2*2 (t1) + g1 (2 (tl))wlf2 — z1(t1) + g1(z(t1))wy.

Iepeiinemo Tenep y (18) mo rpanui tipu ke — 00.

zo(t) = z1(ty) + g1(z(t))w} + lim [ [A(z*2(s),s) + B(z*2(s), s)u*?(s)]ds.

k2—>00
t1

¢ ¢
klim [ A(x*2(s), s)ds = [ A(xa(s),s)ds B cuny Teopemn JleGera mpo MazKOpoBaHy
2—>O<>t1 t1

36ixkHicTb, Jiniitnoro pocry dyHkiii A(x,t) i oninkn (12).
t

Kopucrywouncs rpannaanm CHiBBi,H,HOHIeHHHI\;ICHm B(za(s), s)[u*? (s)—u*(s)]ds =
2—>00
t1

= 0, a TAKO’K CIIBBITHOIIEHHSM klim B(a*2(t),t) = B(x2(t),t), MO0 BUKOHYETHCA PiB-
2—>00

HOMIpPHO, TI03a JIedKOl MHOXKUHE S JIOBLIBHOI Masol mipu, i HepiBHICTIO f |uk2|ds <

S
1

t p
< <f |uk2(s)|pds> |S|v, MorKHa HOBeCTH, MO
t1

kQ‘)OO

lim /|B(:ck2(s),s) — B(gcg(s),s)Huk?(s)\ =0,

/t B(a*?(s), s)u*(s) - / Blas(s), s)u (s).

t
Omixe, 22(t) = z1(t1) + g1(z1(t1))wi + [[A(22(s), s) + Blz2(s), s)u*(s)]ds.
t1
Anasoriuni MipKyBaHHS MPOBOASATHCA HA iHIMX iHTepBajax [ty,txy1]. SHAYNTH,

dbyukuia z*(t), nobynosana 3a dhopmysow (15), € pO3B’43KOM IMITYJILCHOI CHCTEMU
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dzr*
dt

= A(z*(t),t) + Bla*(t), yu*(t), t+#t;,

* *
A xle=y, = gi(2" (t:))w; -
Baumuiock MoKa3aTH, o KepyBaHHs (u*, w*) — onrumaibhe, To6To mo C'(u*, w*) =
=m.
Maemo, mo lim  C(u*y wk~) = m. Orxe,
k

N —00

lim C(u*~, wh) =
kn—o0

T
= lim [[A%2"(t),t) + BO(u*¥ (1), t)]dt + B (wf™, ..., wh¥ )+

kN—N)O
0

+A1(.’EkN (tl), ...7l‘kN (tN),tl, ,tN)

Ockinbku dynknis A°(z,t) HemepepsHa, To B cuIy Teopemn Beiiepmrpacca i omin-
ku (12) dynkmii A (2P~ (t),t) i A°(2*(t),t) piBHOMipHO 3a ky it € [0,T] obMerkeni
JesIKOI0 cTaJiorn. A ToMmy 3 Teopemu Jlebera BUILIMBAE MOXKJIMBICTD IPAHUYHOIO IIEpe-

xouy
T

T
lim [ A%(zFV(t),t)dt — /Ao(ac*(t)J)dt. (19)
]CNA)OO
0 0
I3 omykmocti o u dbynxmii B(u,t) oTpuMyemMo TakoxK, Mo
T T

T
lim [ BO(u™ (t),t)dt > lim [ BO(u*~(t),t)dt > / BY(u*(t),t)dt.  (20)
0

kn—00 kN —o00
0

OueBHIHO TAKOK, MO TpH WY — wi, .., why — wk

BY(wh™ . wky) = BY(w}, ..., wy),
A1<.'I,‘kN (tl), . J}kN (tN)ath ~-~7tN> — A1<.’I}*<t1), ...,$*(tN),t1, ,tN)

Orxe, m = kligoo C(uf~ ,wh~) > C(u*, w*), Tomy C(u*,w*) =m i (u*,w*) — onru-
MaJIbHE KepyBAHHL.

Teopema momenena.
IIpoimiocTpyeMo noBeseHy TeOpeMy TPUKJIAIOM.

Hpukiaax 1. Hezati sadaua (1), (2) mae suzasd
& =tcosx +sintr-u, t#1L;,
x(0) =0,

A |y, = i|x|w,,
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3
C(u,w) = /[ac4 + 2u8(t)]dt + Z [22(t;) + wd).
0

0<t; <3

1 _
Tymt € [0,3], t; = 5 i=1,5.u €U — dogiavra onyxaa 3amrnena mroscuna 6 R1,

wo 0 €U, w; €V — samrnena mnoscuna e R, 0 €V, z € RL,
Hesaorcxo bavumu, wo dana 3adava 3a00804bHAE YMOBU Mmeopemu npu p = 6.
Omoice, 6oHa mae Po3e’asok 6 Kaaci donycmumur Kepysans, de U(t) € Lg(0, 3).

BucHOBKU. B crarti orpuMaHi 3pydHi A9 TPAKTUYHOI MEPEBIpKUA TOCTATHI
YMOBH iCHYBaHHS ONTHMAJILHOTO KePYBAHHHA JJid IMIYIbCHHX CHCTeM. BimzHaumMmo,
IO TIi YMOBHU BHUPAarKaIOTHCA JIUIE Yepe3 MpaBi JaCTHHU CHCTeMH Ta (PYHKINI, AKi
BXOJATHh B Kpurepiit akocti. IIpu 1ibomy 1t po3B’s3aHHA 337a491 HE 3aJIy9a€ThCA Hi
TIPWHITATT MAKCUMYyMa, Hi METO, JUHAMITHOTO TTPOTPAMYBaHHSI.
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HEJIMHEVHBIE IN®P®EPEHIITMAJIbBHBIE BKJIIOUYEHU A
C IIEPEMEHHOW PABMEPHOCTBIO U X CBOMCTBA

Kiumapenko O. ., IlinoTrHikoB A. A. HeuiniliHi qudgepenianpHi BKIIIOYEHHS
3i 3MiHHOIO po3MipHicTIO Ta TX BilacruBocti. B crarti BBemeHo mousitTsa mudepeniii-
AJIBHOTO BKJIIOYEHHS 3 3MIHHOIO PO3MIPHICTIO Ta OTpUMAaHi JesiKi BJACTUBOCTI iX PO3B’sA3KiB.
Kurouosi cioBa: audepeniianbal BKIOYEHHS, PO3B’I30K, ICHYBAHHS.

Kuumapenko O. [., Ilnoraukos A. A. Henuneiinbie guddepeHmuanbHbie
BKJIIOYEHUsI C IIEPEMEHHOIl pasMepHOCThIO U X cBolicrBa. B crarbe BBeIeHO IOHS-
Tre quddepeHnaabHOro BKIIOYEHHs ¢ IePEMEHHON PA3MEPHOCTHIO U IIOJIy 9€Hbl HEKOTOPBIE
CBOMCTBA UX PENIeHUIl.

KiroueBslie cioBa: muddepeHnuanbHoe BKIIOUEHNE, PENTeHne, CyIeCTBOBAHE.

Kichmarenko O. D., Plotnikov A. A. Nonlinear differential inclusions with
variable dimension and their properties. In paper the concept of differential inclusion
with variable dimension is introduced and some properties of their solutions are received.
Key words: differential inclusion, solution, existence.

BBEAOEHUE. Teopusa nuddepennuanbHbIX BKIIOYEHUI HAYAIA CBOE PA3BUTHE B
Hadaje Tpuauarbix rogoB 20-ro Beka ¢ nybsmkanmit A. Mapwo u C. 3apemba. Ou-
HaKO OypHOE pa3BUTHE JAHHON TEOpUM HAYaJIoCh ¢ 60-X TOMOB MPOIIJIOro BeKka Oaro-
napst paboram T. Baxkesckoro u A. @. @uiaunmnosa, KOTOpble 000CHOBAJIN €€ TECHYIO
CBSA3b C TEOPHUEH ONTUMATBHOTO yIPABIeHHUS U JuHePEeHINATLHBIMA yPABHEHUSMA
C pa3peIBHON mpaBoii 4acTbio. OCHOBHBIE PE3YJLTATHI TEOPUH UM (EPEHINATBLHBIX
BKJIIOYeHuil u3si0xkenbl B paborax [1, 2, 3, 7, §|.

B manmnoit cTarhe MbI paccMoTpuM quddGepeHnanbHbe BKIIOUEHUS C TePeMeHHON
Pa3MEPHOCTHIO, K KOTOPBIM CBOISITCS, HAPUMED, YIPABJISAEMbIE TTPOIECCHI BOSHUKHO-
BEHHUS U pa3BUTHsA 00beKTOB, nubdepeHImPOBaHHBIX 110 MOMEHTY co3nanusd [4, 5, 6],
a Takke uminysbcHbe quddepennuabable BKIOUeHus [3, 8.

OcHoBHbBIe ompeselieHns U 06o3HadYenusd. [lycrs 6 > 0 npomssBoabHOE JIEii-
CTBUTENIFHOE Yncyio, N — MHOXKECTBO HATypalbHBIX uncen, a Ng = N 0.

O6o3HaunM 4epe3 Xy MHOXKecTBO GyHKIW n(-) : Ry — N, KOTOpbIE yIOBJIETBO-
PSIIOT CJIEIYIONIHM YCJIOBHSIM:

1) n(-) — KyCOYHO-IIOCTOSIHHBIE U KYCOYHO-HENPEPBIBHBIE CIIPABA;

2) ecr n((t +0) — n(t) #0, ro n(r) — n(t) = 0 ana Becex 7 € [t,t + 06].

OueBnIgHa CPABEIJINBOCTE CICLYIONIEH JIEMMBI.

JIemma 1. Jlas w060 gynxyuu n(-) € Xy noaynpamyro Ry moorcno pazbums

He bonee wem Ha cuemmoe wucao muooicecms I; = [ti,tiv1), @ = 0,1, ... maxuz, wmo
Ri=UL ul,NI =9, ecau i # j, 2de n(t) —n(t;) =0 dan ecex t € I,.
i

(© Kuamapenko O. I, Ilnorauxos A. A., 2013
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O603nauum gepes M,, MHOKECTBO MATPUIHBIX (DYHKIHIT, COOTBETCTBYIOMIUX Py HK-
mn n(-) € Ly Takux, 4To

1) M(t) — marpuna (n((t)— 0) (>< n(t)));
E, n(t) —n(t—0)=0
2) M(t){ M(t), n(t)—n(t—0)£0 *MO=F.

Bosbmem npoussosabuayio dynkuuo n(-) € Xp u M(-) € M,,.

Onpegesenne 1. Qyuxyuro x(-,n, M) nasosem Pynryuet nepemennoti pasmep-
nocmu, coomsemcemeytowet nape (n, M), ecau ona ydoeaemeopsem cAedyouuMm Ycao-
BUAM;:

1) z(t,n, M) € R™® daa scex t > 0;

2) x(t,n, M) = M(t)x(t —0,n, M) das ecex t > 0.

Onpepesienne 2. Bydem zosopums, wmo dynkyui x(-,n, M) nenpepwena Ha
unmepsase (t',t") C Ry, ecau ona nenpepwena 6 moukax t € (t',t"), ede n(t) —n(t—
—0) = 0 u nenpepwena cnpasa 6 moukaz t € (t',t"), 2de n(t) —n(t —0) # 0.

Oupegesienne 3. Bydem zosopums, wmo gynryus (-, n, M) abcoasromno nenpe-
poena Ha ceemenme [t' t"] C Ry, ecau ona nenpepwena na (t',t") u abcoarommo
Henpepuena ha abom cezmenme [7', 7] C [t',t"], 2de n(t) — n(t —0) = 0 dan ecex
telr, "]

Sameuanne 1. Anar02uuno, mModtcHo 66ecmu onpedeserue usmepumocmu (Ougd-
pepenyupyemocmu, urmezpupyemocmu, sunwuyesocmu u 0p.) dynkyuu x(-,n, M).

Ounpenenenne 4. Mnozosnaunoe omobpasicenue F(-,n) nazoeem omobpasiceru-
em ¢ nepementotls pazmeprocmuto, ecau muosicecmeo F(t,n) C R dasn ecext € Ry

Ounpenenenne 5. Bydem zosopumv, wmo mnozoznaunoe omobpasicenue F(-,n)
HenpepuieHo wa unmepsase (t', ") C Ry, ecau ono nenpepweno 6 mouxazx t € (t',t"),
2den(t)—n(t—0) = 0, u nenpepwero cnpasa 6 mowkazrt € (t',t"), ede n(t)—n(t—0) #
0.

Onpenesienne 6. Bydem 2060pumsv, wmo mHozo3naunoe omobpasicenue F (- n)
ydosaemeopaem ycaosuro JTunwuya na ceemenme [t',t"] C Ry ¢ nocmoannot L > 0,
ecau ono nenpepoieho na (t',t") u ydosaemesopsem ycaosuio JTunwuya ¢ nocmosnmno
L na mobom cezmenme [7/,7"] C [t',t"], 20e n(t) —n(t —0) = 0 dan scex t € [7/,7"].

OCHOBHBIE PE3VJIBTATBI. PaccMoTpuM CeyoIIyio CHCTEMY € TIepeMeHHOit
Pa3MEPHOCTHIO:

& € F(t,z,n), x(0,n, M) = xo, (1)

rne t € Ry — Bpems; n(-) € Xg; M() € M,; x(t,n, M) — da3opblii BeKTOD;
F(t,z,n) : Ry x R™ — comp(R™") — MmHOro3maunoe 0TOOpArKEHIE C MEPEMEH-
HOI pa3dMepHOCTHIO.

Bameuanne 2. FEcau n(t) = n, mo cucmema (1) 6ydem obviunvim duddepernyu-
ANDHBIM GKAIOUEHUEM.

IIpeanosioxkenne A. Ilycrs dbyuxius n(-) orpanudena 7 > 0 mig Beex ¢ > 0.
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Bameuanue 3. IIpednosodsicenue A ne daem pocm pasmeprocmu 1a 6ECKOHEUHO-
cmu % BecKoreuHOCTIU (MO YCA0BUE MOJHCET, OB HEODAIAMENLHBLM, ECAU CUCTNEMG
(1) paccmampusaemcs 1a KOHEUHOM TPOMEAICYMEKE,).

O6o3maunm wepes Q; = { (t,z) : t € I;, x € R*}, rae I; cooTsercTByIoT j1eM-
me 1.

Ounpenenenue 7. Abcoaromuo nenpepuenas Gynryus x(-,n, M) nasveaemca
06viuHbLM peutenuem cucmemvs (1) na ompeske [0,T), ecau

1) &(t,n, M) € F(t,z(t,n, M),n) dan nowmu secex t € (0,T),

2) (0,n, M) = x.

IIpenmnosioxxenne B. MuorosHaunoe orobpaskenmne F(t,x,n) ymaoBierBopsier
CJIEJLYTOIIUM yCJIOBUSIM:
a) F(-,z,n) — HenpepbIBHO 1o t Ha Ry ;
b) F(t,-,n) — nmunmuneso ¢ nocrosuuoit L no x ua Q;, 1
¢) cymecrByer Takas nocrogauas K > 0, uro ||F (¢, z,n)||
(t,.I) €Q;, 1=0,1,...

=0,1,..;
< K(14|jz|) ana Becex

Teopema 1. Ecau das wexomopozo 0 > 0 n(-) € Xy, M(-) € M, u F(t,z,n)
ydosaemeopaom ycrosuam npednososicenuts A u B, mo na nexomopom ompesxe [0, T
y cucmemni (1) cywecmeyem obwviunoe pewenue x(-,n, M).

JoxkasarenbcrBo. Ouesmmno, aro (0,z9) € Qo C Ry x R™9). Jloonpememmm
MEOrO3HAMHOE oTobpaxkenue F(t, z,1(0)) Ha Bece mpocrpancrso Ry x R™M®) rak, aTo6mr
OHO YJIOBJIETBOPAJIO YCJIOBUAM Hpenonoxenus B, u sosbmem MO(t) = E ana Beex
t € Ry. Torna u3 [2] cmenyer, 4To cymecTByer ro > 0 Takoe, uto Ha orpeske [0, 7]
CYMIECTBYET OOBIMHOE PEIIEHNE CUCTEMBI

a(t,n(0), MO(t)) € F(t, z(t,n(0), MO(t)),n(0)), x(0,n(0), M°(0)) = .

OdeBnaHO, YTO Jajiee BO3MOXKHBI IBA CIIydasd:

Cuyuait 1. lus Bcex t € [0,79] cipaBemmneo ycaoeue n(t) — n(0) = 0. Torma
TeopeMa Jlokaszana u 1" = rq.

Cuaywgait 2. Cymecrsyer ¢ € (0,r9) rakoe, uro n(r) — n(0) = 0 mnsa Bcex
T € [0,t1) u n(ty — 0) — n(t1) # 0. Torma obosnauum uepes xz; = M(t1)x(t1—
—0,n(0), M°(t1)). Ouesuano, uro (ty,21) € Q1 C [t1,= 00) x R™*). Teneps o-
OlpesieINM MHOTO3Ha4YHOe orTobpakenwne F(t,x,n(t1)) Ha Bce mpocTpaHCTBO [t1,=
00) x R™*1) ax, 4To6BI OHO YI0BJIETBOPSAIO YCIOBHAM IIPEINOIOKeHns B, 1 Bo3bMeM
M(t) = { ]\E4(t1)’ z ; 2 . Torma, aHAJIOrHYHO, MOJIYYIUM, 9TO cyinecTByer r1 > 0

TAKOE, UTO HA OTPe3Ke [t1,t1 + 1] CymecTByeT 0OBIMHOE PENIEHUE CUCTEMBI
@(t,n(ty), M (t)) € F(t,z(t,n(t1), M (t)),n(t1)), z(t1,n(t1), M (t1)) = ;.

N rax nasiee.

B wrore Mbr mosrydgaeM CyImecTBOBAaHHE OOBITHOIO PeIleHus OO Ha HEKOTOPOM
orpeske [0, T, mmbo Ha Beeit momynpsimoii R,. Teopema mokazana.

O6o3naunm uepe3 X (t,n, M) cedeHre MHOYKECTBA OOBIYHBIX DEIIEHU CHCTEMBI
(1) B MmomenT Bpemenu ¢ > 0.
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Teopema 2. Ecau das nexomopozo 0 > 0 n(-) € Xy, M(-) € M,, u F(t,z,n)
ydosaemsoparom ycaosuam npednoaosicenuti A u B u mMHo203HauHoe omobpasicerue
F(t,z,n) : Ry x R"® — conv(R™®) | mo X (t,n, M) € comp(R"") dnsa ecex t €
€[0,T7].

HoxkazaresbcrBo. U3 teopemsr 1 cueayer, uto cucrema (1) umeer XoTs ObI OHO
ob6branoe perrerne Ha orpeske [0,7. U3 [2] ciemyer cripaBeIMBOCTh yTBEPIKIEHHS
JAHHOU TeOpeMBI.

ITpumep 1. Pacemompum caedyrowyro Aunetnyio cucmemy:

€ x+ 5¢(0), (0,n, M) =0, (2)
ede t € [0,37], n(t) = [1+ [V2sin(t)[],
[ E, n(t—0)—n(t) =0
M(t) = { mij:ﬁ, n(t —0) —n(t) £ 0 dag t > 0, M) = E, [] — uesan
wacmo.
L, tel0,7),
Ouesudno, wmo n(t) =< 2, [% + 7, % T +mi), 1=0,1,...
1, te [ +mi, 2f +mi),
1, t € (0, 1) UUCE + i, °F + i),
10 e
, te (T +mi, 2L+ mi),
M(t) = 0 1> (i ) i=0,1,...,
(1,1), t =3 + 2mi,
1
( ? ), t =7 +2mi,
2
[—t,t] C R, te[,Z)UU(3”+7Ti5—”+m'),
St) = {(s1,82) € R? : /s + 52 < t}, teU( —|—m, 3T 4 i),
i=0,1,...

Tozda cewernusn muoocecmea pewenuts cucmemsve (2) 6ydym umems 6ud

X(t,n,M)=[t+1—¢' et —t—1], te [0,%),

Ja
E
=
\
N
N[0 | =
N——
Ja
\
\
o
3
=

= T 3w
X(t,n,M):et X(Z n, M)+S€—Z(1+ et _t— 1(0), te [Z7Z)7
3 3
X(5n, M) = (L)X (5 - 0) =
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T 1 . ef x s 3T
— (2 )ez — /2 7(1 S)=-=—1),
l <8+2>e + B f(e +4> 1 )

™ 1 x T x ™ 3T

Janee npuseden zpadur cewenus mHoocecmea pewenuti cucmemvs (2) oas t €

3
o]

Puc. 1

SAKJIFOUEHUE. MOXHO TakKe paccMOTperh Oojee obmuit Bum auddepeniim-
AJIbHBIX BKJIIOYEHHUN C ITIePEeMEHHOI CTPYKTYpPOit

€ F(t,z,n), ©(0,n(0),¢(0)) = xo, (3)

e n(-) € Xg; x(t,n,¢) — dasossiit Bexktop; F(t,z,n) : Ry x R*® — comp(R"Y)
— MHOrO3HAYHOE 0TOOpazKeHue ¢ IePEMEHHO pa3MepPHOCTBIO; () : RMt=0) _, pn(t)
Takoe, 910 (x) = z, ecm n(t —0) —n(t) =0, u p(z) =y, ecmu n(t —0) —n(t) # 0
st £ > 0, U HOJIyYUTb AHAJIOTMYHbBIE PE3YJIbTHL.
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M. A. CarageeBa, A. H. Illynenos
®I'BOY BIIO «IOxkmuo-Ypasibckuii rocyapcrBennbiii yausepcuters (HUY)

OB OJTHOM HEJIMHEMHOW MO/JIEJIN
HA OCHOBE OTHOCUTEJIBHO PA/IMAJIBHOT'O YPABHEHU Y
COBOJIEBCKOI'O THUIIA

CarageeBa M. A., Illysnenos A. M. IIpo oaHy HesiHiliHy Mozejib Ha OCHO-
Bl BIiZJHOCHO pajia/IbHOrO PIBHSHHSI COBOJIEBCBKOIrO TUILYy. Y CTAaTTI PO3TJISIAETHCS
PIBHSIHHS B YaCTHHHMX IOXITHUX 3 KOMILUIEKCHMMH Koedirienramu. /o piBHSAHD m0ai6HOTO
TUIy MOXKHA Bimmectn piBuHsiHas lllperminrepa, komiutekcue piBHsHHsS ['iH30ypra—d/lammay
Ta inmi. /loBeseHa po3B’d3HICTh 3a3HAYEHOT0 PIBHIHHSA METOIOM BHUPOJZKEHHX OII€PATOPHO—
nudepeHIiaJIbHIX PiBHAHD.

KurouoBi ciioBa: piBHSHHST COOOJIEBCHKOTO THUITY, BIJHOCHO PaIiaIbHUM BUMAI0K, PIBHSIHHS
[Ipeniarepa, kKomruiekcue piBHsiHHs ['1H30ypra — Jlanmay.

CaraneeBa M. A., IlTysnenos A. H. O6 oaguoii HeJxmHEHON Moae/in Ha OCHOBE
OTHOCHUTEJIbHO PaJuaJIbHOTO ypaBHEHHs coboJieBCKOro Turma. B crarbe paccmarpu-
BAeTCd ypaBHEHHE B YACTHBIX MPOU3BOMHBIX C KOMILIEKCHBIMU K03 durmentamu. K ypas-
HEeHHUSM [T0I0OHOT0 Buaa MOXKHO oTHecTH ypasHeHud llIpenurrepa, KOMIIEKCHOE ypaBHEHNE
I'uas6ypra — Jlanmay u gpyrue. Jloka3aHa pa3penrnMoCTh YKA3aHHOTO YPABHEHUS METOIAMM
BBIPOK/IEHHBIX OMEPATOPHO-1u( PepeHImaTbHBIX YPABHEHNN.

KuroueBsbie ciioBa: ypaBHeHHs COOOJIEBCKOTO THIIA, OTHOCUTEILHO PAUAJIBHBIN CIIy9ail,
ypasuenwne [llpenunrepa, komiiekcuoe ypapuenue ['ma3bypra — Jlamgay.

Sagadeyeva M. A., Shulepov A. N. About one nonlinear model based on
relatively radial equation of Sobolev type. The article deals with the partial differ-
ential equation with complex coefficients. Equations of this type include the Schrodinger
equation, complex Ginzburg—Landau and others. We prove the solvability of this equation
by methods degenerate operator-differential equations.

Key words: Sobolev type equations, relatively radial case, the Schrodinger equation, the
complex Ginzburg — Landau equation.

BBEAEHUE. [lycrs 2 C R™ — orpanudennas obsacrb ¢ rpanureit 0€) kiacca
C*. B mmmumape 2 x [0, T] paccmorpum 3amady JIupuxie

u(z,t) =0, (x,t) € Q x[0,T] (1)
JUISl yPABHEHHsI B YACTHBIX TPOU3BOHBIX BHIA
(A = A)uy = vAu — idA%u + Bulul?, (2)

KOTOpOE B 9aCTHOM CJIydYae HCIOJIb3YeTCs MpPU M3yYeHUu CaaboHeInHeRHbIX b dhek-
ToB B ruapoaunamuke [1]. 3uech koapdunuentor v, A\, d € R, f € C, upu 3rom v > 0
OIIMCBHIBAIOT IIAPAMETPbI CHCTeMbL. KpoMe TOro u3 3TOro ypapHeHHs MOXKET ObIThb I0-
JIyYeH YaCTHBIHA Cyuail Kiaaccuueckoro ypasuenus ['uns30ypra — Jlangay (Kypamoro —
Mysyxm)

g = u — (14 ic)ulul® + (di + id)Au,

© Carazeesa M. A, Ilynenos A. H., 2013
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ecau ydrena audpaxuus, Ho orcyrcrsyer quddysuonupiii wied (dq = 0). Takas cu-
Tyanus BOSHUKAET MIPU OMUCAHWHU MPOIECCOB, IPOTEKAIONINX B JIA3EPHBIX PE30HATOPAX
W IPYTHX HEJIWHEHHBIX ONTHYECKUX CPENax, M TOTA YPABHEHHUE OMMCHLIBAET MPOCTPAH-
CTBEHHYTO 3BOJIIONUIO 3JEKTPOMATHUTHOIO TAaKeTa B 3TnX cpemax. Camo ypaBHEHHE
lurzbypra — Jlanmay onwmcbiBaeT mmpOKuil KPyr (hU3WYECKUX sIBJICHUM, TAKUX KaK
HeJIMHEWHbIe BOJIHBI, (ha30BBIE IIEPEXOJ/bI BTOPOr0 POZA, CBEPXIPOBOAMMOCTD, CBEPX-
TeKy4YecTh, KOHIeHcarmio Bose — Ditamreiina [2]. Kpome Toro, 9acTHBIM ciydaem
pPaccMaTpUBAEMOrO ypaBHEHNs , OYEBUIHO, ABIAETCs Kybuueckoe ypasaenue [Ipeaun-
repa, BO3HHUKAIOIIEe BO MHOTUX 33/[a9axX HEJMHEHHON ONTHKH W THAPOANHAMUKH [3],
[4].

HUccnenosanue pernenuii JAHHOrO ypaBHEHUs Oy/eM MPOBOAUTH B PAMKAX TEOPUU
ypasHenuit cobonesckoro tuna ([5]-[9]). Onumiem abeTpakTHYIO cxeMy.

ITycrs 4 u § — GanaxoBbI mpocTpaHCTBa; oneparopbl L € L(;F) (r e. nuneen
u menpepbiser), M € Cl(U;§) (1. e. nuHeeH, 3aMKHYT WM ILIOTHO ompenenen), N €
€ C1(Uy;F). Buecn LU, — 6aHAXOBO TIPOCTPAHCTBO, TpUYeM Bioxkenue U, — L mI0THO
u HernpepbiBHO. Paccmorpum 3amady Komm

u(0) = ug (3)
It TIOJTYJIMHEHOTO ypaBHEHUs COGOIEBCKOTrO TUIIA
Li = Mu+ N(u). (4)

Harreit 11e1p10 SIBISIETCS] M3YyY€HNE OMHO3HAYHON paspermmocTy 3a1a4an (3), (4).
I[Tpu BBIOOpE IETH MBI PYKOBOCTBOBAJIACH HE CTOJIBKO JKEJIAHUEM IOIOIHATH TEOPHIO,
CKOJIBKO CTPEMJIEHHEM OCMBICIHTH HAIATBHO-KPAEBBIE 33890 I HEKJIACCHIECKHIX
ypaBHEeHH{I MaTeMaTn4eckoil GDU3MKK, BOHUKAOINX B [IOCIEIHEE BPEMs B IIPUIIONKE-
nusx [1]-[4]. IIpu srom 3amerum, uro pewenus 3aua4u Kowu ais ypasuenus (4) upu
MOOBIX HAYAIBHBIX JAHHBIX IYCTH JazKe U3 IUIOTHOrO B 4| MHOXKECTBA CYINECTBYIOT He
Bcerma (cM. Hampumep, [10], [11]).

HecymecrBoBanue permenuit o0bsCHSETCS TeM, IT0 ypaBHenue (4) HeoOGXOmIMO
paccMaTpHBATL HE HA BCEM NPOCTPAHCTBE i, & HA HEKOTOPOM €ro MOIMHOXKECTBE,
HOHIMAaeMOM Kak (Da30BOe IPOCTPAHCTBO. II3yueHune JUHEHHOrO CIydast

Li = Mu (5)

YIPOIIAETCH B CUILY TOrO, 4TO (DA30BLIM IIPOCTPAHCTBOM ypaBHEHUs (J) CJYZKHUT 110/~
npoctpanctso B . TTosTomy 1jist momynuHeinbIX ypasHenuii Buga (4), haszosbie mpo-
CTPAHCTBA KOTOPHIX AuddHeoMopdHBI HEKOTOPOMY TOAIPOCTPAHCTBY B i, yaaercs me-
peHecTH pe3yJIbTaThl O CyliecTBOBaHu: perennii. Ciieyer 3aMeTHThb, 9TO KOHKPETHBIe
MOJIEJIN, OMUCHIBAEMbIE TOTYTHHEHHBIMY YPABHEHUSAMU COOOJIEBCKOTO THIIA B OTHOCH-
TEJIbHO PAJUAIBHOM CJIydae, PACCMATPUBAIOTCS B PAMKAX TEOPUU YPABHEHUIN COOO-
JIEBCKOI'O TULIA, LIO-BUAUMOMY, BLEPBble (MOXKHO OTMETUTH 110 3ToMy 1osouy [12]).
CraTbsi COCTOUT W3 BBEJEHWsI, OCHOBHON YaCTH, 3aKJIIOUYEHUs] U CIUCKA JINTEPa-
TYPbI, KOTOPbIH HE IPETEH/yeT HA MOJHOTY U OTPAXKAET JIUIIb JIUIHBIE IPUCTPACTHS
aBTopoB. Bo BTOpOiT wacTu BBeEHWS TPUBEIEHBI HEOOXOAWMbIE CBEIEHHUS s TO0-
CTPOEHUST pPeITieHnst B abCTPAKTHOH TOCTAHOBKE, & WMEHHO TTPUBOJISITCS CBEJIEHUS W3
[8], Kacarompecss OTHOCHTEILHO PAJAMATIBHBIX OMepaToOpoB. B OCHOBHOI YacT cHavaa
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LPUBOJUTCH JOKA3ATEJIbCTBO CYILECTBOBAHUS PelleHus i ypasuenus (4), a 3arem
BCe abCTPaKTHDIE PE3YJIbTATHI IPUMEHEHBI JJIs TIOCTPOoeHus pemenuii 3agaqn (1), (2).
OTHOCHTEJNBHO p-paJualibHbIe ONepPaTopPhl.
JokazarenbcrBa yTBEp:KAEHUN STOrO IyHKTA MOXKHO HalTu B [8].
O6o3Ha9IM

PUM) = {ueC: (uL— M)~ € LE}, o (M) =C\ p(M),
RE(M) = (uL— M)"'L, LL(M)=L(uL— M), pep (M),

P P
Ry (M) =[] RE, (M), LG, ) (M) =TT LK, (M), Aeep™(M) (k =0.p).
k=0 k=0

Oupegesienue 1. Oneparop M Ha3bIBAETCA P-PAOUGALHBLM OTNHOCUIMEALHO OTIe-
paropa L (koporko, (L,p)-paduasvrvim), eciu

(i) Ja€ R (a,+oc) C p*(M);

(ii) 3K > 0 Vu = (po, 1, - - - fip) € (@, +00)PT! ¥ne N

K

max{[| (R, ,) (M))" |z 1L (M) o)} < :
kHO(ﬂk —a)"

Tak>ke BBeeM 0003HaYEHUA
4 =ker R(;, ) (M), 3° =ker L{, ,, (M), Lo =L " My=M

domMNLO
Yepes U! (F') oboznaunm 3aMbIKanne TuHEATA imR(L“’p)(M) (imL(me)(M)), a gepes

1 (F) — 3aMbIKanme JTHHEATA ilo—i—imR(me) (M) (SO—FimL(LM’p)(M)) B HOpMe MPOCTPaH-
crea i (F).

Omnpenenenne 2. Pewenuem ypapHenns (5) HazoseM BeKTOP-DyHKIIIO u €
€ C1(R; ), ynosnersopstonyto 3Tomy ypashennto Ha R, = {0} UR,.

Onpepenenne 3. 3amrHyTOe MHOXKECTBO P8 C 4l HasbiBaercs (Pa3osvim npo-
cmpancmeom ypasaenus (5), eciu
(i) mro6oe permenvie u(t) ypaHenus (5) gexnt B P (MoroueuHo);

o
(ii) s 110600 Up U3 HEKOTOPOro JinHea a P, IWIoTHOro B 3, CyluecrByeT eiauH-
crBerHoe perenve 3anaun Komm (3) must ypasuenus (5).

Teopema 1. IIycmo onepamop M (L, p)-paduasen. Tozda dazoevim npocmpar-
cmeom ypaenenua (5) asasemes mmosicecmeo UL (F1).

Omnpegenenne 4. Orobpazkenne U(-) : Ry — L£(4) HasbIBaeTCA paspewarouseti
noayepynnot ypasuenus (5), eciu

(1) U(s)U(t) =U(s+1t) Vs, t € Ry;

(ii) u(t) = U(t)up ecrpb pewenue 3roro ypaBHeHus s JI060r0 Uy U3 HEKOTOPOro
TJIOTHOTO B il THEANa;

(iil) cyzkeHme eMHUIIBI IO TPY LI Ha (ha30BOE IPOCTPAHCTBO 3 ypaBHEHUST €CTh

U(O)‘q3 - L



38 Cazadeesa M. A., Illyaenos A. H.

Monyrpynmy {U(t) € L() : t € Ry} Gyem Ha3BIBATD 9KCNOHEHUUAADHO 02PAHU-
wennoti ¢ koucranramu C, a, eCou

3C >0 JaeR Vte Ry  |U®#)| @ < Ce™.

Teopema 2. IIycmw onepamop M (L,p)-paduasen. Tozda cywecmeyem sxcno-
HEHYUUAADHO 02DAHUYEHHAA ¢ Koncmanmamy K a us onpedeaenus 1 u cuavro nenpe-
PHIEHAA PA3PEWAIOUAA NOAYepYnna Ypashenud (5), paccmampueaemozo 1na noonpo-
cmpancmee .

3ameuanmne 1. OniepaTopsl pa3pernaioneil moayrpynnst ypasuenns (5) mpu t > 0
MOKHO TIPEJICTaBUTh B BUJIE

A k b
U(t)=s— lim ((L - M) L) =s— lim (R% (M)) :
k—o00 k k—oo \ t

NPUHAMAs BO BHUMaHWeE TIONMPaBKH (HOPMYJIbI, 06Cy K jaembie B padore [13].

Bameuanne 2. Exununeii nonyrpymnst {U(t) € L(U) : t € Ry} ({F(t) € L(F) :
t € Ry }) asasercs npoexrop P (Q) suons U0 (F0) na Ut (F1).

Omnpenenenne 5. Ouneparop M HasbiBaercsa cuavho (L, p)-paduasvroim, eciau
IpH JTIOOBIX A, [lg, 41, -+-s flp > G BBITOTHAIOTCSA YCAOBUSA
(i) cymiecTByer IOTHBIN B § JinHEAs § Takoii, 4ro s Bcex f €F
“1+L const(f)
IMAL = M)™'L{;, ) (M) fll5 < -
(

(ksp)
(A—a)kl;[ f — a)

i

NO

(ll) ||R(L,u,p)(M)(>\L - M)_lllﬁ(g;il) < D .
(A—a) kl;lo(uk —a)

Teopema 3. ITycmv onepamop M cuavno (L, p)-paduaren. Tozda
Hu=dod, F=3"o3F"

(ii) Ly = L‘ cLWF:F"), My=M € ClL(uUk: F),
Uk dom M,

domMj, = domM NU¥, k=0, 1;

(iii) cywecmeyrom onepamopw My € L(FO;4U°) uw LTt € L(FH;UY).

Paccmorpum HEOqHOPOAHOE JIMHEIHOE ypaBHEHHE COOOIEBCKOrO TUIIA
La(t) = Mu(t) + g(t) (6)
¢ dynkmmeit g : [0,T] — §. O6oznaanm (I — Q)g(t) = ¢°(t) u Qg(t) = g*(¢).

Teopema 4. ITycmo M — cuavno (L, p)-paduanen, a eexmop-dynruyua g(t) ma-
Koea, wmo g°c CP([0,T],%), ¢*€ C([0,T),domML;"). Tozda das mobozo nauano-

p
HO020 3HAYEHUA Uy € Py = {u edomM : (I-P)u= —Z H* M, g"®)(0) } cywecmeyem
k=0
eduncmeennoe pewenue uc CL([0,T], ) sadawu (3), (6), euda
¢

u(t) = U(t)ug + / Ut —s)L7'Qg(s)ds — zp:HkM(;lgo(k) (t).
o k=0
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Yepes C([0, T); domM Lfl) ?,H,er 0603HAEHO MPOCTPAHCTBO (PYHKIHA CO 3HATE-
HuUAMHE BO MHOXKecTBe domM L], HEIpPepPBIBHBIX IO HOpMe rpaduka oneparopa M.

OCHOBHBIE PE3VJIBTATHI. 1. CyIlecTBoBaHMe pelleHnii abcTpaKTHBIX
ypaBHEHUIA.

Urak, nycts oneparop M cumbho (L, p)-paguasen. Toraa monaras Uy = U, 4l =
= dom M NYU! ¢ "mHopmoii rpaduka, ananoruano [11] mOCTPOUM HHTEPIOTATHOHHBIE
npocrpanctea UL = [US, ], a € [0,1]. Hanee, nomoskum 4 = dom M N U° ¢
"wopmoii rpaduka 1 nocrpoum npocrpancrsa th, = U{BUL o € [0, 1]. Umeror MecTo
HeNpepbIBHOE W TIOTHOe BioxkeHwe i, — L, « € [0, 1], n pasencreo Y3 = dom M ¢
"wopmoii rpaduka. @ukcupyem « € [0,1), u mycrs onepatop N € C1(,;F).

Omnpegenenne 6. Bekrop-dbynxmmio u € C1((0,T);44), yI0BIETBOPAIONTYIO TTPH
rHekoropom T € Ry ypasHenwio (4), HaA30BEM pewieHuem ITOTO ypaBHEHUs. Permenne
u = u(t) ypaBaenus (4), yI0BJIETBOPSIOIEE COOTHOIICHUIO th%1+ [lu(t) — uol|lg, =0

—

upu HEKOTOpoM Uy € i,, HazoBem pewenuem 3adavu Kowu (3) das ypasnenus (4)
(xopoTKO pewenuem sadawu (3), (4)).

Tockoubky oneparop M cunbho (L, p)-paguasien, To ypasaenue (4) 9KBUBaJIEHTHO
CJIeAYIOIme CUCTeMe U3 IBYX YDABHEHUIA

Hi® =u’ + My (I - Q)N (u), (7)
ut = Su' + L7'QN (u), (8)
rne oueparop H = M; 'Lo € L£(U°) munpnorenren cremenu p, a omeparop S

= LflMl € Cl(U') pammanen B cuty Teopembl 3. [l KynupoBaHUs TPYIHOCTEH,
BO3HUKAIOIIMX MIPH perlleHny ypapHenuii (7), (8), BBeJileM HOBOE MMOHSTHE.

Onpepenenne 7. Pemenne v = u(t) ypapuennus (4) Ha3bIBAETCS K6A3UCMAYUO-
Haprol noaympaexmopueli, eCiiu

Hua(t)=0, te(0,7). 9)

Pemenue 3anauu (3), (4) Ha3biBaeTCs K6a3UCTAYUOHAPHOT NOAYMpPaeKkmopuet ypas-
nenus (4), enxrodawed us mouku g, ecin BepHo (9).

DTO MOHATHE €CTECTBEHHBIM 00pa30M 0000IIAET MOHATHE KBA3UCTAIIMOHAPHOM Tpa-
exkropuu [10]. Eciiu orpaHuuuTbcs paccMOTPEHUEM TOJILKO KBAa3UCTAIMOHAPHDIX O~
JlyTpaekTopuii, 10 B cuity (7) upuaeM K pacCMOTPEHUIO MHOXKECTBA,

M={uei,: I-Q)(Mu+ N(u)) =0},

HA KOTOPOM OHU Jiexkar B cuiy (7).

Ilycts M # @; OGyaemM TOBOPHUTH, UTO MHOXKeCTBO I B TOuke ug € MM aABmsieTcs
banazosvim Cl-mrozoobpasuem, eciu cymecTByior okpectaoctu O C M u O1 C UL
Touex ug u uy = Pug € UL coorsercrsenno u Cl-mudbdeomopdbusm G : O — O
raxoif, uro G~1 ecrb cyxkenue npoekropa P na 9.

MuoskecTBo 9t HazbIBaeTCA 6anaxosvm Cl-mHo20006pasuem, eCiii OHO ABJIAETCSA
TAKOBBIM B KayKJOW CBOEIl TOYKE.

CaasHoe 6aHaxoBo C''-MHOr0O6Gpa3ye HA3BIBAETCA NPOCILIM.
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Teopema 5. ITycmb 6 mouxe ug € M mnosicecmeo M aeasemes barazrosoim CL-
MHO2000pasuem, mozda cywecmsyem K6a3ucmayuoHaPHAL NOAYMPLEKMOPUA YPAGHE-
Hus (4), 6LT00AUAL U3 TROUWKY UQ-

JokasaresabcTBo. B ycnoBusax TeopeMbl ypasrenue (8) B okpecTHocTH 1 < UL
TOYKH U{ MOXKHO MPUBECTH K BUJLY

o' = Su + F(ul), (10)

e oneparop F = L7'QNG € C'(9y;4). Tomssysice pesymbraramu [14], maiizem
pemenue ut € C1((0,7T);4UL) 3anauu Komu u'(0) = u} nna ypasuenus (10) B Buje

¢
ul(t) = U(t)ud + / U(t — s)F(u'(s))ds, B cuy Teopemsr 4. Bekrop-dynxrmms u(t) =
0

= Gul(t) + ul(t) 6ymer pemennenm zamauu (3), (4), mpudem Gymer Bumomanero (9).
Orkyna caemyer yrBepK/IeHHE TEOPEMBL.

Omnpenenenne 8. Muoxecrso Pr C L, Ha3bIBaeTCH PA306bLM NPOCMPAHCTNEOM
ypasHennus (4), ecan

(i) moboe pererne v = u(t) ypasuennsi (4) nexur Ha Pp, 10 ectb u(t) € Pr,
te (0,T);

(i) mia aroboro uy € Pp cyinecrByer eauHcTBeHHOE pemenue 3agaun Komm (3)
st ypasaenus (4).

B panpreiiiem HaC OyayT MHTEPECOBATH CJIydad, Koraa hpa3oBOe MPOCTPAHCTBO
Pr ypasuenusa (4) Oymer cOBIAIATL CO MHOKECTBOM €0 KBA3UCTAIMOHAPHBIX TO-
sytpaekTopuit M. OTMeTnM, 9TO 3TO 3aBEIOMO UMeeT MecTo, eciu omeparop N = O
(cM. Teopemy 1), unu ecnu p = 0 [10], [11].

2. JlokajbHBIe peHnieHUus AJId HeJIWHEWHOM MOJIesIn.

Bepuewmcst k ocaoBHO#t Mojienm. B orpanundennoit obmacru 2 C R™ ¢ rpanuneit 0f)
kiacca C* paccmorpum 3azady dupuxie (1)

u(z,t) =0, (z,t) € Q x[0,T]
JIJTsl yPABHEHUS B YACTHBIX MTPOU3BOIHBIX BHA (2)
(A — A)uy = vAu — idA%u + Bulul?.
it Toro, urobbl peaynupoBaTh ypasHenue (2) ¢ rpanudHbiM yeiaosueM (1) K ypaBHe-

o]
mmio (4), BosbMeM (dyHKIMOHAIBHOE mpocTpancTio U =Wi(Q). Bamernm, uTo B cuy

TeopeMbl Bjioxkenus CoboJieBa Vf/% — L,opun >3u2<p<4/n—-2)+2.B

KadecTBe IIPOCTPAHCTBa § Bo3bMeM W, 1(Q), HaJEeJIEHHOE CUJIbHOI TOIOJIOTHEeN IIPOo-

CTPAHCTBA, CONPIKEHHOrO K 4| OTHOCUTEJIbHO CKAJIIPHOIO IpousBeienus (-, ) u3 Lo.
Oueparopst L, M € L(4;§) oupenenum dopmysiamu

L=X—A, M=vA—idA>

O6o3nauum vepe3 {Ap} mocsienOBaTEILHOCTH COOCTBEHHBIX 3HAYEHUI OIHOPOJI-
Hoii 3aytaun Jupuxie s oneparopa Jlamnaca A B obnacru 2. IMocaenoBaresnbrocTnb
{\r} BaHy™MepoBaHa 1Mo HEBO3pACTaHMIO ¢ yueToMm KparHocTn. O6o3naunm vepes {py
OPTOHOPMUPOBaHHYIO (B cMbIcie Lo (£2)) mocienoBaTeIbHOCTh COOTBETCTBYIOIINUX COO-
crBennbix byukiuyil, pr € C°(0Q), k € N.
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JIemma 1. ITpu awbwx v, \,d € R onepamop M cuavno (L,0)-paduasen.

Hoka3zarenabcTBo. B cuny ycmosuit Teopemsr ker L N ker M # @. 9cHo, uTo B
nporusHOM caydae oL (M) = C.
s Toro arobst mocrpouth L-pe3oibBenty oneparopa M pacemorpum nipu i € C

o0

omeparop puL — M = Z (X = Ak) — (WA — id)})) (-, i) pr. DrOT OmMEpaTop HMeer
k=1

HENPEePBIBHBIA OOPATHBIHN, IPU YCIOBHH

Ve —id)2 vX, idA2

SRS S VRl wa N . v
A — idA2
Otkyma scuo, aro oX (M) = {u eC: u, = %, mpu k : A, # )\}. OrHocu-
— Ak

TenbHas L-pe3oabBenTa omeparopa M mpu p € pL(M ) WMeeT BHUJL

L—M —1 —_ <790k>%0k : )
(1 ) h;giklipngAk)Aqukg%szi

BoridacunM mosoykeHne OTHOCUTEIBHOTO CIEKTPa, Iph k — 00

v —id\2  vhp idA2

= — ~ —v +id\g.
A= g A=A A=
OTKyza ACHO, 9TO TOYKH OTHOCHTETHLHOTO CTieKTpa o~ (M) HakanimBaioTes K BepTH-
KaJbHOIM npsiMoit Rey = —v. Tlpu sToM omeparop Rﬁ (M) =

S A=) omee > (-, or)Px

,u(/\ - /\k) - (I/)\k - Zd/\i) N (I/)\k - Zd)\%)/()\ - >\k) '

B AR #£A ka0

Orkya ciieyer BBIIOTHEHUE HEPABEHCTB

K
mas {1 R (M)l 1L (Ml } < 7=

const(f)

IM(nL = M)~ Ly (M) fl5 < P

—al|lp—al’
K

< 7—
I — alln — a

)
rme a= sup Reur = sup Re( LAk — LT
o AREA ki Ap£A A= A=

Takum obpasoMm, B paccMarpuBaemoit 3ajade M cuibro (L, 0)-paanaseH.

Ipu stom U° = span{py : A, = A}, U =span{ey : \p # A}

OTKyza caenyer yTBEPXKICHUE JIEMMbI.

Tepeiinem Kk paccMoTpeHuio HesuHeiiHoN YacTu ypashenus (2). Jus aroro Bo3b-
MeM B (PYHKIMOHAJbHBIX IIPOCTPAHCTBAX P = 4 U 331aJlUM OIEPATOP

IRE (M)(nL — M)~ £

><—|—oo.

(N(u),v) = 6/u|u\2vdx Yu,v € Ly.
Q
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Jlemma 2. IIpu aobwuz 3 € C onepamop N € C(84;F), npuvem N(0) = 0 u
Nj=0.

HokazaTeabcTBo. /leficTBUTENHHO, TTOCKOJIBKY

w0

4

\<N(u>,v>|:ﬂ/u|u|%dxsw\- /|u|4dx -/|v|4dx <

Q Q Q

IN

< constul|Z, - |vllz,

TO HN(u)HL% < constl|ul|?,. B cuny nenpepeBrOCTH Broxermit Ly < (Lg)* = L3 —

SV

— W{l oneparop N :U—F.
ITycrs u € 4, Torma mponssogaas Pperre N, ormeparopa N B TOYKe u NMeET BUJ

(Nyv,w) = 36/ lulPvwdz  Yu,v,w € Ly.
)

B cuny toro, aro

(N, w)| < [38] /|u|2vwd:n <

Q
1
4
. /|w|4 de | <
Q

1
2
<iool- | [lurtao ) | [lolds
Q Q

< const|[ul|3, - [|[v]lz, - [[w]L,.

nonyuum N € CH(4; §), 9To N0Ka3bIBACT YTBEPYKIEHNE JTeMMBI.
B cuity aTux aByX JeMM u TeOpeMbI 5 CIIPaBEIIUBA

Teopema 6. (i) [Tycmv A € {\}. Toeda gasosoe npocmpancmeo 3adawu (1), (2)
coenadaem ¢ npocmpancmeom L.

(ii) ITyemov A € {\}. Tozda gaszosvim npocmparncmeom zadawu (1), (2) asasemes
npocmoe banaxoso C1 — mruozoo6pasue

M={uei: /(VAu —idA%u + Bulul?)gide =0, N\ = A}
Q

modeaupyemoe nodnpocmparcmeom U = {u € L (u, ) =0, A = A}.

SAKJIFOYEHME. [laHHOE WCCIIEI0BaHHE TOCBSIIEHO BOMPOCAM DPa3pENNMOCTH
METOIAMH TEOPHH YPABHEHHiT COOOIEBCKOTO THIIA, TIPHYEM IMOCJE/THEE SBIISETCS CIie-
nupUIecKr OTHOCUTEIBHO PAIUATBLHBIM, TO €CTh 3TO YPAaBHEHNE HENIb3s PACCMATPH-
BAThb B PAMKaX JAPYIUX KJIACCOB ypaBHeHuil cobosieBckoro tuma. ®a3oBbIM IPOCTPAH-
creom 3ajaum (1), (2) B m06oM cryuae sBsgercs mpoctoe Ganaxoso C'l-mHorooGpasme

s gk
m‘{zm, Ne D)
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MO/IEJIUPYEMOE IIOAIIPOCTPAHCTBOM

s gk
Q‘_{ Woae D)

B nanpneitiem mpeamnonaraeTcs BCECTOPOHHE U3y YUTh 3TO YPABHEHHUE, KAK C TOY-

KM 3pEeHUsd KavyeCTBEHHbIX UCC/IeJOBAHUN pellleHuil, TaK U ¢ TOYKHU 3peHusd YUCIeHHbIX
pelienuii.
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METO/J ANHAMIYHOTI'O IIPOTPAMYBAHHS B 3AJTAYI
CTPYKTYPHO-IIAPAMETPUYHOI OIITUMI3AIIII JUCKPETHOI
CUCTEMU KEPYBAHHSA

Crpaxos €. M. Meroa guHaMidHOro nmporpaMmyBaHHSI B 3aJadvi CTPYKTYPHO-
apaMeTpuYHOl onTuMisanil AMCKPEeTHOI cucTeMu KepyBaHHsI. Y po0oTi 06rpyHTOBa-
HAa MOKJIUBICTH 3aCTOCYBAHHS METOY AUHAMITHOIO IPOrPaMyBaHHS 10 33t CTPYKTYPHO-
[apaMeTpuyHOl onTuMizanii JucKkpeTHol cucreMu KepyBanus. OrpuMani JuckpeTHe piBHsAH-
s Besuimana, a TAaKOX JOCTATHI YMOBYM ONTHMAJILHOCTI KEPYBAHHS y BUMAAKY HediKCOBAHOT
CTPYKTYPH CUCTEMU.

Kimro4oBi cioBa: JuCKpeTHA CHCTeMa, CTPYKTYPHA OINTHMI3allisl, IapaMeTPUTIHA OITHMi-
3arlisd, JUHAMIYHE TPOrPAMYBAHHS.

CrpaxoB E. M. MeTtoa nuHaMudyecKoro nporpaMMUpPOBaHUs B 3aJa4e CTPYK-
TYPHO-IIapaMETPUYECKOli ONTHUMU3aIlNN JUCKPETHOIl CHUCTEMBI yIpaBJjieHusi. B
pabore 000OCHOBaHA IIPUMEHUMOCTH METOJd JIMHAMUYECKOrO IIPOTPAMMUPOBAHHS B 3aa9e
CTPYKTYPHO-TIAPAMETPUTIECKON ONMITUMU3AINH JUCKPETHON CUCTEMBI yrpaBjeHus. Ilomyaennt
JUCKpEeTHOe ypaBHeHHe Desmmana, a TakXKe JOCTATOYHBIE YCJIOBUA ONTHMAJBHOCTH YIIPAB-
JIeHUsI B CIyvyae HeUKCUPOBAHHON CTPYKTYPHI CHCTEMBI.

KurroueBble cjioBa: IuCKpPETHAas CHCTEMA, CTPYKTYPHAs ONMTUMU3AIs, TaPpaMeTPUIECKa st
OIITUMU3ALNS, JUHAMUYIECKOE I[IPOrPAMMUPOBAHNE.

Strakhov E. M. Dynamic programming in a structural and parametric opti-
mization problem of a discrete control system. This paper deals with substantiation
of dynamic programming method for a structural and parametric optimization problem of
a discrete control system. We obtain discrete Bellman equation and sufficient optimality
conditions in the case of floating structure.

Key words: discrete system, structural optimization, parametric optimization, dynamic
programming.

BcCTVyIl. ¥ npukiagHuX 330a49aX, OB’ I3aHUX 13 KOHCTPYIOBAHHAM CKJIQIHUX Te-
XHIYHUX CUCTEM, KePYBAHHS CUCTEMOIO, K MMPABUJIO, 3/TIMCHIOETHCS 3 JTOTMOMOTOIO TTiI-
cucreM, §Ki BiZIOMi 3 TOYHICTIO 70 MapaMeTpiB. 3 MATEeMATHIHOI TOUKH 30Dy 1€ O3HA-
9qag, M0 Ha MeBHUX BiApi3Kax gacy KepyBaHHS 33a€ThCs 3, JOTOMOrO0 (DYHKIII, 1110
3aJeKarhb Bi/l 9acoBol 3MiHHOI Ta mapamerpiB. TakuM 9MHOM, BHHHUKAE 331493 3HAXO-
JIZKEHHS ONTUMAJBHUX PEXKUMIB CUCTEMHU Y CTPYKTYPHO-TTApaMETPUIHUX Kaacax. Taki
3312491 XapakTepHi jisi POOOTOTEXHIYHUX CHCTEM, CHCTEM TPUCKOPEHHS i (DOKyCyBa-
aHg TomO. OMHUM 3 TiIXOmiB 10 PO3B’S3yBaHHS 3a/a9 CTPYKTYPHO-ITAPAMETPUIHOL
onTuMizaIil CuCTeM KepyBaHHS € BapiamiiffHuii MeTomd, Ha OCHOBiI SIKOTO OYIyIOThHCS
iTepamniitai mporeaypu TUITY IPAIi€EHTHOrO CIYyCKY 3a oOpaHuMu mapaMerpamu abo To-
YKaMW TlepeMuKaHHst. Pesynbrarn y mpoMy HanpsMy omeprkani B mpari [3]. IIpore
py peaJiizariii moaiOHNX METO/iB Ha, MPAKTUIl BUHUKAIOTH MEBHI TPY/IHOII, OB’ s3a-
Hi, 30KpeMa, i3 HECTIWKICTIO CIpPsXKEHOI cucreMu. lHmuil miaxina 0a3yeThcs HA TMPUH-

(© Crpaxos €. M., 2013
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uuni onruManbuocti Besuimana ta meroal punamivnoro uporpamysanns. Po6ora [1]
OOI'PYHTOBY€ MPUHIINAI ONTUMAJIBHOCTI IS 33439l BUOOPY ONTUMAJILHOI CTPYKTYPH,
B Hi#f omep:Kami piBHAHHS Belnmana B iHTerpajbHiii Ta audepenmianbHiil popmax.
Crarri [4, 5, 7] nommpoOTh 11i pe3yabTaTd Ha 3a4a4i CTPYKTYPHO-NAPAMETPUYHOL
orrruMizanii cucrem KepyBaHHs. 30Kpema, y [4] HOCaiIKy€eTbCs BUIAIOK JUCKPETHOL
cucremu 3 (PIKCOBAHMMHU MOMEHTAMU HEPEMUKAHHS, 3AIPOIIOHOBAHUI YMCeJIbHII aJ-
TOPUTM 3HAXOJIZKEHHS ONMTUMATHHUX TTApPaMeTPiB TaKOI CUCTEMU.

B mawmiit crarTi npoBoAuTHCA OOrPYHTYBAaHHS MPUHIIMITY ONTUMAJILHOCTI JJIs 3a-
Jadi CTPYKTYPHO-TAPAMETPUYHOI ONTUMI3aIil JUCKPETHOI cucTeMu 3 HEMIKCOBAHOIO
CTPYKTYPOIO, BCTAHOBJIOIOTHCS TOCTATHI YMOBH ONTHMATHHOCTI KEpyBaHHSA y PopMi
Bennmana.

OCHOBHI PE3VJIbBTATH.
1. ITocranoBKa 3aja4i Ta MPUHIMUI ONTHMaJibHOcTi Besnmawna. Posris-
HEMO 3&,&&‘1}7 OIITUMAJIBHOI'O KepyBaHHH

N-1
J(z,u) = Z gk (x (k), uw(k))+®(x(N)) — min (1)
k=0

s 2 (k+1) = fi(x k), u(k), k=0,1,....N -1, (2)
z(0) = zo.

Tyr z (k) € X — n-eumipHnit BekTop daszornx koopauHar; X C R™ — 3amkHeHa
MHOXKUHA hazoBux obmexenb B Moment k = 0,1,..., N; u (k) — m-Bumipuuii BekTop
KepyBaHHS; gi : R® x R™ — R, fi. : R” x R™ — R” — 3a1aHi HenepepsHi QyHKIil
CBOIX apryMeHTiB IpH KoxkHOMY k = 0,1,..., N—1; ® : R” — R! — 3a1ana HenmepepsHa
dyHKITIS.

Hexait kepysanus B 3ama4i (1)—(2) 3amano B crpykTypHiii dhopmi

w(k) =0, (bya(k)), k=0,1,....N—1,re {1,....p}, (3)

ne U, (b.,xz(k)) (r=1,...,p) — 3aganuii Habip CTPYKTYP, ajie NOPsIOK TX po3Tamry-
BaHHA € HeBizommuM; b, € R, — Hepimomi umcnosi mapamerpu; R, C R (i, € N) —
MHOKUHU OOMEXKEHb Ha MapaMeTPH.

Bagaua (1)—(2) € 3a7a9€r0 CTPYKTYPHO-IAPAMETPUYHOI ONTUMI3AIi 3 KepyBaH-
HAM, 33JJaHUM B CTPYKTypHOMY KJiaci (3). Bubip onTumaibHOro KepyBaHHs 3B0JUTHCS
210 Bubopy Takoro posmimennsa crpykryp {U)} ra Bu3HAYEHHsS ONTHUMAJILHUX I1APa-
METPiB b} 1UX CTPYKTYP il KOXKHOIO jauckperHoro momenty k =0,1,..., N —1, mo
minimizye kpurepiit sikocri (1).

Hexait {U*} — onrumanbamit Habip cTpyKTyp, {b%} — HAbIp ONTUMAIBHUX MTapamMe-
TpiB y 3amadi (1)—(3). Ilosnaunmo vepes =* (k) BiANOBIIHY ONTHMAJBHY TPAEKTOPIIO.

Badikcyemo s € {1,2,..., N — 1} i po3rigHeMo JONOMIKHY 3aJady
N-1
Js (z, u) = Z gk (z (k) , u(k))+®(x(N)) — min (4)
k=s
3a yMOB
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z(s) =a"(s), (6)
u(k) =9, (b, z(k)),k=s,s+1,....N—1,re{1,2,...,p}, (7)
Opy IBOMY BUKOHYIOTbCs BRJouenns x (k) € Xg, k=s,s+1,...,N.

CrpaseyinBa HACTYITHA TEOPEMA.

Teopema 1 (npunnun ontumasnbHOCTi Bennvana). Sdxuo nabip cmpyxmyp {\ilr}
ma napamempis {b,} € onmumasvrum y 3adawi (4)—(7), mo das k =s,s+1,...,N

ued nabip cnisnadae 3 onmumasvrum wabopom cmpyxmyp { U} ma napamempis {b}}
sadaui (1)-(3).

HdoBenennd. [IpumycTumo, mo TBEPzKEHHS TEOPEeMU He BUKOHYETHCsT, TOOTO Ke-
pyBanHs, 110 € po3B’s3koM 3azadi (4)—(7), ne € ourumasnbaum upu k= s,s+1,..., N
y 3amadi (1)—(3). Lle o3uagae, 1m0 Mae Micie HepiBHICTH

Js (¥, u*) > Js (2, a),

e x*(t), u*(t) — omTuMaNbHa TPAEKTODist Ta ONTHMaJbHe KepyBaHHs 3amaqi (1)—(3)
BiamosinHo, Z(t), 4(t) — onTUMaTIbHA TPAEKTODiS Ta ONTHMAJbHE KepyBaHHS 3aJadi
(4)—(7) Biamosimmo. IToGyyeMO KepyBaHHS

U (0%, 2% (k)), k=0,1,...,5— 1,
v(k) =4 =~ /- _ B
wr@mxwﬂ, k=ss+1,... . N—1.

Binmosinaa TpaeKkTOpis MaTHMe BUTJIST

2 (k), k=0,1,...,s—1,
y(k) =9 - (%)
z(k), k=s,s+1,...,N.

Takum crrocobom,

N-1
) = 3 90 (k) v (k) + @ (y (V) =
k=0
s—1 N-1 ~ ~
=3 o @ (), Wi G () + 3 gx (3 (k) i (B 3(0)) ) + @ (3 (V) =
k=0 k=s

< igk (" (k), W (b, 2" (K))) + Js («7, u’) = J (7, u7),
k=0

a Iie 03HAvaE, 1o KepyBaHHs u* (t) He € onrumanbauM. OTprMaHe TPOTUPIYYs TOBO-
JIATH TEOPEMY.
2. [Iuckperne piBasHHs Bennmana. Beegemo
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OsnavyeHHda. DPynryis

Bs(z) = min {Z gk (@ (k) Ury, (bry,, (k) + @ (2 (N))}a (8)

wWo 8u3Ha“eHa Ha p036’ﬂ,37§,‘a$ cucmemu

z(k+1) = fu(z(k), Vr (br,z(k))),
k=s,s+1,...,.N—1,re{l,...,p}, (9)
z(s) = z,

nazusaemocsa Pynryicto Bearmana zadawi (1)-(3). Ipu ybomy 6UKOHYIOMbCH 6KAI0-
wenns x (k) € Xg, k=s,s+1,...,N.

3 o3nauenns ¢yHKIil Bervana BumimBae, mo

B.(:)= min J (. w).

Hexait mapa ({0}, {bf}) nocraBnse minimym mpasiii wactuni pisrocti (8), z* (k)
— onTuMasnbHa TpaekTopia. Tomi

Bs (2) = {W}{b}{zgk ; (brkaw(/ﬂ))H@(fE(N))}:

=

-1
gr («* (k) ¥y, (b, 2" (k))) + @ (2" (N)) =

=
I

S

g (@ (), W2, (b127(5))) +
EY g (o (), W (50 (R)) + @ (o (V) =

k=s+1
=g, (z, vy (b:,x*(s))) +
N—-1
+ Y gk (@ (), U5, (0,27 (R))) + @ (a7 (V). (10)
k=s+1
3a npuHIUIoOM onTuMaibHocTi Bemmvana
N-1
> g (et (R), 5, (05,27 (R)) + @ (a7 (N)) =
k=s+1

N-—1
:{ﬁ?’{%r}{ S g (@ k), U, (b (k) + @ (@ <N>>},

k=s+1

a 3a o3nadveHusM Qyukiii Bemamana

{@%r}{ S o a k). Wy, (b 2(k) + @ (o <N>>} =Boy (a(s+1,2).

k=s+1
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Tyr z (k, z) — po3s’a3ok 3azsa4i Kowi (9) 3a ymosu

(W, (b, (k) } = = {7 (by, 2" (K))} -

Orxe,

B, (2) = gs (2, ¥y (b,2%(s))) + Bes1 (z (s + 1, 2)).
Bpaxosyioun, mo z (s + 1, 2) = f, (2, Ui (b}, 2%(s))), orpumaemo
Bo(2) = g (2 05, (01,,0°(9))) + Bosa (s (5 W3, 01,2°(s))) . (A1)

Axwo 3amicrs ({P2}, {bX}) B (10) nincrasuru AOBLIbHY HOILyCTHMY LAPY
({9,}, {b-}), To MpaBa yacTuHa PiBHOCTI MOXKe TLIbLKY 36inbMMTHCH. TOOTO,

B.(2) = m{b}{zm (). s, (e a(0)) + @ (2 (1)} <
<5 00 ), Wy (b a() + 8 ().

Tomy B (11) Mu Maemo

B (2) < gs (2, Wy, (br,, 2(5))) + Bsya (s (2, ¥y, (br,,2(5)))) -

Bpaxosywoun (9), ansg ontumansaol napu ({Ur}, {bX}) Ta rpaekropii z* (k) y (12)
MH OTPHEMYEMO PiBHICTH, TOOTO

B; (Z)_{\I}H}l}?r}{gs (2, W, (br,,2(5))) + Bsy1 (fs (2, ¥r, (br,,2(5)))) } - (13)

Cuissignormenns (13) HA3UBAETHCA AUCKPETHUM DIBHSHHSM Besmana.
2. TocTaTHi yMOBH ONTHMAJILHOCTI.

Teopema 2 (nocrarui ymosu ontuMasbiocri). Hexatl pynxyii Bs(z) € pose’sska-
mu pienans (13) npu s =0,1,..., N —1, npu ybomy onmumasvri Habopu, cmpyxmyp
{\Ilﬁ} ma naepemempis {b;fs}, 3natideni 3 Yymos

gs (2, W5, (b),,2(5))) + B (£ (2, 05, (b7,,27(s)))) =
~ }M{gs (2, By, (b, 2() + Bost (s (2, Wy (brsa()))}, (19)

npu NidCcManoys Yy PYHKYIl KePyYeaHHs
u*(s) =Wk (b ,2%(s)),s=0,...,N—1

nopodotcytoms npu z = x eounull poss’asok r*(-) cucmemu (2).
Todi nabopu cmpyrmyp {\Il;ﬁs} ma napamempie {b:s} € ONMUMANLHUMUY Y 360041

(1)=(3)-

Hosenennst. Ockinbkn mabopn {07 } ma {b% } € poss’ssxom sanaqi (14) i mns
B;(z) mae micre (13), o

B (2) = gs (z, vy (b:s,x*(s))) + Bst1 (fs (z, v (bfs,x*(s)))) .
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3Biacu
Js (z, \IJ:S (b:s,z*(s))) = B, (2) — Bst1 (fs (z, \I/:S (b:vs,:c*(s)))) =

— By(2"(s)) = Busi (" (s + 1)).

Toni, 3 ypaxyBaHHIM OCTaHHLOI PIBHOCTI, OITUMAaJIbHE 3HAUEHHS (DYHKITIOHALY TOPiB-
HIOE

N-1
J(@*u") =) gi(z*(k), u" (k) + (2" (N)) =
k=0
N-1
= [Br(z*(k)) — Bpr1(z*(k+ 1)+ @ (z(N)) =
k=0

= By(z"(0)) — B1(z"(1)) + Bi(2" (1)) — B2(z"(2)) + ... +
FBy_1(e* (N — 1) — By(a*(N)) + @ (z (N).
Bpaxosyiwouu, mo By (z* (N)) = ® (*(N)), orpumyemo

J(z*,u") = By (x0) . (15)
ITpn nosinkaux Habopax {¥, } ta {b. } maemo
9s (2, Ur, (br,, 2(5))) 2 Bs (2) = Bsya1 (fs (2, ¥r, (br,, 2(5)))) =

— By(2(s)) — By (a(s + 1)).

Toni, aHaJoTivHO 70 MOMEPEIHIX MiIpKYBaHb, OTPUMAEMO HEPIBHICTH
J (z,u) > By (20) - (16)

3 (15) ra (16) Bummusae, wo J (x,u) > J (x*,u*). Teopemy noseneno.

BucHOBKU. OTke, MU OOI'DYHTYBAJIN MOXKJIABICTH 3aCTOCYBAHHS METOIY IAHA~
MIYHOTO MPOrpaMyBaHHs /0 3a7a49i BHOOPY ONTHMAJBLHOI CTPYKTYPH Ta MapaMerpiB
JUCKPETHOI cucreMu KepyBaHHs. /oBejeHa crpaBeyiuBiCTh MPUHIMILY OIMTUMAJIbHO-
cri, mobyoBaHe TUCKpETHE PiBHAHHsS DesMana, ogepzkaHi [10CTaTHI yMOBU OIITH-
MaJsIbHOCTI KepyBauHs y dopmi Beanmana. 1i pesynpraru MoKyTh OyTH BUKOPHUCTAHI
pu TOOYI0BI 9MCEIbHUX AJITOPUTMIB [IJIsT PO3B’si3yBaHHS KOHKPETHUX 33a4.
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Gaiko V. A. Chaos transition in the Lorenz system. We consider the classical
Lorenz system. For many years, this system has been the subject of study by numerous
authors. However, until now the structure of the Lorenz attractor is not clear completely
yet, and the most important question at present is to understand the bifurcation scenario
of chaos transition in this system. Usually the assertions of such scenarios are based only
on computer experiments and speculative arguments rather than any analytic proofs. Some
of these assertions can readily be verified, and their validity is not brought into question
anywhere. Other assertions are difficult to verify, and they always look quite dubious. Us-
ing some numeric and analytic results by N.A.Magnitskii and S.V.Sidorov, we revise the
previous bifurcation scenarios and, applying our bifurcational geometric approach, present
a new scenario of chaos transition in the classical Lorenz system which globally connects
the homoclinic, period-doubling, Andronov-Shilnikov, and period-halving bifurcations of its
limit cycles.

Key words: Lorenz system, bifurcation, singular point, limit cycle, chaos.

INTRODUCTION. We consider a three-dimensional dynamical system
t=oly—z), y==xz(r—z)—y, Z=zxy—bz (1)

known as the Lorenz system. Historically, (1) was the first dynamical system for which
the existence of an irregular attractor (chaos) was proved for o = 10, b = 8/3, and
24,06 < r < 28. For many years, the Lorenz system has been the subject of study by
numerous authors; see, e.g., [1]-[8]. However, until now the structure of the Lorenz
attractor is not clear completely yet, and the most important question at present is
to understand the bifurcation scenario of chaos transition in system (1).

In Section 1 of this paper, we recall the classical scenario of chaos transition in
the Lorenz system (1). In Section 2, we give for (1) a relatively new chaos transition
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scenario proposed by N. A. Magnitskii and S. V. Sidorov [6]. In Section 3, we present
a different bifurcation scenario for system (1), where o = 10, b = 8/3, and r > 0,
using numerical results of [6] and our bifurcational geometric approach to the global
qualitative analysis of three-dimensional dynamical systems which we applied earlier
in the planar case [9]-]20].

MAIN RESULTS.

1. The classical scenario of chaos transition (C-scenario). First, let us
briefly recall the contemporary point of view on the structure of the Lorenz attractor
and chaos transition [1, 6].

1. The Lorenz system (1) is dissipative and symmetric with respect to the z-axis.
The origin 0(0, 0,0) is a singular point of system (1) for any o, b, and . It is a stable
node for r < 1. For r = 1, the origin becomes a triple singular point, and then, for r >
> 1, there are two more singular points in the system: O1(\/b(r — 1), /b(r — 1),7—1)
and 02(—\/1)(7" - 1), —\/b(r —1),7 — 1) which are stable up to the parameter value
re =0(c+b+3)/(c —b—1) (rq, =~ 24,74 for 0 = 10 and b = 8/3). For all r > 1,
the point O is a saddle-node. It has a two-dimensional stable manifold W* and a one-
dimensional unstable manifold W*. If 1 < r < r; ~ 13,9, then separatrices I';y and
I’y issuing from the point O along its one-dimensional unstable manifold W*" are
attracted by their nearest stable points O; and Os, respectively.

2. If r = rq, then each of the separatrices I'y and I's becomes a closed homoclinic
loop. In this case, two homoclinic loops are tangent to each other and the z-axis at
the point O and form a figure referred to as a homoclinic butterfly. It is assumed
that the generation of an unstable homoclinic butterfly is one of the two bifurcations
leading to the appearance of the Lorenz attractor.

3. If r1 < r < ro = 24,06, then a saddle periodic trajectory bifurcates from
each of the closed homoclinic loops (these trajectories will be denoted by L and Lo,
respectively). In this case, separatrices I'y and I'y tend to the stable points Oy and
O, respectively. It is usually assumed that stable manifolds of the saddle periodic
trajectories L; and Ly are the boundaries of attraction domains of points O; and
Os. A curve issuing from the exterior of these domains can make oscillations from
the neighborhood of L; into a neighborhood of L, and conversely until it enters the
attraction domain of the attractor O; and Os; the closer is parameter r to the value
ro, the larger is the number of oscillations. This behavior of the system is referred to
as metastable chaos. If 7 = ro, then separatrices I'y and I'y do not tend to the points
O and Oq, but wind around the limit saddle cycles Lo and L1, respectively. Here the
second bifurcation leading to the appearance of the Lorenz attractor takes place. If
ro < 1 < T3 = 1y, then points O; and O, are still stable. In addition, in the phase
space, there is an attracting set B referred to as the Lorenz attractor; it is a set of
integral curves moving from L; to Lo and vice versa. The saddle point O, together
with its separatrices I'y and T'e, belongs to the attractor.

4. If r — r3 = ry, then the saddle limit cycles Ly and Ly shrink to the points
O1 and Os; for r = r3, they vanish and coincide with these points as a result of the
Andronov—Hopf subcritical bifurcation.

5. If r3 < r < rqy = 30,1, then the Lorenz attractor is the unique stable limit
set of system (1). It is usually assumed that this set is a branching surface S lying
near the plane z — y = 0 and consisting of infinitely many sheets tied together and
infinitely close to each other. A phase trajectory issuing on the left from the z-axis
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comes untwisted along a spiral around the point O; until the transition to the right
of the z-axis, after which it becomes untwisted along a spiral around the point Oy
in the opposite direction. The number of rotations around the points O; and Oq
varies irregularly; thus the motion looks chaotic. It is assumed that the attractor
is not a two-dimensional manifold and has a fractal structure [6]. If 74 < r < 313,
then the structure of solutions of the system of Lorenz equations becomes extremely
complicated with alternation of chaotic and periodic modes. It is usually assumed
that there may be infinitely many periodicity windows in the system, and each of
such windows is a direct subharmonic cascade of bifurcations, which terminates with
a basic stable limit cycle. For further growth of r, each of such cycles is destroyed
by an intermittency, and the appearance of periodicity windows is preceded by the
inverse cascade of bifurcations [6].

6. If » > 313, then the unique stable limit cycle is an attractor in the Lorenz
system.

Thus, items 1-6 contain basic commonly accepted assertions dealing with the
Lorenz attractor and the scenarios of its appearance (and vanishing). Note that all
these assertions are based only on computer experiments and speculative arguments
rather than any analytic proofs. Some of these assertions can readily be verified, and
their validity is not brought into question anywhere (e.g., the assertions of item 1).
However, other assertions are difficult to verify, and they always look quite dubious.
So, e. g., while saddle periodic cycles L; and L, are really generated from homoclinic
loops for r = rq, and they are those determining “eyes” of the Lorenz attractor for
r = re, but why are these “eyes” observed in the attractor in the case r > rs as
well in which the cycles L; and Ly already vanished? The only possible conclusion
is the following: the eyes of attractor are not determined by the saddle cycles Ly
and Lo even if they exist. But if they also exist, at all it is unessential that they are
born at r = 71, as a result of bifurcation of a homoclinic butterfly. Also, assertions
on the structure of attractor and its dimension found on computer with incredible
accuracy have always been questionable. Finally, the phenomenon of intermittency
did not find its logic explanation. It was shown in [6], that actually in the Lorenz
system absolutely another scenario of chaos transition would be realized. We revise
this scenario too and, applying a bifurcational geometric approach, present a new
scenario of chaos transition in system (1) for o = 10, b = 8/3, and r > 0.

2. The Magnitskii—Sidorov scenario (M S-scenario). It turns out, see [6],
that all cycles from infinite family of unstable cycles, generating Lorenz attractor, have
crossing with an one-dimensional unstable not invariant manifold V* of the point O
(do not confuse with the invariant unstable manifold W*). This result follows from
the theory of dynamical chaos stated in [6]. After the derivation of analytic formulas
for the manifold V*, it becomes possible to reduce the problem of establishing and
proving the existence of unstable cycles in the Lorenz system to the one-dimensional
case, namely, to finding stable points of the one-dimensional first return mapping
defined on the unstable manifold [6]. By this method, it is shown in [6] that items 2
and 3 of the above-represented classical scenario of transition to chaos in the Lorenz
system (1) are invalid. Some assertions of items 4-6 fail, while other require a more
detailed investigation.

1. This item remains the same as item 1 of the C-scenario.

2. If r = r; &~ 13,9, then the separatrices I'y and I'y do not form two separate
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homoclinic loops. Here we have a bifurcation with the generation of a single closed
contour surrounding both stationary points O; and Os; the end of the separatrix I'y
enters the beginning of the separatrix I's, and vice versa, the end of I'y enters the
beginning of I';. As r grows, from this contour, a closed cycle Cy appears there first.
It is an eight-shaped figure surrounding both points O; and Os.

3. If ry <7 <1y & 24,06, then cycles L; and Ly surrounding the points O; and
04, respectively, do not appear; but with further growth of r, pairs of cycles C;F, C,
n=0,1,..., are successively generated. They determine the generation of the Lorenz
attractor. The cycle C;I makes n complete rotations in the half-space containing the
point O; and one incomplete rotation around the point Os. Conversely, the cycle C,;
makes n complete rotations around the point Oy and one incomplete rotation around
the point O;.

For each r, 11 < 1 < 19, there exists the number n(r) (n(r) — oo as r — r3) such
that in the phase-space of (1), there are unstable cycles Cy, C,j, C., k=0,...,n,
and cycles thw Crm»> k,m < n, which make k rotations around the point O; and m
rotations around the point O and are various combinations of the cycles C;F and C,;,
and many other cycles generated by bifurcations of the cycles C;F and C,; [6]. Points
of intersection of all these cycles with the manifold V,, have the following arrangement
on the curve V, for 0 < zmin < 2 < Zmae < r — 1. The point z,,;, corresponds to
the right large single loop of the cycle C,, . This loop is the larger face of the right
truncated cone of the set S. Further, the trajectory of the cycle passes into the left
half-plane and makes n clockwise rotations around the point Os. The smallest first
loop around the point Os is the smaller face of the truncated cone of the set S. The
point zp,ae corresponds to the smallest loop of the cycle C;F around the point O;.
This loop is the smaller face of the right truncated cone. Further, the trajectory of
this cycle makes n rotations around the point O; clockwise, passes into the left half-
plane, and makes one large rotation around the point Os. This rotation is the larger
face of the left truncated cone. Between the points z,,;, and 2,4, there is a point zg
corresponding to the main cycle Cy.

Boundaries of the attraction domains of the stable points O and O are given by
the smallest loops of the cycles CF and C,;, whose size decay as r grows. Therefore, for
some 1 = 14, the attraction domain of the set B no longer intersects the attraction
domains of points O and Os, and the set B becomes an attractor. Therefore, in
the Lorenz system (¢ = 10, b = 8/3), metastable chaos exists only in the interval
r1 <71 < Tm, and in the interval r,, < r < ry, the system has three stable limit sets,
namely, O, and Oy and the Lorenz attractor.

If r — 79, then the eye size decreases as the number of rotations of the cycles C;
and C,,; around the points Oy and Os, respectively, grows. The value 2,4, grows, and
Zmin decays; moreover, zpy;n — 0 as 7 — r9. The lengths of generatrices of truncated
cones grow, since additional rotations are added to the cone vertex and diminish the
size of the smaller face. Conversely, the larger face grows. If r = 7o, then z,,;, = 0, but
Zmaz < 7 — 1; thus, the larger face of each cone achieves its maximal size, while the
smaller face is not contracted into a point, the cone vertex. The following bifurcation
takes place. In the limit as n — oo, each set of cycles C;I (respectively, C,;) forms a
point-cycle heteroclinic structure consisting of two separatrix contours of the point O.
The first contour consists of a separatrix issuing from the point O along its unstable
manifold and spinning on the appearing (only for r = r5) saddle cycle Ly (respectively,
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Ls) of the point O (respectively, O1). The second contour consists of the separatrix
spinning out from the saddle cycle Ly (respectively, Ly) and entering the point O
along its stable manifold.

As mentioned above, the described bifurcation does not lead to generation of the
Lorenz attractor for » = ro. It is more correct to say that it is only a prerequisite of
destruction of the attractor as r decays. The attractor itself, existing in the system
for r = ry, is formed from finitely many stable cycles C,;t, k=0,...,1,for r < 313. It
contains neither separatrices I'1 and I's of the point O nor infinitely many unstable
cycles C:F existing in the neighborhood of the point-cycle heteroclinic structure.

If ro < r < rs3, then points O; and O- are still stable, and their attraction domains
are bound by the appearing limit cycles Ly and Lo contracting to points as r — rs.
But the Lorenz attractor B is not a set of integral curves going from L, to Lo and
back, and separatrices I'; and I's of the saddle point O do not belong to the attractor.
Cycles Ly and Ls have already made their job at = r3 and no longer have anything
to do with the attractor. If 7o < r < r3, then, just as in the case of ry < r < rg, the
cycles C;f and C; appear again from separatrix contours. The attractor is determined
by finitely many such cycles [6].

4. For r = r3, the saddle cycles L; and Ly disappear. In the system, there is a
unique limit set, namely, the Lorenz attractor.

5. There exist one more important value of the parameter r which affects the
formation of the Lorenz attractor. This is a point r4 &~ 30,485. If r grows from r3 to
r4, then the number of rotations of the cycles C;t and C,; first rapidly decays, then
grows again. In this case, eyes by separatrices of the point O are much smaller than
attractor eyes and begin to grow as r increases. Therefore, 4 is the point of minimum
distance from the line (a = 10, b = 8/3) in the space of parameters (a,b,r) to the
curve of heteroclinic contours joining the point O with the points O; and Os. The
separatrices of the point O approach one-dimensional stable manifolds of the points
07 and Os by the minimal distance but do not hit these points. Therefore, almost
heteroclinic and almost homoclinic contours exist in system (1) at the point r4.

The process of generation of the Lorenz attractor in system (1) as r decays from
the value 313 up to ry is referred to as the incomplete double homoclinic cascade
[6]. The complete cascade occurs if the r-axis passes exactly through the point of
existence of two homoclinic contours. Note that in systems with a single homoclinic
contour, there can be a simple complete or incomplete homoclinic cascade of bifur-
cations of transition to chaos, and in [6], a detailed description of transition to chaos
through the double homoclinic (complete or incomplete) cascade of bifurcations is
given. Just as in item 6 of the classical scenario, if r > 313, then in the system, there
exists a unique stable limit cycle Cy surrounding both points. If r ~ 313, then the
cycle Cy becomes unstable and generates two stable cycles C’Sr and C; which also
surround the points O; and O but have deflections in the direction of corresponding
halves of the unstable manifold V* of the point O. This is the point where the double
homoclinic cascade of bifurcations really begins. In case of an incomplete cascade,
it consists of finitely many stages of appearance of stable cycles C’,:f, k=0,...,1,
and their infinitely many further bifurcations. But in case of a complete cascade, the
number of stages is infinite, and at the limit of I — oo, cycles tend to homoclinic
contours of the points O and O,, respectively. At the k-th stage of the cascade, orig-
inally stable cycles C,f undergo a subharmonic cascade of bifurcations and form two
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band-form attractors that consist of infinitely many unstable limit cycles intersecting
the respective domains of the unstable manifold V* of the point O. Then these two
bands merge and form a single attractor surrounding both the points O; and Os,
after which there is a cascade of bifurcations of cycles generated as a result of the
merger and making rotations separately around the points O; and Oy and simulta-
neously around both the points. The last cascade of bifurcations has the property of
self-organization, since it is characterized by simplification of the structure of cycles
and the generation of new stable cycles with a smaller number of rotations around
the points O; and Os as r decays. Each cycle of the cascade of self-organization bifur-
cations undergoes its own subharmonic cascade of bifurcations, after which all cycles
formed during infinitely many bifurcations of all subharmonic cascades and cascades
of self-organization bifurcations of cycles become unstable and form some set Bjy.
After an incomplete homoclinic cascade of bifurcations, we obtain a set B = |J By,
consisting of infinitely many possible unstable cycles appearing at all stages of the
cascade. These cycles generate an incomplete double homoclinic attractor, that is the
classical Lorenz attractor.

6. This item remains the same as item 6 of the C-scenario.

3. The bifurcational geometric scenario (G-scenario). Revising the above
scenarios, we present a new scenario of chaos transition in the Lorenz system (1) for
oc=10,b=238/3, and r > 0.

1. If r < 1, the unique singular point O of system (1) is a stable node. For r = 1, it
becomes a triple singular point, and then, for > 1, there are two more singular points
in the system: O; and Oy which are stable up to the parameter value r, ~ 24,74. For
all r > 1, the point O is a saddle-node. It has a two-dimensional stable manifold W*
and an one-dimensional unstable manifold W*. If 1 < r < r; = ry & 13,9, then the
separatrices I'y and I'y issuing from the point O along its one-dimensional unstable
manifold W* are attracted by their nearest stable points O; and Os, respectively.

2. If r = r;, then each of the separatrices I'; and I'y becomes a closed homoclinic
loop. In this case, two unstable homoclinic loops, CO+ and C, are formed around the
points O7 and Os, respectively. They are tangent to each other and the z-axis at the
point O and form together a homoclinic butterfly.

3. Ifrp < r <ry = 24,74, then, unfortunately, neither the C-scenario nor the M S-
scenario can be realized. The reason is that, in both cases, trajectories of system (1)
should intersect the two-dimensional stable manifold W* of the point O. Since this is
impossible, the only way to overcome the contradiction is to suppose that a cascade of
period-doubling bifurcations [6] will begin immediately in each of the half-spaces with
respect to the manifold W?*, when r > r;. In this case, each of the homoclinic loops
CO+ and C; generates an unstable limit cycle of period 2 which makes one rotation
around the point O; and one rotation around the point Oy but in the corresponding
half-spaces containing the points O and O,, respectively, and a stable limit cycle of
period 1 lying between the coils of the cycle of period 2. With further growth of r,
each of the cycles of period 2 generates an unstable limit cycle of period 4 with a
stable limit cycle of period 3 inside of it and each of the cycles of period 1 generates
a stable limit cycle of period 2 with an unstable limit cycle of period 1 inside of it.
Then, after next doubling, we will have in each of the half-spaces an unstable limit
cycle of period 8 with an inserted stable limit cycle of period 7 and a stable limit
cycle of period 6 with an inserted unstable limit cycle of period 5, and a stable limit



Chaos transition in the Lorenz system 57

cycle of period 4 with an inserted unstable limit cycle of period 3, and an unstable
limit cycle of period 2 with an inserted stable limit cycle of period 1. Continuing
this process further, we will obtain limit cycles of all periods from one to infinity,
and the space between these cycles will be filled by spirals issuing from unstable
limit cycles and tending to stable limit cycles as t — +o00. These cycles are inserted
into each other, they make various combinations of rotation around the points O
and Os in the corresponding half-spaces containing these points and form geometric
constructions (limit periodic sets) which look globally like very flat truncated cones
described in item 3 of the M S-scenario [6].

4. For r = r, &~ 24,74, the biggest unstable limit cycles of infinite period disappear
through the Andronov—Shilnikiv bifurcation [4, 5] in each of the half-spaces containing
the points O; and O5 (the cone vertices are at these points), and these points become
unstable saddle-foci.

5.If r, < r < 400, then a cascade of period-halving bifurcations [6] occurs in each
of the half-spaces with respect to the manifold W*. We have got again two symmetric
with respect to the z-axis limit periodic sets consisting of limit cycles of all periods
which are inserted into each other and make various combinations of rotation around
the points O; and Os in the corresponding half-spaces containing these points, and
the space between the cycles is filled by spirals issuing from unstable limit cycles
and tending to stable limit cycles as t — +o0o. The biggest limit cycles of these
sets are stable now, and with further growth of r, the period-halving process makes
them and the whole limit periodic sets more and more flat. The obtained geometric
constructions are the only stable limit sets of system (1). The spirals of the unstable
saddle-foci O; and O and the trajectories issuing from infinity tend to these limit
periodic sets (more precisely, to their stable limit cycles) as t — +o00. Just these stable
limit periodic sets form two symmetric parts of the so-called Lorenz attractor, and
this really looks very chaotic.

6. If r — 400 (numerically, when r > 313), then the period-halving process will
be finishing and system (1) will have two stable limit cycles in two phase half-spaces
containing the unstable saddle-foci O; and Oz of (1). This completes our scenario of
chaos transition in the Lorenz system (1).

ConcLusioN. Thus, we have considered the classical Lorenz system and, using
some numerical results and our bifurcational geometric approach, have presented a
new scenario of chaos transition in this system.
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FRACTIONAL BOUNDARY-VALUE PROBLEM

Muxaiisienko A. B. JIpoGoBi kpaiioBi 3agaui. B pob6ori orpumano jgocraTai ymo-
BU ICHYBaHHS Ta €IWHOCTI PO3B’#A3Ky KPailoBol 3aad4l Ay HeIiHINHOTO mudepeHIiaIbHOTO
piBHSHHS Ap0oBOBOTO TOPSAKY 3 moxigHoo Pimama—/liysimns.
Kuro4osi ciioBa: kpaiioBa 3a7adva, iCHYBaHHS, €QUHICTD, ApoOOBA MOXiTHA.

Muxaiinenko A. B. /IpoGHble KpaeBble 3a/iauu. B paboTe mOIydeHbl T0CTATOY-
HbIE YCJIOBUs CYyHIECTBOBAHUS U €IMHCTBEHHOCTH PEIeHUs KPAeBOU 3a/1a4u J1j1 HeJIMHEHHOTO
muddepeHmaapbHOT0 ypaBHeHU APOOHOr0 mopsaaKa ¢ npousBoanoil Pumana—/luyBuiiis.
KuroueBbie cjoBa: KpaeBas 3ajlada, CYIIECTBOBAHWE, €IMHCTBEHHOCTh, MPOOHAsT TTPOM3-
BOJTHAS.

Mykhailenko A. V. Fractional boundary-value problem. In this paper we es-
tablish sufficient conditions for the existence and uniqueness of solution of boundary-value
problem for fractional differential equation with Riemann—Liouville derivative.

Key words: boundary-value problem, existence, uniqueness, fractional derivative.

INTRODUCTION. Differential equations of fractional order have numerous appli-
cations to problems in electrochemistry, biology, electromagnetics, control, viscoelas-
ticity, ete. [11,3,7,4] Treatises of many autors are dedicated to the research of initial
value problems [10,11]. Boundary-value problem for fractional differential equations
have been considered in [1,10,14,2,15,13].

In [13] there are established the conditions of existence and uniqueness of positive
solution for a Dirichlet-type problem of the nonlinear fractional differential equation

Dgu(t) + f(t,u(t)) =0,0<t< 1,1 <a<?2
u(0) = u(l) =0,

where f : [0, 1] x [0,00) — [0, 00) is continuous and D§ is the fractional derivative of
Riemann—Liouville.
In [14] it was proved the existence of positive solutions of the problem

Dgu(t) = f(t,u(t),0<t<1,1<a<?2,
w(0) + u'(0) = 0,u(1) + v/ (1) = 0,

where Dg is the derivative of Caputo, and function f in [0, 1] x [0, 00) is nonnegative
and continuous.
In [15] it was considered the boundary-value problem

Dgu(t) = f(t,u(t), D5u(t),1 <a<20< B <1,

a1u(0) — azu’(0) = A, byu(1) + bou/(1) = B,

(©) Mykhailenko A. V., 2013
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where a;,b; > 0,4 = 1,2,a1b1 + a1by + asb; >0, f : [0,1] x R x R — R is continuous
function. The existence of solution was proved.
In this paper we consider the boundary-value problem

Dyt u(e) = F (z,u(x), Diu(r)),0 < a < 1u(0) =u(a) =0, (L1)

where function F(z,y,z) : [0,a] Xx R x R — R is measurable with respect to x for
(y,2) € R x R and continuous with respect to (y,z) for € [0,a], and satisfies
Lipschitz condition with respect to y and z as well. It was proved the existence and
uniqueness of solution of this problem.

This paper is organized as follows. In Section 2 we introduce some preliminary
results needed in the next sections. In Section 3 we present an existence and uniqueness
result for the problem (1.1).

2. Preliminaries. In this section we introduce definitions and preliminary facts
that will be used in this paper. Let C(.J), J = [0, a] be the Banach space of continuous
functions f : J — R with the norm

[f(@)llo = {max[f(z)]: 0 <z < a}

and lets denote by L(J) the Banach space of measurable functions f(z) that are
Lebesgue integrable with norm

|uumL:Aﬂﬂ@mm

By AC™(J) we denote the set of continuously differentiable till the (n — 1) order
in J functions , and f*~Y(z) € AC(J) .

Let v > 0 be a real number and n = [y] + 1 where [v] is the integer part of . For
a function f:J — R the expressions [1,2]

fy(z) =1j f(z) = F—) /Ow(x — t)(Wfl)f(t)dt, (2.1)

(v

Dyse) = o () [ -0 (22)

are called, respectively, the Riemann—ILiouville left-hand fractional integral and deriva-
tive of order 7.

Lemma 2.1. (3] Assume that (fr(x))pe, is a uniformly convergent to f(zx) se-
quence of continuous functions. Then limy_yo0 Iy fie(x) = Ij f(x).

Lemma 2.2. [12,3]. Let v > 0,n = [y] + 1. Assume that f(zx) is such that
fn—~y(x) € AC™(J). Then

"1x7k1

(n k 1)

I Dg f(x) = f(x) -

k=0

where f"-71(0) = lim 04 17 ().
Lemma 2.3. [9] Assume that f : J — R is measurable function and |f(x)] < M.
Then p(z) = Ij f(xz) € C(J) and pu(0) = 0.



Fractional boundary-value problem 61

Lemma 2.4. [8] Let 01 and oo are any positive numbers and let 0 < u < 1. Then
oy —ab| < |or — oz
It is considered boundary-value problem

Dy*y(w) = f(x), (2.3)

y(0) = y(a) =0, (2.4)

where 0 < o <1, f: J — R is measurable function, and |f(x)| < M.

Definition 2.1 By solution of problem (2.8), (2.4) we name such function y :
J = R that: (i) y(z) € C(J),y1-a € AC?[J]; (ii) satisfies the boundary conditions
(2.4); (1) satisfies the differential equation (2.3) for a.a. x € J.

Lemma 2.5. Let f: J — R is measurable function and |f(x)| < M. Then the
boundary-value problem (2.3), (2.4) has a unique solution

o) = [ Gl (0, (2.5)
0
where (z(a—t))*—(a(z—t)*
_aca—a—aaf— 0<t<ux
G(»M)Z[ AL, - (2.6)
Twlrapt St e

Here G(x,t) is the Green’s function of boundary-value problem (2.3), (2.4).
Proof. Suppose that the solution of problem (2.3), (2.4) exists. Then correspond-
ing to (2.2)

D) = sy () [ 0= 0700t = o) € 200,

Consequently
Iy Dy*oy(a) = I f ().

As a consequence of Lemma 2.2

& xafl

Dyt y(x) = y(z) — myi—a(o) - @ylm(o)a

at that in accord with lemma 2.3 y;_,(0) = 0. Consequently

:L,Oé

y(z) — T Yi—a(0) = 17 f(2). (2.7)

1+ a)

As y(a) = 0, then from (2.7) at z = a it follows that

a

Y1—a(0) = L (a —t)*f(t)dt.

(e}
a= Jo
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Lets represent (2.8) as following:

o) =iy (] @0 [ onpoar) +

1 ’ N (] (@la—1)* = (a(z —1))”
+7F(1+a)/0 (x— 1) f(t)dt—A {— T ]f(t)dH—

+/:< iﬁ(lf(l_i)a) t)dt = /Gast

MAIN RESULTS. Lets consider the differential equation

Dy"y(z) = Fly()] = F(z,y(z), D§y(2)),0 < a < 1, (3.1)

which solutions satisfy boundary conditions (2.4). Let F(x,y,z) : J x Rx R — R
satisfies conditions: (a) continuous with respect to (y,z) € R x R for fixed « € J and
measurable with respect to « € J for fixed (y,z) € R x R; (b) |F(z,y,2)| < M for
(x,y,2) € J x R X R.

Definition 3.1 As the solution of boundary-value problem (3.1), (2.4) we name
functiony : J — R, which satisfies conditions (i), (it) of definition 2.1 and differential
equation (3.1) for a.a. x € J.

Theorem 3.1 Let function F(x,y,z) : J x R x R satisfies conditions (a), (b).
A function y(x) € C(J) will be the solution of boundary-value problem (3.1), (2.4) if
and only if it is a solution of the integral equation

y(z) = / "Gl )P (1, y(1), Dgy(0)) dr. (3.2)

Proof. Let y(x) € ( ) is a solution of boundary-value problem (3.1), (2.4).

Then function F'(z,y(z ) Sy(x)) : J — R is measurable and
|F(z,y(x), D§y(x))| < M By lemma 2.5 y(z) is the solution of integral equation
(3.2). Now let y(z) € C(J) be a solution of integral equation (3.2) and lets prove that

y(x) is the solution of boundary-value problem (3.1), (2.4). By (2.8) the solution of
integral equation (3.2) is representable as following:
x*9

Tt a) + Iy Fly()), (3.3)

y(z) = -
where § = [("(a — t)*F[y(t)]dt. Then

-ala) = 15 0(@) = riey Ji 2 = 07 (it ) dtr

(3.4)
LIt Ply(@)] = — 22 + BF(y())
where .
Pl = [ = 0Pl
Beside this, .
Dgy(@) =y} o(e) = ——+ [ Fly@ldt,ze (3.5)
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Dy y(x) = Fly(x)] = F(x,y(x), Diy(x)), (3.6)
for a.a. z € J.
From (3.4), (3.5) it follows that y;_,(z) € AC?(J) and from (3.6) it follows that
y(x) satisfies the equation (3.1) for a.a. z € J. From (3.3) follows that y(0) = y(a) = 0.
Theorem 3.2 Let function F(x,y,z) : J X R X R — R satisfies the conditions
(a), (b) and the condition of Lipschitz

\F(2,y,2) = 2,51, 20)| < Lnly — 1] + La|z — 2],

at that Lot
a7 a—+1
=AY fha< @
PO = prara TS
Then exists the unique solution of boundary-value problem (3.1), (2.4) at x € [0, a].
Proof. By C,(J) we denote the set of functions uw : J — R such that u(z) €

€ C(J), Dgu(x) € C(J) with the norm
a® o
(@)l = max (m;x )l gy Dou<x>|) |

Lets prove that the space Cy(J) with the norm || - ||o is full. Let (up(x))32,

)iz
fundamental sequence in C,(J). Then uniformly in J ug(xz) — u(x), D§ uk(m)
— v(x) at k — oo and u(x) € C(J),v(x) € C(J). By lemma 2.1 limy_, o0 Ug,1—a ()
= limg o0 Iy “ug(z) = Id"*u(z) = u1_o(x), at that by lemma 2.3 u;_,(z) € C(J),

Ul_a(O) =0. As
wpral(z) = / Do un(t)dt
0

o) = /0 "ot

Consequently v(z) = uj_,(z) = D§u(z). So the sequence (uy(z))ye; C CalJ) is
convergent by norm || - || to the function u(z) € Cy(J).
For u(z) € Co(J) lets define the operator T, supposed that

%

at k — oo will receive that

Tu(x) = / G(z,t)F(t,u(t), D§u(t))dt. (3.7)
0
Lets prove that T : Co(J) = Co(J). Let w(z) = Tu(x) and 0 < 1 < 29 < a. Then

T2

w<x2>_w<x1>|<M</O“|G(x2,t) G, Hldt + / (G2, ) — Glar, b)|dt+

Z1

+ / (G 2,t) — G(a1, £)|dt) = M(A; + Ag + As).

Applying lemma 2.4 and (2.6) will receive that

1

A = m/o | = (z2(a—=1))" + (a(z2 — )" + (21(a = )" — (a(z1 —1))*[dt <
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1 1 N N
< | (e =0 — @ -0+

+(a(zz — 1) — (a(z1 — 1)*|)dt <
<;/T1 ((a—t>a($a—$a)+aa|($ _t)oé_(x _t)a|)dt<
~aT(1+ ) Jy 2 7 2 1 <

2a(xy — x1)%
- I'(l+a)

By analogy we prove that Ay < %, k = 2,3. Consequently

6Ma(ze — x1)”

) = wa)| < oS

Q=

Therefore if |z — 21| < 01,61 = (%) , then |w(z2) — w(x1)| < e. So,
w(z) € C(J).
In accord with (3.4), (3.5) will receive that

wl—a(x) = _% + IgF[u(x)],Dgw(x) = U}iia(.’E) =

(3.8)
=2 + [y Flu(®)dt,

where A = [ (a—t)*F[u(t)]dt. From (3.8) follows that D§w(z) € C(J). Lets note that
corresponding to (3.8) wi_q(z) € AC(J), D§w(z) € AC(J). Therefore the fixed point
of operator T" will be the solution of boundary-value problem (3.1), (2.4). We need only
to prove that the operator T is the contraction mapping in C,(J). Suppose u(z) €

C}'la(J),vk(x) = Dgug(x), wg(z) = Tug(x), k =1, 2. Since |G(x,t)| < a®/(4°T(1+a)),
then

w1 (2) — wa(2)] < /Oa |G (2, t)[[Flui(t)] = Fluz(t)]]dt <

a()t

< e, (O O]+ el () @) <

[e3

a®t1ir, a
< 44 - Loa(——n
S T 1 oy M lun @) — e (@)l 4 Laa <4ar(1 +a)

< pa)|lur(@) — uz(2)(a-
Lets write wg(z) in the form (3.3) wy(z) = _% + Ié+aF[uk(a;)], where
Ak = [y (@ — t)*Flux(t))dt, k = 1,2. Then

max o () — vg(z>|) <

DSwp(z) = 2% + / Flup(O]dt, k = 1,2,
0
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1 anrl

< — — —

<= <L1 max lui(z) — ua(z)| + Lo max |v1(z) vg(x)|> o 7t
+a <L1 max |ug (z) — uo(x)| + Lo max vy (z) — vg(x)|) <

2
< a(aai—:rl) (L1 m?x |ui(x) — us(z)| + Lo m}x vy (z) — vz(x)|) )
a® o+ 2
S — - Dg S
49 T(a + 1)| pwi(@) = Diwa(e)] < Sm
a+1L &
(T (o) = ()] + Lo gy mx o) — ) <
2
< O s )~ wa@)le
Consequently [[wy(z) — wa(z)[la = [|Tus(x) — Tus(z)lla < 7llur(@) — ua(@)]a,
7= 2£2p(a). Since 7 < 1, then operator T is a contracting mapping in Co(J). Then

by Banach contraction fixed point theorem, the boundary-value problem (3.1), (2.4)
has a unique solution.

Remark 1. Let boundary conditions (2.4) look like y(0) = 0,y(a) = B. Lets find
the solution of boundary-value problem DHO‘ () =0,2(0) = (a) B. Applying
lemma 2.2, we receive

x® ,
- 0)=0. 3.9
Z(.’E) ]_—‘(]_4»04),217&( ) ( )

From (3.9) at © = a follows that z;_,(0) = (B-T'(1 — «))/a*. Consequently

Z(;U):@ zl,a(x):w D(O)é ( ) w

a® ’ a® a®

The change of variable y(x) = u(x) + z(x) leads to boundary-value problem

Dy u(z) = g(x,u(x), D§u(z)), u(0) = u(a) = 0,

where g (z,u(2), Dgu(x)) = f (v, u(x) + 5, Diu(x) + ZLEL)

CoNcCLUSION. Sufficient conditions for the existence and uniqueness of solution of
boundary-value problem for fractional differential equation with Riemann—TLiouville
derivative were establised in this paper.
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PARTIAL AVERAGING OF IMPULSIVE HYBRID SYSTEMS

Ocamuya O., CkpunHuk H. CxeMa 9acTKOBOro ycepeaHeHHs JJIF OJHOr0 KJIacy
IMITyJIbCHUX 3MIIIAHUX CUCTEM. Y CTATTI PO3IVISIAETHCS OOI'DYHTYBAHHS CXEMH 9aCTKO-
BOTO yCepeJHEeHHS IJid ONHOTO KJIACy IMIIyJIbCHHX 3MINIQHUX CHCTEM, KOJIN ONHE 3 DiBHAHD
€ iMmynbcHEM audepeHIiaJIbHuM PIBHAHHIM 3 MOXIAHOI XYKYyXapw, a Ipyre — 3BUYaAHIM
IMITyIbCHUM T epPEeHIaIbHIM DIBHSTHHSIM.

Kiro4dosi ciioBa: MeToq ycepeaHeHHs, 3MiNIaHa CHCTEMa, HOXigHa XyKyXapH.

Ocamuasn O., Ckpunauk H. Cxema 9acTU49HOro ycpegHeHUs IJI1 OHOr0 KJiac-
ca MMITIYJIbCHBIX CMENIAHHBIX cUCTeM. B crarhe paccmarpuBaercss 000CHOBAHIE CXEMBL
YACTUYHOTO YCPETHEHWs [IJIsT OJHOTO KJIACCA MIMITYIHCHBIX CMEIIAHHBIX CHCTEM, KOTIa OIHO
73 yPaBHEHU SBJISEeTCS UMIYJIbCHBIM qud depeHuaIbHbIM ypaBHEHNEM C IPOU3BOIHOM Xy-
KyXapbl, & BTOPO€ — OOBIKHOBEHHBIM UMITY/IHCHBIM IrddepeHnnaaIbHbIM YPABHEHUEM.
KiroueBble ciioBa: MeTO YCPEIHEHUsI, CMEIIaHHas CUCTEMA, TPON3BOAHAS XyKYyXapHhl.

Osadcha O., Skripnik N. Partial averaging of impulsive hybrid systems. This
paper contains the substantiation of the scheme of partial averaging for one class of impul-
sive hybrid systems where one equation is an impulsive differential equation with Hukuhara
derivative and the second one is an impulsive ordinary differential equation.

Key words: averaging method, hybrid system, Hukuhara derivative.

INTRODUCTION.

In practice, there are often considered the so-called hybrid systems — systems that
contain equations of different nature: for example, one of the equations is an equation
in partial derivatives and the other one is an ordinary differential equation, or one of
the equations is discrete and the other one is differential, etc. In this paper we consider
the case of a hybrid system, where one of the equations is a differential equation with
Hukuhara derivative and the second one is an ordinary differential equation. The
interest in such systems follows from the fact, that some parameters of the model
may be accurate, while the rest may contain the noise, errors and inaccuracies.

MAIN DEFINITIONS.

Development of the theory of multivalued mappings led to the question what
should be understood as a derivative of a multivalued mapping. The main cause
of difficulties for the inducting of such definition was the nonlinearity of the space
comp(R™), which led to the absence of the concept of difference. There are several
approaches to define the difference of two sets, one of them is the Hukuhara difference.

Let conv(R™) be the family of all nonempty compact convex subsets of R™ with
the Hausdorff metric

h(A, B) = max{maxmin ||a — b], max minla —b]},
where || - || denotes the Euclidean norm in R™.

(©) Osadcha O., Skripnik N., 2013
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Definition 1. [5] Let X, Y € conv(R™). The set Z € conv(R"), where X =Y +Z,
h
1s called the Hukuhara difference of sets X and Y and is denoted by X —Y .

Along with the inducted difference there appeared the concept of derivative.

Definition 2. [5] A multuvalued mapping X : I — conv(R™),I C R, is called
differentiable in the sense of Hukuhara at point t € I if there exists such Dy X (t) €
€ conv(R") that the limits

. 1 h . 1 h
kﬁlo A (X(t + At) — X(t)) ) iltI,JI,IO AL (X(t) - X(t— At))
exist and are equal to Dy X (t). The set Dy X (t) is called the Hukuhara derivative of
the multivalued mapping X : I — conv(R™) at point t.

In M. Hukuhara papers [5] along with the concept of derivative the concept
of the integral of a multivalued mapping was inducted and the connection between
those two concepts was found. In 1969 F. S. de Blasi and F. Iervolino were first
to consider differential equation with the Hukuhara derivative [1, 2, 3, 4]. Its so-
lution is a multivalued mapping. After that various existence and uniqueness theo-
rems were proved, the stability of solutions of this type of equations was considered,
integro-differential equations, impulsive differential equations, differential equations
with fractional derivatives, control differential equations with Hukuhara derivative
were considered, the possibility of applying some averaging schemes for such type of
equations was investigated [9, 7, 12, 13, 8, 10, 11, 6].

Consider the hybrid system

{ DHX = F(t7X7y)’ X(tO) = XO; (1)
y:g(taXay)a y(tO) = Yo,

where I = [to,T] C R; X : I — conv(R™) is a multivalued mapping; y : I — R™
is a vector function; F' : I x conv(R™) x R™ — conv(R™) is a multivalued mapping;
g: I xconv(R") x R™ — R™ is a vector function; Xy € conv(R"™), yo € R™.

Consider a class S of pairs (X(-),y(-)), where X (-) is a continuously differentiable
on I in the sense of Hukuhara multivalued mapping, y(-) is a continuously differen-
tiable on I vector-function.

Definition 3. A pair (X (),y(-)) € S is called a solution of system (1), if for all
t € I the following equalities fulfill Dy X (t) = F(t, X (t),y(t)), y(t) = g(t, X (t), y(¢))
and X (to) = Xo, y(to) = yo-

Theorem 1. Let in the domain
Q={(t,X,y): to <t <tyg+a, M(X,Xo) <D, ly —woll <c}

the multivalued mapping F(t, X,y) and the vector function g(t, X,y) are continuous
and satisfy the Lipschitz condition in variables X and y, i. e. there exists such constant
A >0 that

h’(F(t7X1ay1)7F(t7X2ay2)) S A [h(X17X2) + ||y1 - y2H] )
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lg(t, X1,91) — g(t, X2, y2) || < AM[A(X1, X2) + [lyr — ell] -
Then system (1) has the unique solution defined on the interval [to,to + d] where

d = min ( a, constant M satisfies the inequalities |F(t,X,y)| < M and

b
M M ’
llg(t, X, 9)|| < M in the domain Q.

MAIN RESULTS.
Consider impulsive hybrid system with a small parameter

DHX = EF(thay)7 t 7é Tis X(O) = X07
. 2
y=ceg(t,X,y), t # 7, y(0) = yo, )

AXlt:‘ri = 8_[7;(X7 y>7 Ay't:n = EJi(Xa y)u (3)

where ¢t € R, ; the moments of impulses 7,41 > 7;; X : Ry — conv(R™) is a multival-
ued mapping; y : Ry — R™ is a vector function; F' : Ry xconv(R"™)x R™ — conv(R"™),
I; : conv(R™)x R™ — conv(R"™) are multivalued mappings; g : Ry xconv(R™)xX R™ —
— R™, J; : conv(R"™) x R™ — R™ are vector functions; Xy € conv(R"™), yo € R™.

Definition 4. A pair (X (-),y(+)) is called a solution of system (2), (3) if it is a
solution of system (2) on intervals between moments of impulses and satisfies impulse
condition (8) in the points of impulses ;.

It’s easy to notice, that the existence and the uniqueness of a solution of system
(2), (3) holds if the right sides of equations (2) satisfy Theorem 1 on intervals between
moments of impulses.

Consider the following partially averaged system:

DHX:&F(t7X7g)’ X(O) :X07

ZjZEQ(t,X,g), g(0> = Yo, (4)

AX|t=0'j - 5jj(Xa y)y Ay|t=0'j = ajj(X7 y)v (5)

where

T T
lim £h| [F(t,X,y)dt+ Y L(X,y), [Ft,X,y)dt+ Y L;(X,y)| =0,
T—o0 T\ 0<7:<T 0 0<o; <T

(6)
lim =0.

1
T—o0 T

Of[th y) —g(t, X, y)ldt+ > Ji(X,y)— > J;(X,y)

o< <T 0<o,;<T

The following theorem that proves the closeness of solutions of systems (2), (3)
and (4), (5) holds.

Theorem 2. Let in the domain Q = {(t,X,y):t >0, X € Dy, y € Do} the
following conditions hold:

1) the multivalued mappings F(t,X,y),F(t,X,y) and wvector functions
9(t, X,v),g(t, X,y) are continuous in t, uniformly bounded with constant M and sat-
isfy the Lipschitz condition in X andy with constant \;
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~ 2) the multivalued mappings I;(X, y), [;(X,y) and vector functions J;(X,v),
J;(X,y) are uniformly bounded and satisfy the Lipschitz condition in X and y with
constant X;

3) limits (6) exist uniformly with respect to X € D1 and y € Da;

4) there exists such constant 0 < d < oo that

1 1
—i(t,t+7T)<d, =j(t,t+7T)<d
St T) < d, it t+T) <d,

where i(t,t +T)[j(t,t +T)] are the numbers of points of a sequence {7;}[{c;}] on the
interval [t,t +T).

5) the solution (X (t),y(t)) of system (4), (5) with the initial condition X (0) =
= Xy € D, C Dy, 5(0) = yo € Dy C Dy is defined for all t > 0, ¢ € (0,&] and
X (t) belongs with some p- neighborhood to the domain Dy, §(t) belongs with some &-
neighborhood to the domain Ds.

Then for any n > 0 and L > 0 there exists such eo(n, L) € (0,£], that for 0 <e <
<egp and 0 <t < Le™ ! the following inequalities fulfill:

h (X(1), X (1) < n, lly(®) — gl < n,
)) are the solutzons of systems (2), (3) and (4), (5)

where (X(-),y(")) and (X(") are
X(0) € D1, y(0) = 5(0) € Ds.

g
g
with the initial conditions X (0

)

Proof. From conditions 1)-3) of the theorem it follows that systems (2), (3) and
(4), (5) have unique solutions that are defined for ¢ > 0 if X (¢) and y(t) (accordingly
X (t) and §(t)) belong to the domain Dy x Ds.

Replace systems (2), (3) and (4), (5) with the equivalent system of integral equa-
tions:

X(t) = Xo+e [ Fs, X(s)y()ds e ¥ L(X(r).y(m)).
0 o< <t (7)

y(t)yo+€£g(s,X(5),y(5))d5+€ > Ji(X(7),y(m)),

o< <t
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Then

IN
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o o
=
=
>
—
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L
=
Ve
_|_

Similarly,
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Divide the interval [0, Le '] in m equal intervals by the points ¢, = %. Define

by (X,, %) = (X(tp), 7(tp)) the solution of system (4), (5) in division points.

Let us estimate in the interval [tg,tx+1], where 0 < k < m — 1 the expression

eh (OftF(SvX(S)vﬂ(S))dH > Li(X(m),5()),

0<r; <t

_h (: tle(s,X(s),g(s))ds+tp<n2<:tp+l LX (), 5 | +
P X0 a0+ 8 L), 6(r)
5| TR @ e S L)) +
LR s+ T LK >,y<aj>>> <
< ch (kg T rex@aeie S LS m.am)|
S| T R K@ g S L)) >+
+eh (f Pl X g)ds 5 L))
J (s X (5, Mt S LX) <aj>>><

> h(’ff“F(s,X() G)ds + X LX), 5r))s | F(s K p)ds + 3 (X p,gp>>+

p=0 tp tp<Ti<tpi1 tp tp<Ti<tpi1
lpt1 tpt1 _
+h f F(s Xp7yp)d3+ > L (Xp’yp f F (s, Xp7yp)d3+ > IJ(mep +
tp tp<Ti<tpi1 tp tp<o;<tpi1
tp+1 tp+ B
[ F(s, Xp,9p)ds + 3 L;(Xp, Gp), f Ly(s))ds + 3 I(
tp t <a]<f,]+1 tp t <0'J<fp+1
t — —
h (f F(s,X(s),y(s))ds + > Li(X(7),y fF 8, Xi, Gr)ds + 22 Li( Xk, G )
te<Ti<t te <<t

+h <fF $, Xy ik)ds + >0 Li( X, ), fF s, Xp,g)ds + > I (Xkayk)> +

t <1<t tp<o;<t
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t t B
+h (fF(S Xigk)ds + Y2 Li(Xk, Gr), f Lu(s)ds + 3 L (X( j)7y(0j))>] <
tr tk<01<t tr tp<o;<t
k—1 | tp+1 _ _ _ =
<e I h(F(s, X (5),5(5)), F (8, Xp, §p)) ds + >0 b (L(X (1), 5(7)), 1i(Xp Gp)) +
p=0 [ tp tp<Ti<tpi1
tpt1 tpr1
+h f F(s, Xpayp)d3+ > I( Xpayp f F(s Yp)ds + > I (Xpayp)> +
tp tp<Ti<tpi1i t <0‘J<tp+1
lpt1 B B B B o o
+ J h(F(s. Xp,Tp), F(s, X (), 5(5))ds) st 3 h (1;(X(07),9(0)) Li(Xp, Gp)) | +
tp pSOi<tpti

t

+e|[h (F(&X(s),y(s)ﬁ F(s, Xk,ﬂk)) ds + Z h (Ii(X(Ti);g(Ti))a L;( Xk, gk)) +

+h (t{Fst,yk)ds—l—tk;ﬂQI Xk,yk Z s Xk,yk ds—l—tk<zo:]<t1(X;€,yk) +
+ [ (s S ). F<X<s>,y<s>>)ds+tk<§<th(f S (X (03,3030 (K i)) | <
<oy [ T 0 (P, X0, 560). F s Ky )} s 55 B (K0, 5000). Ky ) +
+t:{“h<F<5,Xp,gp>,p<s,x(s>, HEN) s+ 3 ((K(e,), o), F(5er ) | +

k-1 tp+1 tpt1
—l—th(f F(s, Xp, Up)ds + > Li(Xp,9p)s f F(s, Xp,Yp)ds + > Li(Xp,9p) |+

p=0 tp tp<Ti<tp41 tp tp<oj<tpy1

+eh fF s, X, Ui )ds + Z Li( Xk, Ur), fF s, Xk, Jr)ds + Z I; (Xkayk)>

Similarly
€ J‘g(s,x( ),y(s ))ds+0<2<tJ( X (1), 5(7:)) _J‘g(s,x(s),y(s))ds_
- Z<tjj(X(UJ) y(og))|| <e Z [ :fﬂ g(s, X(5),5(s)) — g(s, Xp, ) || ds+

X ) 9) = T Fo i) |+ ] 805 K 7) — (5, X (5),5(5))| ds+

tpSTi<tp+1 tp
+ > HJ X UJ) (J])) jj(Xp»gp)H +
tp<oj<tpy1
k—1||tp+1 _ _ _
+e > f [g(S,Xp,ﬂp) —Q(S,Xp,gp)]dS—F > Ji(Xpafgp) > J( payp) +
p=0 tp tpg‘f'¢<tp+1 tp<0']<tp+1
t — — — — —
+e f[g(stkngk) _§(87Xk7gk)]d8+ Z J’L(kagk) - Z JJ(Xkﬂgk)
tr t <t <t tr<o;<t

Notice that
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h(X(s),X,) = h(X(s),X(tp)) < Ej h (F(X(v),5(v)),{0}) dv+
Y (X (05), 5(03)) {0)) < eM(d+ 1)(s — 1),

T e -l = o)~ )l <
<e X @), g@lldv+ 3 I1;(X(07), 5(e))| < eM(d+1)(s — ).

tp,<o;<s

Then

e [ h(F(s,X(s),5(s)), F(s, Xp,5p)) ds <

<o A (E).K) +las) — gyl ds <

~

]

+
-

- = 9¢2 L (pri—ty)? —
(s —tp)ds =2e*AM(d+1) > 5
p=0

) (k+1)- (L) < AMED,

m

€ Z Z h (Ii(X(Ti)vg(Ti))a IZ(vagp)) S

p=0 tp < <tp+1

<ey X MA(X(m), Xp) + 9(n) = Bpll] <

p=01tp <7 <tpt1
k k
<eY Y M4 ) (m—t,) = 2AMAd+1) Y
p=01tp <7 <tpt1 p=01tp <7 <tpt1
+1)

CUAM@A+1)- LY Y 1< ZAMLED g Ly gy ¢ ML)

- m

(Ti - tp) <

€ Xijo :flh(F(Xp,gjp),F()_((s) y(s))) ds <
<e 2’“: tp+1)\ [h (Xp, X(3)) + ||5p — 5(s)||] ds < %,
p=0 t,
c i h (L(X(07),5(07)), [;(Xp, §p)) < DML D)

Similarly
p+1

kot _ _ 5
> I 1lg(s, X (5),5(5)) — g(s, Xp, 5p)|| ds < 2D,
p=0 t,

; 2
ey X X (m),5(r)) = Ji(Xp, 5p)|| < BMEATEL,

m
p=0t,<7i<tpt1

e al( X = < AML?(d+1)
e 22 [ [3(Xp ) — 5K (s),5(s) | ds < METEL,
p=0 t,

k

(X i Y - IAM L2d(d+1
ey X (X0, 9(05) = Ti(Xp, ) || < ML
p=01p<0;<tpi1
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Using condition 3) of the theorem there exist such monotone decreasing functions
f1(t) and f>(t) that tend to zero as t — oo, that for all (X,y) € Dy x Dy we have:

(stXy)dS+ZI (X,9), ft (s, X,9)ds + 3= L;(X,9) | <t- fu(t),

0<T;<t 0 0<o;<t

t — — — —_
fg(s, X,9) = a(s, X, 9)) ds + 30 Ji(X,5) — X J(X,9)|| < t- fa(t).
0 o< <t 0SO’j<t
Then
tp+1 tp1
fF yp Yds+ > Li(X. pvyp fFSXpayp)d5+ > I( p»yp) =
t <7'1<tp+1 tp<oj<tpi1

0<7<tpi1 0<T; <t

tpt1
:€h<fF5vayp dS_fFSXpayp)d5+ > Ii( pa?/p) ZI( pvyp)7

tp

OH_‘L

F(vagp)dsﬁopr(Xpagp)dS“‘ > jj(vagp) > I( p’yp)> <

0<0;<tpi1 0<0o; <ty

<e

tpt1 tpt1
h IFS Xp’yp)d5+ > I( P> Up)s fFS Xpayp)ds"' > I( p)%))"’

O<Tl<tp+1 0<O'J<tp+1

+h stwap)ds—i—ZI( s Up)s fFSvayp)dS"‘ZI( Xps¥p) || <

0<T;<tp 0<o;<t,

<eltprr- filtprr) +tp- fl(p)]SQ sup 7f1(Z) =mn(e),
T€[0,L]

where 7 = et, lim v;(¢) = 0. Similarly
e—0

tp+1
€ /[g(s, Xpa gp) - §(57Xp7§p)]d5 +Z Ji(Xpayp Z J Xps yp < 72(5)7
tp tp<Ti<tpi1 tp<o;<tpi1

where lim ~2(¢) = 0;
e—=0

t
(fF S Xk7yk>d5 +Z I Xk:ayk: f S Xk7yk? d8+z I (Xkayk> S 71(5)7

tr t<T <t tr tk<O'J<t
t — — — — —
[ (9(s, Xiy o) = 9( X, Ur)) ds +3° Ji(Xi, Gx) =2 Ji(Xn, Un)

th <7<t tr<o;<t

€ < a(e).

So
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76
- AML?(d+1) n élx\J\nngd(dJr D+ % +(k+1m(e) <
m (11)
2
< QMZL (2d+1)(d + 1) +my1(e) = pi(e,m),
Oj ), 3(5)) — (5, X (5),5(s))lds+
JS<Z<;71(X(H)7??(T¢)) . <{j(X(Uj)7§(Uj)) S
o AMIAAAD) | MRy gy MMEPEHD |y <
(12)

= pa(e,m).

< 2)\%[? (2d + 1)(d + 1) + mfy2(5)
If we substitute (11) in (9) and (12) in (10), we will get
X()) + llg(s) — Gs)] ds+

g(TZ)H] + <P1(€am)7

B (X, X (1) < o) [ [h(X(s
0
+ed Y [MX(m), X(7 ))+||y( i) —

0<r; <t

y(s)ll] ds+

() - f [A(X(5), X()) + ly(s) -
), X (Tz)) + IIy(ﬂ) g(m)l] + p2(e,m).

+eAZ[((

o< <t
Adding these two inequalities and applying the analogue of Gronwall—Bellmann

lemma [14] we get
h(X (), X (1) + ly®) — GO < (1(e.m) + pale,m)) (1 +eX)' @V et <
(p1(e,m) + p2(e,m)) (1 + 5/\)(“ At <

m) + @a(e,m)) (1 +eX)* = M <

<
<
eld+ 1AL _

(901 g,m
< (p1(e;m) + pa(e, m))

(
(
= (DML (2 + 1)(d + 1) + m (&) + ma(e) ) e@FDAE

Then for every summand the inequality holds
P(X(0), X (1) < (DML (2d +1)(d +1) +mr(e) + mya(e) ) e FDAE
ly(®) = GO < (LU (2d + 1)(d +1) + mya (e) + mya(e) ) e HIAL,

Let 71 = min{p,n, £}. Choose m to satisfy the inequality
AML? m

(@+DAL 22 (94 4+ 1)(d + 1 !
e A o )1y < I
Then fix m and choose ¢y € (0, ] such that for € € (0,&¢] the inequalities hold

M iy (2) < A e iy (e) < L.



Partial averaging of impulsive hybrid systems 7

Then h (X(t), X(t)) < m and |ly(t) — §(¢)|| < m if the solution (X (t),y(t)) be-
longs to the domain Dy X Ds. And it follows from condition 3) of the theorem as

m = min{n, p, £}
So, we get that for any n > 0 and L > 0 there exists such ¢y € (0,£] that for

e € (0,&0] and t € [0, Le 1] the following inequalities fulfill

h (X (1), X (1) <, lly(t) —g@®)] <,

where (X(t),y(t)) and (X (t),%(t)) are the solutions of systems (2), (3) and (4), (5)
with the initial conditions X (0) = X(0) € D}, y(0) = g(0) € Dj.
The theorem is proved.

Example 1. Consider the impulsive hybrid system

X € conv(R?),y € R.

1 sint sint
DpX =¢ K 22 )X F Mot et isin(n(144)),1 < cost )] '

cos 2t
Xo = S0 0 )
. Yy . 9
Yy =¢e—=sin"t, yo = 0.1.
| X

AX|,_, =eX, Ayl,_, = —ey, 7i = 2mi, i = 1, 00.

The averaged system is:

_ 1 0 _ 0
DyX =¢ K 0 22 )X + I sin(in(144)),1 ( 0 )} )

7 1
XOZSO.5( 0 >7
0

A)_(|t:T]_ =X, Ag|t:Tj = —¢cy, T, =274, j = 1,00.

The graphs of the solutions of initial system and averaged system see on next page.

CoNCLUSION. This paper contains the substantiation of the scheme of partial
averaging for one class of impulsive hybrid systems where one equation is a differen-
tial equation with Hukuhara derivative and the other one is an ordinary differential
equation. In case when the right-hand sides are periodic in time one can obtain a
better estimate. Namely one can show that for any L > 0 there exist C(L) > 0 and
eo(L) > 0 such that the conclusion of the theorem holds with 1 = Ce.
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a) When ¢ = 0.1:

eps=0.1

eps=0.1
0125

7

012

ans /

0105

Image 1. (a) The graph of the solutions of initial system X (t) (black)
and averaged system X(t) (gray). (b) The graph of the solutions of
initial system y(t) (black) and averaged system g(t) (gray).

b) When & = 0.05:

eps=0.05

0112 / ran
/ / // |
-,
o |

Image 2. (a) The graph of the solutions of initial system X (t) (black)
and averaged system X(t) (gray). (b) The graph of the solutions of
initial system y(t) (black) and averaged system g(t) (gray).
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ON EXISTENCE OF A SPECIAL KIND’S INTEGRAL MANIFOLD
OF THE NONLINEAR DIFFERENTIAL SYSTEM WITH SLOWLY
VARYING PARAMETERS

ITTorones C. A. Ilpo icHyBaHHSsI IHTErpaJJbHOro MHOTOBU/LY CIIEL[ijaJIbHOTO BU-
TJISAy HEeJIHINHOI audepeHIiajdbHOl CUCTEMH 13 MOBLIBHO 3MIHHUMU HapaMerpa-
mu. [ls HeniniiHO! KOMBHOI OZHOYACTOTHOI AudepeHIiaabHol CHCTeMH APYTOro IOPS-
Ky, TIpaBl 9aCcTUHM KOl BITHOCHO KyTOBOI 3MIHHOI 300parKyBaHi y BUIJISI aOCOJIIOTHO Ta
piBHOMIpHO 30ixkHHX paAAiB Pyp’e 13 MOBIIPHO 3MIHHMME B IIEBHOMY CeHCI KoedirieHTamm,
OTPUMAHO yMOBH ICHYBAHHSH IHTEIPaIbHOIO MHOIOBU/Y QHAJIOIIYHOI CIPYKTYpH.
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Shchogolev S. A. On existence of a special kind’s integral manifold of the
nonlinear differential system with slowly varying parameters. Consider the second-
order nonlinear oscillating single-frequency differential system, the right-hand parts of which
with respect angular variable can be represented as an absolutely and uniformly convergent
Fourier-series with slowly varying in a certain sense coefficients. Establish the conditions of
existence of this system of integral manifolds of a similar structure. In this manifold system
are reduced to the one differential equation with respect angular variable. Preliminary the
auxiliary lemm’s in which construct the transformations, which reducing researching system
to the system with slowly varying, non oscillating, kind, are obtained. And coefficients of
these transformations are obtained in the form of analogous Fourier-series.

Key words: differential system, manifold, slowly varying.

INTRODUCTION. One of the powerful methods of the study of nonlinear systems of
differential equations is the method of integral manifolds [1,2]. Particularly important
role it plays in the research of multi-frequency oscillations, in particular, in systems
containing the slowly varying parameters [3]. An important object of study in the same
time and are single-frequency system [4]. In this paper the problem about existence of
the integral manifold, which represented by as an absolutely and uniformly convergent
Fourier-series with slowly varying parameters, are researched.

(©) Shchogolev S. A., 2013
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MAIN RESULTS.

1. Basic notation and definitions.

Let G(gg) = {t,e: teR, €€ [0,50], 0 € RT}.

Definition 1. We say, that a function f(¢, ), in general a complex-valued, belongs
to the class Sy, (g0), m € N U{0}, if
1) f:G(eo) = C; 2) f(t,e) € C™(G(ep)) with respect t;
8) d f(t,2)/dth = = 7 (t,€) (0 < ks < m),

def .
1£lls )= D sup |fi(t,e)] < +oo.
k=0 G(c0)

Definition 2. We say, that a function f(t,e,6) belongs to the class FY (so, )
(m e NU{0}, a € (0,400)) if
1) t,e € G(ep), 0 €R; 2) f:G(eo) x R = R;

3) f(t,e,0)= > fult,e)exp(ind),

n—=—oo

8) fult,) € Sm(c0)s fon(t:€) = Fulh O):
b) 3K € (0,+00): || fnlls,. (c0) < K exp (—|n|a), n € Z;

> K(1+e™ @)
> Mfnllsn e < o

n=—oo

def
C) Hf”Ff,Zl(eo,a) =

So the function f(¢,¢, 6) and its partial derivatives with respect ¢ up to m-th order
inclusive are analytic with respect 6 € R.
We state some properties of the norm || - [[ge (cy.q)- Let u,v € F? (g0, ). Then
1) “ku||F1€1(Eo,a) = |k| : || u||F79n(E(),DL)7
2) |lu+ vl 7o (co,0) < lullpo, (20,00 + V178, (20,09
3) uvllpe (co,0) < 2™ [ull £0, (c0,0) * 101 R0, (0,00 -
The property 3) in [5] are proved. Functions of the class FY (go, ) are form a
linear space, turning a complete normed space by introducing the norm | - |
If my < mg, then F? (g0,) C FY, (g0, ).
If 1 < &9, then FY (e9,a) C FY (1, ).
Definition 3. We say, that a function f(t,e, x) belongs to the class SZ (g¢, o, d),

ki (507(1)'

m

if
1) t,e € G(eg), € R;2) f:G(ep) x R = Ry

3) f(t,&‘,lL’) - Zfl(ta 5)(33 - xO)la
=0

and
a) fi: G(eo) = R; b) fi(t,e) € Sim(eo0);
c) the series 3770 || fills,.(co) (z — z0)! is convergent if |z — z¢| < d.

Thus function f(t,¢e,x) is real, analytic with respect z, if | — x| < d together
with its partial derivatives up to m-th order inclusive. Moreover Vz € (g —d,x0+d) :
f(t7€7a:) € SWL(&:O)'
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Definition 4. We say, that a function f(t,c,0,7) belongs to the class F2%(eq,a,x0,d)
(m e NU{0}, a € (0,+00)) if
1) t,eeGleg), 0 e R, 2 €R;2) f: G(eo)xRxR—>R

3) f(t,e 0,z) = Zanlte"“" — o),

n=-—oo [=0

a’) fn7l(t75) S Sm(€0)7 f—n,l(tvg) = fn,l(t>€)7
FK €(0,400): YneZ, Vpe(0,d):

Ke~Inle
||fn)l(t’€)HSm(E) < T
Thus real function f(¢,e,6,x) and its all partial derivatives with respect ¢ up to
m-th order inclusive are analytic with respect # € R and z if |z — 2| < d. Moreover
V€ (vg—d,xo+d): ft,e,0,2) € F (c0,).
2. Statement of the Problem.
Consider the following system of differential equations:
‘fl—‘f =uX(t,e,0,x) + ca(t,e,0,x),
(1)
Z—f =w(t,e) + puO(t,e,0,z) + eb(t, e, 0, x),

where t,e € G(eg), 6,z € R; X,0 € F%%(eg,a,70,d), a,b € F,i’fl(so,a,xo,d),
wE&M%%&ﬁw:wo>&u€®ww-
€o

We study the question of the existence of the integral manifold = w(t, ¢, 0, u) €
€ Fl(e1,a1) (k<m—1, &1 < o, a1 < a) of the system (1).

3. Auxiliary Results.

We denote:

Xo(t,e,x) /Xtaﬂx

Let us assume that the following conditions.
(A). There is a real function zo(t,€) such that
1) Xo(t,e,z0(t,e)) = 0;

2) inf
G(eo)

8X0(t, g, xo(t, E))
ox

3) in system (1) a function z(t, €) is taken as a point xo and is taken as d-sufficiently

small positive number in the d-neighborhood of the point xy is no other roots of the

equation Xo(t,&,x) = 0, than 5. Owing to the condition (2) the number d are exists.
(B) Parameters p and € are related by inequalities:

‘=v>& (2)

prr<emt (3)
in which r,m; € N, r > 2my, m > 2mq1, m; > 1,

£
M+E<67 (4)
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in which ¢ € (0, +00).
Lemma 1. Let the condition (A). Then
1)VreN 3 pu, €(0,u0) such that V u € (0, u,.) exists the transformation of kind

m:y+zuk(t357¢7y)ﬂk7 0:¢+ka(taga¢ay)ﬂkv (5)
k=1 k=1

where ¢,y € R, ug, v, € F£Y(g0, a0, 79,d1) (dy € (0,d), k =1,r), which reducing the
system (1) to the form:

B S Yt e, y)uF + p Y (e, 0,y 1) + can(t g, 0,y 1), o
6
92 = w(t,e) + 35, Pult,e, ) + pr 10, (te, 0, y, 1) + by (t,e, 0.y, ),

where Yk:a (I)k € 57:‘4'7,(807 Zo, dl)a i;’r‘? 6’l" € Fg‘;’y(g()a «, Zo, d1)7 G, br € Fnﬁill(<€07 «, Zo, d1)7
2) 3 pr € (0, ) such that ¥V p € (0, u)) exists inversion:

y=a+p(te0,x,u), p=0+qtec 0,z p), (7)

where p,q € F2%*% (e, a, v, da) (dg € (0,dy)).

Proof. The formulas determining for sufficiently small values p the functions
Uk, Uk, Yi, @ (K = 1,7), Y., @, a,, b, are obtained in [6]. From these formulas it
follows that these functions belong to the specified class in the formulation of lemma.
We now establish the reversibility of the transformation (5). We rewrite it in the form:

r=y+pu(t,e, 0y, 1), 0=o+pte oy, mn), (8)
where

r r
u = Zuk(t,e,@,y)ukfl, v = ka(tagaway)ukil'
k=1 k=1

Obviously u,v € F¥£¥(eg, a, xg,d1).
We sustitute relations (7) in (8). Then we obtain the nonlinear system for p, ¢:

p+pu(t,e,0+q,x+p,p) =0, q+pv(ted+q,x+p,p) =0. (9)
We choose some p € (0,d;) and denote:

Do ={z € R; |z —xo| < p},

M(:U‘) = Imax <Sup ||U(t7579;337H)| F? (e0,a)s SUP ||U(ta8a 0,, ,LL)| an(ema)) :
x€Dg z€Do

We seek a solution of the system (9) by iterative method, identifying as an initial
approximation pg = gop = 0, and subsequent iterations are defined by formulas:

Pk+1 = —Mu(t,E,H+Qk,$+pk,ﬂ), dk+1 = —Mv(t7579+Qka$+pk7L‘)- (10)
Now we choose d3 € (0, p) and denote

Dy ={zeR: |z — x| <do}.
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We have: p; = —uu(t,s,@,x,,u), q1 = —/ﬂ)(ta&@maﬂ)'

sup Hp1||F9 (e0,0) = M Sup ||u||F9 (g0,c) < 2 Sup ||uHF9 (e0,c) < IU’M( )

r€D;

sup ”ql”FgL(so,a) = M Sup ||’UHF,§”(E(),OL) < f# sup ||(U||Fg,’(€g,a) < MM(M)
eD x€Do

EAST S T 1

We assume by induction that

SUp [|pkllpo (c0,0) < M (1), sup [lgrllpe (co,a) < M ().
r€ D1 x€ D1

Then if z € D, we have:

|z + pr — @o| < |& — x| + |pr| < d2 + pM ().
We choose p so small, that pM () < p — da. Then

sSup ||p/€+1||F9 (e0,0) = M Sug Hu(ta€70+Qk7x+pk7u)”an(Eo,Q) <
reDy

reDy

< o sup Jlu(t,e, 0,2, 1) [ 0 (20,0 < HM (1),

r€Dg

IN

sup ||Qk+1||F9 (c0,0) = M SUP lv(t, e, 0+ qr, z + pr, )”Fﬁl(so,a)

€D,

< sup [[o(t,2, 0,2, 1) | 5o 0.0y < HM(1).
z€Dg

Thus for all iterations is satisfied:

FO (c0,0) < M (p1).

m

sup |pk(t,€,0, 2, 1) || po (cg,0) < M (1), sup |lgi(t, €, 0,2, p)

rxeDq xeDy

Since the function u,v € F£¥(eg, v, xo,d1) then 3 L(u) € (0,400) : V P, q, p.q €
€ F% (g9, a, 29, do) such that

sup [[p(t,&,0, 2, W)l po (cg,a) < HM (1),  sup IB(t,e,0,x s 8 (c0,0) < 1M (1),
x€Dq x€Dq

sup [[@(t, e, 0, @, )| 5o (co.0) < KM (), sup G(t,e,0,2, 1) po (co.0) < M (1)

EDI ED1

the unequalities:

IN

sug u(t,e,0 + @, o+ p, ) —ult,e,0 + G, + D, )| o (c0,a)
xelDy

< L(M) <Sup Hq QHFQ (g0,) + sup ||ﬁ_ﬁ||an(ag,a)) ’
x€Dq

€Dy

F? (g0,a)

m

sup ||U(t7€79 +E]vaz +ﬁuu) - U(ta570+57x+57ﬂ)|
r€D;

§L<u>(sup 1= e + 500 15 Py ))

r€D1
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Hence we obtain:

sup |[pr+1 — PrllFe (co.0) =
xeDy

=M Sug ||’U/(t76,9 + qk, T +pk,/.//0 - U’(t7€a9 + qk—1,T +pk—1aM)HFgL(€o,a) S
reD1

< puL(p) <SUP gk — @r—1ll 7o (co,0) + SUD [Pk _pk1||F7§1(50,a)> ;

zeDy €Dy

sup [ gr+1 — @kl 7o (c,0) =
EASY AN

= [ sup ||’U(t,€,9 + i, + pi, 10 — U(t7€7 0+ qk—1,T +pk717M)HFgL(sg,o¢) <
zeDy

< pL(p) (SUP gk — ak-11lF2 (co,0) + sUP [Pk —pk1||Fg(eo,a)> :
rEDy r€Dy

Therefore, for the convergence process (10) to the solution of the system (9), which
belong to the class F%7 (e, o, xg, dz) is sufficient condition 2uL () < 1.

Lemma 1 are proved.

We consider equation:

Y(t ey, p) =0, (11)

where Y = Y") _ Yi(t, e, y)u" 1. In [6] shows that Yi(t,e,y) = Xo(t,,y). Therefore,
on the basis of the assumption (A), the equation

Yi(t,e,y) =0 (12)
have the root yo(t,€) = zo(t,€) € Sm(go), and

f |Vt e yo(te))| _

in > 0.
G(e0) Oy i

Lemma 2. Let suppose the assumption (A). Then 3 ds € (0,400), pr, € (0, py),
where p, are defined in Lemma 1, such that ¥ u € (0, pur,) the equation (11) have the
root y*(t,e, 1) € Sm(go), such that

ly"(t, e, 1) — yo(t,e)| < pds < da,

inf aYI(t7€7y (ta‘sv:u’)vﬂ)

= > 0.
Gleo) By 71()
Proof. We write the equation (11) in the form
Yit,e,y) + uY (te,y,p) =0, (13)
where Y = 371 _, Yi(t, &, y)* 2. Then the assertion of Lemma follows from the results
[7, p. 695-702].
We denote

(I)(taana ,LL) = Z(I)k(taevy)ukil’
k=1
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and rewrite the system (6) in form:

W — WY (t,e,y, 1) + u Y (t e, 00y, 1) + €an(ty, 0.y, 1),

Lo — w(t,e) + u®(y, e, y, ) + p 1P, (t e, 0,9, 1) + b (t, €, 0,9, 1),

where Y, ® € SY (g0, y*, d2 — puds).
Lemma 3. Let suppose the assumption (A). Then A e* € (0,eq), dy € (0, do—puds)
such that ¥V € € (0,&*) exists the chain of reversible transformations of kind:

Y=z + 591(13571#7217,“)7 w = wl + 8h1(t767¢7217:u)7 (15)
21 =22+ 2ga(t, €, 0, 20, 1), Y1 = o + £2ha(t, £, 12, 22, 1), (16)

Zm1—2 == Zml—l + gmlilgml—l(ta g, wml—la Zml—la ,u')a
(17)
’(/}m172 — wmlfl + Eml_lhmlfl(t g, ¢m1717 Zmi—1; ,LL)7
where g;, h; € Fij_’j] (e*, a,y*,dy) (j = 1,mq — 1), which reducing the system (13) to
the kind:

dzm,—1

dt = ,LLY(t, €, 2my1—1, /j/) + /1/7-+1Zm171(t5 g, wmlfla Zmq—15 /j/)+

+ Z;nzlfl Ekak(ta €, 2my—1, N’) + 6mlawh (ta g, wml—la Zmqi—1; /4L)a
(18)

Ao, —
% = W(t,E) + ,[L(p(t,{f, Zﬂh—lnu) + /’LT+1(I>m1—1(ta€7wm1—l7 Zml—lmu)+

+ ZZL:III €k5k(tv g, Zm1*13 ,U,) + €mlgm1 (tv g, wm1717 Zmlflv N)a

Ymy—1,2mq — Zmq — ~
where Zml*lvéﬂufl eF,", ' ! 1(6*,Ol,y*,d4), O‘kvﬂk € Sm_lk 1(61,y*,d4), amlvbml €

m—mi+1

Ymq—1,2mq —
€ ‘Frn—lml1 ! 1(5*aaay*7d4)~

Proof. We apply to the system (14) transformation (15) and require that the
transformed system has the form:

% = /U’Y(taevzla,u’) JF#THZl(ta*Sﬂ/)l,Zl,H)JF
+5a1(t757 Zlnu’) + <C:2&12(@&—71#7 21, ,LL),
% = W(t,é‘) + /,L@(t,é‘, Zlmu) + :U‘T+1(Dl(t7€7¢17 21, /U‘)+

+5ﬁ1 (tv €,21, /J') + 5252 (ta g, 1;/]) 21, M)a

where the function 7y, ®1,aq, ﬂl,ag,gg are to be determined. Then for the functions
g1, h1 we obtain the following system of the differential equations in partial derivatives:

(Wt ) + pd(t,e, 21, 1)) F2 + pY (b6, 21, ) 52+
(20)

+a1(t75a217ﬂ) = M%Z’:hu) g1 + a’r(t7€7w17'zlvu)a
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(w(tye) + pd(t, e, 21, 1)) g—:ﬁ + uY (t, e, 21, ) gilel n

(21)
+61(tasazlvﬂ) = ﬂ%jhm g1 + br(tasawlazl,ﬂ)'

The functions 71, @1,52,52 defined from the following systems of the linear algebraic
equations:

537,3)11 (I)l + (1 +€6g1) Zl = ?T(t7€7wl +5hlazl +€glalu‘)7

(22)
(1+58h1)<1>1+58h1Z1— r(t e, 01 +ehy, 21 +eg1, 1),
(1—|—€891) as +eaglb =
2
_ %8 Y(t,s,azzlf+ylsg1)g% + 6ar(t,s,w+vQ§fZi,z1+uzsgl,u) h1+
+aar(t757w+u2§’;11721+V25g17//‘) g1 — é%’
(23)

ﬂag+(1+sahl)52:

w0 ®(t,e,z1+v3eg1) 2 Ob,.(t,e,p+vaehy,z1+vaegs,p)
5 527 7+ 50 hi+

Oby.(t,e,p+vachi,z1+vaegr,p) _10m
+ 0z1 g1 e Ot

where v1,v9,v3,14 € (0,1).

We denote zg = y*(t, e, u) and expand the functions Y, ® in the series in 21 — 2q,
which converge at |21 — 20| < p1, where p; € (0,ds — pd3). Due the conditions of
Lemma value p; can be chosen so small that in p;-neighbourhood of the point z; the
are no, except zp, other roots of equation Y (¢, ¢, z1, 1) = 0.

D(t,e, z1, Zfb (t,e, p1)(z1 — 20)', (24)
1=0
oo

Ytz 21om) = SV (e, )21 — 20)" (25)
1=0

In the case Gi(nf) [Yi(t, e, )| = ~v1 (@) > 0. Then
€0

OD(t,e,21,11) = . -1
el SR Rt LN ol A § i) — 2
821 rr ! l (ta g, ,U)(Zl ZO) ’ ( 6)
8Y(t76721wu) - * -1
021 - § lyrl (t,é‘,,LL)(Zl - ZO) . (27)

=0
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We expand the functions a,, b, in the double series, whish converge at ¥; € R
and |z1 — 20| < p1:

ar(t,e,1, 1) = Z Zarkl (t,e, p)e™ 1 (21 — ), (28)
k=—o00 I=0

be(t, e, 1, 1) = Z Z brii(t, €, 1)1 (21 — o). (29)
k=—o00 I=0

We seek a solution of the system (20), (21) in the form of a double series:

g1 (ta g, 1/}17 /1“) = Z Z g1kl (tv g, M)eikwl (Zl - Zo)l’ (30)
k=—o00 1=0
hite, v, m) = Y > ha(t,e, m)e™ (21 — 2)". (31)
k=—o00 1=0
Then
a oo oo )
ﬂ = Z Zikglkle”“/“ (Zl — Zo)l, (32)
O k=—o00 1=0
a o oo )
8—‘(11 = Z Zlglkle’kwl(zl - 20)1717 (33)
SE N S
871 = Z Zikhlkle’kwl (Zl — ZQ)Z, (34)
L S e o
ahl o) [e’s} " B
— = Lhige™ ¥ (z1 — z0) 1. 35
o0z k;@ ; 1kl€ (21 Zo) ( )

We substitute expressions (30), (32), (33) in the equation (20). Using (24) we
obtain:

<w<t,s> oSS B (e ) (1 — >) S S kg™ (21 — 20)l4

=0 k=—o00 1=0
+ (M Y Yt e, p) (2 — Zo)l> > Y lgiet (2 — z0) T+
=0 k=—o0 [=0

(e, 2, ) = (u S0V (e, 1) (21 — >) .
=1

X 3 Y gt e, m)e Vi (z—z0) + X Y arn(t, e, p)et (21 — ).

k=—o00 =0 k=—o001=0

We equate in the left and right sides of the equality (36) the coefficients at e**¥1.
At k = 0 we obtain:

(ﬂZYl (t,e,1)(z1 — 20) )Zlglol (21 —20)' '+

=0
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+an(t, e, 21, 1) = (MZW;*(@E’M)(% - ZO)l_1> X

=1

X 29101(21 — 20)' + Z aroi(tse, p)(z1 = 20)"- (37)
=0 =0
We denote:

oo
al(tvga Zlnu’) = ZarOl(tvsa ,U,)(Zl - Zo)l =
=0
27

1 z
= % /a?”(t7€7wlvzlau)d¢l S Sm%fl(goﬂz()’pl)?
0

groi(t,e,u) =0 (1=0,1,2,...).

At k #£ 0 we denote:

91k0 = — % - drko " ) (38)
NYI (tv = /“L) - Zk(w(tv 5) + M(I)O (t’ = :u'))
n—1
f ZO [(n+1—=2))Y, o (t e, ) —ik®;, (€, )] Guig+arkn (ts €, 1)
—_— ‘7:
Jikn = (n — DYy (&, p) +ik(w(t, ) + u®@g(t, e, ) T (39)

n=1,2,...; kez/{0}.

Since inf w(t,e) =wp > 0, then
G(eo)

C}(I;f) lw(t,e) + p@o(t, e, p)| = wo — ﬂ||q’3(t»€7ﬂ)||sm(60) > wy >0,
0
if pl|®G(t, €, 1)l 5, (c0) < wo—wi. From (38) follows, that gixo(t, €, 1) € Sim—1(c0), and

HarkO(taEwu’)”Sm— (e0)
lgssot,e, m)lls,-sceo) < P

From (39) follows, that ¥V n € N: g1x,(t,€, pt) € Sin—1(€0)-
Since series (24), (25), (28), (29) converge at 1 € R and |21 — 29| < p1, then

Joe€(0,p1), M € (0,+00) such that:

M M
ol’

197 15,1 (c0) < 1Y 5,1 (e0) < =

Me-lHo M-kl
larkills, o) < =7 Wbrillsp 1) < ——7—

Following known techniques [8], suppose by induction, that

Ple—|k\a

||91kl(ta57u>”5m—1(60) < o (l =0,n— 1)'
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We show that the constant P > 1 can be chosen so that:

Pnef|k|a
”glkn(t’ g, H)HSm—l(EO) < T

Let 71 (1) — the constant, which defined in Lemma 2. From (39) we obtain:

1
X
n — 1) pyi(p) + [klws

HglanSmf1(€o) < (

n—1

< 2" 1= 2] 1Y 1 s eo) - 19185 50 (o) F
§j=0

n—1
Fulk12m S RL s o) 918511801 (e0) + Nlarknlls,, ey | <
=0
2m71 M Pge |k|a
< e,
(n = Dpya(p) + [klwr

n—1
M PJ@ [kl pre—lkla
+pulk| Z | =
2m71M€7|k|a n—1 ) n—1 )
= Yy |In+1—24|P' +pulkly P +1| =
((n = Dpm(p) + |klwi)o™ ]Z::o ]Z::o
2m—1Me—|k|oc
~ ((n=Dpm(p) + [klwr)o™
(n+3)P" —(n— 1P+ (n+1) P —1
_— <
P -1y +u|k|P_1+1 <
2m—1 e~ Ikle 3(n+1)pPnt! P
< k P (40
= = Do) + Wy M~ pong THMET T ] (40)

Let P > 1+ pg, where pg > 0. Then from (40) we obtain:

K02m71M67|k\a
n—1)py1(p) + [klwr)o™

l91knll5,, 1 (e0) < { [,u(n +1)P"

KOQm—lMe—\Ma
((n = Dpmn(p) + [klewr)o™

where Ky = 3(1 +p0)2/p(2) + (14 po)/po + 1.
We estimate:

Fulkl P 4 P = (1(n+1) + ulk] + )P,

pn4+1) +plkl+1  pn+1) + plk| 1 <
pyi(n—1) +wilkl  pyi(n—1) +wilk|  pya(n—1) +wilk] ~
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L st DAplkl 3 ptpr
Twr =) twilk] Cwr o opm twr’
where 7 = |k|/(n — 1).
The function s(7) = (u+up7)/(uy1+w17) at puy1 < wi is monotonically decreasing,
s(0) = 1/~1, hence s(7) < 1/v;. Thus for sufficiently small yu:

pn+1) + plkl+1 < I,
py1(n — 1) + wi k|
where K7 = 3/wy + 1/+1. Hence:

KoK 2m 1 Melkla

0-77,

n—1

918nl15,m_1 (c0) <

We require that
KOKIQm—lMe—\k\a . €—|k\a
e Pt < o P
It’s enough to satisfy the inequality P > 1 4+ K K;2™ 1 M.

Thus equation (20) have a solution ¢; (¢, &, 1, 21, i), which belong to class
FY0% (g4, , 29,0/ P). Since in neighbourhood |z — z| < p; the are no, except zo,
other roots of equation Y(¢,¢€, 21, 1) = 0, then equation (18) has no singular points,
except 2o, hence g9 (ta & wla 21, /’[’) € F;ﬁiil (607 @, 20, pl)

Let’s go to equation (21) with an already defined function g;(¢,¢,1, 21, 1), We
denote:

2m
0®(t,e, z1,0) 1 /
¢ AL LT d
ﬁl( 357217/1’) M 82’1 o gl( 7anlazlvﬂ) '(/}1+
0

2
1
+% /br(t757 djlvzlvﬂ)dwb
0

Then B1(t, e, 21, 1) € S5t (€0, 20, p1)-

Using arguments similar to those given for the equation (20), we see that equation
(21) have a solution hq (¢, e,v1, 21, 1) € Fff’li’il (€0, 20, p1)-

Now consider the systems of the linear algebraic equations (22), (23). Obviously
Je1 € (0,60) such that V e € (0,e1) the determinants of theese systems are sep-
arated from zero. Hence the system (22) have a unique solution ®;(t, e, 1,21, 1),
Zi(t,e, v, 21, 1) € ani”il (€1, , 20, p1)- The system (23) have a unique solution ay(, £,
¢17217M)a 52(75;5’7#1’217/1) S Frﬁl—él (51,04,20,p1).

We make in the system (19) transformation (16) and require that the transformed
system have the kind:

dz
dilfQ = ,UY(t,g, ZQMUJ) =+ .ur+1ZQ(t7€a ¢27227H)+
+ean (ta €, 22, ,U) =+ 82&2(t? €, 22, :u) + 5363(ta g, wQa 22, u)a
(41)
W _ e B(t T, (t
W_w(as)+ﬂ (7&22,#)—’_# 2(a€7w2722,ﬂ)+

+551 (ta €, %2, ,U) =+ 6252(ta €,%2, /u’) + 5353(ta g, 1/)2, 22, :u’)
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Then for functions go, ho we obtain the next system of the differential equations
in partial derivatives:

(w(t,€) + pd(t,e, 2, ))8#12 + Y (t€, 22, )ggz+
oY (t, e, 29, -
+a2(ta€7'z2a/’b) = M% g2 + a?(tvga'(/)aZ?)v (42)
((02) + 1Bt 2, 20,10 T2 4 Y (1, 20, ) 22+
w(t, € 12 €5 22, 8'1/1 H 22, W 82:2
0P(t, e, 2o, ~
+62(t,€,22,//6) = M% 92 + b2(t,€a¢72’2)- (43)

The functions Zs, ®o, 63,53 defined from the following systems of the linear algebraic
equations:

2992, 4 (1+52ag2)22 Z1(t e, + €2hy, 29 + €2go, 1),

€ s
(44)
Oh 2 Oh 2 2
(1+62 2)<I> + 2522y = Pi(t,e,1h2 + €%ha, 20 + €290, 1),
2992 20927 _
(1+6 )a +¢ 8wag—
2 *_2
_ pe | 0%Y (t,e,22+vie’gs) 2
-2 82% 92+
6041(t,8,22+u;5292) 652(t,s,w2+u§52h2,zQ+u§€2hg,,u)
+ Dzo go +¢€ Opa h2+
Oaa (t,e,hatvie’ha,zotvie?ho,u) 10992
+ 722 92) = 9> (45)

20hs & 2 Oho _ pe  9°B(te,za+vie’go) 2
€ ozs 3+ <1+E )b 5 —az 5+

AP (tye, 2e? Oby (L, o+ ha,2zo+1E e ha,
+ B ( Egzz;rvs,ﬁ 92) 92+€( 2(te, 2 tvg 81/;; z2tvge ha,p) o+

+352(t,E,wQ+V§€2?227Z2+V§€2h27ﬂ) gz) _ %%7
where vjv3, v5, i, vi, v§ € (0,1).

Exploring the systems (42), (43) and (44), (45) in the same systems (20), (21)
and (22), (23) we find that as, B2 € S22 ,(e1,20,p2), g2, ho € Fw2 (g1, @, 20, p2),
(1)27 Z2 S F;liz_,;z (827a720>P2)7 6371)3 S F$3§2(€2,0¢>20ap2) (p2 S (07p1)7 €2 € (0751))'

Continuing in this way, get to the transformation (17) and systems (18). We
establish, that

Zmq—1

aml 17ﬁm1 1€Sm m1+1(5m1 2720»pm1 1)

"Z’Wnl 1;2my—1
gm1—17h7rL1 Fm mi+1 (5m1—2ao‘720apm1—1)a
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Ymq—1,2mq —1
(I)mlfhzmlfl S Fm7m1+1 (Emlflyaazmpmlfl)a

~ 7 Ymy—1,2mq —1
amlabml E meml (€m1717a7207pmlfl)7

where 0 < €y, -1 < é€my—2<...<e3<€1 <€0, 0< Prmg—1 < Prmy—2 <...<p2<
< p1 < dy.

Reversibility of transformations (15) — (17) for sufficiently small € is proved sim-
ilarly to Lemma 1.

Lemma 3 are proved.

4. Principal Results.

Theorem. Suppose that the system (1) satisfies (A), (B). Then 3§y € (0, +00)
such, that ¥ § € (0,99) (0 — value in condition (A)) the system (1) have the integral
manifold

T = w(t76,9,u) € nglfl(gylﬂaa*%

where €5 € (0,e0), a* € (0,a), and on this manifold the system (1) are reduces to
equation:

de

E = W(t, 5) + :u@(t7 g, 05 ’U}(t7 g, 67 .u“)) + €(t7 g, 97 :u)

Proof. Consider the system (18). Right-hand parts of this system are bounded at
teR, g€ (0,6m,-1), Ym,—1 € R. Therefore it is easy to see that if the m+1 > 2m;,
the functions €™ =1, (t,&,m,—1, 2m,—1)s €™ Lo, (t,€,%m,—1,2m, 1) belong to
class S;’:ff (Emy—1520, Pm;—1). And thus in fact these functions are slowly varying

and not oscillating, despite the dependence on ,,, 1, thanks to the factor e™ 1.
Therefore we can to rewrite the system (18) in form:
9 = pY (e, z,p) + p 1 Z(t e, 0, 2, p) + €alt, €, 2, ),
(46)

D (t,e) + pd(t e, 2, ) + pr U (L e, 0, 2, 1) + £b(t e, 2, 1),

(E*7Z0ad4)7 Z7\IJ S F¢7Z (5*706172'0,d4), Z7:7/56 Sz (8*7207d4)7

m—my my—1

where Y, ® € S

mlfl
(e* € (0,20), a1 € (0,)).
In system (46) using the transformation:

z=zo+ p&, Y =1p. (47)
Since zo(t, &, ) € Sm(eo), then

dz

dt = —€&z1 (tv g, .u)v (48)
where z1 € S,,,—1(g0). We denote:
oY (t,e, z, i
At o) = PEE M)
zZ=z0

On the basis of Lemma 2:

inf |A(t,e, )] = 7(1) > 0. (49)
G(Eo)
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As a result of transformation (47) system (46) takes the form:

dé- 28Y(t,€,210+1//$§7/14) 2 €
== At Za(t
dt o (7&/‘)"‘/‘ 92 5 +'ul21(757:u)+
+:U’TZ(t7 &, ’l[}, zp + N§7 :LL) + ﬁ Ei(tv €,20 + /u'ga p’)7
(50)
d .
dif = w(t,e) + u®(t e, 20 + p&, ) + p (e, 20 + ps )+
+Eg(tv €,20 + ,lef, M)a
where 0 < v < 1.
Based on the assumption (B) the system (50) can be rewritten as:
d Y (t,e, zg + vué, €
75 = P)‘(tﬂ?, )f + ,LLQ ( > Mf ‘u) 52 + 721(t’€’ﬂ)+
dt 0z I
(51)
- € -
+pPE1(t e, & ) + o b, 20 + 4, 1)
dy 2m
E - W(t,f) + M(D(t7€7 zo + M§7/J’) + H ‘:‘2(ta8a§7:u)+
(52)

+€g(t7 £, 20 + I'LE’ /j/),

where Z1(t,¢,&, 1), Za(t,e, & u) € an_ml (e*, 20, udy).

Now we can consider equation (51) it regardless of the equation (52). Consider
corresponding to equation (51), a linear non-homogeneous equation:

dé

5
i uA(t, e, p)éo + M z1(t, e, mu). (53)

Consider the next solution of this equations:

fO(taevﬂ) = % I[Zl(t7€7u)}7 (54)

where , .
I[Zl(tvgaﬂ)] - Zl(T,S,ILL)GXp 2 )‘(8757/£)d’9 dT? (55)

J /

and sign at the lower limit of integration coincides with sign of A(t,e, u). Using the
unequality (49) and known estimates for integrals of the kind (55), we obtain, that
&o(t e, ) € Spmy—1(€*), and 3 Ky € (0,400) such that

KQE*
Smq—1(e*) = ’u2 H21|

[1€ol

Sma(=) (56)

The solution belongs to class S,,, —1(¢*) of the equation (51), we seek by iterative
method, identifying as an initial approximation &y(¢, €, pt), and subsequent iterations
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are defined by formulas:

2 8Y(t> €,20 + UM§S7 /’L)
0z

€
§s+1(t75au) =1 |:,[L Zl(tvgvu) +M £3+

+1PE(t e, &y ) + % a(t,e,z0 + ufs,u)} . (57)
We define the set:
Q={ €€ Sm-1("): E=Gollsy s <h }
and denote:

6Y(t7 €,20 + V,Uf, M)
0z

)

Smy—1(g%)

Hl(hvu‘) = Sup
£eQ

52

Hy(h,p) = sup |E(t, &, &, 1)ls,, 1 (e%)> Ha(h, ) =sup|la(t, e, z0 + p&, 1) 5,0, 1 (e
£eQ £eQ

H(h7 M) = maX<H1(ha /J), H2(h7 /’L)7 HS(h7 M))

Since the funcrions Y, 2, a are analytic with respect & € Q, 3 Lo(h, ) € (0,+00)
such that V £, n € (:

_OY(t,e, 20 +vpn, p) o

2
¢ 0z

IN

ay(tv €,20 + V/iga :U’)
0z

Sm,lfl (5*)

< Lo(h, W)€ = 1l 5,0, —1(e%)-
Using a technique known contraction mapping principle [7], it is easy to show that
if
KQH(h,,u)5 <hy<h
(6 — the constant, which defined in condition (B)), all iterations (57) belongs to Q. If

KQLO(ha ,LL)5 < 17

that process (57) is converge to solution £ = £*(t,&, ) € Sim,—1(7) (e1% € (0, +¢*))
of the equation (51). At the same time this solution determines the integral manifold
of system (51), (52). Given Lemmas 1 — 3, this proves the theorem.

CoNCLUSION. Thus, for the system (1) the conditions of existence of the integral
manifold, which represented for sufficiently small values e, ;. by as an absolutely and
uniformly convergent Fourier-series with slowly varying coefficients, are obtained.

1. Bogolubov N. N., Mitropol’skii Yu. A., Samoilenko A. M. The method of ac-
celerated convergence in nonlinear mechanics [in Russian], Naukova dumka, Kiev (1969).
— 247 p.

2.  Mitropol’skii Yu. A., Lykova O. B. The method of Integral Manifolds in nonlinear
mechanics [in Russian], Nauka, Moscow (1973). — 512 p.



96 Shchogolev S. A.

3. Samoilenko A. M., Petryshin R. I. Mathematical Aspects of theory of nonlinear
oscillations [in Ukrainian|, Naukova dumka, Kiev (2004). — 474 p.

4. Mitropol’skii Yu. A. Nonlinear mechanics. Single-frecuency oscillations [in Russian],
Inst. Math., Kiev (1997). — 388 p.

5. Shchogolev S. A. The some problems of the theory os oscillations for the differential
systems, containing slowly vyrying parameters [in Ukrainian]. — Manuscript. — The thesis
for obtaining the scientific degree of Doctor of physical and mathematical sciencies.
Odessa (2012). — 290 p.

6. Shchogolev S. A. On a reduction of nonlinear second-order differential system to a
some special kind // Odesa National University Herald. Math. and Mechan. — 2012. —
V. 17. - Is. 4(16). — P. 97-103.

7. Kantorovich L. V., Akilov G. P. Functional Analysis [in Russian], Nauka, Moscow
(1984). - 752 p.

8. Golubev V. V. Lectures on the Analytic Theory of the Differential Equations [in

Russian|, Moscow, Leningrad (1950). — 436 p.



ISSN 23804-1579. Bichux O0. nay. yn-my. Mam. i mex.—2013 .-T.18, eun. 2(18).—C. 97-104

MEXAHIKA

Mathematical Subject Classification: 74R10
VIK 393.3

K. M. Apxunenko, O. ®. Kpusuii
Onechka HAIIOHATBHA MOPCHKA, aKaaeMist

TPIHIMHA TA BKJIIOYEHHA 3A YMOB ITIOBHOT'O 34YEIIJIEHHA
B KYCKOBO-OJHOPIIHIN AHIZOTPOIIHIN IIJIOIITNHI

Apxunenko K. M., Kpusuii O. ®. Tpimuna Ta BKJIIOYEHHsS] 32 YMOB IIOBHO-
ro 34YeIlJIeHHs B KYCKOBO-OJHOPi/HIilI aHi3oTpomnHil rmomuHi. Po3s’a3ana 3amadga
PO TPIIIWHY Ta YKOPCTKE BKJIIOYEHHS, fKi MOBLIPHAM YHHOM DPO3TAIIOBAaHI y PI3HUX IIiB-
TUIOIMHAX KYCKOBO-OHOPIIHOI aHI30TPOITHOT TIOIMHN. BKITIOUEHHST 3HAXOIUTHCS B YMOBAX
TIOBHOTO 3YEIJIEHHSI 3 CepeIOBHUINEeM. 3a/ava 3BeJeHa 0 CUCTeMH TOTHPHOX CHHIYISPHUAX
inTerpasbHEX piBHAHD. Il0Ka3aHO, IO PO3B’SI3KM CHCTEMH MAlOTh KOPEHEBY OCOOJIMBICTH Ha
KiHIEX TpoMikKy. OCTaHHE HaI0 MOXKJIMBICTH 3aCTOCYBATH [0 PO3B’S3aHHS CHCTEMU CHHIY-
JISPHUX IHTerpajibHUX PIBHAHD METO/I OPTOTOHAJIHHUX MHOTOYJIEHIB | ToaTh nryKaHi GyHKIil
y BurJsl psjaiB 3a MHOroweHamu Jebumesa. Orpumani Bupasu jis koedinienTis inrencus-
HOCTi HANIPy’KeHb y BEPUIMHAX TPIIINHM i BK/IIOYEHHS, & TAKOXK KyTa ITOBOPOTY BKJIIOYUEHHS.
Hocmimxeni 3amexHOCTI KoediIieHTIB IHTEHCHBHOCTI HAIPY’KeHb 1 KyTa IOBOPOTY BKJIIO-
YeHHsl BiJ BijcTaHi M0 JiiHIT 3’€IHAHHSA PI3HUX AHI30TPOIMHUX IMBILIONIMH Ta AHI30TPOITHUX
BJIACTUBOCTEN MaTepiasiB. BussieHo psim BaXKIMBUX IS 3aCTOCYBAHHS MEXAHIYHAX 3aKOHO-
MipHOCTEIA.

KurouoBi ciioBa: KyCKOBO-OJHOPITHA aHI30TPOIHA TIIOMINHA, TPINIWHA, BKJIIOYEHHS, CU-
CTeMa CUHTYJISIPHUX IHTerPAJIbHUX PIBHSHD, METO/ OPTOTOHAIBHIUX MHOTOJIEHIB, KoedirieHT
IHTEHCUBHOCTI HAIIPyK€eHb.

Apxunenko K. H., Kpusoii A. ®. TpemuHa 1 BKJIIOUE€HUE B YCJIOBUAX IIOJIHO-
ro CIeNJIEHUsI B KYyCOYHO-OJJHOPOAHOI aHM3O0TPOITHOM IIocKocTu. Perrena 3amada
O TpeIyHe ¥ BK/IIOYEHUN, KOTOPbIe IIPON3BOJIGHO PACIIOJIOXKEHBI B PA3HBIX MOJIYILIOCKOCTIX
KYCOYHO-OJHOPOIHON aHU30TPOMHON II0CKOoCTH. BKIIIOUeHne HAXOIUTCA B YCJIOBUAX TIOJTHO-
ro CremJieHus co cpeoil. 3a/1ada CBe/leHa K CUCTEME YeThIPEX CUHTYJISAPHBIX WHTErPAJIbHBIX
ypasaenuii. [Toka3aHo, 4TO pelleHusi CUCTEMbI UMEIOT KOPHEBYIO OCOOEHHOCTD Ha KOHIIAX IIPO-
MexKyTKOB. ITocsieree qamo0 BO3MOYKHOCTH NMIPUMEHUTH K PEIIEHNI0 CHCTEMBI CHHTYIISPHBIX
WHTErPAJIbHBIX YPABHEHUI METOJ OPTOTOHAJIBHBIX MHOTOYJIEHOB U IIPEJCTABUTH HCKOMBIE
dyuKIMN B BUAe pamoB 10 MHOrowieHaMm Jebsimesa. Ilomyensr Beipaxkenus mis k03bdu-
[IMEHTOB MHTEHCUBHOCTYU HAINPAKEHUN B BEPIIMHAX TPENUHBI U BKJIIOYEHUs, & TaKkKe yIJja
1oBopoTa BKJIOUeHud. VlcciaenoBanbl 3aBucuMocTu K03hOUIUEeHTOB MHTEHCUBHOCTY HAIIPsi-
JKEeHU u yrJjla IIOBOPOTa BKJIIOYEHUA OT PACCTOAHUA [0 JIMHUU COCAUHEHUA PA3HBIX aHU30-
TPOIHBIX IOJIYIIOCKOCTEH M aHM30TPOMHBIX CBONCTB MaTEPHAJIOB. BBISABIIEH D BaXKHBIX
JJIsI IIPUMEHEHUST MEXaHUIeCKUX 3aKOHOMEPHOCTEI.

KiroueBble cijioBa: KyCOYHO-O[HOPOHAS AHU30TPOIHAS MOIYILIOCKOCTh, TPEIIMHA,, BKJIIO-
YeHue, CUCTEMA CUHIYJIAPHBIX WHTErPAJIbHBIX yPABHEHUN, METO1 OPTOrOHAJIBHBIX MHOIOYIe-
HOB, KO3 UIMEHT MHTEHCUBHOCTU HAIIPAKEHMUIA.

Arkhypenko K. M., Kryvyi O. F. Crack and inclusion under full contact

(© Apxumenxo K. M., Kpusuit O. @., 2013
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in the non-uniform anisotropic plane. Had solved the problem about crack and rigid
inclusion, which are arbitrary disposed in different half-planes of non-uniform anisotropic
plane. The inclusion is under full contact with the medium. The problem had resumed to
the system of four singular integral equations. Had proved that the solutions have the root
singularity in the ends of interval. The last lets to apply to solve the system of singular
integral equations method of orthogonal polynomials and express the unknown function as
the Chebyshev polynomial series. Had received the formulas for the stress intensity factors
in the tops of the crack and inclusion, and also the turning angle of the inclusion. Had ex-
amined the relations of the stress intensity factors and the inclusion turning angle from the
distance to the interface of the different anisotropic half-planes and the anisotropic materials’
properties. Had revealed a number of the mechanics properties important for application.
Key words: non-uniform anisotropic plane, crack, inclusion, system of singular integral
equations, method of orthogonal polynomials, stress intensity factor.

BcoTyin. 3agadgi npo medexTr TUIMY TPINUH i BKAIOYEHb B aHI30TPOIMHUX Cepe-
JIOBUINAX PO3IVIsAmaancs 6ararbma asropamu. Ilpu misoMy H0CTiKeHHS 3/1€01/IbIIOr0
obmexxyBasucs jedekramu oguoro tuimy [1-7] abo mixdazaumu nedekramMu y He-
oauopinuiit wiomuni [8-13]. Hepocrarubo nociipKeHUMU BUSBUIKCH 331241 PO B3a-
€MOJTITO pi3HUX JedeKTiB y KYCKOBO-OJHODITHUX aHi30TPOMHUX cepemoBuiiax. Majo
JIOCJTiI?KEHO BIIJINB HA KOHIIEHTPAIIO HAMPYXKEHb B OKOJI1 TPIMUHY i BKIIOYEHHS JIiHIT
3’€¢qHAHHS aHI30TPOIMHUX CEPETOBUIIIL.

V wiit poboTi, BAKOPUCTABINK CAHTYJISIPHI iHTErpasbHi CIiBBiIHONIEHHS, SKi OTPH-
mani B pobori [14], po3s’a3ana 3ama4ya npo TPilMHy 1 BKIIOYEHHs, HA Oeperax sKoro
peaJii3oBaHO yMOBU IIOBHOI'O 34€ILJIEHHS, Y KyCKOBO-OJIHOPI/HINA aHI30TPOIHIHN 11J101111-
mi. JIoC/TiI2KeHO BIIMB PO3TAITyBAHHS AeMEKTIB Ta aHI30TPOMHUX BJIACTUBOCTEH TIiB-
IJIONIMH HA TOBEIIHKY Koedinienris inrencusnocti nanpyxkenb (KIH) y Bepmmuax
TPIMIUHU i BKIIOYEHHS.

OCHOBHI PE3VJIBTATMN.

1. IToctanoBka 3amadvi. PosrisneMo KyCKOBO-OJHODI/IHY ILIOIIMHY, KA CKJIa-
JAETHCS 13 JBOX PI3HUX aHI30TPOIMHMUX IMIBILJIOMIMH, 3’€HAHUX B340BXK JIiHil £ = 0
(puc. 1). Y mpasiit miBmiomuni po3ramnioBade abCoOMIOTHO KOPCTKE BKIIOUEHHS L =
={y=tsinay,x =tcosay, t € [a;b]}, Ha Geperax SKOro peasizoBaHi YMOBH [OBHOTO
34erieHHs, y JiiBiil miBmiomuni po3ramosana tpimuaa Ly = {y = tsinag, x =
=tcosag, t € [d;c]} . Ha neckinuenocri npuksiaieni cuiu, ki BUKJIMKAOTH Ha Gepe-
rax Tpimmn posnoin nanpysens oyl = 5 (p1(t)£01(t)), Tnslpx = 3 (p2(t)£aa(1)),
JIe Oy, Tns — HANPYKEHHsT V HOBill CHCTEMi KOOD/MHAT, sIKa TOB’s3aHa 3 TPIIWHOIO,
a Ha BKJIIOUEHHI /li€ HABAHTAXKEHHS, Ke 3BOJUTHCS 10 piBHOAII040I cumu P(Py, Py) i
BUKJIMKAE MOMEHT P BiTHOCHO IIeHTPA BKJIIOYEHHS.

Bsenemo mo3uauenHs 471t CyM i cTpHOKiB HANPYKEHDb Ta MepeMillieHb Ha beperax
nedekTiB y HOBUX CHCTEMAaX KOODPAWHAT, OB I3aHUX 3 JeEKTaAMHU:

{on;:ns,atu,ﬁthLki = {(p,fj(t)}j:ﬂ, tiLk’ k=12,

ne Ly = [a;b], Ly = [d; ], 0,f = &L.
[onoxkenns rpaneit BKIOUEHHS TC/s gedopMaliii onucyeTbesd byHKIIAMA gplis (t) =
=0, <pﬁ(t) = g (t)+6t+e, t € [a;b], ne Bimomi bynxmii g* (¢) 3amalors hopmy rpameit
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d
Puc. 1

BKJIIOYEHHS, & § — HEBiAOMUII KyT MOBOPOTY BKJOUYeHHs. Ha BKJIOUeHHI Bigomi Cy-
Mu Ta, cTpubKE mepemimens hiy(t) = 0, hiy(t) = 28 + g4 (t), hiy(t) = g_ (), t € [a;b],
g+(t) = Or(g* (t) £ g~ (t)) i mesimomi crpubku nanpyenns hy;(t), j = 1,2. Ha rpimumi
BifioMi cymu i CTpuOKM HAPYKEHDb hzij(t), j =1,2, a HeBizmoMi cTpUOKHU TepeMileHb
hz_j(t), j=3,4.

Bukopucrasuiu cunrysspui inrerpasbhi cuissignomenus [14], orpumaemo cucre-
My CIP BigHOCHO HEBiMOMUX CTPHOKIB:

Z (Bk]FQ[X]] +Im Z Akjmn[Xij ZD = fk(t)a k= 1727t € L27

) R (1)
S (BTGl +Tm 3 Afbosxse)) = ful) k= 3.4t € L,
=12 m,n=1
Al 0501 = T3 (14 R o 6 (0) = By (1), 5 = 1,2, € L,
kmn[f, ] Tl U1+ Rl (0) = iy (1), 5 = 3,4, £ € Lo
b b
T)dT T)dT — T)dr
= L fH2 iy = 1 F A0 1) = 4 A0
c G T)dT — ( T)dT
F2[f}:%{fi L3 [f] %{egzifwrz [f]:%fef*( 177’
d

fe(t) = pr(t) — Qk(t), k = 1a2,fk t) = 04(20 + g4 (1)) — Sk(n) k=3,4,
Qr(t) = Z {Bkjr2[%] +Im Z Ty jmnl'2 [g5]}+ Im Z Rigmnl'1 [9-];

—~

j=1 m,n=1 m, n—l
_ +
Sk(t) = B{yT1lg-] + Im Z Ty L1 [9-]+Tm 3 Z Rk:jmn > 5],
m,n=1 j=12m,n=1
Je B;fj,T,j;mn, Rkijmn, flﬁf — KkoedirienTn, AKi 3aj€KaTh B NMPYKHUX CTAINX AHI-

30TPOIHUX IMiBMJIONINH, ToAaHl B pobori [14].
TlocTamnoBKy 3a/1a4i 3aBEPITYIOTH YMOBU 3aMKHEHHS PO3Pi3y TPIlIuHN

c

/hgj(t)dt =0, j=3,4, (2)

d
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YMOBHU PIBHOBAI'M TA MOMEHTHOI PIBHOBAI'M BKJIIOYEHHS

b b
/hl‘j(t)dt =P, j=12, /hl_l(t)tdt = P,. (3)

a a
2. Posp’azannga cucremu CIP. Bino6pasumo cucremy (1) ma sigpizok [—1;1]:

2
Z (Blzjr[hj] +1Im Z Alzj;n,n[h‘jvhj*Z]) = Fk(&)vk = 1327

7j=3,4 m,72z:1 (4)
_21:2 (BiTlhy] +Tm 37 IAHnn[hj’ hjta]) = Fi(§), k = 3,4,
J=4 m,n=

Akjjr_nn[f’ g] = Tk]mnr++[-ﬂ + Rz_j-l-anFJri g
hi(€) = x; (328 +53%), 5 = 1.2, hy(€) = xj (55 + 45), j = 3.4,
Fi (&) = fi( chJlr 34), k=1,2, Fk(f)lz (5526 +55%), k= 3,4,
1 [ fdn p——1p 1 f(n)dn
F[f] - 71-_\/; &E—n F [f} - 71—__[; €;L25—n+da(€fn;—1)’
1
d _\—1 o—
M =2 | ey K= ()7 =4
1
_ d — c a
r +[f] = % .]; K‘e,}t&igzn—zd?e;zt—d;r’do = cJ_rg7 da_ = %7
1
_ d — c a
F+ [f] = % J; K+ej§1;§i§772d?rej;;,dg’dl = th’df = gi—id

Ockinbku KOXKeH 3 1edeKTiB pO3TAOBAHUN B OJHOPIAHOMY MaTepiaJi, TO CTpud-
KM HAIIPY»KEeHb Ta IMOXiTHI MEepeMilleHb MAalOTh KOPEHEBY OCOOJHUBICTH y BEPIIHHAX
nedekris. Ocranne no3posiste po3s’s3ku cucremu CIP (4) nonaru y Bursisiai psiais 3a
MHOro4jeHaMu eburesa:

_p:0 ﬁ’j: a4' (5)

Bpaxosytouu oproronasbHicts muorodsenis Hebuiiesa, 3 101aTKOBUX yMOB (2),
(3) orpumaemo:
i_o gtz B
Uy =0, uy "= ———,j=1,2. (6)
m(c—d)
Bukopucrasiiu cnekrpaibHe criBBigHoeHHs ajist MHorowienis Yebuiesa [15],
MeTOJOM OPTOrOHAJILHUX MHOIOYJIEHIB BigHOCHO KoediuienTtis po3sunenb (6) orpu-
MAa€EMO CHCTEMY HECKIHIYCHHHX aarebpaldHuX pPiBHAHD:

™

> B._. . _ [
Z Z [ ij (;p,l-‘rlu% - Dk;jpl] = 7fkl7k = 1;27l = 0,00,

4 —

x 2 7TB+, .
Z Z [ 2k4 §p,l+1ué - ‘Dljjpl] = _fklak = 374vl = 07 00,
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2
+ + ++
D5, =1m E {Tk:jmn']pl (s +Rk:j:|:2mn ] 2}

n=1
JEE 1 fl fl T, (U1 (€) /1= dnd
g 1-—1 (emn'g 77+di(emn 1))\/1 "727

JEtF =1 j’ fl T (M UL(€)y/1—€2dnde
™Y (KEeRTe—ntdf enf —df )\/1-n?

Posp’s3aBuiu Heckinuenny cucremy (7) METOIOM PEIyKILil, [l IKOrO OOrPYyHTOBAHO
30i2KHICTH, OTPUMAEMO KOeilli€eHTH u{,,p =1,00,7 =1,4.

Busnauupuiu koediuienru possunenns (5), orpumaemo nojaunns aist KIH y sep-
MMAHAX TPIAHA T BKJIIOYEHHS

4 00 2 o]
Ki' =Y "ByY (1)), KE' =Y BLY (1)) (8)
j=3 p=1 j=1 p=0

Ta 3 OCTAHHBOI yMOBH (3) OTPUMAEMO BUPA3 [Jisd KyTa 0 OBOPOTY BKJIIOUEHHS:

ZB3JU’1 Imzz Z SJmn ’U/J + R3]+2mn‘];j07u17+2]' (9)

j=1p=0m,n=1

3. HuceJbHi pe3yabraTn Ta iX aHa i3, [Ipu uucenbniii peasizauil posriisia-
Jlacsi KyCKOBO-OTHODITHA, TIJIOIMIMHA, KA CKJIQTAETHCS 3 TAKUX aHI30TPOMHUX MaTepia-
aiB [16]: ckioniacTuk ofHOApMOBaHMil (MaTepian ml), CKIIOMIACTHK OPTOrOHAJIBHO-
apmoBanuii (marepian m2), ckaomiactuk CTET (marepian m3), ckaomiactuk ACTT
(b)-C2-0 i ITH-3 (marepian m4). Ha Geperax rpimuuu 3a1aBaiocs craie BpiBHOBazKe-
He HaBaHTaxkeHH: (p1(t) = —1, pa(t) =0, ¢;(t) =0, j = 1,2). Brmodenns BBazkaocs
abcomotro TonkuM (gF(t) = 0) 3 HaBaHTayKeHHAM, AKe 3BOINTLCSA JO PIBHOIIIOUOT
cumun P(—1;0) ta momenty Py = 0. Ha koxxuomy 3 pucynkis rpadiky 1 Bimnosimae
IJIOIIMHA, fKa CKJIAJAEThCs 3 MaTepiaxy m2 (x > 0) ta marepiany ml (x < 0), rpadi-
Ky 2 — 3 marepiany m2 (z > 0) ra marepiany m3 (z < 0), rpadiky 3 — 3 marepiany
m2 (z > 0) ta marepianry m4 (z < 0).

JI71s TOPIBHSAHHSA MPYKHUX BJIACTUBOCTEN aHI30TPOMHUX MaTepiaiB BBEIEMO Ta-
paMeTpu K; = E;(E;')_l,j = 1,2, ne E]jE — wmonyni FOQura npu posrary-3cysi B
nanpsaMky oci Oz (j = 1) abo Oy (j = 2) sBiuuosiguo mis marepianis y upasiit i
qiBift mismmomuni. Komu x; > 1, BBazKaeTbca OLIbII 2KOPCTKUM MaTepias JiBoi miB-
TJIOIIUHY Y HAMPSAMKY BiAMOBiIHOT OCi. AHAJIOTIYHO MOYKHA MOPIBHIOBATH aHi30TPOIHI
MaTepiajin y HAMPSAMKY JTOBLILHOTO BEKTODY.

Ha pucynkax 2—4 ama gedekriB, IepoeHInKyaAapHAX [0 JIiHil 3’ ¢ HaHHI MaTepia-
JIiB, TPUBEIEH] 3ane>KHOCTi KIH y Bepmumax medekTiB Ta KyTa MOBOPOTY BKJAIOYEHHS
Big mapamerpy d; = b +a, Kosin dg = 3 Ta HapaMeTPu Ko /IS BUKOPUCTAHUX CIIBBi/I-
HOIIEHb MaTepiafis gopisniooTs 0.52, 1.1, 0.49 signosinno. Ilapamerpu d;, j = 1,2
XapaKTEPU3yIOTh BiHOCHE BijmmasneHus nedeKTiB Bix jiHil 3’¢qnanns MaTepiasis.

Bceramoiemo, mo Koin BKIIOYEHHS HAOTUKAETHCS 10 JIiHIT 3’€IHaHHI MaTepiais,
1o KIH y Bepmmaax TPIiluHu 3pOCTaE, AKIINO BOHA PO3TAIIOBAHA B MEHII YKOPCTKOMY
AHI30TPOMHOMY MaTepiasi, Ta CHaJA€, AKIIO TPIMIHA PO3TAIIOBAHA B OLIbII XKOPC-
TROMy Marepiai. g Briatouennss KIH 3pocrag, KO BOHO PO3TAIOBAHO B GBI
JKOPCTKOMY aHi3oTponHoMmy Marepiai (miuii 1, 3), Ta cnagae, SKIo BKIIOYEHHT PO3-
TAIIOBAHO B MEHIN YKOpPCTKOMY Marepiasi (minisg 2). [Ipuaomy s GLIbIL KOPCTKUX
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1

MarepianiB mMaemo Oinbini 3Hadenna KIH y Bepmmnax BK/IIOYEHHS 1 3pOCTAiOTh BO-
HU BU/IIIE. AHAJIOrYHI BUCHOBKYM MOYXKHA 3POOUTH BITHOCHO MOJLyJisi KyTa [IOBOPOTY
BKJIIOUEHHST (puc. 4).

B.107 [ — ————

5 2 d;

Puc. 4

L2
n

Ha pucynkax 5, 6 nogani 3amexxnocti KIH Bix xkyra o y Bepmmnax Bignosimmao
BKJIIOUEHHS 1 TPIMIMHU TP v = 1 = v (BKJIFOUEHHS 1 TPIMIMHA PO3TAIOBAHI HA
onuiit mpawmi). Beranosieno, mo KIH y BeprmmHax BKIIOUEHHS CIaJa€ MPHU K, < 1.5
i3 30inbmennaM kyra «. Takox Bussieno, mo KIH y Bepmmnax tpimuau (puc. 6)
cnajae npu K, < 1 (rpadik 3) i 3pocrae npu Kk, > 1 (rpadiku 1, 2) i3 36iabIHEHHAM
KyTa Q.

E;107 K: —

—

2 \ —__i; 0.95 1 2 _><\

44 \ 0.85 \3
\3 N

36 0.75
0 nlé n/3 o 0 /6 n/3 a

Puc. 5 Puc. 6

BucHOBKU. Takum 4MHOM, JOCTiIKEHO B3aE€MOJIII0 TPIIIUHY 1 BKIIOYEHHS, HA
Oeperax SKOTO peaJii30BaHO yMOBHU MMOBHOT'O 3YEIJIEHHS, Y KYCKOBO-OIHOPiAHIN aHi30-
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rponsiit mwionuui. Orpumani 3akonomiprocri noseginku KIH B Bepmmnax Tpimunu
i BriIOYeHHs. AHAJOTIYHO MOXKHA PO3B’A3aTH 33Ja4i MPO TPINIUHY i BKJIIOYEHHS 3
IHIMUIMU yMOBaMH KOHTAKTHOI B3AEMOJIIl i3 KYCKOBO-OTHOPITHOIO aHI30TPOITHOIO TLIO-
muHO, ab0 3a7adi MpO ABa BKIAOUYEHHS 33 PI3HUX YMOB KOHTAKTHOI B3aEMOIIl 3
CepeIOBUIIEM.
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A.T. 3a6yra', E. 9. Arronmok!, . A. Bo6yx?, E. B. Cokoson?
"Mucruryr mexanuxu um. C. IT. Tumomenko HAH Ykpaunb
2 ToubaccKas TOCyIapCTRBEHHAS MANIMHOCTPOUTEIBHAS aKaJeMUs

K BOIIPOCY O JMUHAMUMKE COYJAPEHUSI ABCOJIFOTHO
TBEPIBIX TEJI B CJIOXKHBIX CUCTEMAX C ®PUKIIMOHHBIM
B3ANMO/IENCTBUEM

3abyra A. TI., Aaronwok €. f., Bobyx I. O., Cokonos €. B. [Io nuranus npo
AUHAMIKY cIiBygapy abCoJIIOTHO TBEPAUX TiJI y CKJIAJHUX cUCTEMAX 3 (PPUKILiH-
HOIO B3aemogiero. [lj1s KOHKpeTHOI cucTeMu 3a J0IMOMOrolo rimore3m Payca po3poberno
MaTeMaTUIHy MOJe/b MUHAMIKH CHIByZapy abCOIIOTHO TBepauX Tii pizHoi dopmu. Bpaxo-
BAHO KYJIOHOBE TEPTS B TOYIIl CIIBYZapy Ta HASABHICTDH IIPYKHOCTI B CyMIKHUX JIAHKAX.
Kiro4doBi cioBa: piBHSIHHS OWHAMIKH, T€PTs KOB3aHHS, CHJIM peakiii, rimore3a Payca,
abCoTIOTHO TBep/e Tiflo, yaap, npunnun Jamambepa.

3abyra A. I'., Autonok E. 4., Booyx . A., CokosioB E. B. K Bompocy o
JUHAMUKE CoyJapeHusi abCOJTIOTHO TBEPABIX TeJ B CJIOXKHBIX CHUCTEMAaX C (pPUKIH-
OHHBIM B3aumMmo/ielictBuem. Ha mpuMepe KOHKPETHOM CHUCTEMBI TIPU TIOMOIIN THUIIOTE3bI
Payca paspaborana maremarudeckas MOMIEJb IMHAMUKH COYJAPEHHUsT aDCOTIOTHO TBEPIbIX
TeJI Pa3IudHON (POPMBI. YUTEHO KYJIOHOBO TPEHWE B TOYKE COY/IAPEHUS W HAJIMYWE YIIPYIro-
CTH B CMEXKHBIX 3BEHbHAX.

KiroueBble ciioBa: ypaBHEHUs JUHAMHUKU, TPDEHHUE CKOJIbXKEHUS, CUJIbl PEAKIIUU, TUIIOTE3]
Payca, abcoatorno TBepaoe Tesio, yiuap, npunuun Jasambepa.

Zabuga A. G., Antonyuk E. Ya., Bobukh I. A., Sokolov E. V. About impact
dynamics of perfectly rigid bodies in complex systems with friction interaction.
For specified system mathematical model of impact dynamics of variform perfectly rigid bod-
ies was developed using Routh hypothesis. Coulomb friction in impact point and elasticity
in adjacent links was taken into account.

Key words: dynamics equations, sliding friction, reaction forces, Routh hypothesis, per-
fectly rigid body, impact, d’Alambert’s principle.

BBEJEHUE. AHain3 AUHAMHKH COyJapeHus aOCOMIOTHO TBEPILIX TEJ HUMEET
OOJIBIIIOE 3HAYMEHNE KAaK B TEOPETHIECKON MeXaHWKe, TaK U B CAMBIX Pa3HOOOPA3HBIX
obutactsx npoussoicrsa [1, 2, 3]. Ocobblit MHTEPEC LPEACTABIAIOT Cilydau, KOrAa CO-
yIapeHue TMPOUCXOIUT MEXKIY HaCTIMU HEKOTOPOH CJIOXKHOM cucTembl. CI0KHOCTH
CUCTEMBI MOXKET OBITH OOYCJIOBJIEHA BBICOKUM TMOPSIKOM W HEJTWHEHHOCTbIO audde-
PEHITNANTBHBIX YPABHEHHI, HATHIHEM HEHIeATbHbIX CBsI3eil, YIPYIUX 3BEHbEB U Iepe-
MeHHO# cTpyKTypbI [4, 5]. B nanHoii crarbe MpoBOAMTCH aHAIM3 JMHAMUKU CUCTEMBI,
ABJISIIONIEHCS MOJEIBIO POJIbIaHIa MPOKATHOTO cTaHa MarHuToropckoro Merasiypri-
Jeckoro Kom6uHara [6, 7].

OCHOBHBIE PE3VJIBTATHI.
1. ITocranoBka 3azayvm.
N3ygaemast Momenb cxeMaTHIeCKH MPeJCTaBIeHa Ha puc. 1 u 2.

(©) 3abyra A. I, Auroniok E. 4., Bo6yx 1. A., Cokonos E. B., 2013
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B uzyuaemoii cucreme abcomoTHO TBEPAOe TesI0 1, nmerornee (popMy npsiMOyTroJib-
HOro mapaJesnenuneia, maccy m; = 20000 kr u gauny a = 10 M, coBepIaer MJo-
CKOTIapaJijiesibHOe JBUKEeHNE B TIOCKOCTH xy. 1o coymapenus ¢ abCOTIOTHO TBEPIBIM
TEeJIOM 2 MUIUHAPUYIECKOi dbopMmbl ¢ Maccoit my = 4631 kr, paguycom R = 0,2 m u
OCHIO CHMMETPHUH, [MEPIEHIUKYJISIPHON IJIOCKOCTH PUCYHKA, Tea0o 1 JBW2KeTCs IOCTY-
[ATEJIbHO B MOJIOZKUTEIbHOM HanpasjeHuu ocu abcrucce. Ocb cumMerpuu reia 2 10
COyIapeHusT HEeMOIBUKHA.

Puc. 1 Puc. 2

ITocTrynarensHoe ABUKeHWE Teaa 2 OrPAHUYEHO MO BEPTUKAJUA W TOPU3OHTAJIU
ynpyravu 3eerbavu. Kosddumnpment sxectroctn mo ropusonTtami k, = 8,5-10" H/m u
coorercrByomuit kKoaddunuent nuccunanuu H, = 85000 H - c/m. Ilpeanonaraercs,
YTO 110 BEPTUKAJIN IBUKEHHE TeJia 2 OIPAHMYEHO aMOPTH3aTOPOM € KO3(MD(PUIUEHTOM
sKecTkocTH ky = 8,5 - 106 H/Mm u 6onpmuM kosddunuenrom nuccunanuu Hy = 1,7 -
10° H - ¢/m. Ilpuuem MOMHMO aMOPTH3ATOPa [BUKEHUIO M0 BEPTHKAJIN MPEMATCTBYeT
ere W OTPaHIINTeNhb ¢ KO3 DOUIHEHTOM KeCTKOCTH kg, = 8,5+ 107 H/wm. CymmapHas
cuna, JefCTBYIIas Ha TeJO0 2 CO CTOPOHBI aMOPTH3aTOPa U OrPpAaHUYUTENs, ObLIa
OIMCAHA C IIOMOIIBIO (DYHKIMH:

. 1 2
Fupr =k v Hy i+ gk e (122 anctg (3G A1) ) (1)

rae npunaro 3 = 1-10° m~!. MaxkcumanbHoe Ipocejanue Teia 2 110 BePTUKAJM, J10-
nyckaemoe orpanmamreseM, Ah = 0,02 m. Ucnonb3osanue Gynknmii Buma f (x) =
arctg (z) ob6ycsoBIeHO TeM, YTO OHM S(DDEKTUBHBI B KAYeCTBE NHCTPYMEHTA CTIIasKH-
BaHWsI 3aBHCHMOCTEN, MMEIOINX aHAIUTHYIEeCKHe 0cOOeHHOCTH [8].

Teno 2 mpuBOmMTCs BO BpalllaTelbHOE JIBUKEHUE BOKPYT CBOEH OCH CHMMETPHUH C
ITOMOIII0 ACHHXPOHHOTO 3JIEKTPOIBUTATEIsI, POTOP KOTOPOI'O COEAUHEH C ITUM TEJIOM
4epes yupyruil Baji ¢ KpyTHILHOM 2KecTKoCTbio ¢ = 5,45-10% H-M 1 cooTBeTcTByonmm
ko3 purmentom auccunanun H = 50,886 H - m - ¢. JIag 4MCIEHHOrO 3KCIIEPUMEHTa,
ObLIN WCIOJIB30BAHDBI CJEAYIOIINE MAPAMETPHI JIEKTPOIBUTATEISI: MOMEHT WHEPIUU
poropa I3 = 13,4 xr - M2, MakcHMaJIbHBII Bpamaomuii MoMenT My = 5300 H - M,
YIJIOBas CKOPOCTH HIealbHOTO XOJIOCTOro Xoda wy = 18,378 ¢! u yriaosag ckopocTs
upu Harpyske My, pasnag wy = 16,319 ¢ 1.

CucremMa KOOpPAWHAT Ty PACIOJIOXKEHA TaK, KaK MOKa3aHo Ha puc. 1. Hauamo or-
CYeTa BHIOPAHO B MOJIOKEHWN CTATHIECKOTO PABHOBECHs Oocu cuMMerpuu Teja 2. Teso
1 ommpaercs ciaeBa Ha HeAedOPMUPYEMYIO TOPU3OHTAIBLHYIO HAPABJIAIONIYIO, BIOIb
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KOTOPO# CKOJIL3UT 6€3 Tpenus. B pabore mpoBOAUTCS CpaBHEHWE JIUHAMHKH CHCTE-
MBI TP PA3JIUYHBIX BBICOTAX 3TON HAMPABISAIONIEH OTHOCHTENIHHO HAYAJA OTCUETA,
h=0,18 Mmu h = 0,133 m. Teno 1 umeer aBe cTemeHn CBOOOIBI: 1 — TOPU3OHTAIbLHA
COCTABJISIONIAS PAJIYC-BEKTOPA €ro MEHTPA MACC B BLIOPAHHON CHCTEMEe OTCYeTa U (01
— YroJi Mexk/ly HAIpPaBJIoNeil n HuKHell moBepxHocThio Tena 1. Temo 2 umeer Tpu
CTEIEeHU CBODOJBL: o U Yo — TOPUOHTAJIBHAS U BEPTUKAIbHAS COCTABJISIONIAE DALY C-
BEKTOPA, €r0 IEHTPA MAaCC B BHIOPAHHOM CUCTEME OTCUETA U Yo — YTOJI TIOBOPOTA, TEJIA,
2 BOKpYT cBoeit ocu. PoTop 371eKTpOaBUTATE IS UMEET ONHY BPAIIATEIbHYIO CTEMEHb
cBOOOIIBI 3.

Viap npuauMaercs abCOTIOTHO HEYIPYTHUM. DTO O3HAYAET, 9TO CKOPOCTH Tes 1
u 2 nocsie yzaapa OyayT PaBHbI B TOYKE KOHTAKTA [0 HOPMAJIM K COYJIAPSIOMIAMCSH
moBepxHOCTSIM. TO ecTh yaap mpuBOAUT K 0OPA30BAHWIO TeOMETPUIECKOil cs3u. Ka-
caTeJIbHBIE YK€ COCTABJSIONINE CKOPOCTel TBepAbIX Tel 1 M 2 B TOUKE KOHTAKTA B
obiem ciaydae OyayT mocje yaapa pasandabl. OTMeTuM TakKe, YTO MOCKOJBKY CO-
VAAPSIOIIAECST TeIa TMPEINONATAI0TC aADCOTIOTHO TBEPABIMU, TO YA MEXKIy HUMU
npoucxoauT MraoBenno. Kpome Toro, B m3ydaemoil cucreMe yIuThIBACTCS HATHIHE
Tpenus mexkay resamu 1 u 2. Koadbdunuent rpenuns ckosbxkenus npuasar p = 0, 3.
Hannune Tpenns mexay Tegamu 1 u 2 TPUBOAUT K TOMY, UTO MPU YIAPE MEHSIOTCS
KaK HOPMAJIbHBIE, TAK W KACATEIHHBIE COCTABJISIONINE CKOPOCTEH B TOYKE KOHTAKTA,
[1, 2].

Kak Bugno u3 cpaBHenwusi puc. 1 u 2, B u3y4aeMoil cucTeMe BO3MOXKHBI JIBA Pa3-
JINYHBIX THIA T€OMETPpUU KOHTaKTa Tel 1 u 2 B MmoMeHT yaapa. IIpuyem mockoibky
00pa3yIoIIasics B MOMEHT yIapa reOMEeTPUUIECKast CBI3b SBJISETCS HEeyIep KUBAIOIIEH,
TO B CHCTEME MOTYT TOCJIEI0BATEIbHO MPOU30UTH HECKOJIBKO YIapOB.

2. YpaBHeHUsl JMHAMUKYU CACTEMbI U ONKWCaHWe yJapa.

B obmem ciayuae ypaBHeHHS TUHAMUKH H3y9IaeMO#W CHCTEMBI MOTYT OBITH IIpe-
CTABJIEHBI B CJIEIYIOIIEM BHJIE:

Lipr = p1No + p- Fr — (a/2) migcos g,

mqZ1 = —Nsycosag + F; sinas,
’ITLQfL"Q = N2 COS (xg — ]CI.TQ — Hw.’i‘g — FT sin g,
mafjs = —Nasinag — Fypr — Fr cosag, (2)

Iypo = c(ps — p2) + H (93 — ¢2) — RF;,
I3p3 = M —c(p3 —p2) — H (p3 — ¢2),
Ny > 0.

Creiyer OTMETUTB, 9TO OTCYTCTBUE CJIATAEMOT0 —112¢g B YETBEPTOM yDABHEHUN CUCTE-
MBI 00YCJIOBIEHO BBLIOOPOM HAYAJA OTCYETA B MMOJOXKEHUN CTATHIECKOTO PABHOBECHS.

B cucreme ypasuenuii (2) No — cusa peakiyu, JefiCTByIOLIas CO CTOPOHbL Teja 2
ua reso 1. Hammuue ycsoBust No > 0 00ycJsiOBJIEHO T€M, 9YTO reOMeTPUYeCcKast CBs3b,
KOTOpasi MOXKET BO3HUKATH MeXIy Tejamu 1 u 2, ogHOCTOpoHHss. F. — cuja Tpe-
aus mexay teqamu 1 u 2. Cuaet No u F 3apanee He W3BECTHBI, OHU U3MEHSIIOTCS
TIpY JBUXKEHUU YACTEH M3yIaeMOil CHCTEMbI U MPU PEIEHUN 3a1a491 TIO/JIEKAT OIpe-
Jenernio. 1 — MOMEHT mHepnuu Tejaa 1 OTHOCUTENhHO OcH Bpallenus. B uzydaemoit
cucTeMe 3TON OChI0 BpallleHust Oyer JIMHUS KOHTAKTa Teja 1 ¢ rOpU30HTAIBHON Ha-
mpasasioreii. Ilockoapky Amnna Tema 1 mpejnonaaraeTcss HAMHOTO DOJBITIEH, YeM ero
TOJIIIIAHA, TO YKA3AHHBI MOMEHT WHEepIuu [; = m1a2/3. p1 ¥ pr — wieun cua No u
F. cOOTBETCTBEHHO OTHOCUTEIHLHO OCH BpAIEHUs Tesa 1. cig — yroI MexXK/1y PaIuyCcoM
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Tesla 2, OIYIIEHHBIM B TOYKY KOHTakTa ¢ TejoM 1, m ocbio abcrmec. Oupepesisier-
cd (o TakK, KaK TOKa3aHo Ha puc. 1 u 2. [, = m2R2/2 — MOMEHT WHEPIUHA Teja, 2
OTHOCHUTEJILHO €10 OCU cuMMeTpun. M — Bpaliaionuii MOMEHT, PA3BUBAEMbI SJIEKTPO-
nsuraresiem. On 6L BBezieH ¢ nomotsio dhopmysbl Kiocca [9, 10], npeobpasoBanHoi
K BUy, YIOOHOMY i pacdera.

M= 2M (wo — wi) (wo — ¢3)

(wo — ¢3)” + (wo — wk)?

(3)

ITockonbky AnuHA @ Tejia 1 HaMHOTrO MPEBOCXOAUT paauyc R Tena 2, To yroi HaKJIOHA
(1 OyeT JOCTATOYHO MAJON BEUIUHON. DTO O3HAYAET, YTO B BHIPAKEHUIX, B KO-
TOPBIE BXOIUT (Y1, MO2KHO OTOPOCHUTH GECKOHEYHO MAaJible BTOPOro u HO0jiee BBICOKUX
MOPSI/IKOB, [IPUHSB

singy &~ @1, cospr =1, tgpr ~ p1. (4)

Tak>ke TIPEINOIATAETCS, 9TO HA, BPAIIATEIhHOE ABUKEHNE TeIa 1 HAJIOKEHO OrpaHm-
qenne @1 > 0.

SBHbIit BU NpaBbIX 4YacTeill cucreMbl (2) U €€ HOpPsiIOK 3aBUCUT OT B3AMMHOIO
pacnonoykenus Tes 1 m 2 M XapakTepa uX JBUKEHHA. DTO O3HAYAET HAJIMYIHE IIepe-
MeHHO# cTpykTypbl. Ciie0BaTe/ibHO, HEOOXOMMO PACCMATPUBATD PA3JIUIHBIE STAIIBL
COYIapeHwsl W COTIACOBBIBATL WX MEXKIY CODOOI.

Jnsi onmcanus yiapa npuMeHsutach runoresa Payca [1, 2], koropasi gomosHseT
runore3y HpoTOHA B C/lydae HATMYAS TPEHUS MEXKITy coyaapstommmucs Temxama. Co-
rJIacHo runotese Payca, Mexkay HOPMAIbHOR S M KacareabHOi S, COCTABISIONAMA
YJAPHOIO MMIIYJIbCA MMEETCS TAKOE K€ COOTHOIIEHHE, KAK M MeXK/ly HOPMAJIbHOH u
KacaTeIbHONH COCTABIISIONIMMA PEAKITNA HenuJeaTbHol ceas3n. To ecTh

57| < S| (5)
I yaapa 0e3 CKOJIbYKEHUsT UJIh
S; = pSsign (v) (6)

B Cillydae Jyis yaapa co ckoubxkenueMm. B dopmyse (6) v — KacareibHas cOCTaBJisi-
011ad CKOPOCTU JIBUKEHUA OJHOI'O U3 COY/IAPAIONIUXCH Tesl OTHOCUTEJIbHO JIPYIoro
B TOYKE WX KOHTAKTA J0 yIapa B MOMEHT BPEMEHU, ODECKOHEYHO OJM3KW K MOMEHTY
BpeMEHH, B KOTOPBIi mpoucxonauT yaap. lIpn Hemocpe1cTBeHHOM MPUMEHEHUH THIIOTE-
3pl Payca cHauaia npeamnoaaraeTcsi, 9To MPOUCXOIUT yaap 6e3 CKOIbXKeHus. ITO JaeT
BO3MOXKHOCTH BbIYUCIUTH HOPMAIbHYIO U KaCATE/IbHYIO COCTAB/IAIONIAE yIaPHOIO UM-
ILyJIbCA UCXO/d U3 JIByX yCJIOBUH: 38JaHHOI'O COOTHOLIEHUA HOPMAaJIbHBIX COCTABJIAIO-
IMUX CKOPOCTEH COyAApSIONINXCS TeJI B TOUYKE WX KOHTAKTa JI0 M TIOCJe yaapa M yCJIo-
BUS OTCYTCTBUS MMPOCKAJIb3bIBAHNUS MOCJE yaapa. Ecim paccanTanibie TakuM 00pa3oM
HOpMaJIbHas U KacaTejbHas COCTABJIAIONNE YIAPHOIO UMITYJIbCA HE YIOBJIETBOPSAIOT
HepaBeHCTBY (5), TO HEOOXOAMMO PACCMATPUBATH yJap CO CKOJbKeHueM. IIpu srom
BBIYMCJIEHUE HOPMAJIbHONW M KacaTe/IbHONH COCTaB/IAIONIUX YAAPHOI'O MMILYJIbCA IIPO-
BOJIMTCA WCXOJI M3 YCJOBUH: 33/ITAHHOTO COOTHOTIEHNS HOPMAJIbHBIX COCTABJIISAIOINX
CKOPOCTEH COY/TapAOIINXCA TeJl B TOUKE WX KOHTAKTa 0 U TOCJe yaapa U YpaBHEHUS

(6).
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B uzyuaemoii cucreme u3Menenus CKOPOCTeil COyIapAOIIUXC T€Jl B MOMEHT y/1apa
MOTYT OBITH 3AMUCAHBI CJIEIYIONIAM 00Pa3OM:

./ . pls pTST
_ =— + ,
$1— %1 I, I,
. . S cosa S, sin «
xll — = — 2 + T 27
mi mi
S cosa S sin «v
iy —dy = L (7),
mo mo
g Ssinas S, cosas
Yo — Y2 = — - »
mo mo
r _RST
2 ©2 12 )

rJie B JIEBBIX YACTAX CTOAT PA3HOCTU CKOPOCTeH IOCie yaapa u CKOPOCTeil 10 yiapa.

2.1. Tena 1 u 2 ABMXKYTCS He3aBUCUMO JIPYT oT apyra (cuaydait 1). Dror
caydail mMeeT MeCTO JI0 COyJapeHud Tes 1 u 2, a TakzKe IOCJe TOro, KaK IPOU30IIIeI
Pa3pbIB reOMeTPUYECKOi CBA3U MeXKJy HUMU.

Cnyuait 1 sBisercs caMbIM MPOCTBIM, MOCKOJBKY MEPBbIE JIBA W OCTATbHBIE Ye-
ThIPE yPABHEHUs CUCTEMbI (2) ABJIAIOTCH HE3ABUCUMbBIMU APYT OT Apyra. Kpome roro,
OYEeBUHO, UTO B ciaydae 1

No=0, F,=0. (8)

Moncrasnas (1), (3), (4) u (8) B (2), momyuaem cucremy nuddepeHInATBHBIX YPaB-
HEHUi, B KOTOPO! MPaBble YACTH 3ANNCAHBI B IBHOM BH/IE.
2.2. Cuaywuaii, nzobpa>xenssbiit Ha puc. 1. Ha srom srame cucremy ypaBHeHui
(2) HEOGXOAMMO paccMaTPUBATh OTAEIBHO JJis CJlydas HPOCKAJIb3bIBAHUI MEXK/IY Te-
gamu 1 u 2 (cayvait 2) u upu Hasmuuu GPUKIMOHHON CBsi3U MexK Ly HuMu (ciydait 3).
Iepexou ot ciyyas 1 k coydaro 2 uiu 3 ¢ yuerom (4) LPOUCXOAUT IIPU BbIIOJIHEHUU
OJTHOBPEMEHHO AByX ycjoBuii. [lepBoe yciosue

Viss =21 +a/2— (h— ) — (R—h+12)> > a (9)

0beCTieunmBaeT Mepexo] CUCTEMBI K CHUTYAIlnU, W300paskeHHoi Ha puc. 1, a He puc. 2.
Bropoe ycnoBue npejcraBiisier cobOil ypaBHeHHE MeOMETPUYECKON CBsI3M, 00pa3yio-
MIEHCs TPU YKA3aHHOM TIEPEeX0/Ie, ¥ MOXKET ObITh 3aIUCAHO B CIEAYIOIIEM BUJE:

_y27h+\/R27(:E2—z1—a/2)2

p1 = . . (10)

Ucxonst m3 reomerpnu cucreMbl (puc. 1), ypaBHeHHs reoMeTpndeckoii csasu (10) u
yuuTbiBas (4), MOXKEM 3alucarhb

1 —a/2 R? — (z3 — 21 — a/2)?
R e a/ sinayp = \/

11
R ’ R ’ (11)

COS Qi =

a TakKe
p1=a(picosag +sinag), pr=a(cosaz —e1sinag). (12)
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g cocraBieHus ypaBHEHHUI JUHAMHUKHM CHUCTEMBI B CJIydae 2 OCTAeTCsd OIIPEJIEJIUTh
Hen3BecTHBIE peakmuu No u Fr. 9TO MOXKHO CHenaTh C MOMOIIBIO YPABHEHUN Iu-
HaMUKHU cucrembl (2), ypasHenuil cBa3u u npunnuna danambepa. Ijis Bbraucaenus
peakumii B ciydae 2 ydreMm TakxKe TOT (haKT, YTO B CIydae IBUKEHHUS C MMPOCKATb-
3piBanueM [ npezcraBiser coboil Cuily TPEHHS CKOJbXKEHHs. ITO O3HAUAET, UYTO B
ciIydae 2 mMeeM, COIJIACHO 3aKOHY KYJIOHOBA TPEHWUSI,

T1 — T

\/R2 — (22 — 21 — a/2)?

F. = puNysign | o — ) (13)

/i€ BBIDAYKEHNE, CTOAIIEE B CKOOKAX, MPEICTABISAET COOO0H CKOPOCTH CKOJIHYKEHUS TEJIa
1 oTHOCHTETHHO Tea 2 B TOYKE UX KOHTAKTA. DTA CKOPOCTD OMPEIEIsieT HAIPABICHUE
neiicrBus cusbl tpenus Fr. Ioacrasnss ypaBuenue reomerpudveckoil cssasu (10) u
ypasuenusi (4) u (13) B neppoe ypasHenue cucrembr (2), MOKEM, BOCHOIH30BABIINCH
npunnunom Jlamambepa, HaiiTy HeM3BECTHYIO peakimio No. Umeem

—1
. . L1 — g
Ny = [p1 + prusign | ¢ — ( ) X

\/R2 — (z2 — 21 — a/2)?

I (x2 — @1 — a/2) (&1 — &) 4 Db
a\/R2 — (w3 — x1 — a/2)? “

(14)

Il ($2 7()‘]1)2 R2 amig

a {Rz — (g — a1 — a/2)2} i 2

[Moxcranoska (1), (3), (4), (10) — (14) Bo BrOpoe — msTOE ypaBHEHHs cuCTEMbI (2)
JlaeT ypaBHEHUS JTUHAMUKHU CUCTEMBI JJIs CIydas 2, 3alUCAHHBIE B SIBHOM BHJE. JTH
ypaBHEHUST ObIIM pa3penieHbl aHATUTHYIECKN OTHOCHTETHHO BTOPHIX MPON3BOIHBIX OT
KOODJIMHAT TIPW MOMOIIM MMPOTPAMMHOTO makeTa Maple u TeM cambIM HTPHUBEIEHBI K
BH/1y, IIPUTOTHOMY JIJIsi UX YUCJIEHHOT'O PEIleHUsl C MCII0JIb30BaHneM Merosna Pynre—
Kyrra miusg obbikHoBeHHbIX nuddepeHiaibHblX ypaBHeHuii Broporo nopsiaka [11].

VYpasuenus (10) — (12) aasiorca obumu s ciaydaes 2 u 3. Coyuvaii 3 oryu-
qaeTcsd OT CaydYasi 2 OTCYTCTBHEM IIPOCKAJIB3bIBAHUS MexkKay Tesamu 1 u 2. YcioBue
OTCYTCTBHS TPOCKAIH3bIBAHIS TPUBOJUT K HAJIMYIHUIO JIMHEHHON KUHEMATHYECKO CBs-
31, KOTOpasi XapaKTEePU3yeTcsT ypaBHEHNEM

j?l —i‘g—\/Rz—(aig—iL‘l —a/2)2¢72 =0. (15)

Jarnoe ypaBHeHue SBAAETCS TOMHBIM Tuddepenumasom, THTerpupoOBaHTe KOTOPOTO

MO3BOJISIET CBECTH KMHEMATHYECKYIO CBA3b K TEOMETPHIECKOM, KOTOPAA XapaKTepU3y-

eTcs ypaBHEHHEM

2Rsin (p2 + C1) —a
2 )

xr1 = T2 + (16)
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rae C1 — KOHCTAHTAa MHTEIPUPOBAHUS, KOTOPAsL ONPEIEJISIeTCs U3 BbIPAYXKEHUS

C; = arcsin <a +2(@: (;?}; — (tg))) — 2 (t3), (17)

a1 (t3), 2 (t3) u w2 (t3), B CBOIO Ouepesb — 3HAYEHUS KOOPAUHAT B MOMEHT BPEMEHU
t3 obpasoBaHust KWHEMATHUIECKOH cBsi3n (15).

s ompenesienusi HEU3BECTHBIX peakmnuit No u F, B ciaydae 3 HY2KHO BOCIIOJIb-
3oBarbes ypaBuenusmu csazu (10) u (16). Ipu srom Gynem uCKI0OYATH KOOPAMHATBI
1 1 x1. Hns sroro noxcrasum cHadana (16) B (10), orKy/Ja HOJIYyYUM COOTHOLICHUE

Y2 —h+ Rcos (p2 4 C1)

18
¥1 a ) ( )

KOTOpOE IpeJcraBisger coboil ypaBHEeHHe [eOMEeTPHYIECKOIl CBA3H, IJIe UCKIIIOYEH] I1e-
pemennast x1. Ilogcranoska (16) B (11) maer dopmyssr

cosag = —sin (p2 + C1), sinag = cos(p2 + C1). (19)
N, naxorern, nojacranoBka (18) u (19) B (12) npuBOIUT K BHIPAYKEHUSM

p1 = acos(p2 + C1) — [y2 — h + Rcos (p2 + C1)]sin (p2 + C1), (20)
pr = —asin (p2 + C1) — [y2 — h + Rcos (2 + Cy)] cos (o2 + C1) .
Cooruomennit (4), ypaprennii ceszu B Buze (16) u (18), a Tak:ke coorrorenuii (19)
u (20) nocTarouHo, YTOOBI ONPEIEIUTh Heu3BecTHbIe peakiuu No u F, B ciaydae 3,
UCXO/ U3 NepBbIX AByX ypasHenwuii cucrembl (2). Corsacuo mpuninuny lamamGepa
AMeeM

I . (Ilein (2 + C1) R-melmz> .. m1g]
+ 2t | X

No= | “Ljy —
2 [a2 b2 a? a(my + ms) 2

. i 2
x cos (g + C1) + (R prmimgsin (2 + C1)  I1Rcos (¢2+Cl)> 9

a(my + ms) a? Pat

+p'rm1 (kmx2 + meQ)

21
a (my1 + ma) (21)

_[(hLRcos(p2+C1) R-pimima\ .o L. mg

= 5 - 2= Y2~ — | X
a a(my + ma) a 2
I Rsin® C R- C
x sin (pa + C1) + | = = (f2+ 1 + pumums 008 (i3 + C1) Pa—
a a(my +msa)

~ pima (kowa + Hyio) (22)

a(my + ma)

IMoxcranoska (1), (3), (4), (16) — (22) B Tperbe — nsATOE ypaBHeHus cucTeMbl (2) naer
YDABHEHWsI IMHAMHWKH CHCTEMBI JIJIST CIydasi 3, 3aMiCaHHble B ssBHOM BHe. Ilomyven-
Hble YPaBHEHWs ObLIN DENleHbl AHAJINTHIECKH OTHOCHTEIBHO BTOPBIX MPOU3BOIHBIX
OT KOODJMHAT C MOMOIIBIO MporpaMMHOro makera Maple.
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Kpome ckazanHOro Bblie, OTCyTCTBUE IIPOCKAJIb3bIBAHUA MEK1y Tesamu 1 u 2 B
caydae 3 HaKJIaJbIBaeT Cedylollee yCI0BUE Ha HOPMAJIbHYIO U KACaTeIbHYIO COCTaB-
JIAIOIIHUE peaKIInn:

|Fy| < us, (23)

IJle COCTaBJAIONAs peakiuu No CTOUT BHE 3HAKA MOJIYJIsl, TIOCKOJIbKY Ha Hee ObI-
JI0 HajIoxkeHo ycyoBue Ny > 0. B momenT Bpemenu, korya yciosue (23) nepecraer
BBITIOJTHATHCSI, IPOMCXOIUT MEPexXo OT ciaydas 3 K caydato 2. OGparHblil mepexos
OPOUCXOAUT IIPU OJJTHOBPEMEHHOM BBIIIOJHEHUHU JBYX YCJIOBUI: KOIJA CKOPOCTH CKOJIb-
2KeHus Tesa 1 OTHOCUTEIBHO TeJIa 2 B TOYKE X KOHTAKTA o6pamaeTCH B HYJIb U KOI'/la
CIIPaBEJINBO HEPABEHCTBO (23).

Paccmorpum nepexonpt oT caydas 1 k caydaro 2 nin 3. Ilpn ykazaHHBIX Tepexomax
npoucxomur coymapenne Ten 1 m 2. Ilpuaem ymap 6e3 CKOMbXKEHHs COOTBETCTBYET
mepexoay K Caydaio 3, a yJap €O CKOJibKeHmeM — K ciaydaio 2. B caygae ymapa
0e3 CKoJibXKeHus rurnore3a Payca B coderannu ¢ KHHEMATHKON M3y4aeMO# CHCTEMBbI,
IPEITIONIOKEHHEM O TOM, YTO yaap abCOIOTHO Heymnpyruii, u dbopmynamu (7) maer
CJIeayromue 3Ha9eHndA COCTABJIAIONINX YAAPHBIX UMITYJIHCOB:

Sr = [ sinag — &2 cosag — prasinag + &1 cos ay—

A (plasinag +cos20z2 _1)} " (24)
I mi ma
y prasinog  sin aip CoS g B p1rasin asg n cos? am 1 -t
I my I mq mo ’
S=A-BS;,,

rie OBIIN BBEJEHBI 0003HAUCHUS

A = (Zosinag + Yo cos ag + Rpo — &1 sinag — pracosag) X

. —1
p1acos g COS (xg S1N (g
« - , (25)

I mi

. 1
B <m1 + Mo n Pr@COS Qip Rz) (pla COSQry  COS (o smag)
= * —

mima I + I I my

B Boipakenusx (24) u (25) sinag u cos ag onpenensaorcs no dopmynam (19), a py u
pr — 10 opmyam (20).

Eciu nopMasibHasg 1 KacaTeIbHas COCTABJIAIONINE YIAPHOTO HMILYJIbCA, BHIYACICH-
ubie 10 dopmynam (24) u (25), He ya0BIEeTBOPAIOT HepaBeHCTBY (5), TO LPOUCXOUAUT
yIap o CKOIbKeHneM. B aTom ciayuae runoresa Payca B coueTannu ¢ KWHEMATHUKON
M3y4aeMOil CHCTEMBI, TIPEINOJIOKEHHEM O TOM, 9TO yAap abCOJIOTHO HEyNpyTHil, u
dbopmynamu (6) u (7) maer ciaemyrolpe 3HAYEHUST COCTABIAIONINX YAAPHBIX UMITYIIh-
COB:

S = (&1 cosag — Prasinas + Yo sin ag — @5 oS ag) X

o ([pl + prusign (v)] asin ag n cos? g — psign (v) sin ag cos an N 1 > -t

I my ma

Sr = ﬂSSlgn (U) ) (26)
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rie
1 — T2

V=g —
\/RQ— (xo2 — a1 —a/2)2

a sin g U cos ap onpeaenaoTcs 1o dopmynam (11) u py, pr — mo dbopmyram (12).

Dopwmyint (24) — (27) B coueranuu ¢ cooTHOmEeHUAMY (7) U ONPEIETEHHBIMY TaK,
KaK YKa3aHO BBIIE, Sin (vg, COS (o, P1 U Py MO3BOJISIOT KOPPEKTHO OMUCATH W3MEHEHUE
CKOPOCTel COyIapSAIONIUXCcs T B MOMEHT yJIapa.

Ilepexon or ciy4as 2 wim 3 K ciaydaio 1 mpoucxoauT TOrAa, KOrJa HOPMAJIbHAA
cocrapisiomas peakiun No obpariaercs B Hy/b. Takoil mepexos He COIPOBOXK AT S
yIapoM, a CIeJ0BATEHHO, CKAYKOODOPA3HOrO N3MEHEHNST CKOPOCTeH He TTPOUCXOIUT.

2.3. Cuayuaii, uzobpaxeHHbiii Ha puc. 2. Ha sTom srame Takxke cjemyer
OTJEJIbHO PACCMATPUBATDL JIBUMKEHUE C IPOCKaJIb3biBaHueM (ciydail 4) u IBUKEHHe
6e3 MPOCKATb3bIBaHus (CIydaii 5).

Bozmoxken nepexos or ciay4das 1 k ciay4aio 4 uiu 5. Ilepsoe ycioBue takoro ie-
pexoa mocsie yuera (4) MoxKeT ObITh 3aluCaHo B CJICAYIONIEM BUIE:

; (27)

\/[$2—131+a/2—(h—y2)<p1]2—(R—h—|—y2)2 <a. (28)

Boinosinenue yciobust (28) obecneduBaer mepexoi K CHTyaluu, U300pazKeHHOW Ha
puc. 2. Bropoe ycioBue mpejcTaBisier co0Oil ypaBHEHHE TeOMeTPUIECKOl CBs3u, 00-
pa3yroleiicss B MOMEHT YKa3aHHOTO MePeXoa, M MOKET OBbITh 3aMMCAHO B CIIEYIONEM
BHUJIE:

Y2 +R—h
To —x1 +a/2’
TJe B IIPaBO# 9acTh BTOPOrO HEPABEHCTBA ObLIM OTOPOIIEHBI HECKOHETHO MAaJIble BTO-
poro u 6oJiee BHICOKUX TOPSIKOB.

Takzke B u3y4aeMoil cucreMe BO3MOXKHbBI IEPEXO/IbI OT cjrydas 2 K Caydaro 4 u or
caydas 3 K caydaro 5. U3 cpaBHenust puc. 1 u 2 JIerko BUIAETH, 9TO 002 yKA3AHHBIX
TEPEXO0/1a, MPOUCXOIST, KOTIA HAYNHAET BBIMOJHITHCS YCIOBHE

Y1 = (29)

s
g = 5 — 1. (30)

IMockomnbKy coorHomenue (30) GymeT BEPHO Ha MPOTAKEHUN BCETO BPEMEHH JBUIKEHUS
B ciyuae 4 wau 5, o, yunurbiBag (4) u (29), umeeM jis yKa3aHHBIX CIIy4YaeB

y2+R—h
o —x1 +a/2

(31)

sinag =cosp; =~ 1, cosag =sing; ~ @1 =

Ucxonst m3 reoMeTpun CHCTEMBI UMeeM JIJIsA CAydaeB 4 u 5 CieIyomue COOTHOIIEHNS:

p=\lp—m1+a/2— (h—p) e — (R+h—y)> pr=0,  (32)

IJIe (o1 ONPENENSIercsa U3 yPABHEHUs TeOMETPUYIECKOl cBs3u (29).

Uckimounm u3 cucrembl (2) HEU3BECTHBIE COCTABIAIOME peakiuil Ny u Fi B ciiy-
gae 4. CoracHo 3aKOHy KyJIOHOBA TPEHHUs, STU COCTABJISIIONIAE CBA3AHBI MEXK Ly COOOM
COOTHOLIIEHMEM, KOTOPOE ¢ yueroM (4) umeer Buj,

F, = uNssign (Rpo — @1 + Z2) (33)
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r/Ie BBIPAXKEHHE, CTOSAIIEE B CKOOKAX, MIPECTABIIET OO0 CKOPOCTh CKOJIbKEHUS TEJIA
1 orHOCHTEILHO TeTa 2 B TOYKE WX KOHTakTa. lloacrasissa (4), (29) u (31) — (33) B
[epBOe ypaBHEHHWE CHCTEMbI, HAXOAMM C IIOMOIIbI0 npuniuna Jlasambepa HOpMasb-
HYIO COCTABISIONIYIO PEAKITAN

_ I (y2 + R —h) (&1 — @2)
N?pl<gc?—acl+a/2)<y2+ (z9 — 21 +0a/2) )+

Il (j?z—il) (2(y2+R—h) (j?g—j?l) . ) amig
2 — Y2 | + .
p1 (z2 — 21 +a/2) (z2 — 21 +0a/2) 2pm

IMoncranoeka (1), (3), (4), (29), (31) — (34) BO BTOpPOE — NATOE YPABHEHUST CHCTEMbI
(2) maer ypaBHeHUs JIMHAMHUKH CUCTEMbI /Ui Caydas 4, 3allUCaHHbIE B SBHOM BH/IE.
[Tonydennbre ypaBHeHUs ObLIN PEIEHBI AHAJTUTUIECKH OTHOCUTEIHHO BTOPHIX IPOU3-
BOJIHBIX OT KOOPJMHAT C ITOMOIIBIO IIPOrpaMMHOro makera Maple.

Cayuait 5 ormuaercst Or ciaydasi 4 OTCYTCTBUEM MPOCKAJIB3bIBAHUS MEXKIY Te-
gamu 1 m 2. YcjioBUe OTCYTCTBHS TPOCKAJIB3BIBAHUS TTPECTABIsSAET CODOI JINHEHHYIO
HETOJIOHOMHYIO CBsI3b, YPABHEHUE KOTODPOIl NMEeeT BHJ,

+

(34)

Rpy = T1= T2 (35)

Eciun yuaects (4), 10 cBsi3b (35) CBOAMTCA K KHHEMATHYIECKOH M MOXKET ObITh [IPOUH-
TErpUPOBAHA;
x1 =22 + Rps + O, (36)

re Co — KOHCTAHTA WHTEIPUPOBAHUS, KOTOPAsk OLPEIEIIseTCsl U3 BhIPAXKEHUS
Co =1 (t5) — w2 (t5) — Rz (ts5) , (37)

rae z1 (t5) , x2 (t5) 1 2 (t5) — 3HAUEHUS KOOPAMHAT B MOMEHT BpEMeHH t5 00pa30BaHust
cBsa3m (35).
Jliia onpeje/ieHns Heu3BeCTHLIX peakiwii No u F, B caydae 5 IIOJCTaBUM CHadala

(36) B (29) u (31). Imeem

Y2+ R—h
= 38
v a/2—R<p2—C’2’ ( )
R—h
sinag =cosp; &~ 1, cosas =sinp; & p; = m. (39)

Hanee, moxcrasiss (36) B (32), naxomum

p1= \/[00/2 —Rpy = Cy— (h—y2) 1> = (R+h—12)°, pr =0, (40)

rie 1 onpenensercd u3 ypasHenus (38).

Coornoutenuit (4) u ypasHeHuit cs3u B Buze (36) u (38), a TakKe COOTHOLICHUIT
(39) u (40) nocraTouno, 4To6bBI OUpPEAEUTD Hen3BecTHbie peakuuu No u F, B cirydae
5, MCXOJIs U3 TIEPBBIX JAByX ypasHenuii cucrembr (2). Cornacuo npunnuny Janambepa

nMeeM .
_ I (..2+ (yz+R—h)R@2)
P1 (a/Q—Rgong’g) (a/Z*RQDz*Cz)

Ny
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LRy R —h)R¢
+ L 2 <2 (3 + ) Bn + ’2> + 9 (41)
p1(a/2 — Rpz — C2) (a/2 — Rypa — C2) 2p1
Fo— I (y2+ R—h) ( (y2+R—h)R¢2> mymaRpo
T — 2 2 + -
p1(a/2 — Ry — Cs) (a/2 — Rpy — Cy) my + ma
my1 +ma p1(a/2 — Rpy — Cy)
(2t R=D)(Réa)®  LipRgs amig
(a/2 — Rpz — Ca)° (a/2 — Rpsy — Cy)? 2

IMoxpcranoeka (1), (3), (4), (36) — (42) B Tperbe — NATOE ypaBHEHUs CUCTEMBI (2) naeT
yPaBHEHUsI JUHAMUKH CHCTEMBI JIJIsl CIydas 5, 3allMCaHHbIe B sBHOM BHe. [lomydaen-
Hbl€ yPaBHEHHsI ObLIM PElIeHbl AHAJIUTUIECKH OTHOCHTEJIHbHO BTOPBIX IIPOU3BOHDBIX
OT KOOPJAMHAT C MOMOIIBIO TIPOrPaMMHOTO Takera Maple.

Kpome cKa3aHHOrO BBIIIE, OTCYTCTBHE MPOCKAIb3bIBAHUSA MEXKIy TejamMu 1 u 2
B CJlydae 5 HaKJaJbIBAET YCJIOBUE HA HOPMAJIbHYIO M KACATEIbHYIO COCTABJ/IAIOIINE
peakiuu, KOTOpoe, KaK u B ciaydae 3, uMeer Buz (23), HO ¢ TOI Jmilb pa3HuLedi, 9To
renepb Ny u F, onpenesnsiorcs no gpopmyiam (41) u (42). B momenT Bpemenu, Korua
ycaosue (23) uepecraer BbLIOJIHSATHCS, IPOUCXOAUT LIEPEXOM OT CJydas J K CJLydaro
4. O6parHbIi EePexXo1 TMPOUCXOIUT TIPU OJHOBPEMEHHOM BBITIOJIHEHUY JBYX YCJIOBUIL:
KOTJ[a, CKOPOCTh CKOJIbXKEHUs Tela 1 OTHOCUTEIHHO Tejia 2 B TOYKE MX KOHTAKTa 00-
palaeTcs B HyJIb U KOTJIa CIIPABEIIMBO HEPaBeHCTBO (23).

Ilepexon ot cayyas 1 K caydgaio 4 wim 5 COIPOBOXK JAETCH COOTBETCTBEHHO yIaPOM
CO CKOJIbXKEHHEM HJIH 0e3 cKoJibKenus. Boipaxenus (24) — (26) ocraiorcst BepHbL, HO
C TOil JWIL pa3HUIEH, 9TO B CIydae yaapa 0e3 CKOIbXKEHUs Sin (g U COS iy OIpe-
nensiioresa o dbopmytaM (39), a p; u pr — no dopmynam (40). B caygae ymapa co
CKOJIbYKEHHUEM Sin (rg M COS (g Olpeesisiorcs no gpopmyaam (31), a p; u p, — no dop-
mysnam (32). Kpowme Toro,

U:Rgbg—.’tl-l-(tg. (43)

Iepexon or caydas 4 wiaw 5 K cjIydaio 1 MPOMCXOIUT TOTIA, KOTAA HOPMAJILHAS CO-
cTaBJIAIONAd peakiuu Ny 00paIiaercs B HyJIb.

3. AHaan3 pe3yJibTaTOB YUCJIEHHOTO penteHus auddepeHnnaIbHbIX
yYpaBHEeHM’IA.

Juist uuciieHHOro peulenus ypasHenuii quaaMuku (2) 6blLia co31aHa IporpaMMa B
cperne paspaborku MatLab. Beutr BeIOpaHb! clieayromne HauaabHbIE YCIOBUS:

®1 (tO) - 07 1 (tO) = _55 ) M, €2 (to) = 07 Y2 (to) = Oa
P2 (tO) =0, ®3 (tO) =0, le (tO) =0, o (tO) =3, M/Ca (44)
9 (to) =0, 92(to) =0, $2(to) =wo, ¢3(to) = wo,

rae tg = 0. 3yuanach JUHAMUKA CHCTEMbI HA, IIPOTSXKEHUH [IEPBON CEKYH/bI OT Ha-
Jajia orcdera. JJist mosyueHus JOCTATOYHO TOYHOTO PE3yJIbTaTa pacueT MPOBOIUIICS
¢ marom 1-107° c.

B xadecTBe mepBoit XapaKTEPUCTUKY [IJIsT AHAIN32 JUHAMUKY U3y 9aeMOil CHCTEMbI
ObLTH BHIOPAHBI HOPMAJIHHAS U KACATEIbHAsT COCTABISIONIHE cuiibl peakiuu. Ha puc. 3
u 4 N> moka3aHa CIUIONIHON JuHueH, a F. — MyHKTHPOM.
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N, F_10'H N, F_10°H

(1] S R :

St--q4--------1 -

SSFLITNTITITUTPEN

)
T 1 ——

O -
'

0 0.5 t,c 0 0.5 ic

Puc. 3 Puc. 4

W13 cpasuenns rpadukos Ha puc. 3 (h = 0,18 M) u puc. 4 (h = 0,133 M) BuaHO,
9TO BO BTOPOM CJIydae MaKCHMAJIbHbIE 3HAYEHUST HOPMAJIHLHOM U KacaTebHON COCTaB-
JIAIONUX YAAPHOTO UMITYJIbCA OYIyT BBIIIE IPUMEPHO Ha mopsitoK. Kak Oymer mokasa-
HO HH2KE, CKAYKW HOPMAJIbHON COCTABJISAIONIEN PEAKINU B Caydae, n300ParKeHHOM Ha,
puc. 4, 0OycjIOBJIEHbL TEM, YTO TEJIO 2 IPHU JIBUKEHUU BEPTUKAJIHLHO BHU3 yIIHUPAETCH
B OTPAHUYIUTE]TD.

Paccmorpum Gostee BHMMaTenbHO ciaydait asumxkenns npu h = 0,18 m. Pacuer
[MOKA3BIBAET, YTO B 9TOM CJIy4ae MOCJE0BATEIbHO HPOUCXOAAT jiBa yiaapa. CHavdasa
B MoMmeHT Bpemenu ¢ = 0,118 ¢ mpoucxoaut ymap 6e3 ckojbxkeHusi. COCTaBIISIONTE
yIapHOTO MMITyJIhbca mpu atoM S = 4,342 - 10% kr - m/c u S, = 489,219 kr - m/c.
OnHako, Kak MOXKHO BHIETH U3 rpaduka, n300parKeHHOr0 Ha, PUC 3, FeOMETPUIECKast
ca3b (18) me obpasyercs, nockosibky No = 0. OrcyrcrBue mepexoza K ciydan 3
[10CJIe YKA3AHHOI'O y/1apa O0bACHAETCS HAJUINEM KPUBU3HbL COYIAPSIOMINXCS [TOBEPX-
HOCTEI M CKOPOCTEH TMOCTYMATETFHOTO IBUKEHUS COYAAPAIONINXCA TeJ, JIOCTATOTHBIX
JIJIS pa3pbIBa, TEOMETPUIECKOi cBsi3u Mexay tejgamu 1 u 2. Takum obpasom, mocie
TIEPBOTO COYAAPEHNUs Ha MPOTAKEHNN HEKOTOPOTO MPOMEKYTKA BPEMEHN MMEET MECTO
cay4aii 1.

B moment Bpemenu ¢ = 0,17 ¢ npoucxoauT ymap €O CKojbykenmeMm. COCTaBIISIO-
1IEe yAapHOTO UMITyabca ipu atoM S = 1,234 - 103 kr - m/c u S; = 370,282 xr - m/c.
JlaHHbBIl yIap COMPOBOXK/IAETCs IEPEeXO0M CHUCTEMBI OT ciaydasd 1 K ciaydaro 4, 9ro
BHUIHO HA rpaduke, KaK Pe3KUil CKAYOK HOPMAJIbHON COCTABJMIONE peakmnuu. B mMo-
MeHT BpeMenu t = (0,174 ¢ TpOMCXOAUT TEPEXOJ OT ciaydad 4 K caydaio 5, TO eCcThb
obpasyercs HeroJoHOMHas CBA3b (35). 3areM JaHHAsA CBA3L PA3PHIBAETCA B MOMEHT
Bpemenn ¢ = 0, 189 ¢ u morom cuoBa obpasyercs mpu t = 0,218 c. Ilocse 3Toro mmeer
MECTO JBU2KEHHE B CIydae 5. YKA3aHHOE [IBMKEHUE COMPOBOXKIAETCH MOCTEIIEHHBIM
[aJIEHUeM JI0 HyJIs KacaTeJbHON COCTABISIONIEN peakiuu. 10 00bICHAETCS TEM, 9TO
CKOPOCTh TOCTYATEIHFHOTO JIBUKEHUsT Te1a 1 M CKOPOCTH BpaIleHns TeJa 2, Kak Oymer
TTOKA3aHO HUKE, TTOCTETNIEHHO JIOCTUTAIOT TTOCTOTHHBIX 3HadYenwnii. Hopmanbuas cocras-
JIAIONIAsT PEAaKIMH MOHOTOHHO BO3PACTaeT BCJEJACTBUE TOTO, YTO IMEHTP Macc Tema 1
[IpY JBUXKEHUHU TPUOINKAETCA K Tesry 2.

Paccmorpum ciyuait nemkenus mpu h = 0,133 m. B momenT Bpemenu ¢ = 0,1003 ¢
mpoucxXoauT yaap 6e3 ckosbxkerus. CocTaBidoomme yaapHoro nMiyiabea S = 8,214 -
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103 xr-m/c u Sy = 1,196 - 103 xr - M/c. DTOT yiap COMPOBOXIACTCH IEPEXOJ0M OT
caydas 1 K ciiydao 3, HO KUHEMaTu4yecKasi CBsi3b (15) paspbiBaercs cpasy Ke MoCye
yaapa. Jrta cBa3b oOpa3yercs BHOBb B MoMeHT Bpemenu ¢ = 0,103 ¢, a 3arem oOmsith
paspbiBaercs B MmomenT Bpemenu t = 0,11 c. Ilocie sroro csasw (15) obpasyercs emé
pa3 B moment Bpemenu t = 0,118 c. U1, makonern, B moment Bpemeru t = 0,126 c
LIPOMCXO/AUT PA3PbiB KuHeMaru4deckoii ca3u (15) u reomerpuueckoit casu (18),; To
€CTh TPOUCXOIUT TIEPeXoa OT ciaydas 3 K ciayuaio 1. Ha rpaduke, m30bparkeHHOM
Ha puc. 4 3TO BUJIHO, UCXOAd U3 TOTO, UTO MOCTE YKA3aHHOTO MPOMEXKYTKA BPEMEHHU
Ny =0.

Cnycrst Hekoropoe Bpewmsi, ipu t = 0,414 ¢, mpoucxoaut ymap 06€3 CKOJIbXKEHUS.
Cocrapasiomue yaapHoro ummymabea S = 5,281-10% xr-m/cu S, = 1,118-103% xr-m/c.
OTOT ymap COMPOBOXKIAETCS MEPeXofoM oT ciaydas 1 K cayduaio 5. Ilocie storo B
momeHT Bpemenu t = 0,418 ¢ upoucxoauT pas3pbiB HErOJOHOMHON cB#3u (35), TO ecTh
WMEeT MeCTO TIepexo, OT caydas 5 K ciaydaio 4. B mocnenyrorme MOMEHTHI BpEMEHHT
t =0,434 c u t = 0,447 ¢ npoucxoaur obpa3oBanue u pas3pbiB csa3u (35). Hakonern, B
mMomeHT Bpemenu ¢ = 0,463 ¢ IPOUCXOAUT Pa3PhIB F€OMETPUYIECKOl cBs3u (29), TO ecTh
“MeeT MeCcTO Tepexof oT caydas 4 kK ciaydao 1. JlaHHBIN mepexos MOXKHO 00bsCHUTH
TeM, YTO BEPTUKAJIbHAS COCTABJIAIONIAS CKOPOCTH JIBM2KeHHUs Tesl 1 u 2 MeHseTr 3HaK
1oJ1, 1eUCTBUEM CHUJI YIPYIOCTH CO CTOPOHBbI orpanmumresnsd. Tor daxr, dyro Teno 1
TEPEMEITAeTCS BBIIIE, YeM TeJO 2, 00yCJIOBJIEH TeM, UTO IBUXKEHHUE TOCJIETHEro 1o
BEPTUKAJIA OFPAHUYIEHO YIPYIUMU 3BEHbIMU (aMOPTU3ATOPOM ).

IIpu ¢t = 0,55 ¢ mpoucxoauT ynap co ckoybkenneM. COCTaBIAIONINE YIAPHOTO M-
nysnbea S = 1,092 -10% xkr-m/c u S, = 327,581 kr-M/c. DTOT yHap CONPOBOKIALTCSA
mepexozoM ot ciaydas 1 K caydaro 4. [locie sToro ciemyer cepusi IepexooB OT CIIy-
yag 4 K ciydaio 5 u Hao00poT. YKa3aHHbIE [epexo/ibl (4epelyoTcs 06pa3oBaHue CBA31
(35) u eé paspbiB) upoucxousar B MomentTbl Bpemenu t = 0,.602 ¢, t=0,615¢, ¢=
0,623 ¢c, t=0,656c,t=0,701c, t=0,709 cut = 0,733 c. Ilocne mocaenrero u3
YKA3aHHBIX MMEPEXOIOB M, KAK MUHUMYM, /0 OKOHYAHUS TEPBOM CEKYHIIbI JBUKEHUS
uMeeT MecTo ciaydait 5. B mesom, mocie momenTa Bpemenu t = 0,733 ¢ moBemenme
HOPMAJILHON U KACATEIBLHOUW COCTABJIAIONINX PEAKIINN Ha PUC. 4 KAYECTBEHHO HE OT-
JIYAETCS OT TAKOBOrO Ha puc. 3. Pazauna 3aKIi09aeTcst TOJIBKO B TOM, YTO COTJIACHO
puc. 4 BeJIMYMHA KACATEJIbHON COCTABJIAIONIEN PEaKIMK HEe YCIIEBAET YIaCTh JI0 HYJIS.
OTO 3HAUWT, YTO CKOPOCTH MOCTYTATETHHOIO IBUKEHNS TejIa 1 M CKOPOCTh BpAIlleHUsT
Tena 2 He yCIeBAIOT JOCTUYh MOCTOSHHBIX 3HAUEHU 38 TEPBYIO CEKYHIY IBUKEHUS.

Crenymomme XapaKTepUCTUKY, TOKA3AHHbBIE HA, PUC H U 6, KOTOPbIE ObLIN BHIOpA-
HBI JJIS QHAJIW3A JUHAMUKH U3Y9aEMOUW CHCTEMbI, 9TO YIJIOBbIE CKOPOCTH BPAIIEHUS
rena 2 (CIUIONIHAS JIMHUSA) U POTOpA 3JeKTpoaBurarens (MyHKTupHas juaus). Ha
puc. 5 MOKa3aHbI yIJIOBble CKOPOCTH B ciydae, Korma h = 0,18 m, a ma puc. 6 —
h = 0,133 m. I3menenus yriioBbix CKOPOCTei 00yCI0BIEHbI KACATEIbHBIMU COCTABIISA-
OIIUMHU YIAPHOTO WMITYJIHCA W peaknuu. HampaBieHns HOPMAaJIbHBIX COCTABJISIONIIAX
TPOXO/IAT Ye€pe3 OCh BPAIEHUS TEJIa 2 U CJIeI0BATEIbHO, CO3IaBAEMbIE IMU MOMEHTHI
paBubI Hy110. Kak MOXKHO BuIeTh, HanbOjIee CUIbHBIE W3MEHEHNsT CKOPOCTeH HabJIio-
JIATOTCsT TOTJIA, KOTJIA MPOUCXOMAT YAAPbhl, & TAKXKE B T€ WHTEPBAJBI BPEMEHHU, KOTJIA
KACATEJbHDBIE COCTABJIAIONIIE PEAKIMY UMEIOT HAnOOIbIIIE 3HAYE€HUSL. DTO XOPOIIIO CO-
TJIACyeTCsi C TeOpueil, TaK KAK MMEHHO KACATEbHbIE COCTABIISIONINE PEAKITUN CO3IAI0T
BPAIATEIHLHBIT MOMEHT OTHOCUTEIBHO OCH CHMMETPHUH TEJT IMTUIHHIPUIECKON POPMBI.
OrcyTcTBrE BUAMMBIX PA3PHIBOB HA TPpadUKAX YIJIOBON CKOPOCTH (Y3 B MOMEHTHI BPE-
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MEHHU [IePex0/a OT CiIydas 2 K CJy4aio 3 u Haobopor, a TakxKe OrT ciay4dad 4 K CJiydaio
5 1 Ha00OPOT, TOBOPHUT O TOM, YTO YPABHEHUS JTUHAMUKH (2) [Jis YKA3AHHDBIX CJIyYaeB
ObLIIN NPABUIHLHO COTJIACOBAHBI MEXK/Iy COOOM B IPOIECCE UHMCIEHHOTO PEIIeHus .
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Kak mMoxkHO BuIeTh, HanboJee CUIbHbIE N3MEHEHUsT CKOPOCTEl HAOJIIOIAI0TCS TO-
T3, KOTJIa TTPOUCXOIAT yAAPhI, & TAKYKE B T€ NHTEPBAJIBI BPEMEHH, KOT/IA KACATEIHHBIE
COCTABJIAIONINE PEAKIIUU WMEIOT HAMOOJIbINNE 3HAYCHNSA. JTO XOPOITIO COTJIACYETCS C
Teopueil, TaK KaK NMEHHO KaCaTeJIbHbIE COCTABJISIONINE PEAKIINN CO3JAI0T BPAIIATE b~
HBII MOMEHT OTHOCHTEJbHO OCH CHMMETDPUHU TeJ MUJInHIpHIecKoil (opmbr. OrcyT-
CTBME BUINMBIX PA3PBHIBOB Ha TpadHKaxX yTIOBOH CKOPOCTH (Y2 B MOMEHTHI BPEMEHU
mepexo/ia OT Cjaydas 2 K Caydai 3 u HaobOpOT, a TakyKe OT cjaydas 4 K ClIydaro 5
u Hao0OPOT, TOBOPUT O TOM, YTO ypPABHEHWs JAUHAMUKY (2) /I yKA3AHHBIX CJIy4aeB
ObLIH MPABUIIBHO COTJIACOBAHBI M€Ky cOOOi B MPOIECCe YUCIEHHOTO PEIeHUs.

Y I7I0BbIE CKOPOCTH Y9 U 3, N300PAKEHHBIE HA PUC. D, MAJIO OTIMIAIOTCI MEXKLY
co0Oi HAa IPOTSKEHUU BCErO MHTEPBAJIA BPEMEHHU, KOIJa u3ydaercs Jpumkenue. Ha
puc. 6 cuTyarus HECKOJBKO nHasA. [loce BTOpOro ymapa, KOTOPBIf TPOUCXOINUT TTPU
t = 0,414 c, HabOIOZAIOTCS SBHBIE PA3JINYIUsS B YTJIOBBIX CKOPOCTSIX HA MPOTSKEHUU
okosio 0,4 c. B yka3aHHBII TPOMEKYTOK BpEMEHN W3MEHEHUS (03 UMEIOT BU/JT CIOKHBIX
KOJIeOaHUA.

Takke MOXKHO BUIETH, 9TO B CJIydae, M300PAKEHHOM HA PHC. D, YIJIOBBIE CKO-
POCTHU HA TMPOTSI)KEHWW TEPBOM CEKYHIbI IBUXKEHUS YCIEBAIOT TOCTUYL MOCTOSTHHOTO
3HAYEHNsI, PABHOTO wy. B ciyvae, n300pakeHHOM HA puc. 6, OMHON CEeKyHIbI OKA3bI-
BAaETCH HEAOCTATOYHO [IJIsi TOCTUYKEHNS YKA3aHHOIO 3HAYEHNS YTJIOBBIX cKOopocTeit. O
JTAHHOI OCOOEHHOCTH TaKKe ObLIO CKA3aHO BBIIIE MPU PACCMOTPEHUU COCTABJISIOIINX
peakmuu.

Hakowner, kak MOXKHO BueTh n3 rpadukoB, B cirydae, n300parKeHHoM Ha puc. 6,
yIJIOBAst CKOPOCTh (P3 MMEET B OMPEIEIeHHBIN HHTEPBAJ BPEMEHN 3HAYEHUE, MEHBITEe
Wg. DTO O3HAYAET, YTO Y3 BBIXOAUT 33 TPEIENIbl YCTOWINBONH PAOOTHI SJIEKTPOIBUATA-
tens. B caydae, moka3aHHOM HA PHUC. 5, CTOIb CHJILHOE TAIEHUE (O3 HEe HAOIIOMAETCS.

Ykazauubie 0COOEHHOCTH 3aBUCUMOCTEH YIJIOBBIX CKOpocTeii B cirydae h = 0,133 m
MOLYT IIPABOJNATDH K ObICTPOMY M3HAIMUBAHUIO JeTajieil u cOoaM B pabore MAaIluH.

Crenyromasi XapaKTEPUCTUKA, KOTOpas aHAJIN3UPOBAJIACH, 3TO U3MEHEHUE TOPH-
30HTAJIBHON COCTABIAMOMNIEH cKOpocTr £ Tesa 1. Ona nmoka3ana Ha puc. 7 u 8. [Ipuwdem
puc. 7 coorBercrByer nuxkenwnio npu h = 0,18 M, a puc. 8 — h = 0,133 m.
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Puc. 7 Puc. 8

Kak Bumno m3 cpapHenns rpaduKoB Ha puc 7 u puc. 8, npu h = 03,18 M 4
YMEHBIIIAETCS TIOC/Ie TepBOro yiapa npumepro a0 3,43 m/c, a npu h = 0,133 m —
npumepHo 10 2,85 M/c. Bosiee cuibHOe u3MeHeHue 1 BO BTOPOM Ciiydae 0ByCJIOBJIEHO
OOJIBIIMMHY 110 CPABHEHUIO C IEPBBIM CJIYyYaeM 3HAYEHUSMU COCTABJIAIONINX YAAPHOIO
UMITYJIBCA 1 peaKHI/Iﬁ " MEHbBIIUM YIJIOM (2.

Kpusas na puc. 7 uMeer ABa TOPU3OHTAIBHBIX YYACTKA, KOTOPHIE COOTBETCTBYIOT
JBUKEHWIO B CIydae 1, Korma Ha Tesio 1 B TOpU30HTAIBHOM HAIIPABJIEHUN HE TEHCTBY-
0T HUKaK¥e CUIbl. [[0 OKOHYaHNN KaXKI0T0 U3 TOPU3OHTAJIBHBIX YIACTKOB BCJIEICTBUE
y/1apa IPOUCXOIUT CKA4KOOOpa3Hoe n3Menenue ckopoctu. [Ipuyem B pesysbrare BTO-
poro yaapa CKOPOCTb BO3PACTAET. ITOT (PAKT OObICHIETCH TEM, 4TO [IPU BTOPOM
yIape HOpMaJibHas COCTABJISION[AS YIAPHOTO UMITY/IbCA, HATPABIEHA TPAKTHIECKH 110
Beprukaju. CjemoBarebHO, OCHOBHOW BKJIA/ B U3MEHEHHUE T1 P BTOPOM yIape BHO-
CUT KacaTebHAas COCTABISIONAs yaapHOro umiysbca. [locie Broporo ymapa &1 BO3-
pacraet, TpubIMKAsCh K HEKOTOPOMY IMOCTOSHHOMY 3HAYEHUIO, UTO COTJIACYeTCs CO
CKA3aHHDBIM IIPU AHAJIM3E IIPEIbIAYIIUX IPAPUKOB.

Kpwusasi, n3obparkennasi Ha puc. 8, WMeEeT TPU NOPU3OHTAJIBHBIX YUACTKA, COOT-
BETCTBYIOIINX JIBUKEHUIO B CjIydae 1. DTO COIIaCyeTcs CO CKA3aHHBIM BBIMIE O TOM,
9TO B CHCTEME TPW JIBMKEHUW MPOUCXOAWUT TPHU yAapa. TakKe MOXKHO BHUIETb, UTO
3a BpeMs JBUKEHWS T HE YCIEBAET JOCTUTHYTH IIOCTOSHHOTO 3HAYEHUS, YTO TAKIKE
COIJIACYeTCsl CO CKA3aHHBIM BBIIIIE.

Ee caenyer ormernTnb, 9T0 HA rpaduKax, n300pazkKeHHbIX HA PHUC. 4, He IMEeTCs
SIBHBIX PA3PBIBOB B T€ MOMEHTHI BPEMEHU, KOTIA TTPOUCXOIAT TEPEXOIbI OT JBUKEHUS
C TIPOCKAJIb3bIBAHMEM K JIBUKEHHWIO 0€3 MPOCKAJb3bIBAHUS W HA0DOPOT. ITO yKa3bI-
BaeT HA TO, YTO YPABHEHUs JAUHAMUKY (2) 1yl PA3JIMUHBIX CIIyYaeB [BUKEHUS ObLIK
MPaBUJILHO COIVIACOBAHBI MEXK/1y CODOil B MPOIECCe YMCIEHHOTO PerieHus.

Ha puc. 9 u 10 noka3zaHna 3aBUCUMOCTb KOOD/IMHATHI Yo OCU CUMMETPHUU Teja 2 OT
Bpemenn. Puc. 9 coorBercTByer npukenuio mpu h = 0,18 M, a puc. 10 — A = 0,133 ™.

B nemom, oba rpaduka, m306parkeHHbx HA puc. 9 mw 10 XOPOIIO COrIacyrTcs
¢ TeM, 91O ObLIO CKa3aHO Bhime. OCHOBHAS OTJIUYUTE/bHAST OCOOEHHOCTH rpaduKa
Ha puc. 10 3aKJ09aeTCA B TOM, 9TO KOODAWHATA Yo TPUKIBI JTOCTUTAET 3HAIECHUI
menbimux Ah = 0,02 M. [Ipu sroMm Tes10 2 B yKa3aHHbIE MOMEHTHI BDEMEHU yIIHPAET-
CS1 B OTPAHUYUTEIh, UTO COMPOBOXKIAETCS CKATKOOOPA3HBIM YBEINICHUEM YKECTKOCTH
corsacuo (1). I3 cpasuenus rpadukos na puc. 10 ¢ rpadukamu #a puc. 4 BUIHO,
9TO YKA3aHHOE YBEJIWYEHNE XKECTKOCTH MPUBOJAUT K COOTBETCTBYIOIIEMY yBEIUICHUIO
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HOPMAJIBHOHI cocTaBJidtonieil peakuuu. 1pu BbIPAKEHHBIX MAKCUMyMa HA puc. 4 Ha-
OJIFOTAIOTCS B Te K€ CaMbleé MOMEHTHI BPEMEHW, YTO ¥ TPU BBIPAYKEHHBIX MUHUMYMAa,
uu puc. 10.

Y. M Yo M
-0.005 0
-0.01 -0.01
-0.015 -0.02
-EI.I:IED -I:I.EI3D

Puc. 9 Puc. 10

SAKJIFOUEHUE. Anaju3 pe3yjbTaTOB YUCICHHOINO PElICHHsl YPABHEHUHN JMHA-
MUKH (2) MOKA3BIBAET, UTO B U3YYAEMOI CUCTEME MHOTOKPATHO TIPOUCXOIUT 00pa30Ba-
HU€ W PA3PHIB TEOMETPUYECKUX W KMHEMATHIECKUX CBA3€il. DTO MO3BOJILET CIEIATh
BBIBOJ, O TOM, 9TO JAWHAMUKA JAHHOW W MOJOOHOW CHCTEM HE MOXKET U3ydaTbCs B
paMKax OJHOCTPYKTYPHBIX AuHaMudeckKux mojesneii. Enuncreennbiit ciocod nucciemno-
BaHU JIMHAMUKYU TAKMX CHCTEM: IIOCTPOEHHE U COIJIACOBAHUE MezK/1y CODOI B IpOIec-
ce YUCJEHHOrO pereHus cucreM aud hepeHnnaabHbIX yPaBHEHN, COOTBETCTBYIOIIUX
Pa3IMYHBIM CTPYKTYPaM.

OrcyrcrBre Ha MOTYYeHHBIX IpadUKax, XapaKTepu3yomuX U3MEHEHHe KOOP/Iu-
HAT, Pa3PbhIBOB B MOMEHTHI BPEMEHW, KOT/Ia MPOUWCXOAUT OOPA30BAHME WJIU DPa3PHIB
KaKOM-/Tn00 W3 TeOMETPUYECKUX WJIM KUHEMATHYIECKUX CBS3€l, CBUIETEIbCTBYET O
TOM, 9TO ypaBHEHUs JUHAMUKHU (2) JUisi PA3/IUYHBIX CIy4aeB JBUKEHUs ObLIM Ipa-
BUJIBHO COIVIACOBAHBI MEXKTy COOOI B MPOIECCe YUCIEHHOTO PeleHus. AHATOrHIHbIH
BBIBO/I, CJIE/IyeT U3 TOT'O, YTO IIPU yIapax CKa4KO0OPA3HO U3MEHSIOTCH CKOPOCTH, HO HE
M3MEHSIOTCST KOOPANHATHI, 9TO COTJIACYETCs C Teopuei coyaapeHuit abCoJIIOTHO TBEP-
JIBIX TEJI.

Ucxons u3 cpaBHeHus pe3yJsibTaTOB AHAJIM3A, IUHAMUKA U3Yy9aeMOU CHCTEMBI, 110-
gydenabix npu h = 0,18 M u h = 0,133 M, MOKHO BHZIETb, 9TO BO BTOPOM CJIydae
JMHAMAYECKAsT HACPYKEHHOCTh CHCTEMBI OyIeT 3HAYUTEILHO BbIie. Kpome Toro, Bo
BTOPOM CJIy4ae CHCTeMe TpeOyeTcsi B HECKOJIbKO pa3 0OJIbIlle BPEMEHW HA MPOXO¥K-
JIEHUE TEPEXOHOTO MPOIECcca. JDTO CIEIYET YIUTHIBATH MPU MTPOEKTUPOBAHUN Pealb-
HBIX MAIIUH, TOCKOJIbKY YKa3aHHbIE OCOOEHHOCTU JUHAMUKH M3y9IaeMON CHCTEMBI IIPU
h = 0,133 M MoryT npuBoauTH K cOosM B pabore npurareseil u ObICTPOMY BBIXOLY U3
CTpOsT JeTajieii 000PyIOBAHUSI.

1. Tlanoeko f. I'. Bsenenme B Teopuio Mexammdeckoro ynapa [Tekcr] / ITamosko 1. T
~ M. : Hayxa, 1977. - 224 c.
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Opecckuii narmonaabubiil yausepcurer umenu 1. V. Meunukosa

3AJAYA CTAIIMOHAPHOM TEILJIOIIPOBOIHOCTH
AJIA IIOJIVBECKOHEYHOTI' O CJIOf1

Pecenko I'. O. 3agaya crarioHapHOI TEMJIOMIPOBIAHOCTI AJisi HAMIBCKiHYEHHO-
ro mapy. OrpuMano To4HUN PO3B’A30K 3aa4i CTAIIOHAPHOI TEIIONPOBLIHOCTL /Ui HAIIB-
ckimuennoro mapy. Ha HmkHill i GOKOBiil rpaHi map Temoi30/b0BaHO, a HA IHMIHN TpaHi
mapy 3aJaHa TeMIIepaTypa, PO3MOIiIeHa Ha BiaoMiil mistHIi. 3a JOMOMOTOI0 IHTErpaJibHO-
ro neperBopenuss Pyp’e 3a7auy 3BEIEHO [0 OMHOMIPHOI KpailoBOi 3ajadi, pO3B’sS30K SKOI
moOyI0BaHO y BHOMY BUTIJIsAi. IIpu obepHenHi TPAHC(HOPMAHT PO3B’I3KY BUHUKAIOTH KPa-
THI iHTerpasau Bix muaiaapuaanx dyskiii. Hamxamo meTonuky o64unciens qaHUX IHTErpadiis,
ska 6azyerbcs Ha Bukopucranui ¢opmyinu Couina. IIpoBeueno uucsioBuil ananis 3HaveHHs
TEeMIIEPATypH! MApy B 3aJ€XKHOCTI BiJ PI3HUX pO3MipiB OIIAHKH PO3MOMIIY 33/aHOI TeMIIe-
parypmu.

Kiro4oBi cjioBa: map, TenIonpoBiAHICTh, IHTerpaibHi epeTBOPeHHs, UHAPpUIHa (DyH-
KIlis.

Pecenko A. A. 3asaya cTanMOHAPHON TEMJIOIPOBOAHOCTH AJIs MOJyOGecKo-
HedHOro cJios. [lonydeno TouHoe penienne 3a7a9u CTAIMOHAPHON TEILIONPOBOIHOCTH JIJIst
mosybeckoneanoro cyog. [lo kel 1 60KOBOI IpaHIM CJI0U TEIION30JIMPOBAH, a Ha BEPX-
Hell IrpaHu 3a/laHa TEeMIIEPATypa, PaclpeeleHHas 110 u3BecTHo mwiowaiake. C 1oMombio
WHTErpaJIbHOTO TTpeobpa3oBanust Oyphe 3a7a4a CBEIEHA K OJHOMEPHON KPaeBoil 3aaue, pe-
1eHre KOTOPOM CTPOUTCS B siBHOM BHje. [Ipu obpamennu TpaHc(OpMaHThI penIeHnst BO3HU-
K0T KPaTHBIE MHTErPaJIbl OT ocrumpyonmei dyukmuu. [Ipeamoxena cnenuaabHas MeTo-
VKA UX BbIYKCJIEHUS, OCHOBaHHAas Ha ipuMenenun Gopmynbl Conuna. [Iposenen unciennbiit
AHAJIM3 PACIIPE/IE/IeHUs] TEMIIEPATYPbL B CJIOE [IPU PA3JIMYHBIX IIapaMerpax IUIOMIAAKU Pac-
peie/IeHnsT Ha9aJIbHONH TeMIIePaTyPhI.

KurroueBble cjioBa: CJI0ii, TEIIOMPOBOIHOCTD, MHTETPAJIbHBIE TIPE00pa30BaHMS, IAIHHIPHU-
geckast QyHKIWS.

Fesenco A. A. The problem of the stationary heat-conduction for the semi-
infinite layer. The exact solution of the stationary heat-conduction problem for the semi-
infinite layer was constructed. The lower and lateral faces of the layer are heat-insulated.
The temperature is given at the upper face of the layer and is distributed through the known
area. The initial problem is reduced to the one-dimensional boundary problem with the help
of the integral Fourier transformation. The solution of this problem is constructed in the
explicit form. The multiply integrals with the oscillation function are obtained after invers-
ing of the integral transformation. For their calculation the special method based on the
Sonin’s formula using is proposed. The numerical analysis was done for the investigation of
the temperature distribution in the layer depending on the area parameters of the initial
temperature.

Key words: layer, thermal conductivity, the integral transformations, the cylindrical func-
tion.

(©) @ecenko A. A., 2013
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BBEAEHUE. U3yuenue reMmueparypHOro PACIPE/IEIEHUS B CJIOE SABJIAETCH BaXK-
HBIM KaK C TOYKH 3PEHWs MPUJIOKEHUN B PA3IUYHBIX O00JIACTAX WHIKEHEPUHU, TAaK U
JAJTBHEUIEr0 MPUMeHEeHNs TIOJTYIeHHBIX PEIeHuil TPU MMOCTAaHOBKE 33149 HECBA3HON
repMoytupyrocru [1]. 3azauu TemIonpoBoJHOCTH JJisi 0IyOECKOHEIHOIO CJIOst UCCIIe-
JOBAaJINCh MHOTMME aBTOPAMHU KAK B CTATUYECKON , TAK U B JIWHAMUYECKON IOCTa-
HoBkax [2, 3, 7-12]. Bauacryio 4uC/IeHHbI pacdyer U0 II0Jy4eHHbIM (HPOPMAasbHBIM
PEIeHNSIM SIBJISTETCS TMPOOJIEMATHYHBIM B CBSI3W C HAJIMYHMEM BXOMAIMIUX B (DOPMYJIBI
WHTErpaJsos, ociunpyonmx dyaknnit. B npemiokennoit pabore npejjaraeTcs: Me-
TOJMKA, BBIUMC/IEHUST KPATHBIX WHTEIPAJIOB OT IWJIMHAPUIECKUX (DYHKIIHI, BXOIAIINAX
B TOYHOE PEeIlleHre 3a/a49u, KOTOPOe IMOCTPOEHO METOJOM HHTErpajbHbIX IpPeodpaso-
Banwuii [4]

OCHOBHBIE PE3VJ/IbTATHI.

1. ITocTanoBKa 3aga4u.

Paccvorpum ympyruit mosryOecKOHEYIHBIH CJI0i, ONMMCHIBAEMBIN B J€KAPTOBOI CH-
creMe KOOD/IMHAT COOTHOLIEHUAMU

0<zr<oo, —oo<y<oo, 0<z<h. (1)

I'paau x = 0 u 2z = 0 peAnIOIATalOTCS TETJION30JIUPOBAHHBIMU:

T (x,y, 2)
ox

T (x,y, z)

az |Z:0 = 0’ (2)

|z:0 = 07
3mech T' — Temmeparypa cios. Ha rpanu z = h no yuactky z € [0, 4], y € [-B, B]
33/1aHa TEMIIEpPaTypa

T(Iayah) = f(x7y)v T e [OaA]a RS [*BaB} (3)

Tpebyercs nocrpours B obsiacru (1) yObiBaoliee Ha GECKOHEYHOCTH PELIEHHUE YDaB-
nmenns Jlammaca

0? 0? 0?
AT (z,y,2) =0, N=—+—+—, 4
( y ) 81’2 ayQ 822 ( )
YZOBJIETBOPSIIOIee KpaeBbIM ycyioBusaM (2), (3).
2. ITocTpoeHue perieHUs UCXOAHOM 3a/Ia9M METOIOM HHTETrPaJbHBIX IIpe-
obpa3oBaHUiA.
Bsenem oboznadenus:

9T (x,y,2)

T (x,y, 2
T”(xayWZ) - 8%2 = (72/)

. ?T(z,y, z
aT (xai%z)— ayg _M

T —
b (x7 y7 Z) 822
ITpnmennm x (2)—(4) xocuuyc npeobpasosanne Pypbe M0 TMEepeMeHHOI = [4]
o0 2 o0
To(y,2) = T(x,y,z)cosaxdr, T(x,y,z)=— Tu(y, 2) cos azda. (5)
0 T Jo

Bazaua (2)—(4) B TpancdopMaHTaX IPUMET BUT,

_azTOz(ya Z) + T, (ya Z) + T(;;(y, Z) =0, T&(y’ O) =0, Toz(yv h) = fa(y)v (6)
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rue
oo
) :/ f(z,y) cos axdr. (7)
0
[Ipeo6pasosanue Pypbe 110 nepemennoii y upumenum K 3auade (6) ([4]).
0o ] 1 oo »
Tos(2) = / Taly, 2)e®Vdy,  Ta(y,2) = o / Tos(2)e#vds.  (8)

OkoHYATETHFHO B MPOCTPAHCTBE TPAHCGHOPMAHT 0O0OUX HHTErPAaTbHBIX TPEOOpPA3OBa-
HU MCXOHAS 3a/1a49a 3anuinercs B (popme

Tl5(2) = N*Top(z) = 0, z € (0,h), (9)

ap(0) =0, Tap(h) = fap, (10)

re
0 .
for= [ falw)e iy, NP4

— 00

O6uiiee pemenue ypapuenus (9) crpourca B hopme
Top(z) = Cisinh Nz + Cy cosh Nz.

VYaosnersopus rpanudnbie ycaosus (10), Haifgem mocTOsSHHBIE

— fozﬂ
cosh Nh'

Permrernne 3amaqn (9)—(10) B rpancdopmanrax npeobpasosanuii (5), (8) umeer Bus

cosh Nz

() Jas - cosh Nh'

(11)

[Tpumenss noc/enoBarebHO obparHbie npeobpazosanus (5), (8) k dopmyne (11),
MOCTPONM TOYHOE peIleHne HCXOTHOH 331897

cosh Nz i
T(z,y,2 - 27r/ / fap - oL Np, CosaT e BYdadp. (12)

YuurbiBag npeacrasienue (10), nepenuineM peiieHue B BUe

T(w,y,2) = & Jy™ 750 o J75 F(6m) cos ag - eindgdy] -

.cosh Nz —ify
e NFcosax e dadp.
B dopmysie (13) uzmeHuM HOPsAJOK UHTEIPUPOBAHUSL.

T(xvyaz) = # fooo ffooo f(fﬂ?)

T S s - cosag - cos aw - €90 - e~ Pudadp] dédn.
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IIpumenenue dopmy.nst (1.314(3), [6]) wo3BOJsieT 3aUcaTh HOCTPOCHHOE PELLEHKUE
Tw,y.2) = g Jy~ [ F&m) [Jy 70, b5

[eos az — &) + cos ez + €)] - e~ P dadp] dédn.

(14)

Paccmorpum BHYTpEHHEE HHTErPATIBI U BOCIIOIB3YEMCsl 9eTHOCTHIO TOABIHTErPATEHON
dyHKINN 0 epeMeHHoi «. Vcrmomb3ys ToT (PakT, 9T0 HHTErpaI OT HedeTHON PyHK-
UMK B CUMMETPUYHBIX LPEJE/IaX paBeH Hyso, BblureM B ¢opmysie (14) mon 3nakom
WHTErpaJja CIaraeMble.

T(2,y,2) = 2z [0, [0, SpRE - [cos o — €) + cos ez + &) —
—isina(z — &) —isina(x + €)] - e PN dadp.
Bocrnosnb3osapimuch dbopmystoit Ditepa, MOIyInM BbIparKeHne /I TeMIepaTyphbl
_ h N
T(i,y, - 471'2 fO f f f 77 |:f f 0o E(O):thZL'

etz te) 4 gia(e=O)]. efiﬁ(yfn)dadg] dédn.

(15)

Bocnonbsyemca dbopmymnoit |5, yaurbisasg, uro N2 = o? + 32,
/ / Va4 g2)e vy dadp = / (t)Jo(t/x2 +y2)dt,  (16)

rae Jo(t) — dbyukums Beccens.
O6o3HATIM

JO(taxayagan) = JO(t\/(x - 5)2 + (y - 77)2) + Jo(t\/(’l} + 5)2 + (y - 77)2)

C yuerom dopmyibl (16) Bbipazxkenue s remueparypsbt (15) sanuuiercs B Buje

®© cosh
T(x,y,z // f(&mn) [/0 tm-ﬂo(t,w,y,&n)dt}dfdn. (17)

B pe3yabTaTe, nCXoasd N3 MOCTAaHOBKU 3a/Ja4U, OJId CJayvad, KOTJa B TrPAaHUYIHOM YCJIO-
Buu (3) 3agaaum f(x,y) = C, C' — const, 0Jy4uM TOUHOE PEIEHUe UCXOAHON 331341

c (4B *° coshtz
T(xayvz) - %/0 /;B |:/0 tCOShth : JO(taxay,gan)dt] dfdﬁ (18)

3. MeTO,ZI;I/IKa BbIUUCJIEHUAd KPaTHbBIX MWHTEerpaJjJoB B IIOJIyY€HHOM peliie-

HUW.
Tomensiem 1opsiZioK WHTErpUpOBaHus B uHTerpase (18)

C oo h 2 A B
T(z,y,2) = = /0 oosh l /0 [ BJo(t,x,y,é,n)dEdn] i (19)

2w cosh th
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U paccMorpuM BHyTpenHue unrerpadbl. Mcuonsdys Gopmyay H. 4. Conuna [4], mox-
HO 3aIrmcaTh

/2
Rt/ EEP =) = 2 [ coslteon (o £ €) coslesin by — ).

IMoucraBum pannoe Bbipaxkenue B Gopmysy (19), BblUMCIUM BXOZsIIUE IOBTOPHBIE
WHTErpaJjibl U TPOJIETIAEM HEKOTOPHIE JIEMEHTAPHbIE TPE0OPA3OBAHMS.

T(l’,y, Z) -

/2
4AB ./ COSh =i (1) cos(tx cos ) cos(ty sintp)dypdt. (20)

coshth &

31ech TpUHATO 0OO3HAUEHNE
SAB () = (tAcostp) ' sin(tA cos ) (tB sin) ! sin(tBsin ).
PaccvoTrpum mHTErpas

4AB
T (2, y) =

/ SA B () cos(tx cos ) cos(ty sin ) d, (21)

A,B .,
S;7 (¢) — Geckoneuno auddepennupyemas 1o mepemMenHoii ¢ dyukuus. Kpome toro
OHA ABJIAETCA YETHOH, 9TO MO3BOJAET IIyTh MHTETPHPOBAHUA B MHTErpaJse IPUHATH
paBubiM (—7/2,7/2), yMeHbIIUB ero 3Hadenue B 2 pa3a. Boibpas 3ameny nepemMeHHOI

siny =T, (22)
MOJIyYMM BMECTO COOTHOIeHus (21)

2AB [! dr
JAEB T,Yy) = 7/ FAB T,y)——,
t ( y) 2 . t,r ( y) T2

re

in(tAv'1— 72) sin(tBr)
FA’B e SIn( t 1 — 72 t .
ia (z,9) AV =7 B cos(tr\/1 — 72) cos(tyr)

[Tonaras B8 uarerpase x = 0, y = 0, noaydum

A, 2AB A, dT 2AB ]. A,
JAE(0,0) = — F B (0, O)W ZF {i) 0,0), (23)
) _ 2kt B
Ty | = COS— T, k=1,N, (24)
T,iN) — HyJn MHOrowiena Yebwirmesa 1-ro posa.

Bropoe paBeHCcTBO B cooTHOIeHUH (23) 3alMCAHO HA OCHOBAHMM KBAJAPATyDPHOI
dbopmyuibl Hausbiciieit crenenu Tounoctu [5]. TlogcraBus nosyvennoe pasencrso (23)
B BbIpaxkeHnue i reMieparypbl (20), nosydum

T(0,0,h) = 28 300, Jo~ tF{27(0,0)dt =

oo sin(tAy/1—72)sin(tBry)
=PI - =dt,

tA\/l 7'2BT;c

(25)
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WK B OOIIEM CJIydae

T(ac,y,z) _ Zk ) foo cosh tz sin(tAy/1— Tk)sm(tB'rk)

coshth tA\/l T 2 BTy,

(26)
-cos(tz/1 — 77) sin(tyy)dt.
Bocmnonb3syemest dopmyaoit (3.741(1), [6]):
°° sin ma sin nx 1 m+n]’
————————dx=-In , m>0,n>0,m#n. (27)
0 T 4 —n

Bamerum, aro ipu m = 0, n # 0 wm n = 0, m # 0 dopmy/Ia He TPOTHBOPEUUBA,
Tak>Ke BO3MOKHO 1 < 0 (m < 0).

ot Boraucienus 1o dopmyie (27) CylnieCTBEHHbIM YCJIOBUEM sIBJIsS€TCs TPeGO-
Bamue m # n, . e. A\/1—1¢ # Bt Ecn B/A = 1, 10 s onpeaeneHHocTy
HEOOXOIMMO BBITIOJIHEHUE yeaoBust /1 — 72 — 7 # 0, WIn WCXONs M3 NMPON3BEICHHON
3aMenbl (22), cosv) # sint, T. e. P # § wam 7 # i%.

Paccmorpum ciyuaii A # B. YuurbiBag dhopmyty (25), mosyunm

N 2

— 2
r0.0.m =S 5 1L [ViER /A
2N n/1—7p |V = (B/A)T

(28)

Ecimu N — geTHOE 9mCIIO, TO UCXOIs W3 CBOUCTB jorapudMa, BHIPAXKEHUE I TeMIIe-
paTypbl IpUMET BHUJL

2
T(0,0,h) =

(29)

wNZ ﬂn 1— 12— (B/A)7,

31ech TakKe MCIOIh30BAHO CBONCTBO HyJeil MHOrOUIeHa (24):

Ny l 1= 72+ (B/A)m

TN = —T1, TN—1 = — T2y .-y

T. €. UMeercs pOBHO N KOpHEil, pacroioXKeHHbIX CHMMETPUYHO B ipoMexyTke (—1,1).
MokHo 3ameTnth, 9T0 mpH HedeTHoM N GyIeT CymecTBOBATH KOPEHb T(n41)/2, UTO
npuBesier K cuHrysspuoctu B opmysie (28). st 1aHHOrO Ciiydas pacCMOTDEH IIpe-
JesibHbli epexon upu € — 0, 7, = 17, +¢€, 7, = 0, k = (N +1)/2. Ucnons3ys npasusio
Jlonurasns nmeem

2

7(0,0,n) = = |25 4 1 ZN: . [ 1_Tk+(B/A)T’“ (30)

= — |22 4+ = -
aN |TA 2 i T/l — 77 V1 — (B/A)Tk

4. AHAJIN3 YUCIEHHBIX PE3yJIbTaTOB.

PaccmoTpuM TpH Cilydas JIOKAJIbHOIO PACHPEIETCHIA TEMIIEPATYPBI [0 y4aCTKAM
pasandroro pasmepa [4]: 1)B/A = 1/2 — memneparypa pachpesiesieHa mo KBaJpary;
2)B/A = 2 — 10 UpSMOYTOJLHUKY, BHITSHYTOMY BIOJb och y; 3)B/A = 1/4 — no
IPAMOYTOJIbHUKY, BBITSHYTOMY BJIOJIb Ocu x. Jljisi ciydas, Korjaa 9ucjio y3jios N B
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dbopmyae (29) Bbibupasocs pasubim N = 70, a C = 1, 3nauenue remueparypbl B
YTJIOBOM TOYKE CJIOS JJIsT TPEX CJIyvaeB ObLIO PABHO COOTBETCTBEHHO:

T(0,0,h) = 0,999445; T(0,0,h) = 0,999444; T(0,0, h) = 0,998545.

J10CTOBEPHOCTD MOTy IEHHBIX PE3YIbTATOB IPOBEPAIACH HA OCHOBAHNHU (hopMyIbl 3.364
(2), [6]. Takzke 06OCHOBATH PE3yJIbTAT MOXKHO HEIIOCPEICTBEHHO, PACCMATPUBAs TDa-
HuuHoe ycsosue (3) 3amaun. Mexous U3 npuMeHseMblX UHTerPaJIbHbIX [IPeobpa3oBa-
uuii (5), (8), MoxkHO HaiiTu TpaHCHOPMAHTY 33JaHHON byHKIMH:

[ee] A .
faly) = / f(z,y) cosaxdr = C - / cosaadr = C - 20 aA7
0 0 @
oo ) : A B
fos= [ halwye iy =0 L [ g,
— 00 « _B
_c sinaA 2(ePP — =By oC sinaA sin B
N o 2if3 B o 8

IMoucrasum nosyyennyio rpancopmanty B dopmyiy (12) u Haiinem 3nadenue B yr-
JIOBOU TOYKE CJIOfA, T. €.

2C [ [ sinaAsin BB
T(o,o,h)ﬂg/()/ sma Smﬁﬂ dadf =

(0%

" 3 dadﬁ—ﬂ_2-2-2—0,
371eCh BOCIIOJIb30BAJIMCH Y€THOCTHIO MOABIHTErPATBHON (DYHKINA TIO TIePEMEHHOH 3 1
dbopwmymoit (3.721(1), [6]).

Ha pucynkax 1, 2 u 3 npusenenbl 3Hadenus remneparypbl (26) Ha 1OBEPXHOCTH
z="h/2,0<x<2A, —2B < y < 2B upu ronmuue ciaog h =1 gua C = 1. Dru rpu
cIydasi COOTBETCTBYIOT yuactkaM B/A = 1/2, B/A = 2, B/A = 1/4. Kak BuzamHo n3
AQHAJIN3a TTOJIyI€HHBIX TPAMDUKOB, MAKCUMAILHOE 3HAYEHNE TEMIIEpaTyphl, paBHoe 0,7,
JIOCTHUraeTcs TIpU pa3Mepe ydacrka Harpesa B/A = 2. Ilpu pasmepe B/A = 1/4 no-
CTUTAETCS MUHUMAJIBLHOE 3HAYEHNE TEMIIEPATYPhI Ha UCCIIELyeMolt moBepxHocTr. s
BCEX TPEX CJIYYaeB XapaKTEePHO PACIOIOKEHUE IKCTPEMATbHBIX 3HAYECHUN HA IPAHUIIE
obnacru. Ilpu yBenmumuenun rommunbt caos (h = 2) ofmas KAPTUHA PACIPEeeHus
TEMTIEPATYPHI HA PACCMATPUBAEMOl MOBEPXHOCTH COXPAHSIETCS TPU YMEHbIIIEHUHN ee
abCOJIIOTHBIX 3Ha4YeHwit (cM. puc. 4, caydvaii B/A = 1/2).

_g/‘x’/oosinaAsinﬁB 4C © «
o2 0o Jo
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XPOHIKA

O. . KuumapeHKoO
Onecckuit nHanmonasnbbiil yauepcurer umenu 1. V. MeunukoBa

MEKAYHAPOIHAZ JIETHAA MATEMATNYECKAA IITKOJIA
ITAMSATN B. A. IINIOTHUKOBA

C 15 mo 22 wmrousa 2013 roma B Opmec-
ce mpoxozuia Mex/IyHapoaHast JeTHssT Ma-
TeMaTHdeckas mkoja namsata B. A. ITmor-
HUKOBa, opranu3oBanHas OJeCCKUM HAIMO-
HaJbHBIM yHuUBepcuTeroMm umenn .M. Med-
HHUKOBa. B COCTAB MPOrpPaMMHOTO KOMUTE-
Ta MATEMATUIECKON TITKOJIbI BXOIUJIN N3BECT-
HbIE MaTEMATUKU YKDPAWHBI U 3apyOexKbs.
Obsi3aHHOCTH compeziceiaTesieil mporpaMm-
Horo komurera pasgenunu A. M. Camoiinen-
KO (Ykpauna), H. A. Ilepecriok (Ykpauna),
A. A. MapreHiok (Ykpanna), ®@. JI. Hep-
Hoycbko (Poccust), E. A. I'pebennnkos (Poc-
cus), A. Kengepos (Bosrapusi), FO. Pesas-
cku (Bomrapus), JI. M. ®punman (Mekcu-
ka). YseHaMu LIPOrpaMMHOIO KOMUTETA KOH-
depeHImn OBLIN:

B. A. IThomnuxos Ykpauna: A. A. Boituyk, A. H. Buriok,

®. I'. I'apamenko, B. M. EstyxoB, B. E. Ka-

nycrsa, B. . Kopo6os, A. M. Kosanes, I. /. Jlemenko, A. I Hakoneumbrit,

P. . lerputus, B. B. ITuukyp, A. B. Ilnoraukos, B. I'. Camoitnenko, A. H. Cran-
swunknit, FO. B. Termmuckuit, 1. 9. Xycaunos, . M. Yeperko, A. A. HYukpwuii.

Poccus: JI. JI. Axynenko, 1. M. Anannesckuii, A. B. Bacuanwesa, M. T'. JImur-
pues, B. U. ZKykoBckwnii.

Benapycn: ®. M. Kupuiosa, A. N. Kanunumn.

T'pysusa: 1. T. Kurypanze.

Bourapusi: A. Jlonues, JI. Kapaunmxynos, M.Koucrantuuos, b. FOpykos.

Typuusi: A. Aummpasves.

Oprasu3anuoHHbIl KOMUTET KOH(MEpeHyy BO3raaBuan aupekrop UMIM OHY
umenu U. . Meunukosa B. E. Kpyrios (upexacegarens) u 3aBeytonias kadeapoii
ONITUMAJILHOIO yIpaBJieHus u 3KoHOMuUUecKoit kubepueruku UMIOM  O. 1. Kuuma-
PEHKO (3aMecTuresb lpencearess).

Kondepenius orkpbuiack 15 uioHsg B akToBoM 3aiie Q1eCCKOro HAIMOHATIBHOTO
yuusepcuteta . V1. Meunukona. B TOT ke eHbh TPO3BYy YA TEPBBIiT JOKIAT, KOTOPHIi
crenan JokTop dus.-Mar. Hayk, npodeccop, akaaemuk HAH Ykpawnusr H. A. Tepe-
criok. Ero mokman “Ummnynbcabie nuddepeHnaibable ypaBHEHUS OBLI MOCBSIIIEH

(© Kuamapenko O. I, 2013
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namMsaTUd KoJuieru u jpyra, Bukropa Anekcasaposuda ILnornukosa. B pabore kou-
depenmun npuHsao ydactre 89 demoBek, B ToMm umcie u3 Poccum — 21, u3 Boara-
puu — 2, u3 Pecnybauku Bemapycs — 3. Beero 0buto caemano 33 mokiaza, u3 KOTO-
PbIX 9 IIEHAPHBIX, CAEJTAHHBIX BEAYIUMHU CIIEIUATUCTAMA TAKUX HAYIHBIX U 00pa-
30BaTeIbHBIX yupexaenuit, kak Uncrturyr maremarnku HAH Vkpaunsi, UncruryT
npobsiem yupasienuss umedu B. A. Tpanesnukosa PAH, BbruuciaurenbHblii HEeHTP
uMm. A. A. Jlopomuunpina PAH, O6benuuerunii wHCTUTYT TpobaeM WHOOPMATHKA
HAH Benopycun, MocKOBCKUII roCyZapcTBeHHbIH yHuBepcuTet, FOXHO-Ypaibckuii
TOCY/IapPCTBEHHBIN yHUBEpcUTET, KMeBCKuiT HAIMOHAJIBHDBIN yHUBEpPCUTET uMeHu Ta-
paca Illepuenko, Opecckuit HaMOHANBHBIN yHEUBepcurer umenu . 1. Meunukosa,
Onecckas rocyapcTBeHHAS aKAIEMUsi CTPOUTEIbCTBA U APXUTEKTYPBI.

enpio 3T0it KOoHMDEpPEHIINN, KAaK U MPEabIayIeii, cocrossimeiics B 2010 romay, ObI-
Jla, OpraHu3alusi aKTUBHOTO 0OMEHa, HOBBIME DE3Y/IbTaTAMU B TEX HAMPABJIEHUSAX Ha-
YUIHBIX HCCJIEIOBAHUN, KOTOPHIMY 3aHMUMAJIACh W MPOJOJIKAET 3aHUMATHCS HAYIHAS
mkosa B. A. IInoraukoBa: acuMITOTHYECKHE MEeTOAbl B Teopun JAudepeHnuaabHbIX
YPaBHEHUI ¥ ONTHMAJILHOIO YIPABJIEHUS; MATEMATHIECKUE METObI OINTUMAIBLHOTO
YIUPABJIEHNSI; MHOIO3HAYHbIE yPABHEHUS M BKJIIOYEHUs; KAYECTBEHHAS TEOPUs B TE€O-
pun nuddepeHITnATBHBIX YPABHEHUN U OMTUMAIFHOTO YIIPABIEHUST; MATEMATHIECKOE
MO/IE/TUDOBAHNE; TEOPUS UTP.

Baxnyto pors B opramm3amun paboTbl KOH(MEPEHIINH ChITPAIN COTPYIHUKH Ka-
deapbl ONTUMATBHOTO yIPABIEHUSA W YKOHOMUYECKON KHOEPHETUKHU, KOTOPYIO C MO-
MeHTa OcHOBaHus Bo3riasisai B. A. Ilinoraukos.
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IH®OPMAINIIA OJI51 ABTOPIB

(ckopouenmii BapiaHT)

2Kypnan “Bicank OmecbKoOro HaIioHAJIBHOTO yHiBepcuTeTy. Maremaruka i me-
xaHika’ Mae Mery iHdOpMyBaTH YUTAYIB PO HOBI HAYKOBI MOCIKeHHS y cdepi Teo-
PeTHYHOI i IPUKJIAIHOI MATEMATHKY 1 MEXaHIK/ Ta CyMiKHUX JUCIUIUIIH. ¥ 2KYypPHAJI1
JPYKYIOTHCS CTATTi, B IKUX HABEJEHI OPUTIHAILHI PE3YIBTATH TEOPETUUHUX JTOCTTIiJI-
JKEHb 1 OTJIAM 3 aKTyaJbHUX MPOOJIEM 33 TEMATUKOI BYIAHHS.

ZKypHasa cTpyKTypOBaHO 32 TAKWMHU HAIPAMAMHU:
1. Maremaruka.
2. Mexanika.
3. Xponika (10Birel, 3HaMeHHI JaTh Ta MO/l TOIIO).

CrarTi myOIiKyI0ThCs YKPAIHCHKOIO, POCIICHKOI0 a00 AHTJIICHKOI0 MOBAMH.

Jo XKypHay IpUAMAOTHCA paHile He omyOJIiKOBaHI HAYKOBI pOOOTH.

ApTopchKuit opuriHal CKIAJAETHC 13 IBOX IPYKOBAHUX MPUMIPHUKIB, Miamuca-
HUX aBTOPAMU, T €JEKTPOHHOI Bepcii HA OyIb-IKOMY €I€eKTPOHHOMY HOCII.

Enexkrponna Bepcis mMicTuTbh aHKETHI JaHi aBTOpPIB: mpi3BuIme, im’s, mo-6aTbKOBI,
Micie poboTH, anpecy MJist TUCTYBAHHS Ta TesieOH.

Texcr crarTi Mmae 6yTu miarorosmennii 3a qomoMoro0 Bugapamdol cucremu LaTeX
Y BiJIIOBITHOCTI /10 BUMOT, K1 BUKJIQJIEHO HA CTOPIHII 2KYPHAJIY JIJIsi aBTOPIB HA CalTi
Onecbkoro marionasnbroro yuisepcurery imeni . I. Meunnkona:

www.onu.edu.ua

B po3nit “Hayka” — “Haykosi Bumanns’ — “Bicamk OHY” — “Maremaruka i me-
xauika’. Takok TX MOXKHA OTPUMATH B PEJAKINHHIN KOjeril KypHajay. 3arajbHuil
obcar crarti He mnoBWHEeH mepeBuiryBaTu 20 CTOPiHOK.

CrpykTypa cTarTi:

— YIK;

— Mathematical Subject Classification (2010)

— Ha3Ba CTATTI;

— CIIACOK aBTODiB;

— aHoTallil yKpalHCbKOIO, POCIFICHKOIO Ta AHIVIIHCHKOI0 MOBaAMU, K1 MiCTATH HA3BY,
CIIUCOK aBTOPiB, pe3ioMe, MPUIOMY TEKCT pPe3ioMe TIOBWHEH MATH He MEHIIe CTa, CJIiB,
a TaKOXK CIMCOK KJIOYOBUX CJIiB BiJITOBIIHOIO MOBOIO;

— OCHOBHHI TEKCT CTATTI IMOBWHEH BimmoBimarw Bumoram mnocranosu IIpesmmil
BAK Vkpaiuu “ITpo nigpuinenss BuMor 10 GhaxoBUX BUIAHB, BHECEHUX JI0 MEPEJIiKiB
BAK Vxkpaian” Bizx 15.01.2003 p. Ne 7-05/1, 706T0 HEOOXIAHO BH/LINTH BCTYIL, OCHOB-
Hy dacTuny i BucHoBKu. OCHOBHA YACTWHA, MOBUHHA MICTUTH TOCTAHOBKY MPOOJIEMHU y
3araJbHOMY BULJISIAL Ta i1 3B’S30K i3 BasK/IMBAMHU HAYKOBHMH UM MPAKTUIHUMHA 3aB-
JAHHSMHI; aHAJI3 OCTAHHIX JOCTIIZKEHD 1 myOsikariil, B SsKAX 3al09aTKOBAHO PO3B’ -
3aHHS TAHOI MPOOJEeMHU i HA SIKi CIUPAETHCS ABTOD, BUIIJIEHHS HEBUPINIEHUX PAHIIIe
YaCTUH 3arajbHOI MpODIeMU, KOTPUM MTPUCBAIYETHCS O3HAYEHA CTATTS; (DOPMYTIOBAH-
He 1ieil crarTi (IOCTAaHOBKA 3aBIAaHHS); BUKJIAJ OCHOBHOIO MATEpPia/ly JOC/iKEHHS



3 MOBHUM OOI'PYHTYBAHHSM OTPHUMAHUX HAYKOBHX PE3YJIbTATIB; BACHOBKH 3 IHOTO JI0-
CJI/TKEHHS 1 MepCIeKTUBU TOJAJIBITAX PO3BLIOK y manomy Hampami. [locumanns Ha
JIiTEepaTypy B TEKCTi MOMAIOTHCS TOPSIKOBAM HOMEPOM B KBAJIPATHUX TyKKAX;

— CIHCOK JITEPATYPHUX [KEpesn YKIAJTAETHCS B MOPSIKY MOCHIAHL abo B aj-
dasiTHOMY TOPsiAKY Ta 0POPMIAETHCS BIAIOBIAHO /10 AEPKABHOIO CTAHAAPTY Y Kpai-
uu JICTY T'OCT 7.1:2006 "Bioaiorpadivunuit 3anuc. Bibaiorpadivnuit onuc. 3aranbai
BUMOTH Ta MpaBWIa CKaganusa’ Ta Biamosimae sumoram BAK VYkpainu (nus. nakas
Ne 63 Biz 26.01.2008).

Vci magicaani cTarTi TPOXOAATH PEIleH3yBaHHS.

Penkoneria Mae mpaBo BiIXWIWTH PYKOIHCH, SKITO BOHU HE BiJIMMOBIIAI0TH BUMO-
ram Xxkypuany “Bicauk Ogecbkoro HaiionaabHOro yHiBepcurery. Maremarnka i me-
M 2
xaHika’.

B oxnomy momepi kypHamay myOmiKyeThbCs TiTBKH OJHA CTATTA aBTOPA, B TOMY
4UCJI y CHiBaBTOPCTBI.

CrarTi ciij momaBaTu 10 PEAAKININHOI KOJIeril XKypHaJIy ab0 HAICUIATH 34 aape-
COI0:

Pedaxuitina xoaezis scypHasy
"Bicnur Odecvko20 Hayionasbnozo yruisepcumemy. Mamemamuka i mexanixa”
Onecpkuit Harionanbauii yaiBepcurer imeni 1. I. MeunukoBa
By/1. /IBOpsiHCHKA, 2,
M. Opeca, 65082

Tekcr crarTi MOXKHA HALICJATH €JIEKTPOHHOIO HOLITOMO 33 a/IPECcOIo:
visnyk math@onu.edu.ua

Pyxomucu crareit Ta eeKTpoHHI HOCIT aBTOpaM HE TOBEPTAIOTHCS.

Enexrponny Bepcio KypHaay MoxkHA 3HaiiTu B po3airn “Hayka” — “Haykosi Bu-
manasa’ — “Bicamk OHY” — “Maremarnka i Mmexanika’ wa caiti OmechbKoro Hario-
HanbHOrO yHiBepcutety imeni 1. I. Meunukona:

www.onu.edu.ua



