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Among the quadratic forms, playing an important role in modern mathematics, the Tits quadratic
forms should be distinguished. Such quadratic forms were first introduced by P. Gabriel for any quiver
in connection with the study of representations of quivers (also introduced by him). P. Gabriel proved
that the connected quivers with positive Tits form coincide with the Dynkin quivers. This quadratic
form is naturally generalized to a poset. The posets with positive quadratic Tits form (analogs of the
Dynkin diagrams) were classified by the authors together with the P-critical posets (the smallest posets
with non-positive quadratic Tits form). The quadratic Tits form of a P-critical poset is non-negative
and corank of its symmetric matriz is 1. In this paper we study all posets with such two properties,
which are called principal, related to equivalence of their quadratic Tits forms and those of Fuclidean
diagrams. In particular, one problem posted in 2014 is solved.

Key Words: positive and non-negative quadratic form, quadratic Tits form, P-critical poset, pri-
ncipal poset, Dynkin diagram, Euclidean diagram

CrarTio npejcrasuB 1. d.-M. H., npod. Kozagenko 0. B.

1 Introduction of vertices and arrows of (), respectively, then
the quadratic form ¢g is defined by the following

In 1972 P. Gabriel [1] introduced an integer equality:

quadratic form qg for any finite quiver (directed

graph) @, called by him the quadratic Tits form qQ = qo(z) := Z ZzQ _ Zzizja

of the quiver Q. If Qo and @1 denote the sets i€Qo irg

© B. M. Bongapenko, M. B. Crronoukina, 2018
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where ¢ — j runs through the set Q1. Note that, by
definition, the quadratic Tits form gg of an undi-
rected graph (for simplicity, a graph) G is that of
a quiver G’, which is obtained with the help of
selecting an orientation € on the edges of G (up
to the renumbering of the variables, the quadratic
form gg does not depend on choice of ¢).

The above quadratic form was introduced
by P. Gabriel in connection with the study of
representations of quivers (also introduced by
him). He proved that a connected quiver is of fi-
nite representation type over a field (i.e. has, up
to equivalence, only finitely many indecomposable
representations) if and only if it is a Dynkin quiver,
i.e. the corresponding graph is a (simply faced)
Dynkin diagram (see Section 5).

If we talk directly about quadratic forms, from
the results of [1] it follows that the connected qui-
vers with positive quadratic Tits form coincide wi-
th the Dynkin quivers (“positive” means “positive
definite”).

The above quadratic form gq is naturally ge-
neralized (in an ideal sense) to a finite partially
ordered set (poset) S Z 0:

QSZQS(Z) = z3+2z,-2+ Z Z@'Zj—ZOZZi

ieS i<jyi,j€S ieS

(for the first time it was written in [2]| in connecti-
on with the study of posets of finite representati-
on type). The quadratic form g¢g is called the
quadratic Tits form of the poset S. The problem
of classifying all the posets with positive quadratic
Tits form were solved by the authors in [3]. These
posets are analogs of the Dynkin diagrams.

In [3] the authors also introduced the notion
of P-critical poset and classified such posets up to
isomorphism (see the list of posets in Section 6).
Namely, a poset S is said to be P-critical if its
quadratic Tits form is not positive, but the Tits
form of any proper subposet of S'is positive. So the
quadratic Tits form gg(z) is positive if and only if
the poset S does not contain (as a subposet) a
P-critical one.

Below by “non-negative quadratic form” we
meant “non-negative definite quadratic form” (i.e.
the form takes only non-negative values).

Theorem 1. Let S be a P-critical poset. Then
(1) the quadratic Tits form qs(z) is non-
negative;
(2) Ker qs(z) := {t € ZISH1 | q5(t) = 0} is an
infinite cyclic group, i.e. Ker qs(z) = t'Z for some

2018, 4
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t' # 0 (equivalently, the symmetric matriz of qs(z)
has corank 1).

Indeed, by Theorem 2 and Proposition 19 |3]
the quadratic Tits form ¢g(z) is Z-equivalent to
the quadratic Tits form of some critical Kleiner’s
poset; and the theorem it follows from the well-
known properties of Kleiner’s posets (see, e.g., [4]).

Thus, the P-critical posets coincides with the
minimal posets (relative to full inclusion) of the
set P12 of all posets, satysfying conditions (1) and
(2). The posets from Py are called principal [5].

In this paper we study principal posets related
to equivalence of their quadratic Tits forms and
those of graphs. In particular, one problem posted
in [6] is solved.

2 Main result

By [5, Proposition 9|, for any principal poset J
there exists a (simply faced) Euclidean diagram (in
other words, extended Dynkin diagram; see Secti-
onb) DJ € {As,s > 3,D,,n > 4,Eg, E7, Eg}, uni-
quely determined by J, such that the symmetric
matrices of the quadratic Tits forms of J and DJ
(called in [5] the symmetric Gram matrices) are
Z-congruent. DJ is called the Coxeter—Fuclidean
type of J.

In this paper we prove the following theorem,
which is formulated in the term of equivalence of
quadratic forms.

Theorem 2. Let S be a principal poset.
Then there exists an Euclidean diagram E(S),
which is not a cycle (i.e. E(S) # As), such that
the quadratic Tits forms qs(z) and qgg)(z) are
Z-equivalent.

This theorem strengthens the indicated result
from [5]. In combination with the uniqueness
E(S) := DS with respect to S, we have a solution
of Problem 1.6 [6].

Our proof is general (does not contain specific
calculations) and is based on the methods of mini-
max equivalence of posets and stable equivalence
of quadratic forms.

3 Preliminary

3.1. Minimax equivalence of posets. The
notiion of (min, maz)-equivalence of posets was
introduced by the first author in |7]. In details the
properties of this equivalence were studied in [3].
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Since some time we have been used the term mi-
nimax equivalence.

In this subsection we remember some definiti-
ons and results from [3].

Let S be a (finite) poset. For a minimal
(respectively, maximal) element a of S, denote by
T=25] (respectively, T = Sy ) the following poset:
T = S as usual sets, T\ a = S\ a as posets, the
element a is maximal (resp. minimal) in 7', and
a is comparable with z in T if and only if they
are incomparable in S. A poset T is called mini-
max equivalent to a poset S, if there are posets
S1,...,8p (p = 0) such that, if we put S = Sy and
T = Sp+1, then, for every i = 0,1,...,p, either
Sit1 = (Si)k or Sipa = (S,

The notion of minimax equivalence can be
naturally continued to the notion of minimaz
isomorphism: posets S and S’ are minimax
isomorphic if there exists a poset T', which is mi-
nimax equivalent to S and isomorphic to S’.

The definition of posets of the form T = S,I
(respectively, T = Si) can be extended to posets
of the form T = SL (respectively, T' = Sj), where
A is a lower (respectively, an upper) subposet
of S, ie. x € A whenever z < y (respectively,
x >y) and y € A. Namely, T = S’I‘
T = 5’}4) is defined as follows: T" = S as usual
sets, partial orders on A and S\ A are the same
as before, but comparability and incomparability
between elements of © € A and y € S\ A are
interchanged and the new comparability can only
be of the form = > y (respectively, z < y).

We write S;TB instead of (S;);. S}B instead
of (SI‘)%, etc. Obviously, S}A = S, SjTA = S,
Sh = Sk
and B = {b} are one-element posets, we identify
A and B with a and b.

A poset T is called dual to a poset S and is
denoted by S°P if T' = S as usual sets and x < y in
T if and only if z > y in S. From the above definiti-
ons it follows the next equality: (Sﬁ)oP = (SOP)QOP.

It is easy to show that S; (respectively, 5:&;)

and S is minimax equivalent. Since SE = Sg\ B

it is sufficient to consider only the case, when the
subspace A is upper. Let A; be the set of all mi-
nimal elements of A and (inductively) A;,i > 1,
the set of all minimal elements of A \ (U;;lAj)
(obviously, Ul_;A; = A, where r is the largest i
such that A; # ©); the writing h(z) = i for an
element x € S will be meant that x € S;. From

(respectively,

In the special case, when A = {a}
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this notation it follows that if |A| = m, than the
elements of A can be numerated in such a way, say
a1,a2, ..., Gy, that h(ay) < h(ag) < ... < hiap).
Consequently, st = SaTlZijjlm, i.e. 5’11 1S minimax
equivalent to S, as claimed.

The main motivation for introducing the
notion of minimax equivalence is the following
theorem.

Theorem 3. The Tits quadratic forms of mini-
mazx equivalent posets are Z-equivalent.

The theorem follows from the next propositi-
on.

Proposition 1. Let S be a poset and let T' = SI‘
or T = 5}4. Then qs(z) = qr(2'), where z{, =
20 = Y oged Zas Yy = —Zz for x € A and 2, = 2,

for xz ¢ A.

Corollary 1. Let S and T be the same as in
Proposition 1, and let © ¢ A. Then the quadratic
Tits form of T'\ = is positive if so is the quadratic
Tits form of S\ x.

3.2. Stable equivalence of quadratic
forms. Let f(z) = f(z1, 22, .., 2n) be a quadratic
form of n variables over the field R of real numbers
with the symmetric matrix

F=M(f) =
11 i L’Qz_l fn
Ut f22 —fQ’g‘l U
fl,;—l fz,gfl fn—l,n—l fn;l,n
b Lo .

Then the quadratic form can be written in the
following matrix form:

f(2) = 2000 fuz? + X fijzizg =

21
<2

»2n) M(f) =2M(f)z",

= (Zl, 2y e
Zn

where the letter T" means matrix transposition.
Note that we follow the paper [9], and the

equality f(z) = zM(f)z" is not entirely traditi-

onal (as a final one), since a replacement is usually
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done, say Z := (21,22, ...,2n)" (see[8, Ch. 5,81]),
and then f(z) = ZTM(f)Z.

If in the quadratic form f(z) we perfom
a linear transformation z yA with y
(y1,Y2,---,Yn) and an nonsingular n x n matrix
A, then we get the quadratic form

fly) = (yA)F(ATy") = y (AFAT) y".

From this it follows, in particular, that M(f) =
AM(f)AT.

A quadratic form f(z) = f(z1,...,2,) is said
to be decomposable if there is a proper subset of
S C N := {1,2,...,n} such that f;; = 0 for
i€S,je N\Sandforie N\S,j € S;otherwise,
the form is called indecomposable.

We now recall some definitions given in [9].

An n x n matrix A is called s-stable, where
s€{1,2,...,n}, if its s-th column coinsides with
the s-th column of the identity n X n matrix E.
A linear nonsingular transformation z = yA (see
above) is called s-stable if so is the matrix A.

Two quadratic forms f = f(z) and g¢
g(y) are called s-stable equivalent if there exists
a nonsingular linear transformation z = yA being
s-stable that carries f(z) into g(y). If f = f(z)
and g = ¢g(y) are integer quadratic forms, then
the term “s-stable Z-equivalent” means that the
s-stable matrix A is integer and invertible (as a
matrix over Z).

We now consider the general case of unit
integer positive quadratic forms:

Zfijzizja

n
f(z) :f(zlvazn) :sz—i_
=1 1<J
where n > 1; from positivity it follows that f;; €
{0,1, -1} for all 4, j. The set of all such quadratic

forms is denoted by Z;I.

Theorem 4 ([9], Theorem 3). For any inde-
composable quadratic form f = f(z) € Z and
s € {1,...,n} there exists an s-stably Z-equivalent
quadratic form which is the Tits quadratic form of
a certain Dynkin diagram.

Note that a similar statement, but without
additional restrictions on equivalence, has long
been known [10].

4 Proof of Theorem 2

We will call a poset positive (respectively, non-
negative) if so is its quadratic Tits form.
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Let S be a principal poset of order n > 1.

Then there is a non-zero integer vector ¢ =
(ti)iesuo such that ggs(t) = 0. Fix ty # 0 with
d € S and consider the subposet Sy := S\ d,
which is positive by the definition of principal
poset. Put A := {z € S|z < d} and B := {z €
S|z > d}. Then the poset Sy := S}B is a poset
with “isolated” element d (in the sense that it is
incomparable with any other element).

By Theorem 3 the poset Sy is non-negative
(and even principal by Proposition 1) and by
Corollaries 1 the poset Sgg := Sy \ d is positive.
Therefore, it suffices to prove the theorem for the

poset Sy.
We assume that the elements of S are
numbered by the numbers 1,2,...,n in such a

way that n = d, and for the partial order relati-
on on S use (to avoid ambiguity) the symbol <
instead of <. Put M Mlgs, (20,21, .., 2n)]
(the symmetric matrix of the quadratic Tits form
of Sq) and N := M]gs,, (20, 21,-..,2n—1)] (the
symmetric matrix of the Tits quadratic form of
Sdo); the rows and columns of the both matrices
are numbered by 0,1,... in a natural manner (in
Lo,...

N | o7
)
where v = (-3, ,0).
By Theorem 4 for S = Sy and s = 0 there is
a 0-stable matrix

=

with Ags to be an (n—1)x (n—1) matrix (then Ajo
is an 1 x n — 1 one) such that ANAT = M[qp(2)]
for some Dynkin diagram D (the vertices of
which are numbered by 0,1,...n — 1). Then, for

< 61 (1) ), we have (taking into account that

vAT = v): AMAT = < Mlap(2)] ‘ o ), ie.

v ‘ 1
AMA" is the symmetric matrix of the quadratic
Tits form of the graph D that is obtained from
the Dynkin diagram D by adding the single new
vertex n and the single new edge (0,n). Obviously,
the (connected) graph D is a tree (because so is
the diagram D).

Thus, the quadratic Tits forms gg(z) of the
poset and ¢g(z) of the tree D are Z-equivalent.
Since ¢p(z) is non-negative and is not positive
(because so is gs(z) with S to be principal), the
graph D is an extended Dynkin diagram (see [11]).

increasing order). Obviously, M = ( ”

1 Ap

A=
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5 Dynkin and Euclidean diagrams E¢, E7, Eg (respectively, 6, 7, 8 vertices), and the

list of all simply faced Euclidean (extended
In this section, for reader’s convenience, we provi- Dynkin) diagrams — ;{&n (n+1 > 3 vertices), D,
de the list of all simply faced Dynkin diagrams (n + 1 > 5 vertices), Eg, E7, Eg (respectively, 7, 8,
— A, (n = 1 vertices), D, (n > 4 vertices), 9 vertices).

Simply faced Dynkin diagrams

An L] [ ] L] L]

E6 . . . . .
E7 [ ] L] [ ] ] (] [ ]
E8 L] L] (] L] (] L] (]

An L] (] L] L] [ ) L]
ﬁn L] [ ] L] o L] °
E6 L] o L] ° L]

E? e L] e L] ° L] L)

ES e L] e L] L) L] L) L]

12
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6 The table of the P-critical posets

We follow the paper [3|. The P-critical posets
are written up to isomorphism and dyality; their
number is 75: PCi,PC,,...,PCy5. Self-dual
posets are marked (in the upper right corners)

Series: Physics & Mathematics

by sd. If we add all the posets dual to unmarked
ones, we obtain the classification of P-critical
posets up to isomorphism; their number is 132:
PCy, for k = 1,2,...,75 and PCS® for s #
1,2,4,14,23,29, 31, 34, 35,37,42,45, 52, 54,64, 66,
70, 75.

i |dl g4
ARk J HJ ﬂ
AL
MRIRITANAY
PALITAEAVI
L A ma |

13
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37 38 39 40 41 42 sd

—
n
N
—~

43 44 45 s

9

46 47 48

S
N
g
.
<

49 50 51 52 s

9

53 54 S

9

.
e
.
.

55 56 57 58 59 60
61 62 63 /{/ 64 /[ 65 66 sd
67 A 68 é 69 70 sd |71 72
73 74 75 sd
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Y pobomi susuaromuvca NPoeKmMuUSHi 2pamku Yepenudrux nopadkie. Onucano ymoeu, axum 3ado-
BOALHAIOMD EACMEHMYU MATMPUUT NOKAZHUKIE YEPENUYHO20 NOPAJKY, 30 AKUT NEPEMUH NPOEKMUCHUL
2PAMOK € MPOEKMUBHON 2DAMKON0.

Knowoei crosa: wepenuunuti nopador, Mampuus noka3HuKI8, NPoeKmueHa 2pamxa.

Tiled orders over discrete valuation ring have been studied since the 1970s by many mathemati-
cians, in particular, by Yategaonkar V.A., Tarsy R.B., Roggenkamp K.W, Simson D., Drozd Y.A.,
Zavadsky A.G. and Kirichenko V.V. Yategaonkar V.A. proved that for every n > 2, there is, up to an
isomorphism, a finite number of tiled orders over a discrete valuation ring O of finite global dimension
which lie in M, (K) where K is a field of fractions of a commutatively discrete valuation ring O. The
articles by R.B. Tarsy, V.A. Yategaonkar, H. Fujita, W. Rump and others are devoted to the study of
the global dimension of tiled orders. H. Fujita described the reduced tiled orders in M, (D) of finite global
dimension for n = 4,5. V.M. Zhuravlev and D.V. Zhuravlev described reduced tiled orders in M, (D)
of finite global dimension for n = 6. This paper examines the necessary condition for the finiteness
of the global dimension of the tile order. Let A be a tiled order. The kernel of the projective resolvent
of an irreducible lattice has the form M fi + Mafa + ... + M fs, where M; is irreducible lattice, f; is
some vector. If the tile order has a finite global dimension, then there is a projective lattice that is the
intersection of projective lattices. This condition is the one explored in the paper.

Key words: tiled order, exponent matriz, projective lattice.

Communicated by Prof. Petravchuk A. P.

1 Bcryn JIEM 9aCTOK KOMYTaTHBHOI'O JIMCKPETHO HOPMOBA-
Horo Kiyiblist (O, HA3UBAETHCST YEPEINIHUM TOPSI-
Yepermmumi nopsakn (tiled orders) mam muckpe-  kom max O, Ko M,,(K) — knacuane KiJIbIe ga-
THO HOPMOBAHUMU KINBISIMU BUBYAJIACH, IOMUHA-  c1ok A, e;; € A ta ej;Ae;; = O nuai = 1,...,n,
ooun 3 70-X pOKIB MHHYJIOrO cropiuus, baratbMa ne e; — wmarpuani igemmorentn M, (K). Orxe,
MaTeMaTuKamu, 3o0kpema, $lreraomkapom B.A.,  osmauenns YEPENUYHOT'0 TOPAIKY dIK IIePBUHHO-
Tapci P.B., Poremkamnom K.B., Cimconom /1., ro HETEPOBOr'O HAIIiBIOCKOHAJIOIO HAIIBIUCTPUOY-
Hposmom FO.A., 3asagcexum O.I ta Kupmven-  rugnoro KIJIBIIS € y3arajJbHEeHHSIM TOHSTTS de-
koM B.B. Ckinuenni npsami 1o6yTkun A Takux 1o- PEIUYHOrO NOPAAKY HaJ JUCKPETHO HOPMOBAHUM
PSJIKIB € HETEPOBUMHU CIPaBa HAMBIEPBUHHUMU  KijbIleM B posyminni P.B. Tapci ta B.A. fAreraon-
HAIBJIOCKOHAIMMY HAIIBJUCTPUOY TUBHUME KiJIb-  kapa.
[AMU, Y SIKAX JJIsT Oy/Ib-SIKOT0 JIOKAJIHLHOTO 11eMITO-
TeHTa € € A Kijble eAe € IMCKPEeTHO HOPMOBAHIM B.A. dreraonkap y [5] m0BiB, 110 7151 KOXKHO-
(He oboB’si3koBO KoMmyTaTuBHUM) [1]. Taki Kigbng ro n > 2 ichye, 3 TounicTIO 70 i30MoOpdi3My, CKiH-
i1 HA3BOIO "HAIIBMAKCHMAJbHI KiTblg"OyJIM BBe- 4eHHE YHUCJIO YEPEeNNYHUX HMOPAAKIB HaJ JUCKDe-
nenni y 1974 pori SaBaacekum O.I. ra Kupruuen- tHO HOMoBanuM KisbiieM O cKiH4eHHOI TJI06aJIbHOT
koM B.B. posmiprocTi, ki aexkars y My (K), ne K € monem
Briguo repminosorii P.B. Tapci [4] ta B.A. 49acTok KOMyTaTHBHOIO JMCKPETHO HOPMOBAHOI'O
dAreraonkapa [5], kiibne A C M, (K), ne K € mo- «kinbig O. B saxocri kinbig O 9acTto posriisijiae-

© B.M. 2Kypassbos, .M. Iuraniscoka 2018
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ThCsl Kiiblle k[[x]] dbopMmasbHUX cTerneHeBux psiiiB
HaJI 11oJieM k BiJj oJHi€el 3MiHHOT X.

Busuennio riobasabHol po3MipHOCTI Yepenu-
THUX MOPSIKIB IPUCBSIUEHI OaraTounceabHi crar-
Ti. P.B. Tapci BucjoBuB rinnoresy, 1o MaKCHMaJIb-
HOIO CKIHYEHHOIO TJI00aJIbHOI0 PO3MIPHICTIO Uepe-
OUYHOTO MOPSJIKY, sikuii jgexxkutsb y M, (K), € un-
ciio n—1. Ie giiicao mae micrie s age g X. Oy-
JIKUTA TIOOY/TyBAB MPUKJIA]T I€PEITUITHOTO TOPSIIKY
A, sakuit nexxkurb y Mg(K), Ta gl.dim A = 6.

Qyxura B |6] onncas 3Bejeni depenudHi mo-
psajgku B M, (D) ckindeHHOT 11006aIbHOI PO3MIp-
mocti ma n = 4,5. B.M. 2Kypasmro Ta .B.
ZKypaByiboB omnucaJim 3Be/IcH] YepernudHi MopsaaIKu
B M, (D) ckingennoi riobasbHOl pO3MIPHOCTI J17Ist
n = 6.

Y  mamiit pobOTI PO3TISIAAETHCS HEOOXITHA
YMOBa JJIsi CKIHIEHHOCTI IJI00aJIbHOT pO3MIipHOCTI
YepPeNnUIHOr0 MOpsaky. BimMiTtumo, 1mo B Harmii
TepMiHoJIOTiT "YepenuuHuil MOPSI0K— 1€ HETEPO-
Be 3 JIBOX CTOpIH T€EpBUHHE HAIIBJIOCKOHAJE Ta
HAIIBIUCTPUOYTUBHE KUJIBIE 3 HEHYJIEBUM DaJiv-
kajom JIxexkobcona. Bei Heobxinni BimomocTi mpo
JepenuvHi MopsiIKN MOXKHa 3Hajitu B [1], [2].

2 UYepernuuHi mOpaaKuM HAA JACKPETHO
HOPMOBAHUMHU KiJIbISIMU

Osnauvenns 2.1. Kinbne A HasuBaeThest HAIIB-
MAaKCHUMAJIBHUM, SIKIIIO BOHO € HAIliBIOCKOHAIIM
HAIIBIEPBUHHUM HETEPOBUM KLJIbIEM TAKUM, IO
JJIsl JOBLJIBHOIO JIOKAJIBLHOIO ijemiorenTa ¢ € A
Kijblie e Ae € IMCKPEeTHO HOPMOBAHUM KisiblieM (He
060B’sI3K0BO KOMyTaTHBHIM) |[3].

Teopema 2.1. (nus. |[3]) Koowcne nanismarcu-
MAABHE KIALUE 130MOPPHE CKRIHYEHHOMY TPAMOMY
000YMKY NEPBUHHUL KIAEUD HACMYNHO20 6U2AAJY

(@) T*120 T O
7210 (@) T2
=1 . . )
7O 720 @

den =1, O — duckpemno Hopmosane Kiavue 3
NPOCTNUM EACMEHTNOM T, (i — ULAL PAYLOHAADHT
WUCAG TAKT, WO 0y + O = oy Oaa 61T 1, J, k
ma ay; = 0 daa ecix 1.

[TepBrunne HamiBMaKCHMaJIbHE KiJIbIle HA3UBA~
€ThCA YePEUIHUM ITOPSIIKOM.
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Mu ©Oy/ieMO BUKOPUCTOBYBATU HACTYIIHE IIO-
{0,(N)}, ne E(A) = (o)

— MaTpulld TOKa3HWKIB Kigbig A, 1.0. A
n

> €m0, ne e;; — Marpudsi opuauI. Ko
ij=1

YepennIHuil MopsAJI0K € 36e0eHUM, TO yj +aj; > 0
it i, =1,...,n, 1% j.

Kinbne O BKIaIAETHCA B KJIACUYHE TLIO Ya-
crok D, i (1) o3Hayae MHOXKHUHY BCIX MaTpHIb
(aij) S Mn(D) TaKUX IO a;; &€ 7% O
eiiNejj, e €11, ..., epp — MATPHYHI OAMHMIY Kijlb-
g M, (D). OueBunno, mo Q = M, (D) e knacu-
YHUM KIJIbIEM YaCTOK KLIbIda A.

3HadeHHA: A

OsHauvennss 2.2. Hexaii A — depenuunnii mo-
psiziok. Ilpasoro (n1iBo0) A-rpaTKoo HA3MBAETHCs
upasuii (1iBuit) A-MOJyJIb, sIKUii € CKIHYeHHOIO-
po/zKkeHuM BlibHUM O-MOJLyIeM.

3okpema, BCi CKIHYEHHOIIOPO/PKEHI ITPOEKTUB-
ui A-momyii € A-rparkamu.

Cepej BCix A-rparok BUILIAIOTHCS TakK 3Ba-
ui mesBinni A-rparku, To6TO A-rpaTKu, sIKi MicTs-
ThCsl y IPOCTOMY TpaBoMy (aiBomy) (Q-mosymni U
(Bizn. V). Li rpaTku yTBOPIOIOTH YaCTKOBO BIIO-
psinkoBany MHOXKuHY Sp(A) (Bimm. Si(A)) BimHO-
cHo BKJiouennst. Sk 6yso mokazano B 3] Oy1p-siKa
npasa (Bian. sisa) Hespigaa A-rparka M (Bim.
N), sxa mexurs B U (Bigm. B V), € A-momyiem 3
O-6asucom ey, ..., m*ey,), UPUIOMY

{

ne Oyksa T o3HAUAE ONEPAIII0 TPAHCIOHYBAHHSI.
Mu 6yaemo sanucysaru [M] = (aq,...,q,) abo
M= (aq,...,ap), akmo M € S, (A).

,a) € Sp(A)
can)t € S)(A)

Ko (o, . ..
Ak (o, ...

Qi + a5 2 aj,
Q; + oy 2 o

3 IIpoekTuBHi rpatkun

Hexait A = {O0,E(A) = (o)} — 3Benennii we-
pennunuii nopsiiok B M, (D), Py expl\, k=
1,...,n. Pi,..., P, — Bci nomapuo ueizomopdHi
HEpO3KJIa HI nmpoekTuBHi A - Moy, dAapo mpo-
eKTHBHOI Pe30JIbBeHTH He3BimHol A- rpaTkum Mae

S
Burisin », Mf;, me M; — neperuH HpPOEKTHB-
t=1
HUX T'PATOK, f; — Jesiki Bekropu (mus. [7]). Hus
CKIHYEHHOCTI MPOEKTUBHOI PO3MIPHOCTI ITi€l Trpa-
TKU MOTPiOHO, mo6 X04ya 6 OAWH IEpPeTHH IIpoe-
KTHUBHUX I'PATOK OYB MPOEKTUBHOK I'PATKOIO.
Hexait 7P, N 7Tij = w¢Py,. Moxusi Buma-
KU:
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(1) a+ay > b+ aj. Tom a+ oy = c+ ay i
a = C+ ap — o
(2) b+ ajp > a+ azp. Toml b+ ajp = c+ ayy i

b=c+ agy — ajp;
(3) a+ aig = b+ ajq = ¢+ apg. Tomi a
C+ Qpg — Qig, b= c+ agq — ajq.

Maemo po36UTTS MHOXKMHH 1HIEKCIB Ha, IIij-

MHOXKUHU | L UL Uly, ne I
{l, nns skux BUKOHYETHCS BUIIAZOK (1)},
Iy = {p, s KX BUKOHYyeTbCs Buma oK (2)},
Is = {q, s gxux BuKOHyeThCs BUIAJOK (3)}.
HesBinni npoexkrusni rpatku m°F;, 7erj HETopiB-
HSIJIbHI, TOMY MHOXWHU [ Ta [o HEITOPOXKHI.

Bupasumo a i b y KO2KHOMY BUIAJIKY U€pe3 C.
Orpumaemo a + ay; = ¢+ ag, a = ¢ + ag — gy,
b+ ajp = ¢+ agp, b = ¢+ agp — ajp. 3 HepiBHOCTI
a + a; > b+ aj; orpuMyemo

(2)

Qg > Qgp — Qp + Q.
3 mepisHOCTI b + v, > a + p OTPEMyEMO

3)

Okp > Ol — Q] + Qjp.

Pisnocti a + g = b + ajq = ¢ + oy naloThH

(4)

Axmo k € Iy, 70 0 = agg > agp—ajp+ag. Orpu-
MaJi cytepedHicTb. ko k € Ir, o 0 = g >
ag — ai + oz OrpuManu cynepedsicTb. OTxke,
kelgils 75 0.

ITpu g = k maeMo oy — avjg + oy, = Qg — i+
o, = o = 0. 3Bigcn

Qgl — Q4 + Qg = Qi — Qjp + Qjg = Qg-

Qi + gl = Q4 Qi+ Oy = Qp- (5)

3 (5) ButumBae, mo i ¢ I1 1 5 ¢ Io.

Axmo ¢ € I3, TO gy — Qv = gy — Qjp + Qujy =
ay;. Bpaxosyioun (5), Maemo —our = —oji +
aj; = Q. 3Bigcnm oy + ap; = 0. OTpumann
cynepeuticte. OTke, ¢ € Iy, dxmo j € I3, 10
Qg — i + qij = agp — ayp = oyj. Bpaxosyio-
un (5), MaEMO —ay, + (j = —Q) = Qpj. 3Biacn
aji + ag; = 0. Orpumamn cynepednicts. OTike,
j € 1.

Hepiuicts (2) 3 ypaxysauusm (5) nabysae
BUTVISLY Q] = Qgp — Qjp + Qg = —qjk + Q.
3Bijcu o + o > ;. Hepisnicrs (3) 3 ypaxysa-
HHSM (5) HaOyBa€ BUIVISILY Oty = Qg — O + Qip =
—, + up. 3Biacn ok + oy > @y, Pisricts (3)
Qg — Qi + Qg = Qg — Qjp + Qg = Qg 3 YPaxyBa-
HHaAM (5) HabyBae BUITISTY —ui + Qg = —0i +
Qjg = Qug. BBIICH OTPHMYEMO (vif, + Qg = Quig,
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Qj + Qg = ojg. Takum uunom ¢ € Iz, j € I,

k € I3 i mia poinbaux | € I, p € Iz, q € I3
Ma€MO HACTYIIHI CITIBBIIHOIIEHH S

Qi + Qg = Qyl, Qg+ Oy = Qjp,

Qik + Qg = Qig, Qi + Qkg = g, (6)

Qik + Qgp > Qip, Qg + Qg > Q.

Hapnakm, mexaii icuye posourra I = I1 U I U I3,
1 € 1,5 €1, ke I3ingna noButbnux I € I,
p € Iy, q € I3 maemo crissigaomenns (6). ITokia-
IeMo a = ¢ — oy, b = ¢ — ajp. Tomi a + ay =
C— i+ Qi =Cct+ap >Cc—ajp+ o = b—i—aﬂ
g posinpuoro ! € I1. b+ Qjp = C— Qi + Qjp =
c+ gy > ¢ — Qi + Qip = a + Qyp I8 JOBLILHOTO
p € Ip.

a+ Qg = ¢ — Qg + Qg = €+ Qg I JOBLILHOTO
q€I3. b+ ajg =c— aji + ajq = ¢+ apq A1g jo-
BinbHOTO g € I3. Tomy a+ g = b+ ajq = c+ Q.
Ile oznauae, mo 7 P; N 7erj = 7°P;.

Mu J10BeJI HACTYIIHY TEOPEMY.

Teopema 3.1. Hexati My, My, M3 — nessioni
npoexmueni epamxu. Todi My N My = Ms modi
i MIABKY MO0JI, KOAU ICHYE DPOZOUMMA MHONCUHU
I={1,2,...,n} na nenopootcni niommoorcuru I,
I, I3 maxi, wo sukonyromuves ymosu (6). Hrxuo
M1 >~ Pi, MQ ~ F’j, M3 ~ Pk, de Pz‘, F’j, Pk
PN ﬂ'ij = 7¢P, dan deaxux a,b,c € 7.

V caraiinaky () HeMa€ CTPIJIOK 3 TOYKH 1 Y TO-
uku 3 [1 UI3\ k, Ta 3 Toukn j y Touku 3 IoU I3\ k.

Teopema 3.2. Hexati A = {O,E(A) = (a4j)}
— yepenudHull nopador nad JUCKPemHo HoPMOSa-

Hum xiavuem O, Py,..., P, — eci nonapno we-
i3omoppni npoexkmueni A - epamxu 1 = e; +
S
o +en, P = A 74P, = 7P, Oe

=1
T Py, ..., T Py, nonapHo HENOPIBHANLHI

npoexmueni neseidni A - epamxu, modi i miab-

KU Modi, KOAU ICHYIOMD HENOPOAHCHT NIOMHONCUHU

I, Is, ..., I mnoorcunu imdexcis I = {1,2,...,n}
S

maKi, wo lL—J1 Iy = I ma cup i+ gy = Oy ) 00

sciz | ma dan eciz p) € I,.

S
Josederns. Hexait (| 7P, = n®Py. Ilosna-

=1
qaumo [ {p(l) e I:a + Qpp®) 2 +
Oy, p(1) IS BCIX .j =1,.., s}-. Toni a; + a,, .0 =
@+ Q1) I8 BCIX P € I;. BBigcu a; = a + Q)

@ - Maemo a;+auy,, = a+0u, = ajtoj,m =

a;

o
mp
(a+ apyo) — amjp<j)) + Uy p0)- Orpumanu

(7)

akp(l) 2 akp(j) - amjp(j) + amjpa)'



Bicnux Kuiscvkoz2o nayionansvbro2o yrisepcumemy
iment Tapaca Ilesvwerra
Cepia: Pizuro-mamemamusri HOYKY

S
Ockinbru |J I} = I, To icuye t Take, mo k € I.
=1
HepiBuicts (7) BUKOHYETBCsI, 30Kpema MpH
t) _ _
p“-—E-NHWMOQ-—O%k><nm@-—amwur+amﬁ
JUTs BCiX j. 3a KimbIeBIMI HePIBHOCTSIMHI v,k +
Ckkp(j) Z amjp(j) JJId BCIX j

O12Ke, Qmk + ) = QX pli) -

S
Hagnaxu, nexait |J [; = I, I; # 0 nis Beix [
=1

Ta Oyl + Q1) = Q) JUTEL BCIX lta p¥ € I,.
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Tloxkmamemo a; = at0u,0) =0y, 1) = A= Oty .
Toni (a; + a,,,,0) — (a; + ozmjp(z>) = (a — amk +
Opyp®) = (@ = Qo + Q) = Qe — Qe +
Qpyp® — Qo p) = Qe + App) = Q1) > 0.
Orxe, a; + « Z aj + Qp, 0 A BCix [, ] Ta
p(l) e 1.

Bpaxosyioun, mo a; + «
S
orpumaemo (| 7Py, = w%Py. Teopemy noseme-

=1
O

myp()

mp® = @+ gy,

HO.
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1 Definitions. Notations. Previous

results. Statement of problem.

Let (Q, B, P) be certain probability space
with non - trivial probability measure P and
correspondent expectation E, and let ¢ =
¢(w), w € Q© be numerical valued random vari-
able. We denote as usually by [{|,, p € [1, ]

© Yu. Kozachenko, E. Ostrovsky, L. Sirota, 2018

its classical Lebesgue - Riesz L, = L(p) = L,(2)
norm

€], == [P, 1< p < oo

|€] 0o 1= vraisupy,eqlé(w)].

The so - called tail - function T¢(u), u >0 for
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this random variable ¢ is defined by a formula Let us bring some used further examples. Defi-

ne the function

def

Te(u) = max{ P({ >u), P(E<—u) }, u>0. )
(1.1) Pm,L = Pm,L(A) :==m™ A" L(A),
An equivalent version: A>0, m = const > 1, (1.3)
B where L = L()) is positive slowly varying at
Te(u) :=P(§] > u), u=>=0. (1.1a) infinity, i.e. as A — oo function. Then as = — oo
Obviously,

¢;1,L(x) ~ (m/)fl xm’ L—]_/(m*].) <x1/(m71)> :
Te(u) < Te(u) <2 Te(u), u >0, b

the equivalence. and as ordinary for arbitrary value m > 1

The aim of this report is to establish the reci- m def M
procal non - asymptotic interrelations separately m—1
mutually possibly exact up to multiplicative If for instance L(X) = [In(\ + €)]”

constant between tail functions, suitable Orlicz
and Grand Lebesgue Spaces norms for random
variables.

We do not suppose that the considered in this d(N) := dmr(N) =m™ 1 A™ [In(\ +e)]",
article r.v. satisfy the famous Kramer’s condition:

r =const € R, i.e.

A>0,m=const >1, r € R,
Jeo >0 VA: [A[ <€ = Eexp(A§) < o0, then as = — oo

in contradiction with previous works, see, for
example, works [2], [6], [7], [8], [19]. D () ~ (m)™t 2™ [In(z 4 €)Y (1.5)
Throughout this paper, the letters C,Cj(-)
etc. will denote a various positive finite constants
which may differ from one formula to the next even
within a single string of estimates and which does

not depend on the essentially variables p,x, A, y, u A(N) = dmrg(N) = m-L\m (A +e)]” [InIn(A+e)]?
etc. " '

see, e.g. [18], p. 40 - 42.
Analogously if

We make no attempt to obtain the best values
for these constants. A>0,m=const >1, r,q € R,

The immediate predecessor of offered report
is the article [7], in which was considered the
case when the considered r.v. satisfy the famous
Kramer’s condition. See also [6], [8], chapters 1,2 D g (T) ~ (m)~' ™ [In(z + )] /(MY x
ete.

We will use in this report in general at the x[Inln(z + ee)]_Q/(m_l)- (1.6)
same techniques as in [7].

Recall that the so - called Young-Fenchel
transform g — g* of arbitrary real valued functi- L(A\) =[InA]" M(In \),
on g = g(x) is defined as follows

then similarly as * — oo

More generally, if

where M = M(\) is positive slowly varying

* def i
dW) % sup (zy—g(2)). (1.2) function as A — oo, then as x — oo
z€Dom(g)
The symbol Dom(g) denotes as ordinary the o5 () ~ (m!)~' ™ [Ina] /D x
domain of definition (in particular, finiteness) of ’
the function g¢(-). x MY M= (1 ). (1.7)

21
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The case m =1 is more complicated. Define the
¥ function ) = pE)(p) as follows

def P
L(p)’

where as before L = L()) is positive continuous
slowly varying function as A — oo tending to infi-
nity as A — oco. Let also the r.v. & be from the
Grand Lebesgue Space G with unit norm:

" (p) (1.8)

(L) def €y }:

then by the direct definition of these norms

p
<75, p21 1.9
| |p L(p) ( )

We deduce by means of Chebyshev - Markov
inequality

Te(x) <exp(—C(L) x InL(x)). (1.10)

Conversely, let the estimate (1.10) be a given
for some r.v. £ and some such a positive function
L = L(-) for which L(z) 1 oo, then

p

 p> 1. (1.11)

2  Grand Lebesgue Spaces (GLS).

Let (2, B,P) be again at the same probability

space. Let also 1» = ¢(p), p € [1,b), b = const €
(1,00] (or p € [1,b] ) be certain bounded from
below: inf)(p) > 0 continuous inside the semi -
open interval p € [1,b) numerical function such
that the function

h(p) = b)) < p my(p)  (2.0)

is convex.

An important example. Let n be a random
variable such that there exists b = const > 1
so that |£], < co. The natural GV function
Yy = 1y (p) for ther.v. n is defined by a formula

def
Yn(p) = |nlp-
We can and will suppose b = sup{p, ¢¥(p) <
oo}, so that supp ¢ =[1,b) or supp ¢ = [1,b].
The set of all such a functions will be denoted by
U(b) ={v()}; ¥:=¥(o0).
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We will consider in this article only the case
when b= oo; i.e. W := ¥(c0).

By definition, the (Banach) Grand Lebesgue
Space  (GLS) space Gv G (b) consi-
sts on all the numerical valued random vari-
ables (measurable functions) ¢ defined on our
measurable space and having a finite norm

Sy

()

The function ¢ = v (p) is named generating
function for the Grand Lebesgue Spaces.

These spaces are Banach functional space,
are complete, and rearrangement invariant in the
classical sense, see [1]|, chapters 1, 2; and were
investigated in particular in many works, see e.g.
[3], 14], [5], 6], [7], [8], [15], [16], [17]. We refer here
some used in the sequel facts about these spaces
and supplement more.

It is known that if ¢ # 0, and ( € Gy(b),
then

¢l = 11¢llGe & sup

p€E[L,b)

(2.1)

Te(y) < exp (—hy(In(y/11K1D) ) v > [IC]], (2.2)

where

def

h(p) = h[Y](p) = p

Namely, let [[(|lgyp) = 1; therefore by
means of Chebyshev - Markov inequality

Inyg(p), 1<p<b.

= exp (—plny + p¥(p)),

following

Te(y) < inf exp(—plny+p ¥(p)) =
pe[l,b)

= exp ( —=h[y]"(In(y/[[C]))) ), v = e-[[C]].

Conversely, the last inequality may be
reversed in the following version: if the r.v. (
satisfies the Kramer’s condition and

P(I¢| > y) <exp (—hy(In(y/K)) .y >e- K,

K = const € (0, 00),
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and if the function hy(p), 1 < p < oo is positive,
continuous, convex and such that

plggo Y(p)/p =0,

then ¢ € G, herewith |[|¢|| < C(¢) - K and

conversely

IGY < C() K < Ca(4)[C]IGY,

0<Ci(v) < Co(vh) < 0. (2.3)

Introduce the following exponential Young -
Orlicz function

Ny(u) = exp (hj(Inful)), |ul > 1;

Ny(u) = Cu?, |u| < 1,
and the correspondent Orlicz norm will be denoted
by || ||L (Ny) = || [|L(N). It was done
1[G < CrlI¢IIL(N) <
<CQHCHG’$, 0<Cl <CQ<OO. (2.4)

If for instance

Y(p) = Ym(p)

where m = const > 1, then

def

‘e pl/m

) pE [1700)7

0#¢€ Gy & Te(u) <exp(—C(m)u™).

Define also the correspondent Young - Orlicz
function

Nip(u) = exp (Ju|™), Ju| = 1;

Np(u) = Cu?, |u| < 1.

The relation (2.3) means in addition in this case

<G < Cr(m)[CI[L(Nm) < CzHCHG%(z, |
2.5
0 < Ci(m) < Ca(m) < 0.

Notice that in the case when m € (0,1) the
correspondent random variable £ does not satisfy
the Kramer’s condition. We intend to generalize
the last propositions further on the case just in
particular m € (0, 1].
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Define as an example the following degenerate
GV function

Vi) =1, 1<p<m
w(r)(p) =00, p>r; r=const > 1.

The G7() norm of an arbitrary r.v. n is
quite equivalent to the classical Lebesgue - Riesz
L, norm

Thus, the Grand Lebesgue Spaces are direct
generalizations of the Lebesgue - Riesz spaces.

(2.6)

3  Auxiliary estimates from the saddle -

point method.

We must investigate in advance one interest
and needed further integrals. Namely, let
(X,M,u), X C R be non-trivial measurable
space with non-trivial sigma finite measure pu.

We assume at once p(X) = oo, aslong as the
opposite case is trivial for us. We intend to esti-
mate for B’ Dkgreatests DK values of real parameter
A, say A > e, the following integral

I\ = / @)y (da). (3.1)
X

assuming of course its convergence for all the suffi-

ciently great values of the parameter A. The

offered below estimates may be considered as a

some generalizations of the saddle - point method.

Here (¢ = ((x) is non-negative measurable
function, not necessary to be convex.

We represent now two methods for upper esti-
mate I () for sufficiently greatest values of the real
parameter .

Note first of all that if in contradiction the
measure g is finite: u(X) = M € (0,00); then
the integral I(\) allows a very simple estimate

I(A\) < M - sup exp (Az — ((x))
reX

=M - exp (C*(X)) - (3.2)

Let now
(0,1); let us
integral

w(X) = oo and let € = const €
introduce the following auxiliary

K(e) := /X e~ @) y(d). (3.3)
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It will be presumed its finiteness at last for
some positive value €y € (0,1); then Ve > ¢ =
K (€) < oo. I(A) < c2 K(0(X)) exp(¢T(A)).- (3.8)

Then the following measures are probabilistic: )
As regards the function K = K(0()\)), note

that if X = R*, u(dz) = dz, and if
 Jeop(—@) u(do)

v 4): ORI (@) > e, 20, (39)
We have then
I _ _a- K(0(\) < e5 A ¢¥'(23),
fo = [ explda = (1= @) wila) < - :
exp{sup[hz — (1 - )¢(@)]} = ,
reX I(\) <cg A CT(2X) - exp(CF(N), A > Ag. (3.10)
A
= exp {(1 —e)¢” (1 — e> } . If in turn instead (3.9) there holds
Following, ((x) = ey %, a = const > 0,

X = R4, p(dx) = dz,

I(\) < K(e) - exp {(1 — )¢ (1)\e>} (35 th

and hence:
Theorem 3.1 We assert actually under o 1/a .
formulated here conditions, in particular, the I(A) < cs P‘C (2)‘)} -exp(CT(A)), A > Ao.

condition of the finiteness of K(e€) for some value (3.11)
e € (0,1) : Theorem 3.2. Suppose in addition X =
(a,00), a =const € R, or X = R, and that
. f A
I(\) < inf [K(e)-exp{(l—e)( ( )}]
€€(0,1) l—e 3C = const € (0,00),Ja = const > 1 =
(3.6)
We can detalized the choice of the value e = ((z) > Cz%, =z > 1. (3.12)

in the estimates (3.5) - (3.6). Namely, denote Then there exists a finite positive constant C' =

C(¢,a) such that for sufficiently values A, say for

Cc1 A>1
=0\ = —F——, A=\ = t . =
(A) NV (20) o = const >0
(3.7) I(\) < exp (C*(CN)). (3.13)
The value Ao is selected such that (\) < . . )
1/2, A > Xo. Then Proof, in particular, the finiteness of K(e), € €
(0,1) contains in fact in [9], chapter 2.1.
A <\ 5 We represent now an opposite method, which
1—¢ (1+2e), was introduced in particular case in |7], 8], secti-

and we have taking into account the convexity of ™ 1.2. Inded, let v = const € (0,1). We apply

the function ¢*(-) and denothing ¢(\) = (*(A) : the Young's inequality

Az < ((yx) + ¢ (A7),

A
¢ (1—9) <A +2M) <

therefore

P(A) 420X ¢'(2X) < c2 + (V).

(A z)—((z
To summarize: I(A) < et ) /XBC(V )=¢(=) p(dx) =

24
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= R(y) S M), (3.14)

where

R(y) = / COD=CE) (). (3.15)
X
We obtained really the following second esti-
mate.
Lemma 3.2.

IA) < inf |R(y) e V| (3.16)
v€(0,1)

4 Main results: connection between tail
behavior and Grand Lebesgue Space

norm.

Statement of problem: given a tail function T¢(y)
for the certain (non - zero) random variable & of
the form

Te(y) < exp (=h*[Y](Iny)), y > 1,

where () € GV. It is required to prove £ € G,
or on the other words to obtain an estimate of the
form ||¢]|GY < oo.

Recall that the inverse conclusion: ||{||Gy =
1 = (4.1) is known, see (2.2).

So, let the estimate (4.1) be a given. We have
for the values p > e

(4.1)

PR < / " Vexp (“h* ) (Ina)) de
0

o0

/

It remains to use the proposition of theorem
3.1.
Theorem 4.1. Suppose

exp(p y — h*(y)) dy. (4.2)

o0

C(h):

< 0. (4.3)

sup
p€E(1,00)

[ |

If the r.v. & satisfies the inequalities (4.1) and
(4.3), then &€ Gy :

€]|Gy < 2 C[h) !¢ < . (4.4)

Proof. It is sufficient to note that the functi-
on p — h[Y(p)] is continuous and convex and
that

25

by virtue of theorem of Fenchel - Moreau.
Let us bring some examples.
Example 4.1. Put as before

Ym(p) = p"™,
but here m = const € (0,00). Let & € G, and

1EN1GYom = 1.
Note that in the case m € (0,1) the r.v.

¢ does not satisfy in general case the Kramer’s

condition. But we conclude on the basis of theorem
3.1 |¢]|Gom € (0,00) <=

3C(m) € (0,00), Te(u) < exp (~C(m) u™), u > 0.
(4.5)
More precisely, if ||¢]||Gm =1, then

Te(u) < exp (—(me)™' y™), y > 0.
Inversely, assume
Te(u) <exp(—y™ ), y>0.
Then it follows from theorem 3.1
€]1GYm < €1
or equally
€], <emteptm p>

Let us consider a more general case, indeed,
introduce as above the following ¥ function

Yo (p) E p™ L(p), m = const >0, (4.6)

where L = L(p), p > 1 is some positive conti-
nuous slowly varying as p — oo function. We
impose for simplicity the following condition on
this function:

[L(pe)

L(p)

This condition is satisfied, if for example
L(p) = [In(p + 1)]", r = const.
It follows again from theorem 3.1 that the r.v.
§ belongs to the space Gy, 1, :
-

|

V0 >0 = sup
p=1

] = C(0) <oo. (4.7

€y

|1€1[G Y, = sup M

p=1

(4.8)
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if and only if

Te(y) < exp(=C(m, L) y"/L(y)), y > e. (4.9)

As a particular case: define the ¥ — function

¢(m,r) (p) = pl/m In"(p+1), (4.10)

p=1; m = const >0, r = const € R.

The random variable £ belongs to the space

G¢(m,r) :

€l
Q;Z)(m,r) (p)

= sup
p=>1

|

if and only if

} =1¢€(0,00) (4.11a)

Te(u) < exp (—C(m,r) (u/)™ ln_r(u/l)) ,
(4.11b)

u=el.

Example 4.2. A boundary case.
We introduce the following G'W¥ function

¥ (p) = p (In(p +1))*,
s =const € R, p € [1,00).

(4.12a)

Then the non - zero r.v. v belongs to the Gu(*)
space if and only if for y > 0

T,(y) <exp (—C(s)y m*(y+1)). (4.12b)

Note that the r.v. v satisfies the Kramer’s condi-
tion if and only if s < 0. The case s = 0
correspondent to the exponential distribution for
the r.v. v; the case s = —1 take place in parti-
cular when the r.v. v has a Poisson distribution,
which obey’s but the exponential moments.

Example 4.3.

Let us consider the following 1g(p) function

Vp.c(p) := exp (Cpﬂ ) :

C, B = const > 0. Obviously, the r.v. 7 for which

(4.13)

Vp=1 = |7, = Yso(p)

does not satisfy the Kramer’s condition.
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Let & be a r.v. belongs to the Giypgc(-)
space:

€[|GYp.c =1, (4.14a)

or equally

g <ew{cr’ |, pellio).  (414)

The last restriction is quite equivalent to the
following tail estimate

Te(y) < exp ( ~C1(C,8) [n(1+y)]F/7 ),
(4.15)
as y > 0.
5 Main results: connection between tail
behavior and Orlicz’s space norm.

We retain the notations and definitions of the
previous sections, in particular,

G(u)

Gl](w) = h*[¥](nu), ¥ € G

etc. Define also the following Young - Orlicz functi-

on N[](u) :

(5.0)

exp[G(u)] = exp [ A*[¢](Inful) |, u > e;

N[](u) = C u?, |u| < e. (5.1)

We will prove in this section that the tail esti-
mate (2.2) of the r.v. £ is completely equivalent
under some simple conditions to the finiteness of
its Orlicz’s norm ||¢|| LN [¢].

Recall that we do not suppose that the r.v.
¢ satisfies the Kramer’s condition.

Proposition 5.1. If for some r.v. & there
holds |[¢||LN[Y] = K € (0,00), then for y >
eIl

Te(y) < exp (—hy(In(y/(C K))) ).

Proof basing only on the Chebyshev -
Markov inequality is at the same as before in the
inequality (2.2), see [2]|, chapters 2,3; (6], [7], [19].
Namely, we deduce that for some positive finite
constant Cy

(5.2)

Eexp (G([¢]|/C1) < oc.

It remains to use the Chebyshev - Markov
inequality.
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Proposition 5.2. Assume in addition to the
foregoing conditions on the function (-) that the
function G[¢](u) satisfies the following restricti-
on:

3« = const € (0,1), IK = const > 1,

Vz € (0,00) = G(z/K) < a G(x). (5.3)
If for some r.v. &
Tey) <exp (—R5Mn@) ), y>e,  (54)

then the r.v.
LNTY]

& belongs to the Orlicz space

IEIILN[Y] < C(4, o, K) < o0 (5.5)

Proof is more complicated than one for
proposition 5.1. It used the following auxiliary
fact.

Lemma 5.1. Let a function ¢g: Ry — Ry
be monotonically increasing, T = T¢(x), S =
Sy(x), * = 0 be two tail functions correspondi-
ngly for non - negative r.v. £, n and suct that

Te(x) < Sy (), @

= 0.

We assert:

/ " (@) [dTe ()] < / " (@) S, ()]
0 0

Proof of lemma 5.1. One can suppose without
loss of generality that both the tail functions T
and S are continuous and strictly decreasing.
Further, one can realize both the r.v. & n on
the classical probability space 2 = {w} = [0, 1]
equipped with ordinary Lebesgue measure:

£ =¢&w) = (1-T)" (w), n=n(w) = (1-9) " (w),
whete f~! denotes the inverse function.

We have ¢(w) < n(w) a.e., therefore g(&) <
g(n) a.e., and all the more so

Eg(¢) = — /O " g@)dTe() <

<- / " g(2)dSe(x) = Bg(n),

Q.E.D.

Proof of proposition 5.2. Let the pair of
(o, K) be from the condition (5.3).
We have relaying the proposition of Lemma 5.1

Eexp (G(§/K)) =

numbers

/O " expGa/K) dTe() | <
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</ " expGla/K) ldexp(~G@)| < (5.6)
0

/0 " explaG(z)] |dexp(~C(z))

:/01

We used by passing (5.6) — (5.7) the fact qui-
te thin from an article [14]. It follows immediately
from this estimates that & € L(N[¢]), see for
example [19], p. 31 - 33.

Examples. The condition (5.3) is satisfied
for example for the functions of the form

1
2z %z = T—a < 00.

(5.7)

b(p) = p"/™L(p), ¥(p) = cp [In(p+1)]" L(Inp),

where m,c = const € (0,00), r = const € R
and L(-) is positive continuous slowly varying at
infinity function.

Counterexample. The function

Yryp) =1, 1<p<r
w(r)(p) =00, p>r; r=const >1,

for which the correspondent function has a form

h*(Inu) = rlnu
does not satisfy the condition (5.3). Actually, for
the r.v. n from the space L, = L,.(Q) the
correspondent tail estimate has a form

T

T, Lcu ',

n

(u)

but the inverse conclusion is not true.

6 Concluding remarks.

It is interest by our opinion to obtain the generali-
zation of results of this report into multidimensi-
onal case, i.e. into random vectors, alike in the
article [7].
We mention even briefly an important possi-
ble application of obtained results: a Central Li-
mit Theorem in Banach spaces, in the spirit of [§],
section 4.1. The case of finite support ¢ : b < oo.
In this case approvals 4.1, 5.1, and 5.2
are in general case incorrect. The correspondent
counterexamples may be found in the arti-
cle [7]. Thus, the problem of description of
correspondense between tail behavior and Grand
Lebesgue Space norm is in this case an open
problem.
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Borel measures which are invariant under the tail equivalence relation on path spaces of Bratteli
diagrams are considered. We study the following problem: Let Bratteli diagram is fived. Do every self-
homeomorphisms that preserve such a measure can be approximated by homeomorphisms which are
“close to finitary” homeomorphisms? We found some conditions on diagrams for which it is true.
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1 Introduction finite symmetric groups.

Therefore the measure is invariant under the tail
relation if and only if it is invariant under S(B).
Note that S(B) is not closed in the topology
induced by the metrics of P(B). Therefore the
measure g is invariant under the closure S(B) of
the group S(B).

The following question arises naturally:
whether all self-homeomorphisms preserving
measure p can be approximated by “finitary
homeomorphisms”™?

In the case when P(B) is the boundary of
a spherically homogeneous rooted tree and B is
of rank 1 (that is diagram contains only one
vertex per level) the group Mg is the closure of
the subgroup S(B) (see [6]). On the other hand
there are isometric balls in path-spaces of certain
(even) stationary diagram such that they are not
permutable by homeomorphisms of S(B). But
isometric balls have equal measures (Statement 1).
Therefore, in this case, it is easily seen that the
e Elements of S(B) preserve the tail relation. group S(B) is a proper subgroup of the group Msg.

It seems naturally to define a subgroup S(P(B))
e S(B) acts transitively on every tail equi- f the group M, slightly bigger than S(B), such
valence class. that the following requirements hold:

Bratteli diagrams are important objects not only
in theory of operator algebras but also in dynamics
on Cantor set.

We consider Borel measures g which are
invariant under the tail (cofinal) equivalence
relation on path spaces of Bratteli diagrams. It
is known the measure u is unique in the case of a
unital simple stationary Bratteli diagram (see [3]).
We will consider unital simple stationary Bratteli
diagrams only in this work. It is clear that all
self-homeomorphisms preserving measure p form
a group. We will denote this group by Mg. Also
it is easy to check that the group Mg is closed in
the topology induced by the metrics of P(B). In
this group we distinguish naturally the subgroup
S(B) of “finitary” homeomorphisms which consi-
sts of all self-homeomorphisms of P(B) that fix all
but finitely many coordinates of paths. The group
S(B) has the following properties:

e S(B) is a direct limit of direct products of e all isometric balls are permutable (in special
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sense) by elements of S(P(B));

e if all isometric balls are permutable by
elements of S(B), then S(P(B)) coincides wi-
th S(B).

We study the problem whether the group Mp
is the closure of its subgroup S(P(B)). A unital
simple stationary Bratteli diagram is completely
defined by its incidence matrix. It is turned out
that the group Mg is the closuse of the subgroup
S(P(B)) in the case when the Perron eigenvalue of
the incidence matrix is algebraic of maximal possi-
ble degree (in fact the degree is equal to the order
of the matrix) (Theorem 1).

Some of the results of this paper were
announced without proofs in [4].

2 Preliminaries

For definitions of Bratteli diagrams and their path-
spaces in general case we refer the reader to [5].
Stationary Bratteli diagrams can be defined in a
following way:

A stationary Bratteli diagram B
({Vi}iz0,{Ei}i>1,s,r) is defined by the followmg
data

e the set of vertices V- = V(B) partitioned into
a disjoint union V' = | |;- Vi of levels, where
Vi is a sequence of copies of the same set
Ve={vl,...,0"} fori>1; Vo = {w};

the set of edges E = FE(B) also partitioned

into a disjoint union E = |_|Z>1 FE;, where

E; is a sequence of copies of the same set

E.={el,... el for i > 2; E is a copy of

the set V;

Source and range maps
S:Ei—>‘/i_1 ? FZEi—>W

act in the same way on each level (i > 1),
i.e. they are defined by

s:E,—V, and r: E, — V,.

It is also required two additional conditions
for the first level:

e the mapping r : £ — V) is induced by the
identity mapping id : Vi, — Vi,

e s(e) = vy for each e € Ej.
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Note that we allow more than one edge e
starting and ending at the same pair of vertices
s(e), r(e).

A stationary diagram is called unital if for
every v € Vi, © > 1 there exists e € FE; satisfyi-
ng ()

A stationary diagram B is called simple if for
every v, ve € Vi there exists a path (eg,...,eg) in
B such that s(e1) = v1 and r(eg) = vo.

The matrix A = (a;;);';—; with elements a;; =
{e | e € Ey,s(e) = j,r(e) = i}| is called the inci-
dence matriz of a stationary diagram B.

The space of paths P(B) of a stati-
onary Bratteli diagram is the set of sequences
{(61,62,63,...) | e; € Ei,r(ei) = S(€¢+1),’i >
1}. Thus, it is equal to the set of all sequences
(e1,e2,€3,...) € Vi x EN such that r(e;) = s(e;r1)
for all 4, 7 > 1.

We define spherically homogeneous rooted
tree T which levels V,,(T), m > 1 consist of
Vix EM=L Vo (T) = {0}. Two vertices are adjacent
in the tree T if they are contained in the consequti-
ve levels and if they are beginnings of the same
sequence of V, x EF . In this tree we distinguish the
subtree T'(B) which contains vertex v € V,,(T) if
and only if v is a beginning of a sequence of P(B).
The path space P(B) can be identified with the
boundary 0T'(B) of the tree T'(B).

A set of paths of 9T (B) going through a vertex
v is called ball or cylinder set corresponding to v.
We will say that a ball U, (v € V;;,) is a ball of the
level Vi,,. Note that the cylinder set corresponding
to a finite path € = (eq,. .., e,,) in Bis the set [e] =
{z = (x;) € P(B) | ©i = ¢€;,1 < i < m}. All cyli-
nder sets of P(B) form a basis of open sets of the
topological space P(B). This topology is induced
by the ultrametrics p given by p(e,&) = 27™ if
€ # &, where m is the length of common beginning
of the sequences € and &, and p(e,&) =0ife = €.
The set of the cylinder sets of P(B) are exactly the
set of all balls of the metric space (P(B), p). Note
that if r(e,,) = r(e},), then the balls [e] and [€]
are isometric.

Two paths € and & of P(B) are cofinal if
em 1, for all m sufficiently large. It is easi-
ly seen that the cofinal relation is an equivalence
relation.

= .

A finite Borel measure p on P(B) is invariant
if it is invariant with respect to the cofinal equi-
valence. We assume that p takes finite values on
some clopen sets.
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A unital simple stationary diagram B admits
a unique invariant probability measure p (see [3]).
Due to [1] the following equality holds u([e]) =
p([€']) for arbitrary paths € = (e1,...,ey) and
e = (e],...,el,) satistying r(e,,) = r(el,).

The group S,,(B) is, by definition, the group
of all self-homeomorphisms of 97'(B), that just
permute the balls corresponding to vertices of the
level V,,, that is, S;,(B) is the group of all self-
homeomorphisms of 9T'(B) that fix coordinates of
paths starting with (m + 1)th coordinate.

Clearly, S;,(B) < Sp+1(B). The group S(B)
of “finitary” homeomorphisms is a union of the
ascending chain of subgroups S,,(B) of the group
of all self-homeomorphisms of 9T'(B) (also this
subgroup is called the full AF-group of B [2]).

On the group Homeo(P(B)) of all self-
homeomorphisms of P(B) we will consider the
metrics p, which is induced by the metrics p of
the space P(B): p(g, h) = max,ecor px (29, 2") for
all g, h € Homeo(P(B)).

3 Results

Let us fix and recall our notations. An unital si-
mple stationary Bratteli diagram is denoted by
B. The path space of B is denoted by P(B). The
rooted tree corresponding to B is denoted by T'(B),
0T (B) P(B). The ball corresponding to the
vertex v € V(T'(B)) is denoted by U,. Matrix
A = (ag5)} j— is the incidence matrix of B. Let MT
denote the transpose of a matrix M. The Perron
eigenvalue of A will be denoted by A4, that is,
A4 is the largest real eigenvalue of the matrices
A and AT. The vector vy = (vi,v2,...,v,) Wi-
th positive coordinates is the eigenvector of AT
corresponding to A 4. Additionally we assume that
v1 + v2 + ...+ v, = 1. The probabilistic Borel
measure on P(B) which is invariant under the tail
relation is denoted by pu.

It is known how to compute the measure of a
cylinder set [(€)] ((é) = (e1,...,€em)) of the path
space P(B): u([(€)]) = A™™v; where ¢ is determi-
ned by the equality r(e,,) = vi.

Now we want to define the subgroup S(P(B))
of the group Homeo P(B).

At first we define the notion of permutation
of isometric balls. We can certainly assume that
the set E; coincides with V. Let #% = (v%) where
1 < i < n. We will denote by e ~ € a pair of
paths € = (e1,...,en) and € = (€],...,€),) such

i /
= » €m,
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that corresponding cylinder sets [€] and [€/] are
isometric. For v%, vl satisfying vl ~ vl, i < j and
vl = r(vl) # r(vl) = vl there exists a bijection

Yij :{b] b € Byys(b) = vi} = {c|c € By s(c) = vl},

such that 1;;(b) = ¢ implies b ~ c. Let us fix this
bijection. Let us fix ¢j; = zpigl too.
Let paths e (e1,..

yem) and &

(€),...,€e,) be such that e ~ €. We will defi-
ne a mapping Qe e] — [€]. If rlen) =
r(el,) then we put deer(e1,...,em,x1,22...) =
(€),..., e, x1,22...), for all possible paths of

P(B) of the form (e1,...,em,x1,22...). If r(en,) #
r(el,), then ¢eer(er, ..., em,z1,29...) is determi-
ned by induction. Let r(en,) = !

* and
/ J

v

r(em) = V. Let y1 = @/113(1'1) If r(xl) =
r(y1), then ¢eer [Z1] — [y1] was already
defined, and ¢ee(er,...,em, 21,22, 23...) =
(€),..., €, y1,x2,x3,...). Otherwise, we go to the

consequent element of the sequence. Set o
Yri(x2), where k and [ are determined from the
following equalities 7(x1) = vF and 7(y1) = vl
If r(xzg) r(ya), then ¢;(el,x1,20,25...)
(ei,yl,yg,:ng, ...). Otherwise, we go to the
consequent element of the sequence, and so on.

We call the mapping ¢ the permutation of
isometric balls [€] and [€']. Tt is easily seen that
¢eer induces an isometry of rooted trees Tx(B) —
Tw(B). Since every isometry of rooted trees induce
an isometry of corresponding boundaries ¢/ is an
isometry.

Thus we can define the group S,,(P(B)), whi-
ch consists of all self-homeomorphisms of P(B)
that just permute balls of the level V,,. By the
construction the groups S,,(P(B)) (m € N) form
an ascending chain of subgroups of Homeo P(B).
Therefore, it is natural to define in the group
Homeo P(B) the subgroup S(P(B)), which is the
union of ascending chain of subgroups S,,(P(B))
(m e N).

Note that if for a diagram B from the fact
that balls [€] and [€’] are isomorphic it follows that
r(em) = r(el,), then S(P(B)) coincides with S(B).

Proposition 1. The group S(P(B)) is a subgroup
of MB-

Proof. In fact, we only need to prove that
isometric balls of the first level have equal
measures. Namely, we need to prove that the
equality v; = v,, follows from the equality v\ ~
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vy, Since the relation ~ is induced by the relati-
on of isometry of balls then ~ is an equivalence
relation.

The set V, is partitioned into classes of
the equivalence ~: Vi/~ = {Ki,Ks,...,K}
for some s > 1. Without loss of generality we
can assume that this partition satisfies equaliti-
es K; = |_|f;+klz_l vl for i = 1,...,s and for some
ki,...,ksy1 where 1 = k1 < kg < ... < ksy1 =n.

For any pair of isometric balls U; and Us
an isometry U; — Us induces bijections between
certain balls of the first level of U; and Us. In
terms of elements of the incidence matrix it may
be written as

k}i+1—1 ki+1_1

Z pg = Z Apt;
p=FkK; p=kK;

for kj < ¢t <kjpi—landforalli=1,...,5s+1
/

and j=1,...,s.

We will consider the matrix A" = (a};)
obtained from A as follows: aj; = Z’;";,;‘l Apgs
where ¢ satisfies the inequality k; < ¢ < kj;q1 — 1.
Due to the equality (1) the matrix A’ is well
defined. Let v' = (v{,...,v}) be the Perron ei-

genvector of the matrix (A’)”. Then the vector

( )

(1)

s
4,j=1

"

!/
[

Vg, -

A

kgfkl k‘s-}—l*ks

is an eigenvector of the matrix A7. It has positi-
ve coordinates by construction. Since positive ei-
genvector of positive irreducible matrix is unique,
it follows that v” is the Perron eigenvector of the
matrix (A’)T. Thus v” is collinear to v. Therefore,
vl ~ o™ implies v; = vy, which completes the
proof. O

The procedure of constructing the matrix A’
from A described in the proof of Proposition 1
we shall call the reduction. First we note that all
coordinates of the Perron eigenvector of A’ T are
pairwise different.

Note also that the closure of the group
S(P(B)) contains the group of all bijective local
self-isometries of the path space P(B). Namely,
we have proved that the group of all bijective
local self-isometries of the path space P(B) is a
subgroup of Mg.

Lemma 1. The group Mg is closed in the topology
induced by the metrics p.
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Proof. We will prove that for a ball B and for
a sequence of measure-preserving homeomorphi-
sms {f,} converging to f the following equality
holds u(f(B)) = p(B). Since {f,} converges to
f, for any positive € there exists IV such that for
every n > N the e-neighborhood of f(B) contains
fn(B). The image f(B) is a finite union of balls.
Therefore u(f(B)) +d > wu(B) for any § > 0.
Thus u(f(B)) > u(B). We can decompose P(B)
into finite disjoint union of balls provide this uni-
on contains given ball. We also have u(f(P(B)))
w(P(B)). It follows that u(f(B)) = p(B) for any
ball B of P(B).

Since the set of all balls forms the base
of the topology induced by the metrics p, the
homeomorphism f preserves the measure pu. O

Proposition 2. Let B be a simple stationary unital
Bratteli diagram, A be the incidence matrix of B,
A’ be the matrix obtained by reduction from the
matrix A, B’ be the Bratteli diagram defined by
A’. Then Mgp is the closure of LIsom(B) if and
only if Mg is the closure of S(B').

Proof. Tt is easily seen that reduction (ambi-
guously) defines an embedding of the space
P(B’) into P(B), and this embedding induces an
embedding of Mp/ into Mp. By the other hand
for any large enough level number m in P(B’)
there exists a union U of certain balls of the level
number m with the following property: the largest
subgroup of Mp’ that consists of all elements acti-
ng trivially on the complement to U is isomorphic
to Mpg. Therefore, there exists an element of Mg
which is approximated by elements of LIsom(B) if
and only if there exists an element of Mg/ which
is approximated by elements of S(B’). O

Due to Proposition 2 we will consider Bratelli
diagrams with only

Lemma 2. Let B be such that all coordinates of
vy are pairwise different. Assume that for any fi-
nite unions of balls U, W C P(B) the equality
w(U) = p(W) implies that there is h € S(B) sati-
stying h(U) = W. Then there is a convergent to
g sequence {h, € S(B),n € N} for any g € Ms.
Thus in this case the group Mg is the closure of
its subgroup S(B).

Proof. Assume that the equality u(U) w(W)
implies that there exists h € S(B) such that
h(U) = W for a finite unions of balls U, W C
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P(B). Fix g € Mp. We will construct a requi-
red sequence {h, € S(P(B)),n € N} by inducti-
on. At first we will choose h;. Let Vj, be some
level of the tree T'(B). For every ball U,, (v; €
Vi,) there is mi(v;) € N such that the image
g1 (U,,) is the disjoint union of balls g=*(U,,)
Uw,ew Uw, for some W C Vi, (. Since g
preserves the measure u, by assumption, there
exists hy, € S(B) such that h.(U,,) = g~ (Uy,).
Let l1(vi) € N such that h. € Sj(,)(B). Set
n1 = 1+ max{mi(v;),l1(v;), k1 | v; € Vi, }. Note
that ny > k1. Hence there is h; € S, (B) such that
g Y (U,,) = hi*(Uy,) for any v; € Vi,. Therefore
for every x € P(B) there is v € Vj, such that
g(x) € U, and hyi(z) € U,. Thus p(g, h1) < 2751

Choose h;11 by induction. Assume that h;,
ki, and n; are already defined. Putting k;11 = n;
for © > 1 we define h;+; in a similar way. Thus
p(g, hiy1) < 27%+1. By construction, the obtained
sequence {ki,ko,...} is strictly increasing. Hence
the sequence {h,, € S(P(B)),n € N} converges to
g as required. ]

Let us consider a diagram B with the inci-
dence matrix A. Assume that all coordinates of
the Perron eigenvector of the matrix A7 are pai-
rwise different. Since coordinates of vy are pairwise
different there are exactly n values

{pi,m :)\_mvi |’i: 1,...,1’L}

of the measure p for balls of the level m. We
call balls of the measure p; ,, the balls of type 7
(1 < i < n). Note that S,,(B) acts naturally on
the set V,,, and is a direct product of symmetrical
groups each of which acts naturally on the vertices
of fixed type.

Proposition 3. Let B be a simple stationary unital
Bratteli diagram of rank n and A be the incidence
matrix of B. Assume that all coordinates of the
Perron eigenvector vy = (v1, ..., v,) of the matrix
AT are linearly independent. Then the group Mg
is the closure of its subgroup LIsom(B).

Proof. Since all coordinates of vy are different we
have LIsom(B) = S(B). Therefore by Lemma 2 it
is sufficient to show that for any finite unions of
balls U, W C P(B) the equality pu(U) = p(W)
implies that there exists h € S(B) satisfying
hU)=W.

Let U,W C P(B) and pu(U) = u(W). We can

assume that U and W are unions of balls of the
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level V,,,. Let k; denote the number of balls contai-
ned in U of the measure p;, (1 <@ < n). Let [;
denote the number of balls contained in W of the
measure p; ., (1 <i<n). Since p(U) = (W), we
have Y | kjv; = > liv;. Hence

n

Z(kl - li)’l)z' =0.

=1

(2)

.,Un are linearly independent we

O

Since vy, ..
have k; =1; fori=1,...,n.

Theorem 1. Let B be a simple stationary unital
Bratteli diagram of rank n and A be the incidence
matrix of B. Assume that one of the following
conditions holds

1) The characteristic polynomial of the matrix
A is irreducible.

2) The determinant of A is equal to 0 and
n=2.

Then the group Mg is the closure of its subgroup
LIsom(B).

Proof. Due to Proposition 2 there is no loss of
generality in assuming that all coordinates of the
Perron eigenvector of the matrix A7 are pairwise
different. In this case LIsom(B) = S(B). Therefore
by Lemma 2 it is sufficient to show that for any
finite unions of balls U, W C P(B) the equality
w(U) = p(W) implies that there exists h € S(B)
satisfying h(U) = W.

Let U,W C P(B) and pu(U) = pw(W). We can
assume that U and W are unions of balls of the
level V,,,. Let k; denote the number of balls contai-
ned in U of the measure p; , (1 <@ < n). Let [;
denote the number of balls contained in W of the
measure p; , (1 <4 < n). Since p(U) = p(W), we
have Y | kjv; = > liv;. Hence

n

Z(kl - ll)vz =0.

i=1

(3)

Consider the theorem conditions.

1. The first condition implies that A4 is an
algebraic number of degree n. If n = 1, then T'(B)
is a spherically homogeneous tree. In this case all
balls of any level V,, are pairwise isometric whi-
ch implies the assertion (see also [6]). Fix n > 1.
Let us consider the matrix A — A4l where [ is
the identity matrix. Suppose that k; — I; # 0
for some i. We substitute ith row of the matrix
A — Al by the vector w = (k1 — U1, ..., kn — ).
The determinant of the obtained matrix is equal
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to 0 due to (3). The coordinates of the vector w
are integers. Therefore A4 is a root of polynomi-
al with integer coeflicients of degree n — 1. Hence
the characteristic polynomial of the matrix A is
reducible. This contradicts with our assumption.
Thus, k; = [; for 1 < i < n. Therefore, there exists
h € S (B) such that h(U) = W.

2. Now let the determinant of A be equal to
0 and n = 2. We will show that the required h
can be taken from S,,1(B). For this purpose it is
sufficient to prove that the sets U and V contain
the same number of balls of type ¢ on the level
Vm+1 for i = 1, 2.

Since the determinant of A is equal to 0, we
have Ag4 = a11 + a9o and there exists a non-zero
vector with integer coordinates w = (wq, ws2) sati-
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sfying AwT = 0. Therefore, wiv1 + wove = 0. We
can assume that wy and wy are coprime. Applyi-
ng (3) we obtain (k; — I3, ks — l3) = aw where
a is an integer. Thus we only need to show that
wy(a11+az21) = —wa(aiz+aze) (i.e. the sets U and
V' contain the same number of balls of type ¢ on
the level V41 for i = 1,2). But the last equality is
a consequence of the equality Aw” = 0. Therefore,
h can be taken from Sp,+1(B), which completes the
proof. O

It is easy to check that an equivalent
formulation of the first condition of the last
theorem is: the coordinates of the Perron
eigenvector of the matrix AT linearly
independent over Z.
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On the convergence rate for the
estimation of impulse response function
in the space L,(T)

IIpo mBuAKicTb 30i>KHOCTI JIJI OI[IHKU
iMOyJbcHOT nepeximuol yHKIHl y
upocropi L,(T)

Kuiscbkuit mamionajipHuii yHiBepcuTeT ime-

ui Tapaca [lleBuenka, 01033, Kuis, Byn. BoJio- Taras Shevchenko National University of
JAuMHUpCchbKa, 64. Kyiv, 01033, Kyiv, 64 Volodymyrska st.
e-mail: irozora@bigmir.net e-mail: irozora@bigmir.net

B pobomi docaidoicyemuves disunno 30icHuma 00HOPIOHG AHITHG CUCTEMA 3 TMNYABCHON0 Nepe-
TI0HOM0 PynKruyicto. B AKocmi ouiHKu iMNYAbCHOT GYHKUIT PO32AA0GEMBCA CYMICHA KOPEAODAMA MIHC
nPoOYECAMu Ha 8L00i Ma 8UL00L CUCTEMU. FHATLOOUMBCA PO3NOJLA NOTUOKU OUIHIOBAHHA IMNYALCHOL
dpynruii 6 npocmopi L,(T).

Knouoei crosa: imnysvcna nepexiona Gyrryia, AHIGHG 00HOPIOHG Cucmema, 2ayccosuti npouec,
CYMICHA KOPENO2PAMG.

The problem of estimation of a stochastic linear system has been a matter of active research for
the last years. One of the simplest models considers a ‘black box’ with some input and a certain output.
The input may be single or multiple and there is the same choice for the output. This generates a great
amount of models that can be considered. The sphere of applications of these models is very extensive,
ranging from signal processing and automatic control to econometrics (errors-in-variables models). In
this paper a time-invariant continuous linear system is considered with a real-valued impulse response
function. We assume that impulse function is square-integrable. Input signal is supposed to be Gaussian
stationary stochastic process with known spectral density. A sample input—output cross-correlogram is
taken as an estimator of the response function. An upper bound for the tail of the distribution of the
estimation error is found that gives a convergence rate of estimator to impulse response function in the
space Ly(T).

Key Words: impulse response function, linear time-invariant system (LTI), Gaussian process, cross-
correlogram.

Communicated by Prof. Kozachenko Yu.V.

1 Bcryn coMm orinku y poborax B.Bymmurina, B.3aiirg,
B.Kypouku ta ®@.Vuera [2|, [4] BuBuasucs ymosu
3asiaua ONIHIOBAHHSA XapaKTEPUCTHK JIHIHHUX CH-  aeuMITOTHIHOT HE3MIIEHOCT] Ta KOH3UCTEHTHOCTI
creM pisHOI i3uvHOI NPUPOAN BUHUKAE y Oara- Yy CepeHbOMY KBaJIpPaTUYHOMY, & TAKOXK yMOBH
TBOX TaJly3sX, HAPUK/IAL, y PajlodI3uIl, CeHCMO-  acuMITOTHYHOT HOPMAJIBLHOCT SIK Y CeHCI 3617KHO-
JIOT'1l, METeOPOJIOril, TeOpll CUIHAJIB Ta aBTOMAaTH-  cTi CKiHYeHHOBHMIDHIX PO3IOALIIB, Tak y CeHC
YHOTO KOHTPOJIIO, Teopil inbrpanil, GpiHanCcOBI 36i)uocT BigmoBixHnx POBIIOJIIIB Y IIPOCTOPI He-
maremaruii Tomo. OcTaHHIM YCOM Ieil HAIPAMOK  repepBHUX (yHKII.
JOCUTH AKTUBHO PO3BUBAETHCS.

. . . . B mnpamgx B.Bymmurina ta I.BraxieBcbkoi
Hesiki MeToau OIIHIOBAHHSI HEBIIOMUX 1M-

. . [1] BcTanOBIIOETHCST ACHMIITOTHYHA HE3MIIIEHICTD
MyJIbCHUX Tepexigunx yHKIi JTiHifinnx cucrem .
Ta KOH3UCTEHTHICTb Y CEPEIHBOMY KBaJIPATH-
YHOMY KOPEJIOTpaMHOI iHTEerpajbHOl OIlHKHU; 3
MEHIII OOMEXKYBAJbHUMHU YMOBAMHY, Hi2K B CTATTAX
B.Byspurina i @y Jli, BuB4a/nch nuTaHHs aCUM-
MITOTUYHOI HOPMAJILHOCTI OITIHKH Ta MOXUOKH OITi-

HIOBAHHSI Y IIPOCTOPI HelepepBHUX (PYHKITIA.

Ta, BUBYEHHsI BJIACTUBOCTEIl BIJIMNOBIIHUX OIIIHOK
posrigaanmucs y poborax B.Bymmurina Ta itoro
yuHiB. ¥ Kjaci JIHITHUX CHCTeM BaKJIMBUN ITif-
KJIAC CKJIQJIaI0Th HeIlepepBHI OJHOPIAHI CUCTEMHU.
B sxkocTi omiHok 6epyThcsi CyMicHI Iepiogorpamu
abo cymicHi KopesorpaMu MizK IIPOIECAME Ha BXO-
Ml Ta BUXOJIi CUCTEMU. IlorpibHo 3ayBakuTu, MO y BUIIE3TATAHUX

Jns  kopesorpamMHOl JIUCKPETHOI 3a 4Ya- poboTax BUBYAIOTHCH aCHMITOTUYHI BJIACTUBOCTI

© 1.B. Posopa, 2018
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OIIHOK IepexifHol iMIyabcHOl byHKIHT i He npu-
JIIAE€TbCA yBara 3HaXOJXKEHHIO TOYHUX OIIHOK
POBIOMIIB Jjist CylIpeMyMy HOXUOKU OITiHIOBAH-
ng. Buepie Taxi ominku Oysm 3HaiigeHi B poboTi
10. Kozauenka Ta I. Posopn [7].

B naniit poboTi po3riisiiaeTbesi KOpeaorpaMmHa
inTerpaJibHa OIlIHKA IMITYJILCHOI ItepeximHol ¢pyH-
KIIil Ta 3HAXOUTHCS OIIHKA PO3IOJILIY HOPMU II0-
xubKu oninoBanus B mpoctopi L,([0,T7).

2 Kopesorpamu ta X BJIaCTUBOCTI

Posrngremo disnaHo 3mificHuMy OIHOPIAHY cu-
creMy 3
H(1), 7 € R. e o3nauae, mo aificnosnadna yH-
kiiss H(7) = 0 mpu 7 < 0, a peaxiiisi cucremu
Ha JomycTuMuii Bxinumit curaan X (t), ¢t € R, mae
BUIVISA/T

IMITYJILCHOIO  MEPEexXi/IHOI0  PYHKITIEIO

Y(t) = /OOO H(T)X(t — 7)dr. (1)

[Ipr BUBYEHHI TaKWX CUCTEM BUHUKAE 3a]a-
va omiHoBaHHs (GyHKIT H 3a crocTrepexeHHsIMU
3a peakIlielo CUCTEeMM Ha BXimHmit curHaj. Y ma-
Hifl cTaTTi PO3IIATAETbCA KOPEJIOTPAMHUN METO/T
OIIHIOBAHHS IMITY/IbCHOI nepexiamnol dyukiii H 3a
ymoBu H € Ly(R).

Posrnsnemo  jilicHO3HAYHUN — CTAIIOHAPHUINA
IIEHTPOBAHUM TayCCiBCHKUII BUIAJIKOBUI IPOIIEC
X = (X(¢), t € R), mo 36yproe cucremy (1). He-
xait f=(f(\), A € R) — cuekrpanbpHa OIbHICTH
nportecy X . Ilpunyckaemo, o mana yHKIs He-
IepepBHA i 33JJ0BOJILHSIE YMOBAM

sup | f(A)]
AeR

KX S Ll(R),

< 00

e Kx(t) = [ eMf(\)d), t € R, — xopemnsmiii-

Ha (pYHKISA BHIAIKOBOrO mporecy X .

Ominky mna H B toumi 7, 7 > 0, BU3HAYHU-
MO y BUIVISJII CYMICHOI eMIIPUYHOI KOpeJIorpamMu
MizK BXiJIHUM Ta BHUXIJHUM [porecamu (IuB., Ha-
npukiaz, (1)

T
Hp(r) = ;,/0 Y(t+7)X(t)dt, 7>0, (2)

ne I' — JoBXKWHA IHTEPBAJIy YCEpPeTHEHHS, IPU
IIbOMY MiJIXOJIi /IO OIliHIOBaHHS H TPUITYCKAEThCHA
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takoxk, mo X (t) = Xa(t), robro Ha BXix cucremn
ITOIAETHCS CiM'sI TIPOIIECIB, 3aJ€KHAX BiJI apame-
tpa A > 0 Ta i3 NEBHUM BUIVISJIOM CIEKTPAJIBHOL
miabHOCT. B momanbmomy mapamerp A Oymemo
OIyKaTH.

[Mpunycrumo, mo H € Ly(R).

Yepes
+00

/

rnmosHaunMo reperBopennst @yp’e- Ilnanmepens
yukii H.

H* (M)

= eMH(t)dt, X eR,

(e}

BayBakenus: 1. [umeepasu 6 (1) ma (2) pos-
2AA0a10Mmbes AKX CepednvboreadpamuywHi THMe2pait
Pimana.

Inmezpan 6 (1) icrye modi i miavku modi, xKo-
2y ienye iwmeepan Pivana (dus. [5], cm. 278)

/O b /0 T H(D K x(s — 1) H(s)dsdr. (3)

Hxwo 6 danomy inmezpasi BUKOPUCTAIMU
300pasicerta  Kopeasuitinoi dynruii uepes cne-
KMPasvhy wiavhicms ma nepemeopents Dyp’e-
ITranwepeasn oasn dynruii H(T), ompumaemo

/0“ /000 H(7)K(s —7)H(s)dsdr =
+o0

H*(=X) - H*(\) f(\)dA.

—0o0
Ocxinvku sup | f(A)| < oo i H € La(R), mo inme-
AER
epan (3) icuye, a omorce, i icnye inmezpan 6 (1).
Bydemo ssasrcamu, wo inmeepan (3) ichye
maxootc ax inmeepas Jlebeza.

Jlerko mimpaxysaTu, II0 MaTeMaTUYIHE CIOLI-
Bantst Hp(7) nopiBHioe

EHp(r) = /Ooo H(s)Kx (T —s)ds.  (4)

Otxe, 3 (4) MaeMo, IO B 3arajIbHOMY BHIIAJIKY
EHr(7)# H(1), T €R.

Ile osnadae, MO OMIHKA fIT(T) € 3MIIIeHoIO.

B poGorax [1] Ta [3] posruisiiatoTbest moci o8-
HOCTI KOoBapialliiHuX (QYHKINH, 9Kl 3a/1eXKaThb Bi
napaMerpy A, i 3HAXOASTHCSI YMOBHU, KOJIM OILiHKa
Hp a(T) € acuvmroriamo nesmimeromo st H (7)
upu A — oco. Takoxk B [3| nokazano, 1mo 3a mes-
nnx ymos Hp a(7) — H(7) 3 fimoBipricTio 1 mpu
A—o00iT — 0.
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BayBaxkenHst 2. 3 pobomu [1] eunaiusae, wo 6ci
NnompPioHt YMosu, OAf GCUMMIMOMUNHOT He3MmiuLe-
HOCME Ma 0Af 3610icHocmi 3 mosipricmio 1 euko-
HYIOMBCA OAA NMOCAIOBHOCTNE MAKULT CNEKMPAND-
HUT ULTADHOCTET

Z7p(r) = Hp (1) — EHp (7).

B [1] nokazano, 1o kopessigiiiina dbyHKIs
Zr(T) Mae BUIIALT

EZT(Tl)ZT(TQ) =

2 “+o0o +oo )
:;/ / (=il (o) 2+

4 ei(Tl)\1+TQ/\2)H*(Al)H*()\Q)> %

X@T()\Q — )\1)f()\1)f()\2)d>\1d)\2, (6)
qe Dp(A\) — saapo Deiiepa
(sin(T)\/2)> '

A/2
KBaaparuayno-I'ayccoBi BumaikoBi npo-
Hecu

1

(N =5 7

3

B manomy po3mizii po3riisiiaroThCs O3HAYEHHS Ta
JIesIKi  BJIACTMBOCTI  KBaJIPATUIHO-TAYyCCOBUX BH-
MTaJIKOBUX BEJIMYUH 1 ITPOTIECIB.

Hexaii (2, F, P) — iiMoBipHicHHI mpocTip Ta
(T, p)— KOMIAKTHUI METPUYHUI IPOCTIP 3 METPHU-
KOIO p.

Hagejiemo osnavenns i3 kuuru [6].

Osnavenns 3.1. |6] Hexait & = {&,t € T} —
ciM’st CyMiCHO raycciBCbKUX BUIAIKOBUX BEJIMYNH,
E¢ = 0 (manpukiaz, &, t € T, € raycciBcbKuM
BUIIQ/IKOBUM IIPOIECOM ).

ITpoctip SG=(§?) Ha3uBAETHCSI IPOCTOPOM
KBa/IPATUIHO-TAYCCOBUX BUIAJIKOBUX BEJIMYUH,
SIKINO KOXKeH ejieMeHT 1) € SG=(§2) MoxKHaA npej-
CTaBUTHU Y BUTJIAI

—
(=)
—

n=E AL —EETAE, (7)
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ne &1 = (&,&,...,6), & €5, k=1,...,n, A~
JIfICHO3HAYHA MATPHILS,

abo n € SG=(f) mpeacTaBIsETbCS K Cepe-
JHBOKBaIPATUIHA IPAHUIS TIOCJIIOBHOCTI BUIIA -
KOBUX BeJr4uH 3 (7)

n= l.i.m.n%oo(fz;Agn — EEEAEN).

Osnavenns 3.2. [6] Bunagkosuii mponec £(t) =
{&(t),t € T} HasuBaeTbCs KBaJAPATHIHO-
rayCcoBHM, SIKINO st KOxKHOro ¢ € T Bumaaxosa
Besimanna £(t) nanekuts npocropy SGz(2).

Bigomo Takox, 1o

e SG=(Q) € baraxoBUM IPOCTOPOM 3 HOPMOIO

1K1l = VEC;

e SG=(Q) e nigupocropom npocropy Opiiiva,
110 OPOJKYEThCsT (DYHKIIEIO

Uz) = exp o] - 1;

e nopma [[(][z, (@) Ha SG=(f2) exsibanenTtna
EC2.

HOpMi

IIpuxsad 1. Posrnsimemo ciM’10 raycCciBCHKUX TTE€H-
TPOBAHUX BHIIAKOBUX IIPOIECIB

&1(t), &(t), ..., &n(t), t € T. Hexait maTpuris
A(t) € cumerpuanoro. Tomi

X(t) = ET(R)ARE() — EET () A(DE(D),
PSS Er(t) (gl(t)7£2(t)""a£n(t))a

KBaJIpPaTUIHO-TayCCOBUM BUIIQJIKOBUM IIPOIECOM.

€

Saraspui BJIACTUBOCTI KBaJIpaTHIHO-
rayCCoBUX BHIIQJIKOBUX IIPOIECIB MOYXKHA 3HANUTH
B poborax [6], [9].

Hacrynna teopema 1ae OIIHKY PO3MOIIIY
L,-HOpMHI KBaIpaTHYHO-I'ayCCOBOI'O BUIIAIKOBOIO

nporiecy. JoBesenns 11 Mmoxkua 3naiitu B [8].

Teopema 3.1. [8/ Heati {T,2, u} — sumiprui
npocmip, de T— napamempuwna mrodrcuna, ma
nexati X {X(t),t € T} — wesadpamuumno-
eayccosutl eunadkosuti npoyec. IIpunycmumo, wo
inmezpan Jlebeza fT(EXZ(t))gdu(t) KOPEKMMHO 61U-
sHavenul daa p = 1. Todi ichye matiorce HanesHo
inmeepan [.(X2(t))Pdu(t) ma

L[ ix@raun > o} <
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, (8

ons eciz r = (\% + /(5 +1)p)Pyy, de v, =
P

fT(EXQ(t))zdu(t).

4 TIpo mBuIKicTh 30i2kHOCTI KopeJiorpam

B poctopi L,(T)

Haunit po3aiia IpucBIIeHNH 3HAXOIKEHHO TITBUI-
KOCTi 30i)KHOCTI KOPEJOrpaMHUX IHTErpaJibHUX
OIIHOK HEBIJIOMUX IMITyJIbCHUX IlepexiHux (yH-
KIiiii siniitanx cucrem B mpocropi L,(T). A ca-
Me, 3HAXOIUTLCS OIIHKA PO3IOILITY HOPMU TOXUO-
K orinioBanus B Ly([a, b]).

[Mpunycrumo, mo X = (X (t), t € R) Bumip-
HUU JIIICHO3HAYHUM CTAI[lOHAPHUN IEeHTPOBAHUN
raycciBebkuil poriec, 1o 36ypioe cucremy (1).

Posriisinemo kopesorpamy

. 1 (7
Hyp(r) = T/o Y(t+71)X(t)dt, 7> 0,

IO € OIIIHKOIO IMITy/IbcHOI mepexigaol dyHkitii H.
Bumnaikosuii npornec Y (t) Busnadaerses B (1).
Hosenemo moromizkay Jemy.

Jlema 1. Bunadrosuii npouec Zp(t) = Hp(r) —
EHyp(1), 7 > 0, € k6adpamuuno-2ayccosum.

Zosedenna. Ilpouec ZT(T), 7 > 0, MOXKHA, [T0IaTH
V BUTJISIL

/T(Y(HT)X(t) —EY (t+7)X(t))dt.
0
(9)

OckibKu KOXKHa iHTerpasibHa cyma (9)

SOV (b +7)X (8) — BY (6 + 1) X (1)) A 1y
k

Hase:kuTh npocropy SG=(£2), a cam mporiec ZT(T)
€ CepeIHbO-KBAIPATUIHOIO TPAHUIICIO X CYM, TO
Z7(T) € KBaJpaTuaHO-rayccoBUM mporecoM. Or-
JKe, JleMa, TIOBHICTIO JOBEIeHA. ]

PosrassHemMo TodHICTH OIIHIOBAHHSI SIK Pi3HM-
o orinku Hp(7) Ta iMmyabcHol nepexinaol dhyH-

kil H(7)
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OniHuMo iHTErpaJ Bijl HOXUOKHU OIIHIOBAHHS B CTe-
neni p Ha BiIpi3Ky [a,b], 1e a < b — dikcosani
qucia

b
p{/ Hr(r) — H()Pdr > €}, &> 0,
Ilozrauumo
h(r) = EHp(r) — H(7),

T € |a,b].

I3 cuiBBignomenns (6) BuIINBAE, IO

sup (Var Zp(7))Y? =
T€[0,4]

(5[ oo

+ eiT()\1+)\2)H*()\1)H*()\2)> «

Y0 = v0(T)

sup
T€[0,4]

N|=

X (I)T()\Q — Al)f()\l)f()\g)d)\ld)\g) . (10)

Teopema 4.1. Hexat X = (X(t),t € R)
— cenapabesvruti diicHodHauHut cmayionapHul
eayccosuli mpouec, wo 36yproe cucmemy (1),
H € Ly(R). Hpunycmumo makootc, wo Pyrkyia

h(t) = H(r) — EHp(7) € Ly([a,b]). Todi dan
> (5 + /G4 Do - o + Il

ma oan 6ydv-akozo [a,b] C R mae micye nepis-
HICTb

P {/b |H(7) — Hp()|Pdr > s} <

exp{—
de v 3 (10), a

_ </ab|h(t)|pdt>;.

1
er — [l

\ﬁ(b - a)%% } ’
(11)

(7 — [|h]|,)v2
(b—a)ryo

<201+

[1Allp
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Jlosedenna. Ockimpkn 3a smemoio 1 Zp(T) e 3 ocraunbol HepiBHOCTI MaeMO
KBaJApaTUIHO-TayCCOBUM IIDOIIECOM, TO IJId HBO- b

ro MOXKHA 3aCTOCyBaTU pe3yJybraT Teopemu 3.1 {/ |H (7) _ﬁT(T)‘de(T) > 5} _

y Bunajky, komu T = [a,b] Ta {[a,b],A, u} — a

METPUYHUI ITPOCTIP 3 €BKJI/IOBOIO METPUKOIO L.
[Tokaxkemo, 110 iHTErpas

- </ab |H(r) - ISIT(T”%(T))i s

C 9 P[] + (/ab IZT(T)II"du(T))]i > ev

(EZ3(r) bt - [ 1zrepant) > (5 - )Y
/ U

TOZI SIKIO MiICTaBUTH T = (5% - Hth>p B
b
= / (Var ZT(T))ng < (b—a) ()P < oo. (12), orpumaemo
Tomy mas b .
P [H(7) = Hp(7)[Pdu(r) > € p <

22 (s /G0y

HepiBHiCT (8) IS BHIIAJKOBOIO IIPOIECY

1 1
G S NC R B )%

(D) <2, |1+ = 1

T) IEPEIHIIeTbCs K m 5

Nk HEP W V2yy
b (13)

P {/ | Zr (1) Pdp(T) > x} < 3 (10) BummBag, 1o
a
b o »
/2 21/p Yo = / (EZ7(7))2dr < (b—a)qb.
T— exp q — T 0 (12) a

" V295 J1J1s1 HOBHOT'O JIOBEJICHHSI TEOPEMH JIOCUTH IiJICTa~

b5 P BUTH 3HaYeHHs ¥, B (13). OTxe
s vy = JUEZ(r))bar. p 2 (13). Orxe,
3 mepiBHOCTI MiHKOBCBKOI'O BUILIUBAE, IO

P { / () = B ()Pdutr) > } <

b »
(/ |H(7) — Hp(7) ’pdﬂ(T)) = 1 L
. A ) 1 (b—a)ro V2(b — a)r o
— (/ |H(t) £ EHp(T) — HT(T)’de(T)> O

< ( / () - Eﬁmﬂpdum)’l’ 5 Bucropias

B poborti posrisimaiack KopeaorpaMHa IHTerpaJib-

. A Ha OIIHKa IMITYJIbCHOT TIepexiiHoT DyHKIHT JTiHiHHOT

([ R (r) = Frr(r) Pt S pexizol by |
a OJTHOPiTHOT crucTeMu. 3HAMJIEHO OIIHKY IITBUIKOCTI
3012KHOCTI JaHOl KOpeJorpaMu B IIPOCTOPI Hele-

1 . .
P pepBuux ¢yukiiii. TodTo oTpuMaHO OIIHKY PO3-
MTOITy CYNIPYMYMYy IHOXUOKH OITiHIOBAHHSI.

<linll+ ([ 1Z2mPante)

a
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YMOBU icHyBaHHsI 3 iMOBIPHICTIO OJTMHUIISA The conditions of existence with
y3arajbHeHOro po3B’a3ky 3agadi Korrri probability one of generalized solutions of
JiJIs PIBHSHHS TeNJIONPOBiAHOCTI 3 Cauchy problem for the heat equation
BUITA/IKOBOIO IIPABOI0 YaCTUHOIO with a random right part
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B pobomi docaidoicyromubes eaacmueocmi yY3a2asvherozo po3e’asky 3adayui Kowsi s pieHaAHHA
MENAONPOSIOHOCING HA, NPAMIT, KOAU NPABA YACTNUNG € 6UNAIKOSUM nosem 3 npocmopy Suby(§2).
Kmowoei crosa: Suby(Q2) sunadkosi npouecu, pisHANMA MENAONPOGIOHOCTI, Y3a2ANOHEHUT PO3-
)
8’A30K.

The subject of this work is at the intersection of two branches of mathematics: mathematical physics
and stochastic processes. The influence of random factors should often be taken into account in solving
problems of mathematical physics. The heat equation with random conditions is a classical problem of
mathematical physics. In this paper we consider a Cauchy problem for the heat equations with a random
right part. We study the inhomogeneous heat equation on a line with a random right part. We consider
the right part as a random function of the space Sub,(S2). The conditions of existence with probability
one generalized solution of the problem are investigated.

Using this results one can construct modeless, which approzimate solutions of such equations with
given accuracy and reliability in the uniform metric

Key words: Sub,(2) stochastic processes, heat equation, generalized solution.

CrarTio tipejictaBuB 1. ¢.-M. H., npod. Kozauenko F0.B.

1 Introduction probability one from the Sub,(2) space.
The paper consists of the introduction and
The heat equation with random conditions is two parts. Section 1 contains necessary definitions
a classical problem of mathematical physics. and results of the theory of the Suby, () space. In
Recently, a number of have works appeared, whi- section 2 we consider heat equations with random
ch in many ways have investigated this equation right part. For such problem conditions of exi-
according to the type of random initial conditions stence with probability one of generalized solution
[1, 2, 3, 4]. with random right part from the space Sub, (€2)
The properties of classical solutions of Cauchy are found.
problems for the heat equations with a random
right part which is random field from the space 2  Random processes from Sub,, (Q) spaces
Suby(2), space Ly(€2) and from the Orlicz space
have been studied in the papers in [5, 6, 7|. Esti- Definition 2.1. [8] An even continuous convex
mations for the distribution of the supremum of function u (z), * € R! such that u (0) = 0 and
solution of such equations have been investigated. w (z) > 0 for  # 0 and
We consider the properties of generalized u(z)
solutions of Cauchy problem for the heat equati- lim =0, lim
z—0 X T—0o0 I
ons with a random right part. In particular, we
give conditions for existence with probability one
of the generalized solutions in the case when the ri-  Definition 2.2. [9] We say an N-function u satisfi-
ght part is a random field, sample continuous with es the g¢-condition if there exist constants zy >

= OQ.

is called an N-function.

© G.I. Slyvka-Tylyshchak, 2018
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0, £ >0, A > 0 such that u(z)u(y) <
Au(kzy) for all x > z9, y > 2o.

Let {Q, &, P} be a standard probability
space.

Definition 2.3. [9] Let ¢ (x) be an N-function for
which there exist constants g > 0 and ¢ > 0
such that ¢ (z) = cz? for |x| < zp. The set
of random variables &(w), w € (O, is called the
space Sub, (€2) generated by the N-function ¢ (z)
if E§ = 0 and there exists a constant a¢ such that

Eexp{A} <exp{p(lag)}
for all A € RL.

Definition 2.4. [8] The stochastic process X =
{X (t), teT} belongs to space Sub, (), (X €
Suby (2)) if X(t)e Sub, (2) for all t € T.

Definition 2.5. [9] The random variable ¢ €
Suby, () is called strongly Sub,, (2), (SSub, (2))
random variable if 7, (§) = (E§2)1/2.

Properties and applications of Sub, ()

random variables and stochastic processes from
Suby, (2) can be found in [9].

Definition 2.6. [10] A family A of random vari-
ables & of the space Suby, (£2) is called SSub,, (£2)

family if
2
To <Z )\ifi) =|E <Z Aifi)
i€l

i€l

1/2

for all \; € R', where I is at most countable and

e, iel.

Theorem 1. [10] Let A be a strongly Sub, (£2)
family of random variables. Then the linear closure
A of the family A in the space Lo (Q) and in the
mean square sense is a strongly Suby, () family.

Definition 2.7. [9] The stochastic process X; =
{Xi(t), teT,iel} is called an SSub, ()
process if the family of random variables X; =

{Xi(t), teT, iel}isan SSub, ().

Theorem 2. [10] Let X; ={X;(t), teT, ic I}
be a family of jointly strongly Sub, (Q) stochastic
processes. Then (T, 0, u) is a measurable space. If
{or, (t),i €I,k =1,00} is a family of measurable
functions in (T, O, u) and the integral

&= [ o X, (0 du (0

T
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is well defined in the mean square sense, than the
family of random variables

Agz {sz, 1el, kZl,OO}
is an SSub, (Q) family.

Theorem 3. [11] Let RF be the k-dimensional

space, d(t,s) = 1H<1ia<}§€‘ti_5i’7 T =1{0<t <

Tii=1,2,....k}, T; >0.X, ={X,(t), teT} €
Suby, (). Assume that the process X, (t) is
separable and

sup T, (Xy (t) — Xn(s)) <o (h),
d(t,s)<h

where o (h) is a monotone increasing continuous
function such that o (h) — 0 as h — 0. We also
assume that

1
/\I/ <1n0_(_1)(€)> dE < o,
0+

where U (u) = #)(u)
function to o (). If the processes X,, (t) converge
in probability to the process X (t) for allt € T,
then X, (t) converge in probability in the space

o(T).

and o= () is the inverse

3 The heat equations with random right
part

We consider the Cauchy problem for the heat
equation

ou(z,t)  ,0%u(x,t)
ot 0 a2

+ (1), (1)

—oo <z <+oo, t>0,

subject to the initial condition

u(z,0) =0, —oo <z < +00. (2)

Let the function &(z,t) = {{(z,t), = €
R, t > 0} is a random field sample continuity
with probability one from the space Suby,)(2),
such that F¢(z,t) = 0, E(£(x,t))? < +o00. Let us

denote

B(x,t,z,8) = BE{(x,t)&(y, s).

Let B(z,t,z,s) be a continuous function.
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Problem when the function £(x,t) nonrandom
has been seen in [12]. Consider

t
]. 2,2 g
7t = — e—CL t—
(y,t) fhvg[

+oo
£y, 1) = \/12? / cos yx&(z, T)dx

(y, 7)dr,

and
+oo
u(z,t) = / cos yxG(y, t)dy. (3)
Let D = {(x,t): z € [-A, A], t €0, T] and
+an
wnleit) = [ cosysGlutidy, (1)

where a,, — oo for n — oo.

Definition 3.1. The solution wu(x,t) which is
represented in the form (3) is called a generali-
zed solution of problem (1)—(2) in the domain D
if sequence (4) converges uniformly in probability
and satisfies the condition (2).

Lemma 1. [5] Let &(x,t) be a random field,
sample continuity for each t > 0 with probabili-
ty one, there is a continuous derivative % for
x € R and satisfy condition

/VE(fQ(:c,t))dx < 0. (5)
R

Then for the function £(x,t) for each t > O the
integral Fourier transform

+00
1
7)== / cos yat (x, 7)dz

exist and

+0oo
£z t) = jﬂ / cos yx(y, t)dy

Lemma 2. Let &(x,t) be a random field,
sample continuity from the space Suby(S). Let
B(x,t,v,s) be the correlation function of the field

&(z,t). For allt >0, s > 0 assume that
+00 +00
[ [ |B(z,t,v,s)|dede <

—00 —00

B < 0.
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Then Lebesgue integrals

+oo
/ cos yzG(y,t)dy

—0o0
exist with probability one.

Proof. We shall prove the existence of the integral

+oo
/ cos yzG(y, t)dy.

— 00

For existence of this integral with probability one
it is enough to prove that there exists following
integral

—+o00
/ E|G(y, t)|dy.

There is an inequality

+oo +oo
/ E|G(y,1)|dy < / VE(G . 6)dy.

Consider

B(G(

t i
_ 1 / / a2y (t-7) g —a2y2(t—s) o
27
0 0

E(&(y, 7)E(y, s))drds.
~+00 +00

/ / COS YT COS YU X

—00 —00

B(E(, 7)€ (v, 5))dadv =
1 +00 +00
/ /cosy:vcosva(x,T,v,s)dxdv.
T

—0o0 —O0

E(&(y, )E(

We obtain

|B(E(y: 7)E(y, 5))] <

“+00 400

1
/ /|B(w,t,v,s)]dwdv<
T

—00 —O0

Then

E(G(y.t)* = (2;)2 . Bx

[

a®y? (t—7) o =a®y* (t=5) Jr dg —
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1 2 a2y2t 2
— | -B-(1—e )= 1-1
2 1 P
Therefore g ()
0+
+o0 5 <1 _ e—a?y?t) Condition (9) holds if o (h) = W for
/ VE(G(y,t))%dy < o 7 dy §>1—1 (C > 0.1In this case the condition
o0 —00 of Theorem (4) is satisfied if there exist constant
C such that
for y #£ 0. O

TBepmxenns 1. [5]
‘e—a2y2(t—t1) _ 1‘ <

(In(y® +€))°

(1n (ﬁwé))‘s’

(In(|y| +¢%))°

(n (52 +66))5

(6)

max(1, a?)

|cos yx — cosyxy| <

(7)

for some § > 0.

Let

Qn

up(z,t) = /cosymG(y,t)dy.

—an

Theorem 4. Let {(x,t) be a random field, sample
continuous with probability one from the Sub,(€2)
and the conditions of lemma 1 and lemma 2 hold,

sup Ty (un<x7t) - Un(l'l,tl)) < U(h)v
|x—x;|<h
‘t—tl‘gh

where o (h) is a monotone increasing continuous
function such that o (h) — 0 as h — 0, moreover,

1
/\Il <].n0-(_1)(5)> dE < oo,
0+

where ¥ (u) = #)(u),
function to o (g).
Then the function u(x,t) which is represented

in the form (3) is a generalized solution to the
problem (1)—(2).

(®)

and o= () is the inverse

Proof. This theorem follows from Theorem 3. O

Ezample 1. Let (x) be a function such that

o(x) = |z|P, for some p > 1 and all |z| > 1. Then
1

U(z) = &' % for z > 1 and condition (8) holds for

alle >0

45

1/2 C

(Blun (@,6) = un (1,0)?) < TR

(10)

for § > 1—%, alln = 1,2, ..., and sufficiently small
|-

Theorem 5. Let {(x,t) be a random field, sample
continuous with probability one from the space
SSuby, (), where @(x) is a function such that
o(x) = |z|P for somep > 1 and all |x| > 1 and the
conditions of Lemma 1 and lemma 2 hold and

+oo

/ (E|g(x,7)2)5 dz < ©

—0o0

for some © > 0. Then the function u(zx,t) which is
represented in the form (3) is generalized solution
to the problem (1)—(2).

Proof. Tt follows from Lemma 2 that there exist
integral with probability one

+oo
/ ycosyxG(y,t)dy.

—0o0
To make the function wu(z,t) which is
represented in the form (3) to be the generalized
solution of problem (1)—(2) it is sufficient to prove
that integral (4) converge uniformly in probability
in |z| <A, 0<t<T to the integral
+o0

/ cos yxG(y, t)dy.

—00
for any A >0, 7T > 0.

According to Theorem 4, using the example
1, to make integral (4) converge in probability in
C(T) the following conditions must hold

1
2 c
2\ 2
<E|un(a:,t) —un (1, t1)] ) < TTh
Using generalized Minkovskoho inequality we
obtain

N|=

(E |t (z,t) — un($17t1)’2>
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an 1
B 1
E /cosny(y,t)dy— \/ﬁ/ E|£$T|>2d1‘<\/77@.
PN Therefore
an 2 ) %
E|G(y,t
/ cosyx1G(y,t1)dy = ( Gy, t1)] )
—an 1/@6_(122,,2(,51_7_)d7_<
an 27
E / [cos yxG (y,t)—
a __—ad®yPt 1
! 27r@a2y2 ‘ c ' (13)
1
cos yz1G(y, t1)] dy| )2 Let t; < t then
1
b (EIG(y,t) — Gy, t1)[*)? =

B| [ lteosye - cosyan) Gy, 1)+ t

1 2.9 ~
an —— | E —aty?(t—7) 7 dr—
1 NG /? &y, mydr

(Gly,t) = Gly,tr)) cos ya] dyl*)* < ’ 1
‘4 2\ 2
1SS 1 e—a2y2(tl—’r)5(y T)dT —
[ [lcosys —cosym] (6wt + ’
% 0
1 “
(E‘G(yvt) - G(yutl)‘Q) 2] dy (11) L FE / |:efa2y2(t77—) _ e*a2y2(t1*7)j| X
V2T
Let |x — 21| < h and for sufficiently small |h|, 0
using the inequality (7), we have . 2\ 3
- — 202 (t—7) &
ye—m) .rydr+ [ Gy | -
|cos yx — cosyx1| < 2 [sin 5 | S P
INY: o
(In(ly| +¢%))° (12) 1 / He*fﬂy%*ﬂ _ @) o
([ Al var |
Consider ) 1
= g 2
(BIG( 0)P)* = (Bléw. 7)) | ar+
1
tl 2 2 t 1
1 L n202(4y ) 2 —a?y?(t—7) F 2\2
p| [eertngy narl | < /e Blé(y,I?)* dr
oo / £(y, 7) t ( )
0 1
Let |t —t1]| < h and for sufficiently small |h[, using
- i the inequality (6), we have
= / ~-0) (i, )P avality (©)
2m ‘e—a2y2(t—‘r) o e—a2y2(t1—‘r) _
It follows from Lemma 1 that
. ‘e—cﬂy?(n—r) ‘e—a2y2<t—t1> _ 1‘ <
ElE(y,7)?)* =
(Eléw NP o (In(y? 4 ¢))’
o0 T) (1, o) 27 )
1 ’ (1 [A[[)°
+oo 2\ 2
1 5 / Ew.r)d Therefore
— cosyxé(x, 7)dx <
NG 1
"\ b (EIG(y.1) - G(y,11)[*)* <
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t t o
1
— /e“QyQ(tlT) max(1,a?) x /ea2y2(t7)d7- dy 3 = — (I + L) .
27 T
0 t1
) S\s ¢ Consider
nly™+ )" g, / e~V (t=Dedr | = !
(|1In |R]])? / (In(y +¢€°))° 1 ‘1—67“21’2“ N
" 1n|h|r y
In(y? +¢%)% 1 0
O
o (maxta) S N ) R R
max(1,a”) ~—— 2‘ - v
¢ (IIn[R[[)°  a?y
1—e @Vt 4 [ @ gr | (14) !
2,2
i +/ea vt dr | dy =
Thus we obtain from (11), (12), (13) and (14) X
that
(In(y —|— el 242t
[EACORSUHCRA I FTTT / D et e
+o0o
© {(111(!?4\ +e0)° 1 ‘ a2t 1
- 1—e @¥t| 4 max(1, a?) lny +e —a?y?t
27_00 (JIn || a2y? ([ Al 5/ ‘1—6 H dy+
0
In(y? +e%))? 1 Ca2a? 1/t
1 2 ( ‘1 _ a“y“ty
max(l, ) =g e L * / /e—a2y2<t—r>d7 dy —
t 7 0 t1
2,2
/e_a v dr | dy = 1 max(1, a?)
—_—T — T Ii3.
i - (D A (L
o 7 (ny+e) 1\ ), O [1- e < et < T, we have
— —e
) LWl o L
0 |
) S I11:/(n(y—z€)) ‘1—6_a2y2t1 dy <
|22 (In(y*+¢€°))° 1 | et 4 Yy
N (Y A AT °
1
t
/ea292(t7)d7' dy = a2T/(ln(y +eM)dy = a®>TCh;.
0
; L 2 5))\0
1 In(y* + e 0242
/[lngﬁ—e 1 ‘1 —a?yty 1122/( 7 ) ‘1—6‘”%1 dy <
—e
(IR a?y? 0
0

1
a,QT/(ln(y2 +e)dy = a®>TCha.

1 o1
max(l,a2)< n(y® +e 6)) — ’1 _ om0t
(Im[r[)? @y 4
¢ ) Using that e~y (t=7) < 1it—1t; < h, then the
+ / e~V T ar | dy+ 9 > 0 and for sufficiently small h, we have
1 1 t
400 [12 = —a2y2(t—r)d d <
(In(y +¢)’ 1 ey " / / ‘ i
’]. — € eyt + 0 t1
(InA])? a?y?
1
1
In(y> +¢°))° 1 a2y (t—t1)dy < |h| < :
maxl,az( ‘1—6“yt1+ In |A[|®
Ly ) A
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So we have e 2 ,6V\6
1 122 — / (1n<y —;-6 )) ‘1 _ e—a2y2t1 dy g
Yy
Il g W (Tcll + maX(l,aQ)TCQQ + 1) . 1
+o0
1 2 §)\0
o [ ey, o,
/ y+e 1 ‘1_ —a2y2t; n Y
(I [A][) 5 a2y2 '
1 +o0o t
o _ 2 2(t— ) o
max(1 a2)(ln(y2+e6))6 1 ’ _—a%yh Iz = / /6 COETdr ) dy =
TR a2 L\
: 1 +00 1
a2y (— B = il (1 _ *GQyz(t*f1)> dy <
—I—/e ey imT dy = a2 / Y2 € Yy
t1 1
+00
= La?) [ (In(? + )’
Iny+e a2u2t max(1, / dy =
1
1 2
max(1,a?) " HQWC%.
il a?(|In
a*(|In|h[[)°
Therefore
71 —l—e 1
n y ‘ —a?y?t
1—e ¥ " dy+ Ir < ————— (C91 + max(1 a2)(022 + Ca3)) .
1 Ay )
0o [/t Then f0r5>1—%, we have
/ /e_ang(t_T)dT dy =
9\ 1/2 C
1 \& (E\un(x,t)—un(:vl,tlﬂ ) < —,
1 e in
max(1,a
I 4 I Ios.
(IR @@ p)s T where
]
Iy = / (ln(y;z 66))—5 ‘1 _ eyt dy < T (TCn + max(1,a%)TCo +1 +
Yy
1 1
— (Co1 + max(1, a?)(Cay + C23))> )
e PNV,
/ wd@/ =Cy. Cij,1=1,2, 7 =1,2,3 are some constants.
) O
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Ocioannsa 4acmuHok, AKi azpe2yioms y epagimayiiHomy nOji, WUPOKO BUKOPUCNOBYEMbCA AK NPOCMULL
i Oewesuii mecm Ha CMAOIILHICMb CYCHEH3I] PI3HUX MEXHIYHUX cymiuel, Kpogl md HAHOPIOUH.
Bemanoeneno, wo naxun mpyoxu pobums mecm Habazamo weuoutum, wo 8idomo sk epexm bBotxomma.
3anexcuicms weuOKocmi 0Cioants 6i0 Kyma HAXUIy € CKIAOHOI0 | MAl0 6U4eHoio 3adayero. Y yii pobomi
V3a2a1bHeHO 080GhasHy MOOelb CYCNeH3ii YACMUHOK, SKI azpezylomv )y ROXUIuX mpyoxax. 3adaua
PO3210AEMbCsL Y 080GUMIDHOMY BURAOKY, WO BIONOBIOAE BY3bKUM NPAMOKYMHUM EMHOCMAM ab0 3a30pam
BICKO3UMEMPIB KOHYCONOOIOH020 Muny. Y npunywjeHHi Maiux Kymié HAXury pPi6HAHHS YCepeoHIOImMbCs HO
nonepeunit KOOpOUHami, a OmpuMaHa 2inepOoniuna cucmema pIGHAHL PO38 AVEMbCA  MemoooM
xapaxmepucmux. Yucenvri po3spaxyHku eussuu, o 30iIbUuleH s NOYamKo60i KOHYeHRmpayii YacmuHok, ix
weuoxocmi azpeaayii, 306HIUHBOI PIGHOMIDHOL cunu i KYma HAXULy NPUCKOpiorms OCIOaHHs, a 0yOb-sKe
3pOCManHs 8's13kocmi piOUHU CHOBIIbHIOE 1020, Wo € @izuuno Ooopeunum. Tak wu iHakuie, NOGediHKd
npuckopenns pisna. Ha ocnosi ompumanux pe3yniomamie 3anponoHo8aHo HOBUL Memoo OYIHKU CMItIKOCmi
cycnensii.
Kurouosi cnosa: epexm botikomma, cycnensis, azpecayis, ceOumenmayis, MeouyHa OideHOCMuKdA.

Sedimentation of the aggregating particles in the gravity field is widely used as an easy and cheap test
of the suspension stability of different technical suspensions, blood and nanofluids. It was established the
tube inclination makes the test much faster that is known as the Boycott effect. The dependence of the
sedimentation rate on the angle of inclination is complex and poorly understood yet. In this paper the two
phase model of the aggregating particles is generalized to the inclined tubes. The problem is formulated in
the two-dimensional case that corresponds to the narrow rectangle vessels or gaps of the viscosimeters of
the cone-cone type. In the suggestion of small angles of inclination the equations are averaged over the
transverse coordinate and the obtained hyperbolic system of equations is solved by the method of
characteristics. Numerical computations revealed the increase in the initial concentration of the particles,
their aggregation rate, external uniform force and inclination angle accelerate the sedimentation while any
increase in the fluid viscosity decelerates it that is physically relevant. Anyway, the behaviors of the
acceleration are different. Based on the results, a novel method of estimation of the suspension stability is
proposed.

Key words: Boycott effect, suspension, aggregation, sedimentation, medical diagnostics.
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Introduction

Influence of inclination of the vessel in
which a suspension of particles sediments in the
gravity field was first discovered by Arthur
Boycotte in 1920 on the red blood cell (RBC)
sedimentation in thin long vertical tubes [1], and
now it is known as the Boycotte effect. On that
time the RBC sedimentation test was recognized
as the most powerful medical diagnostic means
on general pathology, and many researchers
were seeking for more benefit test conditions,
including the usage of the inclined tubes. This
sedimentation technique is also widely used for
the waste water cleaning, drinking water
purification, treatment of mixtures in industry
and manufacture, and the high reservoirs or deep
wells are needed for the successful processing.
The settling of particles in the high containers is
limited by its width, and tilting of the reservoir
or well increases the efficient area of
sedimentation, decreases the distance that each
particle must travel before impacting a wall,
and, therefore, enhances the sedimentation rate
in orders of magnitude [2].

The Boycotte effect is used in the oil
industry because at certain inclination angles
(40-50°) of the tube the clearest separation of the
suspension for oil-well cementation is observed
[3]. The effect is also used for mixing of the
granular matters [4]. It may be responsible for
specific sediment distribution along inclined
ocean bottom at the water stratification
conditions [5], and for the pattern formation at
the inclined surfaces of the sand-dunes [2]. All
suspensions settle faster in the inclined vessels
and exhibit clear separation of the layers of
different optical density, but the problem on
determination of the optimal angels remains still
unsolved.

Problem formulation
The steady sedimentation of particles in the
narrow channel of the width R and the length
L(R/L<<1), inclined at the angle 6 is

considered (Fig.la,b). The channel corresponds
to the gap between the walls of the rotation
viscosimeter of the cone-cone type or a
rectangle vessel with the depth D>>R.
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Fig.1. A sketch of the particle sedimentation in the
inclined tube for the non-aggregating (a) and
aggregating (b) particles.

The two phase approach to the suspension
of the aggregating particles [6,7] is used.
Neglecting the inertia forces as compared with
the viscous forces, the equations of the quasi-
steady motion can be written in the form

a—N+iNul+iNu] =0, (1)
ot Ox oy
a—H+iHu; +iHu‘ =0, (2)
ot  Ox oy 7
aﬁ[Hu; +(1-Hu} |+
5o , ©
2
5[Huy+(l—H)uy}=0
5p_ 1 2
——=—F(u,—u;)+Hp,Gcos(0), (4)
g
(1 —H)é = Flu! —u2)+(1-H)p,Gcos(0), (5)
Hg—p = —F(u' —u2)+ Hp,Gsin(0),  (6)
X
(1—H)Z—p = Flu! —u?)+(1-H)p,Gsin(0), (7)
X

where (u,,u,) and (u],u; ) are components of
the velocity vectors for the particles (phase 1)
and fluid (phase 2), (Oxy) is the Cartesian
coordinate system connected with the p , p,
are densities of the solid and fluid materials,
p 1s the hydrostatic pressure, H and N are the

mass and numerical concentrations of the
particles, F is the phenomenological coefficient



Bicnux Kuigcbko2o nayionanbHoeo yHigepcumemy
imeni Tapaca lllesuenxa
Cepis: ¢izuxo-mamemamuyni HayKu

for the viscous drag forces acting on the particle
from the viscous fluid, ¢ the aggregation rate,

G 1s the mass force that can be chosen as
G =ng, n is the magnification factor when the

sedimentation is carried out in a centrifuge [7].

The equation (1) describes the kinetics of
the particle aggregation due to the collisions,
decompositions or exchange interactions [6].
The mass continuity conditions for the phases
(2), (3) and the projections of the momentum
equations for the phases on the axis coordinate
(4)-(7) give the system of PDE for the velocities,
pressures and numerical concentration of the
aggregates. The same model in one-dimensional
formulation has been used for the RBC
sedimentation modeling in the vertical tubes, in
thin gaps between the walls of the rotational
viscosimeter of the cylinder-cylinder type [8]
and in the centrifugal force field [9]. In the two-
dimensional formulation it has been applied to
the RBC sedimentation in the circular tubes in
the external magnetic field [10]. The system (1)-
(7) can be solved by numerical methods, but in
order to derive more convenient half-analytical
estimations, in this paper a simplified one-
dimensional model will be obtained by
averaging of the equations (1)-(7) over the
transverse coordinate X.

One-dimensional approximation for small

inclination angles

Based on the dimension theory, the
expressions for F and ¢ have been found in the
form [6,8-10]:

F o HO-HY W™, p=—kw?,  (8)
where w=H /N is the average volume of the
aggregates, k 1s the empirical constant that
determines the aggregate formation.

By excluding pressure in (4)-(7) and using
the impermeability condition at the walls of the
tube [10], one can obtain

u. =—0O(H)sin(0), uly =O(H)cos(0),

»  HO(H)ngdopsin(0)

e (1-H)F ’ ©
»_ HO(H)ngop cos(0)
o (1-H)F
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where ®(H)=H(-H)*5pG/ F(H),
p=p,—p;-

Let us assume, the aggregation at the
expense of the lateral motion of the particles is
essential if during the time 7 of the particle
sedimentation along the distance L their radial
displacement & will be of the order of

T.T ~Liu)

this condition accounting for (9) can be written
as

magnitude of R. Since & ~u.

2

1
X

L
o ~ —— =—tan(0).
R Ru| R
For the averaging purposes let us introduce
the following designations:

xel0;x,] , where x, is the coordinate of the

(10)

interface between the layers I and Ila (Fig.1b)

N(t,y),x<x,
N(t,x,y):{o ( x)<xSs

11
H(t,y),x<x, (1)

H(t,x,y) {0, X, <X<s
where s is the width or the area occupied by the
particles and aggregates (Fig.1b).

According to (9) the interface x=x,
between the zones I and Ila moves with the
speed

1
U,=u

X

=H(1-H) gdpsinaF ™" . (12)

The averaged values will be introduced in
the form

X=X

1 xx
<f>:x—S£fdx. (13)

Then after some estimations of terms at the
conditions R/L <<1, H, <1 the system (1)-(7)
can be written in the form (the averaging signs
are omitted):

ON O Nul =—kN*A+

o0 oy

NH (1- H)’ 8p ngsin(0)

Fx, ’

H*(1-H)’ 8pngsin(0)
o oy 7 ’

Fx,
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i[ztlu'y+(1—ztl)uj]=0,

oy
op 1 2
H=—+F(u, - H cos(0)=0,
6y+ (uy uy)+psng cos(0) (14
(1-H) 2~ F () =a2)+

p,ng(1—-H)cos(9) =0,

17 5
here A =—||1 — :
where A(x,, y) . I( +O(R]]xdx

s 0
With the non-dimensional variables
2/3

« L o)
y=2, T:L*’ ==, MOZM’
L T u, 1

1

u
w2, =t g M
W, A UyW,

where T" is the characteristic time, w, is the

volume of a single particle, the equations for the
concentration and volume of the aggregates are
the following
W o0 W _ kua,
oT Y oY
4.5 2/3 _:
@g+34ﬂﬂ:_H@zﬂ W sin(0)
oT oY Y L
UNHW,Y)=~(1-H)"W*" cos(6).
The boundary conditions for the variables
are

. (15)

C0,Y)=C,, w(0,Y) =1, U\(T,L)=0. (16)
The system (15) is hyperbolic [6,7].
The characteristic equations are

@ % =(1-H)"W*3cos(@), (17)

dy ~
(Il)d—T_ A(5.5H —1)cos(9).  (18)

2
where A =(1-H)" W’
The conditions at the characteristics are

dw
I) —-=-KHA, 19
0 —= (19)
()= _kea |12 (d—H+
w\ ar 1-H\ dr 20)
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The characteristics of the family (I) have a
positive slope, while the family (II) in the
physiological range have negative slope.
Solution of the one-dimensional problem (15)-
(16) can be obtained on (17)-(20) by the method
of characteristics.

Numerical results and discussion
Like in the case of the vertical tube [6,7],
the families of characteristics (I) and (II) have
positive and negative slopes accordingly. The
family (I) corresponds to the interface between
the zones II and III, while the family (II)
describes the movement of the interface between
the zones I and II moving with the
corresponding  velocity  (12).  Numerical
computations on (17)-(20) have been carried out
using the typical parameters for human blood
[6,7]
Hy =0.35+0.5 g =(1.1+1.7)-10 Pa-s,
G=g p; =1030+1080 kg/nr’,
Os =1050+1150kg/m3, L=5cm, R=2mm,

k=10"+102 m’s™.

The numerical procedure is described in
details in [6,7]. The example of the snapshot of
the software elaborated is given in Fig.2. The
results of numerical computations are presented
in Fig.3-4.

v

TR
X
X
\
¥

i
|

|

1

Fig.2. An example of the interface of the software
and the zone distribution in the inclined tube:
I is the clear fluid zone, 11 is the zone of sedimenting
aggregates, III is the compact zone.

The increased external force uniformly
accelerates particle sedimentation along the tube
(Fig.3a). When the initial concentration
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increases, the changes are more noticeable for
the I-II interface (Fig.3b). When particle
aggregation rate increases, the changes are more
noticeable at the II-III interface (Fig.3c). Small
increase in the inclination angle significantly
accelerates the zone [ formation (Fig.3d)
because of the decrease of the length the
particles move before reaching the lower wall of
the inclined tube. When the inclination angle
becomes bigger than some critical angle 6*, the
sedimentation decelerates. In the case of the
material parameters used in the computations

presented in Fig.3d, the optimal angle is 6*~8°.
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Fig.3. Locations of the characteristics at different
external force (a), initial concentrations of the
particles (b), aggregation rate (¢), and inclination
angle (d).

Before decision making upon the nanofluid
ageing or blood aggregatability the test must be
conducted for the same nanofluid in its basic
state before being used for a long time or for the
healthy native blood samples. The proposed
approach will be tested experimentally in future
works.

Conclusions

The Boycotte effect which is used in testing
of some industrial suspensions is very attractive
for usage in the medical diagnostics instead of
conventional blood sedimentation test, for
investigation of ageing of micro and nanofluids.
The developed theory allows easy determination
of the sedimentation curves as the moving
interfaces I-II and II-III by the method of
characteristics. It was shown, the sedimentation
rate increased with increasing the particle
concentration, their aggregation rate and
external force, but with distinct regularities for
the I-II and II-IIT interfaces. The corresponding
dependence on the angle is more complex.
Sedimentation is accelerated by small angles but
at the angles exceeded some critical value the
settling is decelerated and hampered. Based on
the obtained results, a novel method of
determination not only the aggregation ability of
the particles but also the particle-specific and
angle-dependent shear stress factor is proposed.
The experimental validation of the proposed
approach will be tested in our future
experimental studies on blood and different
types of nanofluids used in the microfluidic flow
systems.
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3anpononosana mamemamuuna modenb 0y008uU cucmemu KPOBOHOCHUX CYOUH, sKA 3abe3neyye
MIKPOYUPKYIAYIIO KPOBI 8 NOBEPXHEBUX MKAHUHAX JIOOUHU, A came WIKIpY, 051 3a0e3neyeHHs NoCmaianHsl
KpOGi 5K pIOIHU, WO HA2PIBAE/OXON00NCYE MA BUSHAYAE MEPMOPESYIAYII0 NPU 3MIHAX MeMnepamypu
306HIUMBO2O Ccepedosua ma nepeepisi/nepeoxonodaicenui mina. Modenv b6azyemvcs Ha OAHUX CYYACHUX
0ociddicenb 6y006uU MIKPOYUPKYIAMOPHUX pycell Ha ocnoel mexnonoeiu microCT. Cucmema Mikpocyoun
MoOentoeEmbes AK  (Ppakmanvhe OiHapHe 0epeso W0 ONMUMIi308aHO 015 PIGHOMIPHO20 NOCMAYAHHSL
HCUBIIOYOI piOuHU (KpOBL 015 OIOJIOSTYHUX MKAHUH) 3d PAXYHOK OOHOPIOH020 pPO3N00iLy Kaniiapis,
ONMUMATBHUX 3HAYEHb OISl OlamMempis, 006ICUH MA KYMi8 PO32aNyIlCeHHs 6 Oighyprayisix mpyook, sKi
3abe3neyyiomsv po3noodil piOuHU 3 MIHIMATLHUMU 302aTbHUMU eumpamamu euepeii. Pozpobrena modens
3anponoHosana 01 GUKOPUCTHAHHA 6  KOMN TOMEPHIX — CUCTHeMAX — MOMIMOpUHSY — NIAHYBAHMS
giziomepanesmuunux npoyedyp paoy 3axe0pro8amb.

Kniouogi cnosa: onmumanvui cucmemu mpancnopmy piounu, MiKpOYupKysayis, Mamemamuite

MOOeN08AHHSL.

A mathematical model of the structure of the blood vessels system which provides blood
microcirculation in the superficial tissues of human, namely the skin, to provide blood supply as a fluid,
which heats / cools, and determines thermoregulation in changes of ambient temperature and overheating /
supercooling is proposed. The model is based on data from current studies of the structure of
microcirculatory beds based on microCT technologies. The microvascular system is modeled as a fractal
binary tree optimized for uniform supply of a nutrient fluid (blood for biological tissues) due to the
homogeneous distribution of capillaries, optimal values for diameters, lengths and branching angles in
bifurcations of tubes that provide flow distribution with minimal energy costs. The model has been developed
to use in computer-based monitoring systems for the planning of physiotherapy procedures for different
diseases.

Keywords: optimal fluid transport systems, microcirculation, mathematical modeling.

CrarTio nipenctaBuB A.¢.-M.H., npod. XKyk .0.

1. Beryn. MOBEPXHEBUX TKAHWHAX JIIOJWHHU BaXJIUBI TaKOX
Cyuachi 0i0iH)KEHEpHI TEXHOJIOTIi J03BONSIOTh  JUIS TUTaHYBaHHS TEpaneBTUIHHX Ta
BHUPOIIYBaTH TKAHWHU 31 CTBOJIOBUX KIITHH  (i310TEpamieBTHYHMAX BIUIMBIB Kpi3b MOBEPXHEBI
narieHTa 3 yOylOBaHOK B TKaHMHY CHUCTEMOI0 TKAaHWHH, Hamnpukian, npu Qotorepami [2,3].
MajuX CYAMH I MIKpOIMPKYNIAMmil KpoBi, 1o  BiamoBigHi  Mojmenai  OJHOPIAHMX  MIAPyBaTHX
JI03BOJISIE TAKUM TKAaHWHAM INBUJIIEC NMPWXKUBATUCH  MaTepialiB s OI[IHKK  PO3IOBCIODKCHHS,
BHUKOHYBaTH CBOi QyHKIIT [1]. VIIKO[KEHHS MIKIpH  TMOTNIMHAHHS Ta BIANOBIAHUX (OTOIHAYKOBAHHX
JMOANHU MOXYTh pnocsirat 50-70% ox moBepxHi — peakiiid Oyiu 3alporoOHOBaHi y BUIIISI MIAPYBATHX
Tima (IpuU omikax, OOMOPOXKEHHSX Ta iH.), II0O OJHOPIAHUX TKaHWH [3,4], ogHAK OUIBII JeTanbHE
poOUTh 3a7auy PO3pOOKH 3aMiHHUKIB IIKIpH TyXe ypaxyBaHHS Moke OyTH OUIbII IIKaBHM 3 TOUYKH
AKTYaJIbHOIO. Bynosa Ta 3aKOHOMIPHOCTI ~ 30py OiOiH)KEHEpHHUX 3acTocyBaHb. Tak, B cepil
(YHKIIOHYBaHHS CUCTEMH MIKpPOIUPKYIAIIT KpoBi B myOumikamiii [5-8] Oyno 3amporoHOBaHO MOJENb
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CHCTEMH MIKPOIMPKYJAMIl IIKIpH JIIOJUHUA Y
BUTIISIZII TIPOCTOPOBUX  (PpaKkTpaIbHUX CTPYKTYP.
Bimomo, 1m0 1mikipa CKOMIIOHOBaHa 3 IIapiB i3
PI3HUMH  TEPMOMEXAHIYHUMH  BJIACTHBOCTSIMH:
emigepmicom (I+Il Ha Puc.1), skuit ckmagaetbes c
mapiB  MepTBUX KIITHH, SKi HE TOTpeOyIoTh
nocrauands () ta oxweux wimituH (II), ki
BIZIOKpEMJICHI XBHJISICTOIO 0a3aJibHOI0 MEMOpPaHOIO
Big BepxHboro mapy aepmu (I1I), skuit 3anoBaeHmit
pO3TAlIOBAHWMH  OPTOTOHAJbHO O  TOBEPXHI
MaJMMH KPOBOHOCHMMHM CyIuHaMH (Kamuisipamu), a
e HUK4e posramroBanuid rimoxepmi (IV), Garatuit
Ha JKUPOBY TKaHWHY, BIAMOBIIHO JO CKIaay Tina
BurnpoOyBaHoro. PosramryBanHs — aprepiii, 1o
KUBIIATH (), X po3raixykeHb BOPUTYI JI0 KamiIsIpiB
(x) Mae xapakTepHi pucu B pisHUX mapax [-IV
(Puc.1). I'pyHTyrounch Ha IUX 3aKOHOMIPHOCTSIX,

MOJIETIb  PO3TANYKEHOI CTPYKTYPH  MIKpPOCYIHH
mKipy ~ Oynma  3ampormoHOBaHA Yy BHIUIAMI
¢pakranpHux OiHapHUX xaepeB [4] 3 Kyramu

pO3rajyXeHHs B IOCTIIOBHUX reHepaliisx 180° ta
90°. 3ampormoHOBaHa MoOJCHb Oyja IOCTiIKEeHa Y
3B’SI3KY 3 BiJIBOJIOM Tera CHCTEMOIO
MIKpPOIMPKYJAMIT  KpoBI  Big  TKaHWUH,  fKi
3HAXOMATHCS IMMiJl BIUIMBOM 30BHIIIHBOIO HHU3bKO
IHTCHCHBHOTO OIPOMIHIOBAHHS EJICKTPOMArHITHUM
MOJIEM ONTHYHOI'O Jiala30Hy 4acTOT JiazepoM ado
ceimioBogoM [3]. bBymm orpumaHi po3B’S3KH
MomugikoBaHUX Mojmenel Pennes [2] mist KOXKHOTO
mapy Ta OOrOBOpPEHI ONTUMAalbHI BJIACTHBOCTI
CHCTEMH MIKPOIMPKYJISAMIl Y BUIIISAII 3aJ€KHOCTEH
MK JliaMeTpaMH 1 JIOBKWHAMH apTepialibHUX CYIHH
pi3HuX reHepatiii [5-8]. Bimomo, mo TpaHCIOpTHI
CHCTEMH TKaHHH POCIHH Ta TBapHH € EBOIIOIIITHO
MPHUCTOCOBAHUMH JI0 TOCTAYaHHS Ta PO3MOILTY

KUBISTYMX  PImUH  (KPOBi, POCIMHHOTO  COKY,
TpOopIUHUX PpiIMH y M[OPOCTIMHMX Ta iH.) 3
MiHiManpbHEUMH BHTpaTamu eHeprii [9,10]. Ilpu

[OMY TPAHCIIOPTHI CUCTEMH € MPUCTOCOBAHUMH JIO
MiHIMIi3amii He TUIBKM TEPMIYHHX, alie W B SI3KUX
JTUCHIALIA TpPU TOCTIMHMX TeMIlepaTypax Tijia

(TerJIOKpOBHI).

B nmaniii po0oTi JOCHIIKYEThCS MaTeMaTHYHA
MOJENb (dpakTaibHOI  CTPYKTYpH CHCTEMH
MIKpOIMPKYJIAIIi, 3amporioHoBana B [5-8], mis
OLIIHKH JTOJATKOBOI'O JPKepesa JAUCUIAIl] eHeprii Ta
BUPOOHWITBA EHTPOMii 3a PaxyHOK B’s3KOi
nucunari.

2. MareMaTH4Ha MO/eJb.

Cxema OynoBM IIKipH SIK  3-IIapoBOTO
Marepiany HaBeleHa Ha Puc.la. Illapu I, II, III, IV
BIJIIIOB1IAI0Th KepaTuHy (poroswuit map),
COCOYKOBOMY eIifiepMicy, JepMicy Ta Tinojepmicy
BIJMIOBIIHO, SIKI MalOTh pIi3HI TepMOMEXaHI4Hi
BIIACTHUBOCTI. BymoBa po3ramyXeHUX KpPOBOHOCHHUX
CyIMH sIK OiHApHHX JepeB BiINOBimae Qpakrairy,
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SIKM#, BIANOBIIHO 10 [5-8], MOXXHA MOJEIIOBATH Y
BUTIISAI  chcTeMH  TpyOok, sika  3abesmeuye
KpOBOITOCTA4aHHSI 13 )KUBJISTYOI apTepii, 1o mapis II i
III, mpudoMy pIiBHOMIpPHO 3aIllOBHIOE TOBEPXHIO
pozainy mix mapawmu 11 i [T (Puc.16).

j=4 =2
i=3

j=1

0
Puc.1. Cxema OynoBu 1kipu (a) Ta BiANoBiaHA
(pakTasbHa MOJIENIb CUCTEMH MiKpoIUpKysii (0). I -
poroBwuii map, II - cocoukosuii eninepmic, 111 - nepmic, IV
— TinoziepMic; a — apTepisi, 0 KUBUTb, K — KaIUISPH.

PosrnssHeMo craifioHapHy JlaMiHApHY TEYir0
B’A3KOI HECTHCIMBOI PIAMHU 10 (pakTaibHOMY
nepeBy. bynemo BBaxatu, mo d;,L; - miamerpu 1

9 KyTH
po3rayXeHHs MiX KOXKHUMH JIBOMa
CUMETPUYHUMH TPYOKaMH j-TO TOPSIKY. 3aBISKH
Takiii OymoBi, KoxHa Oi(ypkaiis (MaTepUHCHKa
TpyOKa Ta ABi1 JOYIpHIX) JIeKaTh B OJHIN IJIOMINHI,
110 BIAMOBIa€ JaHUM BUMipioBaHb [10].

Ha Bxomi mo TpyOkm 1-ro mopsnky 3amaHa
00’emua Butpara Q, =const . Toxi, B cuiry cuMerpii

JOBXKHHU TPYOOK j-TO TOPSIKY,

JiepeBa, Ha BXOMI B KOXHY TPYOKY j-TO TOPSAKY
o0’eMHa BHUTpaTaqQ, =Q,2"7. Skmo BuximHi KiHmi
TpyOOK OCTaHHBOI'O MOPAAKY, SKI BiIIIOBIIAIOTh
KarijisipaM, po3TalloBaHi PIBHOMIPHO MO TOBEPXHI
JepMi cy, To, B cuiy cuMerpii OynoBH JepeBa,
MAa€EMO HACTYITHI T€OMETPUYHI CITiBBiTHOIICHHS:
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L +(L,+L;)cosp,+(L, +L,)cose, =h,

L +L,cosq,+(L,+L,)cosp,+L,cosep; =h,
(L, +L,)sing, +(L, +L,)sin¢p, =3a/8§,

(L, +L,)singp, +L,sing, =3b/8,

. (D
(L,+L,)singp, =a/4,
(L, +L,)sinp, =a/8,
(L;+L,)sinp, =b/4,
L;sings=b/8,
Po3B’s130k cucremu (1) Mae BUTTISA
a
L, =h—§(2ctg(p2 —ctg @, ),
L,== .2 +.1 b .2 +.1 ;
8\lsing, sing, ) 8(sing, sing,
2 1
T ) . @)
© 8(sing, sing; ) 8sing,
8singp, 8sing,
Lsz.L:
8sin @,

Sx Bimomo [10], B onTUManbHUX (paKTaAIBHUX
TpyOompoBomax, sKki 3a0e3MeuyloTh IOCTaYaHHS
PIAMHM BiI JDKepenaa JO0 PO3MOIUICHOI CHCTEMH
CIIOXKMBaYiB 3 MiHIMAIbHAMH BUTpaTaMu €Heprii
MpH 33aJIaHOMY TOCTiHHOMY 00’emi TpyOOmpoBoja,
ICHYIOTh CHIBBIJHOIICHHS MDK JiaMeTpaMu TPyOOK
B Oipypkamisx Ta MK KyTaMH pO3TailyKeHHS Ta
JiaMeTpamu, SIKi Ui CHMETPHUYHUX Oidyprarii
MaroTh BUrn [9,10]

3

d*=2d’,,
¢,, =arccos(2™*) = 37.4672236'

3)
4)

I'pyarytounce wHa  (2)-(4), onTUMaibHA
(dpaktanbHa cucTeMa JijIsl pIBHOMIPHOT'O TIOCTaYaHHS
KpOBI 13 JKUBJISUOI apTepii 10 TKAaHMHUA MOXe OyTH
no0yJ0BaHa 32 YMOBH 3aJJaHOTO J[iaMETPy >KUBIISTUO]
aprepii IIKipW, sKa BiJIOMa 3 aHATOMIYHMX JaHHX,

OTPUMaHHUX JUTSt narieHTa METOJJAMH
MIiKPOCKOIIYHOT KOMIIT FOTepHOT Tomorpadii
(microCT).

3. UYwumcenbHi po3paxyHKH Ta  ix
00roBOpeHHH.

UYucenbHi pO3paxyHKH TCOMETPUYHHX
nmapaMmerpiB  ¢GpakTaJibHOI ~ MOJCNII  CHUCTEMH
MIKpOIMPKYJAIIlI B [apyBaTUX  IOBEPXHEBUX

TKaHWHAX TiNla JIOJUHA Oy MpOBeJeHI HA OCHOBI
CHCTEeMH PIiBHSAHB (2)-(4) st pisHUX 3HA4eHb h, ski
BIJIOBIAIOTH IHAUBITyaIbHUM 3HAYEHHAM

TOBIIMHHM TWIapy rinoaepMmicy, abo KHpOBOi
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KIIITYATKH, SIKI BUMIPIOBAJMCS HAa MIKIpi 3I0POBUX
MOJIOIUX BOJIOHTEPIB Ha 0a3i CTaHJAPTHOTO TECTY.
Jnst TOpiBHSAHHSA e(QEKTUBHOCTI pI3HHX THIIIB
(dpakTanbHUX MOJENell CHCTEM MIKpOLUUPKYIIAIT
OylM TIpOBENEHI pO3paxyHKH BUTpAT CHEPTrii Ha
MOCTavYaHHs PITUHY y BUTIISI

N
D= 22-’1_[‘/‘ Vv, ,

) )

ne Vv, Ta I1, - TeH30pl IBHUAKOCTI JedopManii

Ta B’SI3KMX HaNpyXeHb B KOXHIM TpyOmi y
(dbpakTanpHild CUCTEMI.

Pesynprat  pospaxyHkiB 3a (5) 1o
JiamMeTpaM, JTOBXKHHAM Ta KyTaM pPO3TallyXeHb,
oOumncienux 1o (2)-(4), a TaKkoX Maux
KOJIMBaHb OOYMCIEHUX BEIMYUH BIZHOCHO IX
ONTUMAJbHUX 3HAYeHL HaBeaeHi Ha Puc.2.
Otpumani pe3yabTaTu JIO3BOJISIFOTh
CTBEPPKYBAaTH, IO 3alpPOTIOHOBAHMM TMIIAX1]
BHU3HAYa€ T€OMETPUYHI TapaMeTpu (PppakTaabHOI
TPaHCIOPTHOI ~ CUCTEMH, sKa  3abe3neuye
MOoCTa4yaHHsI B’S3KO1 PIIMHU BiI JOKEpena o
pO3MOAUIEHOT 3a IUIOMMHOK axb cucremu
CHOXXHMBAYiB 13 3araJilbHUIMU MIHIMaJIbHUMHU
BUTpaTaMHu eHeprii. bynap-siki BIOXWUJIEHHS B
niamerpax TpyOok B OidypKaiisix NpUBOASTH J10
3pocTaHHs B’s3K01 qucumnaiii D Ta, BiamoBigHO,
JI0 IOJJAaTKOBUX BUTPAT €HEPrii.

3 —&— variationl_optl
D(10” J/s) —o— variationl_opt2
6r —&— variation2_optl
N _—g variation2_opt2
—— variation3_optl
_ o— variation3_opt2
— 8- variation4_optl
— - variation4_opt2
E — 8- variation5_optl
N — a— variationl_opt2
-- o -- optimall

..o .. optimal2

5 wo(mm)

Puc.2. 3anexxHoCT BUTpAT €HEprii Ha pyX PiIMHU 110
(pakTaNbHUM CHCTEMaM JUIsl Pi3HUX HaOOpiB
rmapameTpiB MOJEII.

4. BucHOBKHU

3anpornoHoBaHa ¢dpakranbHa MOJIENb
posranmyxeHol CHUCTeMH CYIWH, sika paHimie Oyna
3alpONOHOBaHa JUIS MOJEIIOBAHHS TEILIONEPEHOCY
B MOBEPXHEBHX TKaHWHAX JIOMUHH. [lokazaHo, 1IO
s Mojzens 3abe3neuye HE TUIBKM HaHIIBUIIE
MOCTayaHHS Telula 3a yYMOBaMH HArpiBy TKaHUH
30BHIIIHIM ONTHYHUM BWIIPOMIHIOBAHHSM, alie H
HafiMeHII 3HAa4YeHHs B’A3KOl  AMCHIALil, 10
BIJIIIOB1JIa€ ONTUMAJIbHUM TPAHCIIOPTHIM PyCIIaM.
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Po3pobiena Monmenb MoKe BHKOPHCTOBYBATHCh
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JKyBaHHS Pi3HUX XBOPOO MIKipH, 30KpeMa sI3B MPH
CHUHIPOMI 11a0eTHYHOT CTOIIH.
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B ocmanni poxu 6yna noxazama 8Ucoka eghexmueHiCmb SUKOPUCTNAHHS CYCNEH3Ill HAHOYACMUHOK 0715
0X0I00JICEHHS NPAYIOTOUUX CUCEM 8 NOPIGHAHHI 3 0OHOPIOHOI0 PIOUHOI0 i eKChepUMEeHMANbHO Nioiopani
napamempu CycneH3iil, eghexmueHux 015 pPi3HUX KOHKPEmHUX npucmpois. B pobomi nagedeno xopomxuil
0271510  GIONOBIOHUX EKCNEPUMEHMANbHUX OAHUX, A MAKONC MAMEMAMUYHUX Mooenell meuii Mikpo- i
HaHOpiOuH, 3achosanux Ha pigusannax Hae'e-Cmokca 018 HecmucKy@anux pioun 3 epaHuyHUMU YMOBAMU, WO
BKIIOUAIOMYb MAHSEHYIATLHUL NEPEHOC IMRYAbCY YACMUHOK | CMPUOOK meMnepamypu 3a paxyHox ougy3nozo
8I003€PKANICHH HA WOPCMKY8AmMux cminax. Jnis eunaoky JamMiHapHoi meuii Midc HeCKIHYeHHUMU
napaneibHuMyu HAAGCMUHAMY 3 NOCMIHUMU HOMOKAMU Menia yepe3 NIACMUHU BUNUCAHI AHANIMUYHI
PO38’A3KU 0N NOAA wieuoKocmel i memnepamyp. HucenvHi po3paxyHKu noKazanu, wo 3i 30i1bUeHHAM
KoepiyicHmie nepeHocy IMRYIbCy HA NAACMUHAX Meyis ICIMOMHO NPUCKOPIOEMbCS, WO CHPUSE 30ITbULEHHIO
00'eMHOI UmMpamu npu momy i nepenadi MUCKie Ha KIHYAX KAHATY 3G PAXYHOK 3HUICEHHS 8 13K020 Mepms
Ha cminyi. Bionogiono, 30inbuyemvbcsi Menioneperic wepes Niacmubu i 6I08e0eHHs. menia 3 NOmMoKOM
piounu. [pynmyiouuce Ha OMPUMAHUX AHATTMUYHUX CHIBBIOHOUWIEHHSX, MOJCHA Niobupamu napamempu
NOBEPXOHb NAACTHUN MAK, W00 ORMUMIZY8AMU POOOMY CUCTEMU, HANPUKIAOD, 3HUICYBAMU GUMPAMU eHepail
Ha 6's3Ky [ mennogy oucunayii abo ompumysamu OOHOPIOHI PO3NOOLIU memMnepamypu 6 piOuHi npu
HeCUMEMpPUYHUX NPUMOKAX MENAa KPi3b NAACIMUHU.

Kurouosi cnosa: mikpognoioika, Hano@aoioika, meniomacoooMin, 1amiHapHi meuyi.

In recent years, high efficiency of using suspensions of nanoparticles for cooling of the operating
systems compared to a homogeneous liquid has been shown, and the parameters of suspensions effective for
various specific devices have been selected in experiments. A brief review of the relevant experimental data,
as well as mathematical models of the flow of micro- and nanofluids, based on the incompressible Navier-
Stokes equations with boundary conditions accounting for tangential momentum transfer of the particles and
temperature jump due to diffuse reflection at rough walls, are presented. For the case of a laminar flow
between infinite parallel plates with constant heat fluxes through the plates, an analytical solution is
obtained for the velocity and temperature fields. Numerical calculations showed that with an increase in the
momentum transfer coefficients at the plates, the flow accelerates significantly, which contributes to an
increase in volumetric flow with the same pressure drop across the channel due to a decrease in the shear
stress at the wall. Correspondingly, the heat transfer through the plates and the heat removal with the fluid
flow increase. Based on the obtained analytical relationships, it is possible to select the parameters of the
plate surfaces in such a way as to optimize the system, for example, to reduce the energy loss due to viscous
and thermal dissipation or to obtain uniform temperature distributions in the liquid with asymmetric heat
flows through the plates.

Key Words: microfluidic, nanofluidics, heat and mass transfer, laminar flows.
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1. Beryn

JIIst OXONIOMKEHHS JIIOYHX MEXaHi3MiB, TaKHX
K TEHepaTopH, pedprkepaTopH, KOHAMIIOHEPH,
XIMivHi peakTopH, JIBUTYHU Ta iH.,
BHUKOPUCTOBYIOTHCS CUCTEMH MUPKYIALIT PIIUH, SKi
BIZIBOJSITH TeI0. [Ipy IbOMY JOCHTH BaXKIUBHM €
3aja49a 301TBIICHHS TEIUTONPOBITHUX i
TEIUTIOEMHICTHUX BJACTUBOCTEH TakuX piguH. B
OCTaHHI POKH B 3B'SI3KY 3 PO3BUTKOM PHHKY MIKpO- i
HAHOMNPHUCTPOIB (MIHIaTIOPHI TMAaNMBHI EJIEMEHTH,
JBUTYHHU, TEHEPATOPH, KyJIepH, MIKpO €IeKTPOHHO-
MexaHiuHi cucremu (MEMS) Tta iHmi) BHUHHUKIA
HEOOXIJIHICTh  PO3pOOKH  ePEKTHBHHUX  CHCTEM
OXOJIO/KEHHS, IO BHKOPUCTOBYIOTH ITHMPKYJISIIIO
pimuH 1o TpyOkax 3 miamerpamu d < 500 MrMm. YV
3B'SI3KY 3 BEJIMKHMU 3HAUCHHSIMH B TaKUX CHCTEMax
CHIBBIJHOIICHHS IOBEPXHs/00'€M, a 3HAYMTh, I
BHUTpAT Ha TEPTs, 3aJ1a4ya 3a0C3CUCHHS BiIIOBIIHUX
TEPMOMEXaHIYHMX BJIACTUBOCTEH PIAMH CTa€ AYyXKe
AKTYaJIbHOIO.

[Nounnatoun 3 myOmikamiii [1,2], B Benukomy
YUCIII EKCIICPUMEHTAJIBHUX POOIT OyJi0 MoKa3aHo,
IO JIONaBaHHS JI0 HECY4Oi pIIMHH HEBEIUKOTO
gyucna HaHodacTuHok (HY), Takmx 4Kk okcuau
MeTaiiB, HAHOTPYOKM abo ¢ynepeHd, HaBiTh B
Maiaux koumentpaniasx C <5%, npu3BOaUTH 0
30UTBIIEHHS TEIUIONPOBiAHOCTI pimuHu Ha 10-50%,
MpH [IBOMY HE 3MIHIOIOYH ICTOTHO ii B'A3KICTh 1 HE
MOBIIYyIOYH 3’ IBJICHHS HEHBIOTOHIBCHKUX
BJIACTMBOCTEH HaHOpiAuHU [3-6].

Byrnenesi Hanorpyoku (BHT) matoth giamerpu
d =1-100 u™ i noBxuHU Tpsika Mikpomerpa. [Ipu
bOMY TerutonpoBigHocTi ogHomaposux (OLL BHT)
i Oararomaposux (BC BHT) cknamatote k=6600
Br/m'K 1 k=3000 Br/m-K Bigmosiguo [7,8], mo Ha

MOPAJOK BWINE, HDK Yy MeTaiiB. 3O0UIbIICHHS
MIBHJIKOCTI BiZIBOAY TeIUla TIPH BHKOPUCTAHHI
cycnensii BHT 3amicTh 4YHCTOrO pO3YMHHHKA
3anekuTh  Bim  KoHueHtpamii BHT 1 4ucna

Petinonbaca [9]. 3i 3pocranHsMm kouieHtpaiii HY
KOe(IIIEHT TEIIONPOBIIHOCTI k 3pocTae, ane Takok
3pocTae i B'SI3KICTh U cycreHsii. Sk Oymo mokazaHo

B eKCrepuMeHTax Ha BomHux cycrensisx BIII BHT,
k i g e dynkuissmu uyucna Re, i npu Benmkux

koHieHTpamisix BHT B's3kicte 3pocrae B 4 pasu
MIBUAIIE, HDK KOoe]illieHT TerionpoBigHocTi [10],
O 3HWKYE €(EKTUBHICTh pPOOOTH  CUCTEMHU
OXOJIOJKCHHSI.

[lpu nomaBaHHI 10 3BUYAMHOI OXOJOIKYIOYOL
piIMHY, IO MHUPKYIIOE MO TPyOKax BTOPUHHOTO
OXOJIO/PKCHHS TpyOUYacToro HarpiBaJbHOIO
enmemeHnty, Bcboro 0.45% o6’emy BII BHT
e CKTUBHICTh TEIUIOBIABEACHHS 30UIbIIyBajiacsi Ha
160% [11]. [Ipu JIoJaBaHHI1 bi(o)
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crnabokoHIleHTpoBaHNX cycnensii BHT neBemukoi
KUTBKOCTI HaHOYacTHHOK MarHetuTy Fe,O; moxHa
OTPUMATH iCTOTHE 3pPOCTaHHS TEIUIONPOBITHOCTI MPH
BHUKOPHUCTaHHI 30BHINIHBOTO MarHiTHOro mnoss [12].
TakuM YHHOM, IOCIIIKEHHS OCOOIMBOCTEMH
TEIUIONEePEHOCY B JIAMIHAPHUX TE€HisX HECYUHX PiIUH
3 JOJaBaHHAM MIKPO / HAHOYACTUHOK IMPEICTABIISIE
BEJIMKUHN THTEpeC I Cy4acHUX TEXHOJOTIH.

2. MaremaTu4Hi MojeJi TernyioMaconepeHocy npu
Tevisix MiKpo / HAHOPITUH

Ipu Tewisx 1O  TpyOKax KaHaJax

CIIAa0OKOHTICHTPOBAHHHUX CyCHeH31H MiKpo/

HAHOYACTHHOK 3aJIOKHOCTI 00'€eMHOT BHUTpaTH Bif

i

pYUIiHOI CHIM  JOCUTh  JOOpE  OMHCYIOTHCS
piBsaHsMH  HaB'e-Ctokca 1 kmacwuyHOi —Teopii
TEIUIONPOBIAHOCTI JJI1  HECTHCIMBOI  OJHOPITHOL

MIKpPOPIIUHH 3 YpaxyBaHHsIM TPaHHYHHUX YMOB
MPOCIIM3aHHS TEPIIOro IMOPSAAKY JUIs IIBHUIKOCTI 1
cTpuOKa JjIsl TeMIlepaTypy Ha TBEPAUX CTiHKaX y
BurIsii [13]

ou 3(y—1)Kn’RedT

W -~ Z_ @
O,

\%
[T ~T, j =0,
002

ne 00 - TBepja CTiHKA, U 1 Uy, I 1 Ty —
HIBUIKOCTI pyXy 1 TeMIlepaTypd pIIUHH Ta
CTIHKM BIAIOBIAHO, S 1 n JOTHYHUM 1
HOPMAJIbHUI HaNpsIMKU BIJHOCHO CTIHKH, o, -

2
u—u —iKn

2720y Kn T
(y+Dor Pr on

KoeIIieHT TaHTEHIT1aJIbHOTO 1(50]9: (9%
iMoynascy (moment accumulation coefficient),
or - KoepimieHT akymymsuii teria (thermal
y=C,/Cy

accommodation coefficient),

BIIHOIIIEHHS TMHTOMHUX TEIJIOEMHOCTEH TMpH
MOCTIHHOMY THCKY 1 00'eM1, Re= puD/ u - uuncio
Peitnonbica, Pr=C,u/k - uwncno Ilpanmars,

Ec=u?/ CpAT - uucno Dkepra, K — KoedimieHt

TEIUIONPOBITHOCTI PIAMHU, AT- XapakTepHa
PI3HULA TEMIIEpaTyp PIAMHU 1 CTIHKH.

VY pa3i HAaHOPITUH Ma€ MICIe MPOCITU3aAHHS
3 TPAaHUYHOIO YMOBOIO JIpyroro nopsiaky [13]

2
u—u, —aKna—u—bKn2a—l:

=0,
on

o )| @)

ne a=(2-o0)/o, b=const, npuioMy 3a JaHUMH
[13] ae[L;1.1466], b<[0.5;1.309]. YmoBu (1)-(2)
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Oynu OTpUMaHi NUISTXOM PO3KIAJaHHsI BHPA3iB s
MIBHJIKOCTI 1 Temmepatypu B psaun Teimopa 3
TOYHICTIO JIO MOXimHUX 1-r0 1 2-ro MOPAAKY
BIIIOBIIHO.

Y Bunaaky JaMiHapHUX Te4id aHaIITHYHI
pitieHHs 3 rpaHudHuME ymoBamu (1) - (2) Oymm
orpuMani s Tedid Kyerra MiXk HeCKIHYCHHUMHU
nmapajelbHIMH  IUIAaCTHHAMH 1 LWIIHIPaMH, IO
obeptarotbes, i Tewit [lyasedins mo Tpybax 3
KPYTOBUM, TPSMOKYTHUM, TPUKYTHHM I€PETHHAMH,
MK KOaKCIaIbHUMH HUJTIHIPAMH Ta IO TOXUIOMY
JoTKy [14], a TakoK TEIUIONMEPEHOCY B TeUisiX
Kyerra MiX  HeCKIHUGHHHMMH  MapajelbHUMH
miacTuHamMu 1 s tedid [lyaseiins mo TpyOax 3
kpyrosum [13] mepernnom. byno mokasano, mo 3a
paxyHOK HasBHOCTI MPOCIU3aHHS MOXKHa 1CTOTHO
30UTBIIMTH 00'€MHY BHTPATy MPH TOMY X Tepemnai
THUCKIB 332 pPaxyHOK 3HWKEHHS B’SI3KOr0 TEpTs Ha
CTiHII 1 mucunaiii eneprii [13,14], mo moscHioe
Oarato ¢eHoMeHiB, Harpukial, B 200 pa3iB MEHIIHA
rimpaBmiuHuil omip GNBTPIB, AKI CKIAAAlOTBCS 3
napajenbHUX TMYYKiB HAaHOTPYOOK, B TOPIBHSIHHI 3
OTMOpaMH, PO3pPaxOBaHUMH JJIsI HHX TO (opmymi
[lyazeitns [15], a Takox OaraTbOM  IHIIHMM
EKCIIEPUMEHTAIILHO BiJIOMUM SIBHIAM (IHB. OTJISA
mirepatyp B [14]).

3. ITocTaHOBKA U PO3B’SI30K 3aaaui
PosrnsmaeTbess  maMmiHapHa — Tewiss U =ué,
HECTUCKYBaHOI HAHOPIAMHU MDK HECKIHUCHHUMH
napajelnbHAMH  IJJaCTHHAMH 3 YpaxyBaHHSAM
TEIUTONEPEHOCY Ha TOBEPXHSX IUIACTHH. PiBHSHHSA
IMITYIIbCY 1 €Hepril MaloTh BUTIISL

d’u
afy2

_ldp pe oT

2
y 8T_|_/J du
wdx T ox

= k JR—
8y2

3)

ne u=u(y)eg, P,
MATOMA TEIIOEMHICTh 1 TEIUIONPOBIAHICTD PIIUHHU.
Ha moBepxHsX TUIACTHH MaOTh Miclle TpaHUYHI
YMOBH BHUIIIAAY (2), B 3arallbHOMY BHITaJIKy Pi3Hi 32
BEJIIMYMHOIO HA BEPXHill 1 HUKHIHN MIaCTHHAX:

M€,k - WiTbHICTD, B'S3KICTD,

y=h: __alg_ﬂlzy_ 5— 4)
21
%Jfglzy—z:(ll/ka (%)
2
y=-h: us= azg—ﬂzgy— 56—1 (6)
2
oT o°T %)

g+§2ay—=—(h/k,
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e £= (-1 Kn? Kn~Re o 2?’(2_5Tj) Kn
2ry ~ Bc . (;/+1)c7Tj Pr’
a;=CijKnj, Bj= C2JKnJ , qj - 3ajaHi MOCTiiHi

MOTOKH Terjia Ha MIacTHHAaX.
Po3’Bs130k nepmoro piBHAHHS (3) 3 TPAaHUYHUME
ymoBamu (2) mae Buriian [14]

u(y) = yL(h2+A+By y)+§— (®)

Ie
4 2hz(oc +o)+ M+ B, +200,) +a, +ocﬁ2
2h+o, +a,
B :2ﬁ1 _ﬁz +h(0€1 —062)
2h+a,+a,

, IpHYOMY

oT
—=C = const , ocKinbKH u = u(y).

ox

Sk BuruiuBae 3 (8), MpU MO3UTUBHUX 3HAYEHHAX
napameTpis o, ., 3, 5, 3aBKIU € NepPeHEceHHs
IMITYIIbCY B3JOBX IUIACTUH B HAMpPSIMKY Tedil, Tak

mo A>0. Skmo niaacTMHU OJHAKOBI 1 ¢ =Q,,
B, = B, , To mpodine mBHAKOCTI cuMerpuyHuid. I1pu

B, # B,

HECUMETPUYHUM 1

a *a,, npodilb  MBHUAKOCTI  CTaE

max(u)

2:0’ ﬂ]:ﬁzzo,

MepexouTh y Biomy opmyny mist Teuii [lyaszeiins
HBIOTOHIBCBHKOI PIZIMHU MIXK TIACTHHAMHU.
[Tone Temnepatyp B KaHaIl Ma€ BUTJIS

T(x,y)=Cx+0(y)

JOCSITAEThCS  TIpU

y=B/2. llpn o, =«

()]
[MincraBmsroun (8) i (9) B npyre piBHsHHS (3),
orpumaemo 31V mis 0(y)
" 517 2 2
0 =yC——\h"+A+By—y |+
() xzﬂL( -7 (10)
+25C7 v,
Ae x = pc, /k - KoehilieHT TeMIepaTypornpoBi-
(%p)*
Aul’k

IaTerpyroun (10), orpumaemMo [Tt TeMIepaTypHu:

HOCTI, Y/ =

T(x,y):Cx+% G +A)y7+ "

4

3
Ny DA

+
6 24 $C*,

+K,y+K2,
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ne K, , - mocriiiHi iHTerpyBaHHs, SIKi MOKHA 3HAWTH

13 rpannuHEx ymoB (5), (7). B cmiy rpomizakocti
Bupasu i K, , i C TyT He HaBesieHi.

4. YnuceabHi po3paxyHKH Ta OOroBOpPeHHS
pe3yJbTaTiB

UucenbHi po3paxyHK# MpodisiB mBHIKOCTI (8) i
nonst temmneparyp (11) mpoBoawiHMCh TPU PI3HUX
Ha0bopax 3HA4YeHb MMapaMeTPiB MOMECNTI, A SIKUX €
pe3y/bTaTH BHMIPIOBaHb HAa PI3HUX TEXHIYHHX

mikpopigunax [13]. 3anexnocti u’(y’), Y (n) i
T'(x"y"), ne
0e3po3MipHIiit

B1IIOBIAAIOTH
Y =Q/&p
riipaBiiiyHa TPOBIIHICTh KaHATy, HaBEJEHI Ha
Puc.la-B s pi3HUX HaOopiB mapameTpiB
MOBEPXOHb IIJIACTHH. BiAMoBinHI XapakTepHi

Y*=u*h/dp,

O3HA4YeHHs *

BEIUYHHI,

3HAUEHHA € u*:h25p/(2yL),
T*=u*y.

ITosnaukn 1 Ha Puc.la-B BiamoBimaroTh Tedil
[Tya3eiins 6e3 nmpociau3aHHs. 3a paxXyHOK TU(y3HOTO
BiJUI3EpKAJICHHS Ha NIOPCTKYBAaTHX CTiHKaX B
HampsIMKy —Tedil BIA€ThCS ICTOTHO  30UIBIIMTH
MBHJIKICTh Tewil (kpuBi 2-7 B moOpiBHSAHHI 3 1,
Puc.la), mpuuomy KoedillieHTH, IO BHU3HAYAIOTh
KpUBHU3HY NpOQLII0 MBHUAKOCTI Ol CTIHKH, Tak
caMo iCTOTHO MPHUCKOPIOIOTH MOTIK (KpHBi 4 1 5), 1K 1
3HAYCHHS BJIACHE TAHTCHI[IAIILHOTO  TIEPEHOCY
iMmmynecy o, (kpuBi 2 i 3). Cxoxi pesynbraTi
Oymu orpuMmani B [13] mis BUMagKy CHMETPUYHHX
IJIACTHH &) =0y, P1o =0.

BinnosinHo, 3i 3poctanHaM a5 1 B, 3pocTae

npoBinHICTh KaHay (Puc.106), mpuuomy mpu qeskux
pizHNX Habopax mpodisi MBHIKOCTI acuMeTpruHi (3
i 4, Puc.1a), a npoBigHocTi omHakosi (3 i 4, Puc.10).
3a paxyHOK HEBEIUKHUX 3MIH IIIOPCTKOCTI CTIHOK
MOXHA 30UTBIIMTH MPOBIMHICTh KaHATY SIKHAWMEHII
B JIBa pas3u B nopiBHsHHI 3 [lya3elneBckoro Tediero
(1 1 5, Pwuc.l6) HaBiThb TNpPH HEBEIUKUX
konnenTpanisix HY (C <5%), mo miaTBepIKyeThes
pe3yibTaTaMH EKCIIEPUMEHTIB TIPU THX ke Habopax
napamerpis [13 .

3a paxyHOK TaHTEHIIaIbHOrO TIepeHocy Ha
CTIHII 1 cTpuOKa TeMIepaTypH, IO BU3HAYAETHCS
Benu4uHOIO mapamerpa & B (4), (6), mepeHeceHHs
TEIUIa BiJ| HArPITUX IJIACTHH 3HAYHO IHTCHCHBHIIIEC
(posmioninm 2-7, Pic.1B), Hix B Teuii [lyazeina (1,
Pic.1e). Ha Puc.lB  HaBeaeHi  pe3y/bTaTu

PO3paxyHKIB Uil BHIAAKY |qy=h|/ |qy=_h|=2; npu

IIbOMY TEMIIEpaTypa PIIUHU 3aJUIIAETHCS BUIIC 3
00Ky OLIbII HATPITOI CTIHKK. BinBeneHHs Temia TuM
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08 06 04 02 02 04

Puc.1. 3anexuocti u’(y’) (a), Y (n)(6), T"(x°,y") (8)
Ut n=7 3Ha4eHb HaOOpiB MapameTpiB

{a7.a3. B 5} = {0,0,0,0}-1, {0.05,0.02,0.1,0.05} -

2, {0.1,0.05,0.1,0.05} -3, {0.1,0.1,0.05,0.05} -4,
{0.1,0.1,0.1,0.1} -5, {0.15,0.15,0.1,0.1} -6,
{0.5,0.1,0.05,0.1} -7.

IHTCHCUBHIIIE, YMM BHUIIE IIBHIKICTh PIAVMHH 32
paxyHoK Tiz0opy KomOiHamil KoedilieHTiB o), i

Bi2, MpoTe Ha OCi CHMETpii KaHaly TeMIepaTypa

cmabo 3aJeKUTh BiA IMX [MapaMeTpiB, Xoda
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3aJUINAE€TBCS  BUINE, HDK TpH  BIICYTHOCTI TeOMETpii, HEHBIOTOHOBCKIX BJIACTUBOCTEH PpiAMHH,
npociu3aHHsa. MaOyTh, Ui OUIbII IHTEHCHBHOTO HeJaMIiHAPHMX TEYid Ta iH.

BIIBOAY  TeIJia  MOTPIOHO  BHKOPHCTOBYBATH 3a paxyHok migOopy Habopy mapamerpiB, IO
TypOyJeHTHI Tedil HaHOpiAWH, IO 3a0e3MEYHTh XapaKTEpU3ylOTh  BEIWYMHY  TaHTCHIIATBHOTO
Kpalluii KOHBEKTUBHHI TMeEpeHic 3a paxyHOK TMEpeHOoCY IMOyJAbcy 1  KPUBU3HH  Tpodimro
TypOyJIEHTHOTO  TepeMilllyBaHHS. Sxmo B MIBHAKOCTI y MIOPCTKYBATHX CTIHOK KaHaly MOXKHA

TEXHIYHOMY TIPUCTPOi MPOTOYHA CHCTEMa, SKa

9

OXOJIO/IKYE, 3HAXOJUTHCS B YMOBaX |Qy:h| # |qy=_}1

TO poboTa TaKoi CUCTEMHU MOXKe OyTH ONTHUMIi30BaHa
JUIL OTPUMAaHHS OUTBII OJHOPITHUX TEMIIEpaTyp B
MOMEPEYHOMY  Tepepi3i  3a paxyHOK Mmimdoopy
koedimieHTiB oy,B; 1 @p,B, Ha NPOTHISKHUX
CTIHKaX, 1100 MIBUAKICTh BUPOOHUIITBA CHTPOITIT

h -

A 2 I1:Vy

o= | [—z(vr) i ]dy (12)
S\T r

Oyya TOCTIHOI y370BXK KaHally, IO BIANOBIIae

ONTHUMAJLHUM MPOTOYHUM CHCTEMaM B MPHPOAL i

TexHini [16].

5. BucHOBKkH

Takum YuHOM, JUIS BUMAJKY JAMIHAPHUX TeUid
HAHODPIIMH B KaHajax pi3Hoi (OpMH MOXHA
OTpUMATH aHAIITHYHI PO3’BS3KMA SK IS Tedid 3
MOCTIHOIO TemnepaTyporo [14], Tak i s BUMAAKY
HEPIBHOMIPHO HArpiTHX CTIHOK KaHamiB. BimmoimHi
PO3’BSI3KK AYKE BaXXKJIMBI JUIS Baifamii pe3yabTaTiB
YHCENbHUX PO3PaxyHKIB y BHIIaJKaxX TPUBHUMIPHOL

Cnucox BUKOPHUCTAHUX T7KEPeEa

1. Choi S., Eastman J. Enhancing thermal
conductivity of fluids with nanoparticles. In: Proc.
of ASME Intern. Mechanical Engineering
Congress. San Francisco. — 1995. — P. 99—-105.

2. Choi S., Zhang Z.G., Yu W., Lockwood
F.E., Grulke E.A. Anomalous thermal conductivity
enhancement in nanotube suspensions. // Appl.
Phys. Lett. —2001. — 79. — P. 2252-2254.,

3. Eastman J., Phillpot S., Choi S., Keblinski
P. Thermal transport in nanofluids. // Ann. Rev.
Mater. Res. —2004. - 34. — P. 219-246

4. Wang X.-Q., Mujumdar A.S. Heat transfer
characteristics of nanofluids: a review. // Intern. J.
Therm. Sci. —2007. — 46. —P. 1-19.

5. Trisaksri V., Wongwises S. Critical review
of heat transfer characteristics of nanofluids. //
Renew. Sustain. Energy Rev. — 2007. — 11. — P.
512-523.

6. Kakac S., Pramuanjaroenkij A. Review of
convective heat transfer enhancement with
nanofluids. // Int. J. Heat Mass. Transfer. — 2009. —
52.—P.3187-3196.

7. Hone J. Carbon

nanotube thermal

3HAYHO TPUCKOPUTH TEUIIO 32 PAXYHOK 30UIbIICHHS
TiIpaBIiyHOI MPOBIAHOCTI KaHANy Ta 30UTBIINTH
IIBUAKICTh BIIBOAY TeIJia K 3a PaxyHOK CTpHOKa

TeMIepaTyp Ha CTiHII, TaK 1 TNPUCKOPEHHS
KOHBEKTHBHOI'O TEIUIOIEPEHOCY.
[lpy pigMHHOMY OXOJNO/KEHHI KOMIIOHEHT

HEOJHOPIZIHO HATPITHX eJIeMEeHTIB (TO0TO mpH
PI3HUX TEIUIONPOYKITISX HA CTIHKAX KaHATy) MOXKHA
KOHTPOJIOBATH PpO3IoIiT TeMIeparyp B
MOMEPEYHOMY TIepepi3i 3a paxyHOK mapaMerpiB
cTiHOK. Hampukman, y 0aratbox MNPHUKIAICHHIX
(ximMiuHi, MIKpOOIOIOTiYHI peaKkTopH i iH.) MOTpiOHA
MiATPUMKa OIHOPIMHOI TeMIepaTypu 3a MepeTHHOM
KaHay.

Hageneni pe3ynbTaTH BIIHOCATBCS TaKOX i IO
BHITAJKy BIABOAY TeIJa Bil CTIHOK KaHally Ta
OXOJNIO/DKCHHSI HATPITHX pIiIWMH, HANpHUKIAd, B
SNeKTPUYHMX TanuBHUX enemeHtax [17]. 3a
JIOTIOMOT'OI0  OTPUMAHOTO aHATITUYHOIO PIillIeHHS
MOXKHA pO3B’s3yBaTU 3amadi OIITHUMI3allii,
HATNpUKIaJ, HAa OCHOBI MPHHIUIY MIHIMyMY
BHPOOHHIITBA eHTporii [16], po3paxoBaHnoi 3a (13).
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Pozensioaemoves 3a0aua npo  GUMYWEH] MOHOLAPMOMIUHI  OCECUMEMPUYHI 32UHHI KOAUBAHHS MA
JucunamusHuii  po3iepié Kpyeaoi 6 SA3KONPYJCHOT NAACMUHU 3 N €30CNeKMPUYHUMU CEHCOpaMu ma
akmyamopamu. B’szxonpyscna noeedinka nacusnozo ( 6e3 n’ezoepexmy) i n’€30aKkmusHo20 mamepianie
ONUCYEMBCS 32 OONOMO2010 KOHYENYii KOMIAEKCHUX MOOYIG, WO 3a1exnCamb 8i0 memMnepamypu.
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A problem on the forced monoharmonic axisymmetric bending vibrations and dissipative heating of
circular viscoelastic plate with the piezoelectric sensors and actuators is considered. Viscoelastic behavior
of passive (without piezoeffect) and piezoactive materials is described using the concept of complex moduli
which depend on temperature. The nonlinear coupled problem of electrothermoviscoelasticity is solved by
numerical methods. The influence of the boundary conditions and temperature of disspative heating on
active damping of harmonic vibrations of thin viscoelastic plates with the simultaneous use of sensors and
actuators is investigated. For modeling viscoelastic properties of passive and piezoelectric materials, linear
models of integral type viscoelasticity are used, which are most effective for simulating the dissipative
properties of materials in the linear region. If the material characteristics depend on temperature,
investigation of the influence of temperature of dissipative heating is reduced to solution of complicated non-
linear systems of differential equations.

Key Words: active damping, sensors, actuators.

CrartTio ipeactaBuB 1.¢.-M.H., mpod. XKyk 5.0.

Beryn THUBHICTh POOOTH CEHCOpIB Ta aKTyaTOpiB, a TaKOX
Ha e(eKTHBHICTh aKTHBHOTO AeMI(IpyBaHHS KOJIHU-

KommonenTamn  pisHHX ~ KOHCTPYKLIA € BaHb TOHKHUX INIACTHH 3a iX JTOIIOMOIOIO.

TOHKI TUIACTHHH 13 PI3HUX MaTepiaiiB, y TOMY YUCIi

13 mMoniMepiB Ta KOMIIO3UTIB Ha iX OCHOBIi, IO IocTranoBka 3agaui
3HaXOJATh IUPOKE 3aCTOCYBAHHS B PI3HUX Tally3sx
cydacHoi TexHiku. TemneparypHi edekTn 0coOINBO
BaYUIMBI JUIsl MJIACTUH 3 TIOJNIMEPHUX MaTepiaiB i
KOMIIO3UTiB HAa iX OCHOBi, fKi JyKe 4ymIuBi J0 TOTOBJIEHMH i3 macuBHoro (6e3 m’e3oedexty) maTe-
3MiHM TeMrepatypu. Y NaHiil CTaTTi po3IVISNaroThCs  piaily, a ii 30BHIIHI NOBEPXHi z =1/, /2 JKOPCTKO
BHMYIH_?Hi MOHOFap?’IOHi‘IHi 3THHHI KOJMBAHHA  ckpinieni 3 MOAPU30BAHUMH 10 TOBIIMHI I €30-
KpYIJioi TPUIIAPOBOI TUIACTHHH HECHMETPUYHOI
Oy/Z0BH, B K OJWH 13 30BHILIHIX II’€30€IEKTPUY-
HUX IIapiB BUKOHYE POJb CEHCOopa, a JAPYTHd -
aktyaTopa. IIpy Pe30HAHCHHX KONMBAHHSX Ta BHCO- AKTHBHOIO LIAPiB BBAKAIOTHCS B si3KonpyxHumu. Ha
KHX PpIBHAX MEXaHIYHNX HABAHTAXCHb BHHHMKae SOBHILIHI IIOBEPXHI II’€30MIApiB, a TaKOX Ha II0-
HEOOXI/HICTh BpaxyBaHHS BIUIMBY (isudHOi Hemni- BEPXHI, sKi KOHTAKTYIOTh 3 IACHBHHM  IIapoM,
HIITHOCT], ZMCHTIATHBHHX BIIACTHBOCTEH MaTepiamis i HAHECCHO  CYUUIBHI  JyXe TOHKI  €ICKTPOIM.
TEMIIEPATYPH JMCHIIATHBHOTO PO3irpiBy Ha eex- DBHYTDIIHI €ICKTPOAN HiATPUMYIOTHCS HPH HYJIbO-

PosrissHeMo TpuIIapoBYy Kpyrily IUIACTUHY
paziyca r, BHYTpIlHii Iap TOBIIMHHU /i, AKOI BH-

KepaMidHUMH LIapaMHu, pajiyca 7, <7 1 TOBLIMHAMU

h, 1 h, BinnoBiTHO. Marepiaau nacuBHOrO i 1’€30-

© O.B. IT'srenpka, 2018
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BOMY IOTeHIliami. BBaxaemo, M0 IT’€30aKTHBHUIA
map TOBIIMHM /i, € aKTyaTOpOM, a I1’€30MIap TOB-

IMHYU 4, BUKOHYe ponib ceHcopa. [lnacTuna HapaH-
Ta)keHa MOBEPXHEBUM TUCKOM P = P(r)cos @t , 1O

TFapMOHIYHO 3MIHIOETBCSA 3a 4YacoM [ 3 KPYrOBOIO
Y4acTOTOI @ , OJIM3BKOIO JI0 PE30HAHCHON.

Jlo  eneKTpomiB  aKkTyatopa  IiIBOIUTHCS
pi3HUISA CIIEKTPUIHUX OTEHIIATIB
q)l(_hz/z)_q)l(_hz/z_hl): Re(VAeim) 3 TiER K
YacTOTOIO, II0 M MeXaHidyHe HaBaHTAKEHHSI. Y
BUIQ/IKy PO3IMKHYTHX €NIEKTPOJiB CEHCOpa, BHACII-
JIOK il Ha IUIAaCTUHY FapMOHIYHOTO HaBaHTAKEHHS,
Ha eIEeKTPOJaX CEHCOpa BUHHMKAE PI3HUIIS SJICKTPUY-
HUX IIOTEHIIATIB KOMILIEKCHOIL aMILTTyau
Ve =Vg+iV{, Ky HeoOXiIHO BH3HAYaTH 3a JOIO-

MOT'0I0 YHCEIBHUX PO3paxyHKIB a0o 3aMipsATH TpHU-
JazoM. B’s3kompykHa IOBeMiHKAa ITaCHBHOIO 1
I1’€30aKTHBHOTO MaTepiayliB MMPH MOHOTapMOHIY-
HOMY Jae(OpMyBaHHI ONMHUCYETHCS 3TITHO KOHIICIIIIT
KOMITJIEKCHUX MOJYJIB [2], nificHa Ta ysIBHA YaCTHHU
SKHX 3QJIKaTh B TeMIEpaTypH IHCHIATHBHOTO
posirpiey. Ilpu MopenroBaHHI €IEKTPOMEXaHIYHUX
KOJIMBaHb IJIACTUHH BiJHOCHO MEXaHIYHUX 3MIHHHX
npuiimaemo rinmotesn Kipxroda-Jlssa, ski BHKO-
HYIOTBCSI Y3[IOBK TOBIIMHU Takery mapiB. Ilpu-
MyCKAEMO, IIO CKJIaJOBUMH BEKTOPIB IHAYKIIil
D,, D, 1 HAIPY)KEHOCTI [ , E, €IEKTPHYHOrO IO

y IUTOIIMHI KOXHOTO IT’€301Iapy MOXKHA 3HEXTYBATH.
I3 piBHSHB €IEKTPOCTATHKH BHUILUIMBAE, IO HOP-
MajbHa CKJIaJ0Ba BEKTOpa IHAYKIi € TMOCTIHHOIO
BEJIMUMHOK MO TOBIIMHI IT’€3011apy, TaK IO
D., :Cm(”)a m=1,2. Ha ToBepxHAX pPO3IMKHYTHX

(m=2)
IHAYKII0 HAOJMKEHO BBAXKAEMO PIBHOIO HYJICBI.
Tax six 1’ €301apy MaloTh BIIHOCHO MaJly TOBIIHHY 1
BEJIMKY TEIUIONPOBIHICTh iX MaTepiany MOpiBHSIHO 3
MaTepiaJoM MacWBHOTO IIapy, TO TeMIEepaTypy
JMCUTIATUBHOTO PO3IrpiBy NpUHAMAaEMO TOCTIHHOO
Mo BCi TOBIIMHI. PiBHSHHS cTaHy MONsSpU30BaHOl
Y3/I0BXK KOOPJAWHATHA Z T €30KEpaMiKH, sKi OMHUCY-
I0Th MOHOTaPMOHIYHY OCECHMETpUYHY Jedopmaltito
B TI’€30€NEKTPHYHKX IapaxX BiTHOCHO KOMILIEKCHHX
aMILTITYIHUX BEIMYHH, MAIOTh BHTJISIL:

CNEKTPOJIIB  CeHcopa CNEKTPOCTATHYHY

_ QE E
o, _Sll g, +S12 &g _b31 Ez’

Oy = Sl‘g g, +S1El €y —by E (1)

z9

99

Dz :b31 (gr +80)+b33 Ez’ Ez = —
oz

., (@
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11 E 2\ E E >
C'll 1 VE C'll
2
b _ d31 2 _ 2 d}l
31 E > p - E T >
Cll(l_vE) Cllgss(l_VE)
T 2
by, = &5 (l_kp)’ (3)
E T . ) .
e sy €y BiJIMIOBiTHO KOMIIJIEKCHI

MOJIATHOCTI, IT’€30MOAYJI Ta JiCNeKTPUYHI IPOHHK-
HOCTI B II’€30€NEKTPHYHUX LIapax; o, =0, +i0.,
— ~/ L _ ! L} At .on
o,=0,+ic", &, =¢ +ig], g, =&, +i€Ey— KOMII-
JIEKCHI aMIUTITyId pajialbHUX 1 KOJIOBHX HaIpy-

KEeHb Ta aHAIOriyHUX aedopmaimiid B mapax. Tyr
BUKOPUCTOBYEMO CTaHIAPTHI IO3HAYCHHS KOMII-

1/2
a‘:(ar2+a"2) .
Jnst i30TpOIHOr0 MAacHBHOTO MaTepially BHYTpIII-
HBOTO APy IJIACTUHH CIPABIKYIOTHCS CITIBBiTHO-

JIEKCHUX BENWYMH : a=a'+ia”,

menns (1), y sxkux xoedbimientn S/, S i b,
HeoOX1THO 3aMIHHUTH BIiAIIOBIIHO HA:

S”=E/(1—v2), S, =vS8,,b;=0, 4)

ne E =E'+iE"— 3aneXHU# BiJl TeMIepaTypH
MOJyJIb B’SI3KONPYXKHOCTI; V = const — KOeQIlieHT
[lyaccona, sikuii BBa)XKa€MO IIOCTIHHOI 1 IIHCHOIO
BEJINYHHOIO.

AmmityaHi  mapamerpu  aedopmarii y
criBimHOmeHHsX (1), (2) yepe3 KOMILIEKCHI aMILTi-
Tyl pagiaIbHUX MEPEeMIIleHb # 1 MPOTHHIB W
CEpeNMHHOI TUIONMHU TJIACTUHH BHPAXKAIOThCA Ta-
KAMHU 3aJISKHOCTSIMU:

g, =e +zK,,E,=¢€,tZK,,
du do 0 dw

= —, K :—’0:——.
dr ¢

dr r dr

u
s egz_
r

)

B r

BpaxoBytouu enexkTpuyHi rpaHUYHI YMOBH JUTS
aKTyaTopa Ta CEHCOpa, CIeKTPOCTaTHUHI CIIBBIIHO-
meHHs (2) MaloTh BUTIISA:

D, =—b313%+b§1 8+MK' ,e=e, +e,,
1
1
1 33
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K=K, +K,,

E,=-2(ctzx),
33
PiBHSIHHS OCECHMETPUYHHUX TAPMOHIYHUX
3TUHHUX KOIUBaHb KPYTIIOi TUIACTHHU MalOTh
BUTJISIL:

h—3+h2£z££
2

N, +1(Nr N,)+pw'u=0,
dr r
aM. 1
t+—(M,-M,)-0,=0, (7)
dr r
a0,

+— Q +pa*w+P(r)=0,
dr r

ne N,,N, M., M,
TyOu pajiaibuX Ta KOJOBUX 3YCHIb 1 MOMEHTIB
BIMOBIAHO, P = p, h +p, h, + p; hy, Piy3
MUTOMI TYCTHHU MaTepialiB IT'€30IIapiB Ta MACHB-
HOT'O TIapy, P(r) - 30BHIIIHE HaBaHTaXXeHHs. Yepes

- KOMIUIEKCH1 aMILUIi-

ricrepesucHi BTpaTH y Matepialli BUMYIIEHI KOJHU-
BaHHS TOHKOCTIHHHX €JIEMEHTIB i3 B’S3KOMPYKHUX
MaTepiaiiB CYIMPOBOIKYIOThCS TUCHIATUBHUM PO3i-
rpiBoM. ToMy CIIBBIAHOIICHHS eIeKTpOMEXaHikH (5)
- (7) HeoOXiHO OMOBHHUTH YCEPETHEHUM 32 IHKI
KOJIUBAHb 1 y3/IOBK TOBIIMHHU IJIACTHHH PIBHSHHSIM
CHeprii, SKe OMUCYE OCECUMETPUYHHUN PO3MOALT
TeMIIepaTypH BIOPOPO3IrpiBy:

2
11 _oT 1T 2a5p 7y, Ly
aodt Or  ror Ah Ah
ne h=h+h +hy; og=( +a,)/2;

o, a, - KoeDillieHTH TEmIo00MiHy Ha
nosepxusax z=—(h,/2+h) i z=(h,/2+h,) Bin-
moBigHO; A - ycepemHeHHi KoedillieHT TermIonpo-
BIJTHOCTI; & - KOG(IIIEHT TeMITepaTypOnpOBiIHOCTI;
T, - TemmepaTypa 30BHIIIHBOIO CEPEIOBHIIA; W -

nucunatiBHa QyHKIi [1] ams B sS3KompyKHOT
IUTACTUHMA 13  30BHINIHIMH  I1'€30€JIEKTPUIHUMHU
CEHCOPOM Ta akKTyaTopoM, ¢opMmyna s Kol He
HABOJOUTBCS dYepe3 rpomizakicte. Jlany 3amady
CNEKTPOTEPMOMEXaHIKA TPO PE3OHAHCHI 3TUHHI
KONMBaHHS 1 BIOpOpO3IrpiB  Kpyrioi IUIACTHHU
HEOOX1THO JIOMOBHUTH T'PAaHUYHUMH 1 TOYATKOBUMHU
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ymoBaMmH. Tak K JjIsl KpyrJioi CyITbHOI IIaCTHHH
IEHTpaJIbHA TOYKa € OCOOJIMBOIO, TO TIPH
YHCENFHOMY  PO3B'A3aHHI  3a/Jadi  PO3TILIAEMO
IUIACTUHY 3 JIOCTaTHHO MaJHMM OTBOPOM paiiyca o,
Ha KOHTYpi SIKOTO MPHUMAEMO YMOBU PETYJSIPHOCTI
Ta cuUMeTpii ans PIBHAHb EIEKTPOMEXaHIKH 1
TEIUTONPOBIAHOCTI, TaK IIO:

.=0,0,=0,0=0, r=2,
a—T=0, r=0.

7

©)

Ha 30BHIIIHBOMY pajiadbHOMYy TOPIIi TUIACTH-
HU BUKOHYIOTHCS YMOBH IIAPHIPHOTO 3aKPIlICHHS :
u=0, w=0, M =0, r=R. (10)
I'pannuna yMoBa Ha pajiaJbHOMYy TOpPII Ta
MoYaTKoBa yMOBa Uil PIBHSHHS TEIUIOMPOBITHOCTI
MAaIOTh BUTJISIL:

or _ «a,
or A

(r-Ty), r=R, T=T,, (11)

AJropuT™M po3B'si3aHHsA 3a1a4i

SKmo B’SI3KOMPYXKHI BIACTHBOCTI MaTepia-
JIB 3aJIeKaTh BiJl TEMIEPATYpH, TO JUIS PO3B'S3aHHS
HENiHiHOT cucTeMu piBHSAHBL (5) (11) moxHa
3aCTOCYBaTH METOJI TIOKPOKOBOT'O iHTErpyBaHHS [2]
3a yacoM. J[yist IbOTo PIBHSHHS eJIEKTPOMEXaHIKK
(5) - (7) micns pesKUX TEPETBOPEHb 3alUCYEMO Y
¢dopmi 3BHUAlHUX Au(epeHIiaIbHuX PIBHIHb HOp-
MaJBHOTO BUJTY:

B B,
dNr:l(B]S—l)N, M +[—pwj
dr r r r

dQ 1 ~ 2

B 1
vBag iy 99 15 sutw—p().
r r dr r
aM, By 1( e — DM, + =2y ¢ 2220+1ME
dr r r r r r
A,
%_ABN + A M, +7u+ ;29+FI, (12)
A 9 99y N vam syt E
dr r r r

PiBHsiHHS enekTpomexaniku (12) € KOMITIEKCHO3HAY-
HUMU 3 TpannuHuMH ymoBamu (9), (10). 3 Bukopu-
CTaHHSIM TPOTPaMU JUIS PO3B'SI3yBaHHS 3BUYANHHX



Bicnux Kuigcbko2o nayionanbHoeo yHigepcumemy
imeni Tapaca lllesuenxa
Cepis ghizuxo-mamemamuuni HayKu

mrdepenianbHux piBHsHE [1], (12) Ha KOXHOMY
4acOBOMY KpOILli IHTErpyIOThCS YUCETBHUM METOIOM
nuckperHoi oproroHamizamii. [licns  obGumcneHHs
mucunatiBHOi GyHKIIT J¥ 3aada TEILIOMpPOBigHOCT
(8), (9), (10) po3B'sI3yeTHCSI METOOM CKIHUCHHHUX
pi3HHIb 13 3acTocyBaHHSM siBHOT cxemu. Jlis
neMripyBaHHS BUMYILICHUX KOJIMBaHb IIIACTHHU 32
JIOTIOMOT'OI0 CEHCOPIB Ta aKTyaTOpiB HEOOXIJTHO 3a
BEIIMYMHOIO aMIUTITYIM PI3HUII ENEeKTPUYHHX I0-

TeHLianiB V Ha eleKTpojax CeHcopa, 3yMOBIJIEHOi
30BHIIIHIM THCKOM P, BU3HAYUTH BEIMYMHY IOTCH-
Hainy V,, Ky HeoOXiIHO HiIBECTU IO €IEeKTPOAIB
aKTyaTopa, 100 KOMIIEHCYBAaTH HaBaHTA)KCHHSI:
V,=GVs, (13)
. \
TyT G, - KoedilieHT obepHeHoro 3B'A3Ky. Bpaxo-
BYIOUH T€, 1[0 y TUIACTUHI PEai3yIOThCs MEPEBAKHO
3TUHHI KOJIMBaHHS, & MAKCUMaJIbHI TPOrMHU JI0CATa-
IOTBCSI Ha PE30HAHCHIM YacTOTi HAaWOIMbII eHepro-
€MHOI TepuIoi MOJH, TO BCi PO3paxyHKH B 3aJiexk-
HOCTI Bijl BETMYMHM pajiyca 7, M'e€30LapiB IPOBO-
JAITUCH Ha YacTOTaX MEpIIoro Pe30HaHCY.

Ha Puc.1 nHaBenmeHo 3aneXHOCTI Bimg 0e3po3-
MipHOro paziyca x, = (r, — 8 )/L m'e3owapis, sKi Bu-
KOHYIOTH pOJIb CEHCOpa 1 akKTyaTopa, PO3IMOALIIB
nepuioi pe30HaHCHOI YacTOTH 3THHHHUX KOJIHBaHb
mwiactiad @ = @-107* ¢ ( WTpUX-TyHKTHPHI KpH-
Bi ), pO3paxOBaHUX HA IIUX YACTOTAX MAKCHUMAIIbHHX
AMILITY] TpPOrHMHIB W, = ‘ wh (x = OX -10°M  Tipu
MIJBEACHHI 10 aKTyaTOpa eJIEKTPUYHOTO MOTEHINATY

. 1
Vi=1B,V]=0,P=0 i w,=|w,(x=0)-10°m npn
MEXaHIYHOMY HaBaHTaXXeHHI 3 aMIutityo10 P =11la
V, =V =0 (mrpuxoi ninii). CynineHa kpuBa G
XapaKTepu3ye 3aJeKHICTh BiJl mapamerpa X, Koedi-
uieHTa kepyBanus G, = G, -107" y cuiBBigHOLICHH]
00CPHEHOTrO 3B'S3Ky. AHAJII3 KPHBUX W, TIOKA3ye, 1110

MaKCHUMaJTbHI aMILTITYId POTHHIB IUTACTHHU TIPH

Cnucox BUKOPHUCTAHUX T7KEPeEa

Kapnayxoe B.I'., Muxaiinenko B.B. Henunelinas
TepMOMEXaHWKa THE303JIEKTPUUECKUX HEYIpY-
TUX TeT IPU MOHOTaPMOHHUYECKOM Harpy>KEeHHH.
- XKuromup: XKTTYVY, 2005. - 428 c.

Kapnayxoe B.I., Kupuuox M. @. CssizaHHBIE
3a]a9d TCOPUM BSZKOYIPYTUX IIACTHH H 000-
nouek. - Kues: HaykoBa nymka, 1986. - 222 c.
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MEXaHIYHOMY HaBaHTaXXEHHI CJIab0 3aliexaTh Bij
mapamerpa x,, L0 XapaKTepu3ye IUIONILy II'€30-
mrapis.

3a BUHITKOM AOCTAaTHHBO MAJIOr0 OKOJY TOYKH
x, =0, OKa3HHKH CEHCOopa V| Mallo 3MIHIOIOThCS 3i
30inbIIEHHAM napamerpa x, . IIpu npomy w, mocs-

rae MakKCMMajabHOIO, a VA] - MIHIMaJILHOTO 3HAYEHL
MpH TIOBHOMY TIOKPUTTI IT'€301IapaMH 30BHINIHIX
IJIOMMH miacTunu (x, =1). Posmipu axryaropa i

CEHCOopa € HaOUTBII ONTHMATBHUMHU 3 TapaMETPOM
0.7<x,<1.

0.8

Puc. 1

[Mpu Takux po3Mmipax M'€30aKTHBHUX CKIIAQJOBHX
MmiZIBeJIeHa /0 akaryatopa pi3HHUIS eIeKTPHYHUX

HOTeHLianiB }/, BHUKIMKAaE MaKCUMallbHI HPOTWHU
w, IUIaCTHHH, a Koe(ilieHT oOepHEHOro 3B'SI3KY
Oyzne miniMansaum ( kpuBa G o). baunmo, mo y
BUIAJIKy HIAPHIPHOTO 3aKpilUICHHS IJIACTHHUA Koe-
¢inient G ~1.
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Po3nizHaBaHHsl iMeHOBAHMX CYTHOCTEH B Named entity recognition in texts with the help
TeKCTax 3a I0NM0MOr0K0 PO3MITKH YaCTHH of part of speech tagging

MOBH

1 KuiBcbkuil HALlOHAJIBHUN yHiBepCI/ITeT iMeHi ' Taras Shevchenko National University of KyiV,
Tapaca Illeuenxa, 01601, m. Kuis, Byx. 01601, Kyiv, Volodymyrska st. 64/13,
Bonogumupcrka 64/13, e-mail: ' maksym.univ@gmail.com,

e-mail: ' maksym.univ@gmail.com,

Y yiti pobomi mu ananizyemo apximexmypu HeUpPOHHUX Mepedc, WO OMPUMYIOMb HAUKPAWI
pe3yiomamu y po3e a3Ky 3a0aui po3nizHA8aANHs IMEHOBAHUX CYMHOCME, Ma NPONOHYEMO HOBY APXimeKmypy
0151 NOKpawjenHs yux pesynomamie. Mu npoananisysanu nimepamypy no HOBUM NiOX00aM 00 CMEOPEHHS
HeUupoHHUX Mmepedxc. B yiti pobomi mu npezeHmyemo OeKilbKa apXimekmyp siKi MU 68aAdNCAEMO HAUOLIbUL
nepcnekmusHUMU OJisi NOKPAWEHHS Pe3Vibmamie pobomu aieopummy posmMimKu IMeHO8AHUX CymHocmel i
yacmun moeu. LI apximexmypu 0a3yl0mbcsi HA OCMAHHIX PO3POOKAX 6 c@hepi HEUpOHHUX Mepedc uo
HAB4aAMbC OOHOUACHO PO38°A3y8amu 0eKiibKad 3a0a4 00HOYACHO.

Y yii pobomi mu nepesipsemo einomesu, w0 3a0aui POIMIMKU HACMUH MOSU [ IMEHOBAHUX
cymHocmell € nog’s3aHi 0OuH 3 OOHUM, MOOMO 000a6aHHs IHGOpMayii Npo uYACMUHU MOBU MOJice
donomoemu po3e ’A3amu 3a0ayy 8UHAYEHHS IMEHOBAHUX CYMHOCMel [ HA8NAKU.

L poboma makooic micmums peanizayiro HeUPOHHOL Mepedici i pe3yTbmamu eKCNepUMEeHmMie pasom 3
BUCHOBKAMU SIKT OYIU OMPUMAHT BHACTIOOK YUX eKCHePUMEHMIB.

Knrouosi cnoea: metiponni mepedici, pO3Ni3HABAHHS IMEHOGAHUX CYMHOCMEU, pecyiapu3ayis,
V3a2anbHeHiCMb, MYTbMuU-3a0a4He MmpeHy8anHs

We analyze neural network architectures that yield state of the art results on named entity
recognition task and propose a number of new architectures for improving results even further. We have
analyzed a number of ideas and approaches that researchers have used to achieve state of the art results in a
variety of NLP tasks. In this work, we present a few architectures which we consider to be most likely to
improve the existing state of the art solutions for named entity recognition task and part of speech tasks. The
architectures are inspired by recent developments in multi-task learning.

This work tests the hypothesis that NER and POS are related tasks and adding information about
POS tags as input to the network can help achieve better NER results. And vice versa, information about
NER tags can help solve the task of POS tagging.

This work also contains the implementation of the network and results of the experiments together
with the conclusions and future work.

Keywords: neural networks, named entity recognition, regularization, generalizability, part of
speech tagging, multi-task learning.

CrarTio npenctaBus a.(-M.H., npod., AHiciMoB A. B.
© M. B. besza, 2019
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Beryn Mpamioe B BY3bKOMY  KOHTEKCTI  (AEKiJibKa

CrpimMkuii pict kimpkocti iH(OpMamii y
BCECBITHIN Mepexi “lHTepHET” NPU3BOAUTH JIO
HEOOXiTHOCTI pO3POOKH aBTOMATUYHHX METOIIB
pobotu 3 Heto. binbiricts iHGopMalii B myOmiyHOMY
JIOCTyI €

HECTPYKTYpOBaHOIO 1  MOTpeldye

IHTEEeKTyaTbHUX CHCTEM, SKi MaTUMyTh 3MOTY
00po0JATH 11 1 OTPUMYBAaTH KOPHUCHI CTPYKTYpOBaHi
TaH1 JJIs TTOAIbIIoi 00pOoOKH.

OnHi€0 3 TAKUX IHTENEKTYaJbHUX CHUCTEM €
NER-cucrema (Named Entity Recognition). Bona
pO3B’s3ye  3ajady ~ BU3HAuUCHHS  IMCHOBaHUX
cyTHocTed. B miteparypi HaiidacTime po3nisgaloTh
HactynHi yotupH ix tunu: LOC, PER, ORG, MISC
- MiCIIEBiCTh, IIEPCOHA, OpraHi3allis, iHie.

VY miii poboTi MM aHaJi3yeEMO iCHYHOYi Ha
JaHUH MOMEHT pOOOTH, IO PO3B’A3YIOTH 3a1auy
NER, apxitektypu iX HEHpPOHHUX MEpeX, a TaKOXK
MPOMNOHYEMO aJbTEPHATUBHY HEHPOHHY MEPEXKY, SIKa
BHKOPHUCTOBYE Tern dacTuH MoBH (POS-tags) sk
JIOaTKOBHUM BXiJ JUIS TOKpAIIeHHS y3aralbHEHOCTI
MEpexi, a K pe3yNbTar - MiJBUIIEHHS TOYHOCTI Ha
TECTOBOMY Habopi JaHUX.

CyuacHi 3a;a4l

METOOU  PO3B’SI3KY

PO3Mi3HaBaHHS IMEHOBaHHX CyTHOCTEH
BUKOPUCTOBYIOTh pekypenTHi (RNN) Ta 3roprkosi
(CNN)

BunankoBi mojis (Conditional Random Fields).

HEHpOHHI Mepexi, a TaKoX YMOBHI

Pexypentna Heiiponna wMepexxa (RNN)
MOXKE OTPUMYBAaTH Ha BXij| Hamepel HCBU3HAYCHY
KUIBKICTh BXIOHUX JTAaHUX B DOCIIZOBHOCTI 1
[lonpasna,

MPaKTHYHI OOMEXEHHS WIONO KIUTBKOCTI BXITHHX

OIpallbOBYBAaTH iX IOCIiZOBHO. €

JNAaHUX Y OJHIA MOCJIJOBHOCTI, $Ki 3yMOBJCHI
00MEXEHUM PO3MIpOM MPUXOBAHOTO APy MEPEKi.

PexypeHTHI HEHpOHHI MepeXi MaroTh BEIUKY

MNOMYJISAPHICT B CyYacHHX METOAax oOpoOKH

b

TEKCTIB, 32 PaxyHOK iX MOXKIMBOCTI “‘mam’sitatu’

KOHTEKCT pEYeHHs, Npu mojadi iM Ha BXifg

mocimoBHOCTI  ciiB.  HaiGinpmr — mormmpeni
peanmizaiiii pPeKypeHTHUX HEHPOHHHUX MEPEK - II¢
LSTM [2] Ta GRU.

3ropTkoBa HEHpOHHa Mepeka, BIEpIIe
ormcana B pobori LeCunn & Bengio [3], orpumye

Ha BX1JI TOCTIIOBHICTH (PIKCOBAHOTO PO3MIpY i
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€JIEMEHTIB IMOCIiJOBHOCTI Ha BXiJl 1 OOWUH BHXIT).
3ropTkoBi HeWpoHHI Mepexi HaOynu OijbIIoro
TIOIIUPEHHS /IS 3a/1a4 00pOoOKH 300pakeHb, TOMY
1o iHdopMallis Ipo KOHKPETHHUH MIKCENh BaXKJINBa
HEe cama 1o co0i, a B KOHTEKCTi CYyCi/THIX MiKCeliB.
3romoM  3TOpPTKOBI  HEHpOHHI Mepexi Oymu
BHUKOPHCTaHI 1 1A 3a/1a4, sIKi OB’ sI3aHi 3 TEKCTOM
1 TOCIIIJOBHOCTSIMH 3MIHHOI JTOBKUHH.

VYMmoBHI BUITaIKOBI TOJIs
BHUKOPHCTOBYIOTBCSI AJIsl PO3B’SI3KY 3a7ad, IIO
BHMAraroTh MEBHOI CTPYKTYPH Y BHUXiJIHUX JaHHX.

Jost NER
BUKOpUCTOBYtoTh BIO Horalmito, mo BuMarae

PO3B’s3KY 3agadi 4acTo
[IEBHY CTPYKTYpPY y BUXITHUX JaHUX. Y PO3MALIi
“Cuctema MITOK” Oyle JACTaJbHIIIE OMUCAHO
HEOOXiIHICTD BHKOPUCTaHHS YMOBHHUX
BUIMAIKOBHUX IIOJIIB.

Hama poGoTa Mae HacTynHy CTpYKTYpy. Y
po3mimi “CuctemMa MITOK” MH OIUIIEMO CHCTEMY
KJIaciB, pO3Mi3HABaHHsS SKUX MH IIOCTaBHMO SIK
3amady Hammi HeHpoHHIN Mepexi. Y posminmi
“Omsin miteparypu” MU KOPOTKO y3arajJbHHUMO
ICHYrO4l TMigXoAau, IIO OTPUMYIOTh HaHKparry
SIKICTh BU3HAUEHHS IMCHOBAaHUX CYTHOCTEH. Y
po3minmi “IlmaH  eKcriepyuMeHTIB” MH ONHIIEMO
mo  OymyTh
EKCIIEpUMEHTIB 1 caMi TiNoTe3u, 1o MU OymeMo

JaHi, BUKOPUCTOBYBAaTH IS
nepeBipaTa. Y posnun “Jleram peamizarii’ Mu

OMUINEMO CTPYKTYpPY HEHpPOHHOI Mepexi Ha
OCHOBI IKOi OymyTh TIPOBOIUTH €KCIIEPUMEHTH. Y

po3nini  “Pe3ynmbTaru” MM ONUIIEMO OTPUMAaHI

eMIpUYHi JaHi 3 eKCIIepUMEHTIB. Y po3miii
“BHCHOBKH” MH BHM3HAUMMO SKi 3 TilOTE3
T ITBEPAVLTUCS.

2. Cucrema MiToK

2.1 BIO-nomauia

3amaua  po3Mi3HABAHHS IMEHOBaHUX
CyTHOCTEH - e 3aJaya  MapKyBaHHS

MOCJTITIOBHOCTI, TOOTO Kiacu(ikamii KOXKHOTO i
eiaeMeHTa Ha omumH 3 N kmaciB. s toro, mo0
MaTl MOXITUBICT PO3MITHTHU SIKyCh CYTHICTb, SIKa
CKJIQAETHCS NEKUIBKOX CIIiB

3 qacCTo

BukopuctoBytoTh BIO HoTariro. BIO - e
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Beginning (mouarok), Inside (BHyTpimHicTB), 3. Orsg gdireparypu

Outsite (30BHIimHICTB). [IpaBuna MapKyBaHHS
HACTYITHI:
® KOXHE CJIOBO, SIK€ HE € YaCTUHOIO YKOIHOI

CyTHOCTI moMivyaetses “0”

® KOXHE CJIOBO, SIKE € II0YaTKOM CYTHOCTI
noMivaeTecs “B-<TYPE>”, ne <TYPE> -
me tun cyrtHocti (LOC, PER, ORG,
MISC).

e permrra ciiB moMivatoTth “I-<TYPE>”

Hns npuknany peuenns “Barak Obama is
a president of United States” Oyme po3midueHO
YUHOM: “Barak[B-PER]
Obama[l-PER] is[O] a[O] president[O] of[O]
United[B-LOC] States[I-LOC]”.
HasBHI JABi cyTHocTi: mepcoHa Barak Obama i

HaCTyITHUM
Takum uymHOM

micreBicTs United States.

B nHamomMy BUmanmky 3ajgaya KOXHE CIIOBO
MTOCTIAOBHOCTI Oyze MpokiIacudikoBaHe HA OIHE 3
HACTYITHUX KJIaciB:

1. O

B-PER
I-PER
B-LOC
I-LOC
B-ORG
I-ORG
B-MISC
I-MISC

e I AR o

2.2 Ymoeni eunaokogi nonsa
mons (CRF) [11]
BUKOPUCTOBYIOTBCS Ul PO3PAXyHKY HMOBIPHOCTI

y2, y3, ..., yn).
BHUKOPHUCTOBYIOTh JUIst

VYMOBHI BHITaIKOB1
Bciei mochimoBHOCTI P(yl,
Haiiuacrirre ix
CTPYKTYPHOTO TiependavyeHHs, ToOTO Koiu Ha
BUX1J CHCTEMH HAKJIALAIOTHCS SKICh OOMEXEHHS.
Y HamoMmy BUMaIKy OOMEXKEHHS € TiIbKU OJHE.
Mitka [-<TYPE> wmoxe crigyBaT TUIBKH 32
MiTkoto B-<TYPE> Ttoro x tuny <TYPE>.

Onuc nmpunnumny poborn CRF Buxomuts
3a MeXi Ii€i poOOTH i MH MPONOHYEMO 4YHTady
3BepHyTHCA 10 pobotm Lafferty et al. [11] 3a
JICTATHAM OITUCOM I[LOTO METO.Y.
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Haiikpami pesynbsrard 'y po3B’si3aHHI
3amadi NER orpumyrors cuctemu moOyqoBaHi Ha
OCHOBI HEHPOHHUX Mepex. Y IbOMY pO3Iili MH
MIPOaHANI3YEMO ICHYIOYI apXiTeKTYpH 1 TAXOAH 10
pO3B’s3Ky IHX 3a]1ad.
Y pobori

MIPOTTOHYIOTh

Ma & Hovy [1] asropu
BHKOPHUCTATH JTIBOCTOPOHHIO
PEKYpPEeHTHY Mepexy, LI0 OTpPUMYyE€ Ha BXiJ
BOYIOBYBaHHS CIiB, SKi BOHH CaMi i HaBYAIOTh B
10

JIBOCTOPOHHSI PEKypEHTHA Mepeka BiApi3HSIEThCS

mporeci TpEeHyBaHHS. Haranaemo,
BiJl 3BMYANHOI OJIHOCTOPOHHBLOI THM, IIO II€ - ABI

PEKYpPEeHTHI Mepexi, OfHAa 3 SKHX OTPUMYE
MOCIIZIOBHICT, HA BX1JI B NPSAMOMY MOPSAKY, a
iHIIA - B 3BOPOTHOMY, a OTPUMaHi BUXOIM 3 LIHX
Mepex 00’ €THYIOTHCS KOHKATEHAITIEIO iX BEKTOPIB,
CTBOPIOIOYH BEKTOP B/ABiYi OiIBLIOT pO3MIPHOCTI.
BOynoByBanHsS  CIiB OTpUMYIOTH  3a
nornomororo marpuui emb posmipom DxXE, ne D -

po3mip croBHUKa ciiB, a E - po3mip BOynoByBaHb.

e emb(w;), i=1.n, e n - IOBXKUHA BXIiJIHOI

HOCJIIOBHOCTI CJIiB pedeHHA W = (W, w,.w,,) .

JBOCTOpOHHA  pEKypeHTHa  Mepexa
rnn = [rnng,, rong, | OTpUMyE  Ha  BXiA
MOCHIJIOBHICTh 1 pe3yapTaroM 1ii poOOTH €

MTOCJTITOBHICTD JIOBXKUHH 71 BEKTOPIB MPUXOBAHUX

CTaHIB.
hy,, = rnng, (X;,%y,....X,), hp, = (he, 0y,

by, = rnng, (6, X,y .nXy)s Ry, = (R,

h = [hfwahbw]

Po6ora Ma & Hovy [1] BuxopuctoBye
LSTM sk 6a30By peKypeHTHY OIMHMINO. IXHs
Mepe)ka HaBYa€Thcss BOYIOBYBaHb CIIiB  emb
CaMOCTIfHO, a TaKoX JONAaTKOBO BOYZOBYBaHHS
OTPUMYIOTHCS OCHOBI

Ha CHMBOJIBHUX

penpesenranid. Jlas oOTpUMaHHS CUMBOJIBHOI
perpe3eHTanii 3ropTkoBa Mepeka OmparboBYE
Oynye
OaraToBUMIpHHAN BEKTOp SIKHM 00 €THYeThCS 3i

KO)KHE CIIOBO Ha PiBHI CHMBOJNIB 1

CTaHJapTHUM BOYJOBYBaHHSIM Ha piBHi cimiB. Jys



Bicurk KuiBChbKOTO HaliOHAIBHOTO YHIBEPCHTETY 2018, 4 Bulletin of Taras Shevchenko
imeni Tapaca LlleBuenka National University of Kyiv
Cepis isuko-MaTeMaTH4IHI HAyKH Series Physics & Mathematics
" L -
Barak | Obama | is | a | president | of | United | States
B-PER I-PER ] 0 O O B-LOC I-LOC

Puc. 1. MNMpuknag mapkyeanda BIO-HoTauiew

Char
Embedding

Convolution | ‘ i

Max Pooling

Char
Representation

Pwc. 2. 3acTocyBaHHA 3ropTKOBOI Mepexi ana nobyoosu
CMMBONBHWX penpeasHTauin cnoea. Qxepeno: Ma &

Hovy [1]

OTpHUMaHHS KOPEKTHOT MOCTITOBHOCTI
Pe3yABTYHOUUX MITOK, B poOoTi BukopuctaHo CRF
[8] (muB. cexuito “Cucrema MiTOK”).

VY poboti Lample et al. [5] apxitekrypa
Mepexi iIeHTHYHa A0 Ti€l, 1m0 3anponoHoBaHa Ma
& Hovy [1] 3a BUKITFOUEHHSM CITOCO0Y OTpUMAaHHS
BOY/ZIOBYBaHb CJ1iB. BOHM NpOIOHYIOTH poOUTH 1Iie
HAaCTyITHHUM CIIOCOOOM: OOpOOWTH ITOCIiTOBHICTH

CUMBOJIB 3a JIOMOMOIOK0 ABOCTOpoHHBOI LSTM

Mepexi.

[ls  wMepexxa  oTpuMye  Ha  BXif
MIOCITIZIOBHICTh, BOYIOBYBaHb CHUMBOJIB 1 BHXif 3
OCTaHHBOT'O MPUXOBAHOTO mapy CIIyTye

BOY/ZIOBYBaHHSIM Ha OCHOBi cuMBOJiB. Ll mepexa
Takok BukopuctoBye CRF s 3abesmedeHHS
KOPEKTHOI OCHiIOBHOCTI PE3YJABTYIOUHUX MIiTOK.

4. Ili1aH ekcniepyMMEeHTIB

4.1. /lani

K mxepeno JaHUX JUIA 3aadi PO3MITKH
IMECHOBaHMUX CYTHOCTEH 1 TeriB YacHUH MOBHU MH
BHUKOPHCTAEMO IIUPOKO TMOIIUPEHHH B JIiTeparypi
Habip naamx CoNLL 2003. Koprryc CoNLL 2003
NER 0OyB cTBOpeHa Ha OCHOBI HOBHHHHUX TEKCTiB
3 kopmycy Reuters RCV1, po3miuenunii sotupma
pizHuMH THnamu imeHoBaHuX cyTHocteill (PER,
LOC, ORG, MISC). Koxne ci1oBo B Ha0OPi TaKoXK
Ma€ MIiTKY YaCTHHU MOBH JIO SIKOT BOHO HaJIS)KUTh.

4.2. I'inome3u

B Mexax 1miei poOOTH MU TEpeBipseMo
HACTYITHI TilTOTE3H.

Tinomesa 1. HNonasanus POS sx Bxomy
JOIaTKOBO JI0 CIJIB Ja€ MOXKJIUBICTH MOKPAIIUTH
pesynbrara i 3aga4di NER.

7
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Tinomesza 2. JlomaBanns NER sk Bxomy
JIOJTATKOBO O CHIB A€ MOXJIHMBICTH MOKPAIIUTH
pe3yabratu i 3agadi POS.

T'inomesa 3. lomaBanns POS sk Buxony i
BKIIIOYCHHS 1WOro B  (yHKI[IO BTpar Jae
MOYUIMBICTh TIOKPAIUTH PE3YNBTaTH I 3ajadi
NER.

Tinomesa 4. JlonaBanus NER sk Buxony i

BKJIFOUEHHS HOro B  (QYHKIIO BTpaT Jae
MOMJIMBICTh TIOKDAIIMTU PE3yJAbTaTH JUIS 3ajadi
POS.

5. Jderani peanizaunii

5.1. Apximexmypa neiiponnoi mepesyici

Y umif  pobOTI MH  IPOMOHYEMO
apxiTeKTypy HEMpPOHHOI MEpexi, IO CKIANAEThCs

3 mapy BOyIOByBaHb, JBOX IIAPiB PEKypEHTHOI

Puc. 3. CxemaTvyHe aobpameHHA
JANPONOHOBAHDT apXITEKTYPK
NOBHO3B S3HMX ImapiB. [lepummii MOBHO3B’SI3HUM HEMPOHHOT MEpek

Heiiponnoi mepexi (LSTM), a Takox JIBOX

map Oyme BHIaBaTH PO3MOAUT WMOBIPHOCTEH IO
cnoBauky NER wmitok (O, B-LOC, I-LOC, B-PER,
I-PER, B-ORG, I-ORG, B-MISC, I-MISC), a
JOpyTHii TOBHO3B’sI3HMK Imap Oyage BHIABaTh

Duer = SOftmax(out,e,(hy,))

Py = softma-x(outpos([hpos ’ hw]))
. . softmax (x) = :XPA
VY apxiTekTypi, IO MH MPOIOHYEMO, Y ewplx)

po3moin MoBipHOCTEH IO CIOBHUKY POS-MiTOK.

i=1
KO)KHE CJIOBO OyAe CYNpPOBOIKEHO TAaKOX TEroM

3BepHEMO yBary, 1o Marpuud E - Ta

YaCTMHH MOBH. Mu moOyAay€eMO /Ba CIIOBHHUKH: . e
. . Marpuus ouf,,  MalTh OIHAKOBI PO3MIPHOCTI 3
CIIOBHMK CIIB V,, Ta CIOBHMK TETiB YaCTMH MOBH ) P
TOYHICTIO 10  omepauli  TPaHCIIOHYBAHHS:

V . Marpung BOynoByBaHb Ul V, 10O3Ha4MMO

pes E, _=out,.| . Mi OpOHOHYEMO OTOTOKHMTH Ili
E mmaV -E . pos — Hpos - p y o

w pos pos .. .
e, = Ey(w)) MaTpUIli i HaBYATH iX OJHOYACHO. MU BBaXKaeMo,

o a”ajaoriyso o podorm Melis et. al. [6] mu
€posi = Epos(p0s;) P (6]

i ) _ OTPHMAaEeMO Kpalli pe3yibTaTH, 3a paxyHOK TOTO,
Jam Mu BUKOpHUCTA€EMO JiBl JIBOCTOPOHHI

10 Mepeka Oyie MaTh MEHIITY KiJTbKiCTh CTeleHen

eKypeHTHI Mepexi. OnHa Oyme oTpuMyBarH Ha . .
P .yp ] p 6H i p y cBoOO/M 1 1e Oyzae 3amobiraTu mepeHaBYaHHIO Ha
BX1Jl TIOCJIJIOBHICTh BOY/IOBYBaHb CIIB, a ra - . .

5 A A YAOBY » & 7Py TPEHYBIBbHIH BHOIPIII.
BOY/IOBYBaHb YaCTHH MOBH. .

YAOBY 5.2. Haeuannsa mepexci Ha 060x

hy = rnn, (e,,e,,....e,)

DPOo3MimKax
hpos = TNMpos (€515 €pog25 - €posan) HeiiponHni  Mepexi  TpeHyIOTbCs 32
Otpumasni [IPUXOBaH1 CTaHu  monomoror omnrtuMizamii ¢yHkmii BTpat (loss

BUKOpHCTaeMo st nependauenns mitok NER Ta  functions). Y Bumanky TpeHyBaHHS mnst omHiei
TeriB 4acTMH MOBH. [lisi IBOTO BUKOPUCTAEMO  3ajaui PO3MITKM CJIiB HAa KJIAacH BHKOPHMCTOBYIOTh
NOBHO3B’SI3HI  1IApU  HEWPOHHOI Mepeki, WO  (yHKII0 KaTeropiaabHOi KPOC-EHTPOMii.
MEPEeTBOPATh TPHUXOBaHI CTaH B  PO3MOMALI C )
HMOBIPHOCTEH 1O CIIOBHHKY MITOK. Ouf Loss == %labeli log(predicted;)

ner

Ta out,,
utst Mitok NER ta POS BiamosigHo.
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He label, - ne miTka 3 kopnycy, predicted,
- LIe MiTKa nepejadadeHa Moaeiuno, a C - KUIbKIiCTh
ICHYFOUMX MITOK.

VY BHUNAAKY KOJIU MH TPEHYEMO MEPEKY
poOuTH  fOeKinmbka  pPO3MOTIOK HAa  BUXOMI
OJIHOYACHO, MU MaeMo JBi QyHKIii BTpar Loss, i
Loss,. 3aranmpHy (yHKILIsS BTpaT 3aamo 3a
JTIOTIOMOTO0 OaJIaHCYIOUOT0 HapaMeTpy alpha.

Loss = alpha * Loss, + (1 — alpha) = Loss,

Takum ymHOM 4YHMM ONVDKYe Mapamerp
alpha 1o 1 tum Oinbmie ¢okycy HelipoHHA
Mepexa Oyne naBaTH NEpLIii 3agadi, 1 MEHIIe -
JpyTiii.

VY BuUmaaKy Koaud Mu OyneMo TpeHyBaTu
mepexy g 3agadi POS 1 NER - mu 6ynemo matu
HACTyNHY (DYHKLIIO BTpaT.

Loss = alpha * Losspes + (1 — alpha) * Loss,

6. PesyabraTtn

Hdna mepeBipkun ['imores 1 1 3 wmm
BUKOPDHCTAEMO HEHPOHHY MEpEexy, cxeMa SKOi
ommcaHa y yacTuHi 2 1iei crarti. g nepeBipku

l'imote3 2 i 4 MU BUKOPHCTAEMO Ty K HEHPOHHY

95.80

94.63

TouHicTb NER-DEV

Pisc. 4. Peaynestati nepesiprs rinoteau 1

79

94.40

Mepexy, aje 3aMiHUMO Bci Bxonu 1 Buxomu POS i
NER wmicusamu. [HmmmMu cioBamMu TaM e Ha BXIJ
MU paHille MOJaBald JaHi MPO YaCTUHY MOBH
cimoa (POS) mum Temep mnomamo JaHi Ipo

iMeHOBaHy cyTHicTh wmporo ciosa (NER) i

HaBMakk. TakUM YWHHOM Ui TIEPEBIPKU  BCIX
rinore3 MM 3MOXXEMO BHUKOPUCTATH Ty X camy
apxITEKTypy HEUPOHHOT MEPEKI.

6.1 Ilepesipka I'inomesu 1.

l'inomesa 1. JlomaBanas POS sk Bxomy
JIOAATKOBO /O CJIIB Ja€ MOXJIHMBICTH HMOKPALIUTH
pesynbrartu s 3anadi NER.

Jlyis mepeBipKH I1i€l TINOTe3W MU OLIIHUMO
poOoTy Haioi HEMpPOHHOI Mepexi 0e3 nopaBaHHA
POS sik Bxomy 1 3.

ToyHicTb ToyHicTb
Set-up NER-DEV NER-TEST
bes
POS-input 94.63 94.40
3 POS-input 95.80 96.23
[ Bez POS-input
96.23 B 3 POS-nput

TouHicTb NER-TEST
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6.2 Ilepesipka I'inome3u 2.

T'inomesa 2. JlonaBanas NER sk Bxomy
JIOJIATKOBO JIO0 CIIB JIa€ MOXJIMBICTh MOKPAIUTH
pesynbraru 1uis 3aaadi POS.

Jls mepeBipKy Ii€l TIMOTe3U MU OLIIHUMO
poboty Hamoi HelpoHHOT Mepexi 0e3 JomaBaHHS
NER sk Bxoay i 3.

TouHicTb
POS-TEST

94.40
95.23

ToyHicTb
POS-DEV

94.63
94.80

Set-up
Bbes NER-input
3 NER-input

6.3 Ilepesipka I'inomesu 3.

T'inomesa 3. JlonaBanus POS sk Buxony i
(byHKIIifO
MOXIIUBICTh TIOKPAIUTH pPEe3yNbTaTd Uil 3ajadi
NER.

BKIIFOYCHHS HOro B BTpar Jga€

2018, 4

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

Jyis mepeBipkH 1€l TINOTe3W MH OLIHUMO
poboty Hamioi HEHpPOHHOI Mepexi IS Pi3HHUX
napameTpiB alpha xomOiHOBaHOi ¢yHKHii BTpar
(muB. cekmiro 5.2).

TouHicTb TouHicTb
alpha NER-DEV NER-TEST
0.50 90.23 88.76
0.60 90.15 90.53
0.70 92.85 88.53
0.80 94.27 94.15
0.90 95.13 95.18
1.00 94.63 94.4

[ be3 NER-input

B 3 NER-input
94.63 94.80 0440 95.23
TouHicTb POS-DEV TouHicTb POS-TEST

Puc. 5, PE3yNETATA NEpERIpIA rinoTesm 2
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B os0

B o0

0.70

B o030

I B o9

II II -1.00

TouHicTb NER-DEV TouHicTb NER-TEST

Puc. 6, PE3yNsTATIA NEpeRipi rinoTesm 3

6.4 Ilepesipka I'inomesu 4. 7. BucHOBKH

Tinomesa 3. JlomaBanns NER sk Buxomy i Pesynwrat orpumani B cekiii 6 1€l
BKJIIOUYEHHS MOro B ()YHKIIO BTPAT Aa€ MOXJIUBICTH  POOOTH IOKa3yloTh, 1IN0 3ajadi PO3MITKH
MTOKPAILIUTH pe3ynbTath s 3aga4i POS. IMEHOBaHUX CYTHOCTEH Ta BHM3HAYCHHS TEriB

Jns mepeBipku wLi€i TinoTe3d MU OLIHUMO  YaCTHHHM MOBH € B3a€MO3AJICKHHMH 1 HEHpOHHA
pobOoty Hamoi HEWpOHHOI Mepexi IS pPI3HUX  Mepeka MOXKe HABYMTHUCS eKCIUTyaTyBaTH IIf0
napametpiB alpha xom0GiHoBaHoi ¢yHkuii Brpar  iHdopMmarito.

(muB. cexiro 5.2). B pesymbrari mocmiKeHb MH 3MOTIIH
TouHicTh TouHicTb MiATBEPAUTH HACTYIIHI T1IOTE3H:
alpha POS-DEV POS-TEST TI'inomesa 1. onaBanusa POS sk Bxomy
JIOAATKOBO JIO CJIIB J1A€ MOXKIIMUBICTh TTOKPALIUTH
0-50 88.06 88.76 pesynbsratu s 3axa4di NER.
0.60 89.85 88.25 T'inomesa 3. onasauns POS sx Buxomy
0.70 91.13 90.53 1 BKJIIOYEHHS #oro B (QyHKLiI0 BTpaT Jae
MOJKJTUBICTh TIOKPAIIUTH PE3YJIBTATH U 3a1adi
0.80 92.72 92.89 NER.
0.90 96.05 96.15 TI'inomesa 4. Jonmasanus NER sk
1.00 9533 94.4 BUXOJY 1 BKJIFOYCHHS HOTO B PYHKIIIIO BTpAT Aa€e

MOJKJIMBICTh TTOKPAIIUTH PE3YyNbTaTy IS 3a/1adi
POS.

Hactynmui rimoresm He  mokazaiu
3HAYHOTO MMOKPAIICHHS B pe3yJbTaTax, 1o He
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Jla€ MOXKJIMBOCTI HaM BIIEBHEHO CKa3aTH PO  MaiikKe BCIO “‘yBary” HEMpOHHOI Mepexi Ha Tid

IX MPaB/HBICTD. 3ajadi, IKy MH PO3B’SI3yEMO B IEpIIy 4epry. 3

Tinomesa 2. [onmaBamus NER sk Bxomy
IIOTO MOYKHAa 3POOWTH BHCHOBOK IO HABYUTH

JIOJIATKOBO JIO CNIB JIA€ MOMJIMBICTh TOKPALIUTH ] , ]
OIHYy 1 Ty X MEpeKy pO3B’sA3yBaTd OOHIBI

pesynbratu 1uis 3aaadi POS. . L
3a7adi  OJHOYACHO HAa BHCOKOMY piBHI €

Bapro Takox 3BepHYTH yBary mio Jjisi 000x
CKJIaJHUM 3aBIaHHSIM.
3a7a4 ONTUMAJBHUM 3HAYCHHSIM alpha € 3HaueHHS

0.9, mo o3Hayae, Mo QyHKIlIS BTpAT Ma€e GOKyCyBaTH

B o050

B 060
0.70

B o030

I B o9
I I B 100

TouHicTb POS-DEV TouHicTb POS-TEST

Pic. 7. Peayneraty nepesipkd rinorasd 4
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Y Oauii pobomi pozensiHymi OCHOGHI Memoou nepeOmpeHyeanHs ma IHiyianizayii 3HaueHb
napamempie HeUpOHHUX Mepexc - NepeOmpeHy8aHHs MepedxCi 3 BUKOPUCHAHHAM OOMEeXNCeHUX MAuuH
Bonvymana, enuboki asmoxodysanvHuxu, iHiyianrizayis napamempie memoodamu Xe ma 1 nopo, nepenecenus
3HAMb Ma OOMeHHa adanmayis. Jlani memoou 3acmoco8yiomsves 05 3HAXOOIHCEHHS NOYAMKOBUX 3HAYEHD
napamempie HeltpoHHOI Mepedici ma IX nonepedHvoli IHiyianizayii, wo € HeoOXIOHOI YMOBOH O
nooanbulo20 eeKmueHo20 HABYAHHA 2AUOOKUX Mooenell ma O00360JA€ 3MEHWUMU 6NIUE He2AMUBHUX
epexmis, AKI GUHUKAIOMb NI0 YAC HAGYAHHA - 3AmMYXaHHs ab0 6ubyxy 2epadicHma, nepeHasyamis,
3acmpsicants. 8 OOHOMY 3 JIOKAbHUX MIHIMYMI6 (yHryii empam, mowo. /lani aneopummu 8i0HOCAMbCSL 00
2pynu aneopummie Hasuanus be3 yuumess i e NOMpPeoyIoms PO3MIMKU 0151 OAHUX, HA AKUX OY0e HABUAMUCs
MoOenw nicns iHiyianizayii. Y cmammi 6y8 nposedeHuil ananiz yux mMemoois, onucaui nepesazit ma HeOoriKu
KootcHo20  anzopummy. Onucano pe3yiomamu eKCNepuMeHmie 3 GUKOPUCMAHHAM UYUX Memooié Ons
supiwenus 3aoaui kracugixayii 6asu danux MNIST ma 3anpononosani idei noKpaweHHs ancopummis
nepeompeHy8anHs HEeUPOHHOI Mepedici.

Kniouoei cnoea: neiiponna mepesica, nepedmpenysanis, oomesicena mawuna borvymana, ancopumm
NOPIBHANLHOI pO30IdNCHOCMI, aBMOKOOY8ANbHUK, IHiyianizayis I opo, iniyianizayis Xe, domenna aoanmayis,
Koegiyicnm JKaxkapa.

In this paper we investigate main pre-training and initialization methods of parameter values of
neural networks such as pre-training using restricted Boltzmann machines, deep autoencoders, Glorot and
He initialization of parameters, transfer learning and domain adaptation. Given methods are useful for
finding of appropriate parameter values and initial initialization of neural network, what is necessary
condition for further efficient training of deep models, because it give a possibility during training to reduce
negative effects such as vanishing or explosion of gradient, overfitting, stucking in one of local minimums of
loss function, etc. These methods belong to group of unsupervised training algorithms and do not need any
labeling for data which will be used later for model’s training after parameters initialization. Firstly, in this
paper, we analyze all these methods and describe advantages and disadvantages of each of them. Secondly,
we describe results of our experiments applying these methods for solving of classification task of MNIST
dataset and introduce ideas for further development and improvement of these algorithms.

Key Words: neural network, pre-training, restricted Boltzmann machines, contrastive divergence
algorithm, autoencoder, Glorot initialization, He initialization, domain adaptation, Jaccard index.

CratTio ipeacTaBuB [. ¢.-M. H., mpod. AHiciMoB A.B.

©Bbobunb b. B., TepeweHko B.M., 2018
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1. Beryn

MamuHHe HaBYaHHS Ta HEHPOHHI Mepexi
30KpeMa CTalM MOTYKHUM IHCTPYMEHTOM UL
BUPILICHHS! HU3KH NPUKIAIHUX 3334 CY4acHOCTI -
obpasie  [6, 12],
3], mnporHo3yBaHHSA

[IpyunHOIO 1BOrO CTaB picT

pO3Mi3HABaHHS MaITHHHAH
(2,

MOKYIIIIB, TOIIO.

nepeKaa MMOBEIIHKA

OOYHCITIOBAJIBHUX IOTY)KHOCTEH, JOCTyMHHMX Ha

,Z[aHI/Iﬁ MOMCHT Ta HaKOIIMYCHHSA  BCIIMYC3HHUX

00’emiB JAHUX (s1x CTPYKTYPOBaHHUX i
HECTPYKTYPOBaHHX), SKi MOTpiOHO 00po0maTH i
JicTaBaTH 3 HUX HOBI 3HAHH.

Komu mm dyemo mpo ycmixu y BHpILIEHHI
“igTenexTyansHuX’ 3amad (IMiJ 1HTEIeKTyaTbHUMHU
OylneM MaTH Ha yBa3i 3aaauyi, SKi HE MiJNal0ThCA
[IOBHOMY MAaTeMaTHYHOMY OINHCYy 1 HEe MaroTh
JETePMIiHOBAHUX TOYHHX aJTOPUTMIB pIillICHHS,
TaKUX fK KiIacuQikallis, Jokaiizamis o0’€KTiB Ha
300pakeHHi, NepeKIaj] TEKCTiB 3 OJHI€T PUPOIHOT
MOBHM Ha iHIY, TOLIO), TO caMe HEHPOHHI MepexXi Ha
JAaHU MOMEHT TIOKa3yloTh HAaWKpalll pe3yibTaTd B
BHIIAIKIB. Ha BIIMIHY BiJ

OLIBIIOCTI [Ipore,

CbOT'OJICHHA, KOJIN rauboke HaBYaHHIA

BIPOBAKYEThCS Maibke Bcroau, g0 2005-2006
POKy, B Iiif 00JacTi HAyKW MPAIfOBAIO BiTHOCHO
HEBEJMKA  KUIBKICTh  BYCHHMX 1  BHU3HAYHHUX
pe3ynbTaTiB Maiixke He Oyno. OmHa i3 MPUYUH [BOTO

CKJIAJHICTh

HaBYaHHS TIHOOKUX HEHPOHHUX

1)

00’emMu  maHMX (YUM OLTBII

Mepexx. [lns HaB4aHHA Mepexi HeoOXiIHO:
JIOCTaTHBO BEJIHKI
CKJIaJIHA 33/1a4ya BUPIIIYETHCS, TUM OLIBII CKIIaTHOO
Mae OyTH apxiTeKTypa Mepexi 1 TuM Oiibime
noTpiOHO JaHMX); 2) OOYHCIIOBalbHI MOTY>KHOCTI
(mocTaTHRO TOTYXKHI HEHPOHHI MEpeXi BUMAaraloTh
OaraTo pecypciB, 0COOJIUBO MiJ] yac a3y HABUAHHS).
Ili mpoOnemu cramy MEHII CYTTEBUMH came Ha
novyatky XXI cromiTTs - mosiBa Mepexi [HTepHeT Ta
OaraTosiIepHUX MPOIIECOPIB, a IMOTIM - OOYHCIICHb Ha
ubomy. Ile
MIOBEPHYJIO iHTEPEC 0 BUBUCHHS HEHPOHHUX MEPEX

rpagiyHUX MpolEecopax  CIPHSIO

BUCHOIO CITUTLHOTO0. [IpoTe BUSABHIIOCS, IO € OJHA
HeBHpilleHa IpoliemMa: Tak SIK TPEHYBaHHsS MOAENI
3aBXIM 3BOJMTHCS IO MiHIMI3amil ¢GyHKII BTpart,

MU JaJICKO HE€ 3aBXJIU MaeEMO MOKJIUBICTh
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BUKOPUCTOBYBAaTH CKJIaIHI aJrOpUTMHU ONTHMi3amii

UL TIHOOKMX ~ MEpeXk MO0  MPUYMHI  iX
00YHCITIOBAaTbHOI BUTPATHOCTI.
JonatkoBo, y Mepexi, B CHIY CBOIX

apXITEKTYpHUX OCOOJMBOCTEH, MOXYTh BHHUKATH
HeOakaHi e(eKTH I Jac HaBYAHHSA: 3aTyXaHHS
rpagieHTa, “TpafieHTHHH BHOYX”, “HepeHaBYaHHS’
(overfitting B aHTJIOMOBHIH JiTepaTypi - Tmporiec
amanTamii MOIell OO HaBYAIBHUX NAaHUX, I 4ac
SKOTO Mepexka Ao0pe mpalffoe Ha HadalbHUX JTaHUX,
ajye Jla€ HeMpaBWJIbHI NMPOTHO3M Ha BaJiJaliifHUX
JAHUX; XapakTepHO [UIS CHUTyallii KOIW HeMae
MOJKJIMBOCTI OTPUMATH JOCTATHIO KiIBKICTh JAaHUX
JUIS HAaBYaHH/BajIigamii).

VY naniif crarti OyQyTh PO3TISHYTI METOIH 1
NTOPUTMH, AKi B Till 4 iHIIA Mipi JOMOMAararmTh
OopoTucss 3 UWUMHU TpodIEeMaMH 1 JalOTh 3MOTY
HaBYaTH TIAMOOKI MOJENi - NepeATpeHyBaHHS 0e3
yunrenst [8, 9], cmemianbHI METOAW BUITATKOBOI
iHimiamzamii  mapameTpiB  Mojeni [6, 7],
MEPCHECCHHs 3HaHb Ta JOMEHHa ajaamntaiis [11], a

TaKOXX OINHWCaHiI iAel TOKpameHHsS ICHYIOYHX

aNTOPUTMIB.

2. IlepenTpeHyBaHHs 0e3 yunTeJsi
Ilepeompenysanns be3 yuumens

(unsupervised  pre-training B aHTJIOMOBHIH

JiTeparypi) - CIMEHCTBO alTOPUTMIB, SIKi TIPAIIOIOTH

Ha HepO3Mi‘IeHI/IX JaHUX. Y naHuit MOMEHT

NPakTUYHO JIaHI  ANTOPUTMH  TPAKTHYHO  HE
BUKOPHUCTOBYIOTBbCS ISl TIEPEATPEHYBAaHHS, MPOTE
BOHM MAIOTh 3HAYHy ICTOPHYHY I[iHHICTh 1 €
JOKEpEJIOM ied Juis 1OoOYJO0BH aJTOPUTMIB ISt
BUpIIICHHS HIINX 3a]1a4.

[epuum CYTTEBUM MIPOPUBOM B
MepeaTPEHYBaHHI HEHPOHHUX MEPEX CTalla T0sBa
anropuTMy 0e3 yunTens, 0a30BaHOTO HA 0OMedHCEeHUX
mawunax — bomeymana  (restricted  Boltzmann
machines), po3pobiernoro rpymoro Jxedpi XiHToHA
[9]. OcHoBHa inmess MeTOAy - OyAEMO BBaXKaTH, IO
ICHYIOTh BHIMMi O3HAaKH, SKi MMPEICTaBISIOTh HAlli
JaHi Ta HEBUAWMI(JIATEHTHi) O3HAKH, SIKi HaMm
HEBIZIOMi 1 MI)K HIMH iCHY€ 3B’S30K, TAKUM YHHOM
HEOOX{ZIHO 3HAWTH Taki TapaMmerpu MOJeNi, sKi

JaxyTh 3MOTY MEPEeHTH i3 MPOCTOpY BUANMHUX O3HAK
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B MPOCTIp HEBUWIUMUX, MIPH [[LOMY HEBHIUMI O3HAKH
MAalOTh J1aBaTH 3MOTY JOCTAaTHBO SIKICHO BiTHOBUTH
OpHTIHAJIBHI 1aH1 3BOPOTHIM ITEPETBOPEHHSIM.

Mozei

Hapuanusa MMpOBOJAUTHCA

anzopummom NOPIBHANLHOT po3bidxcrocmi
(contrastive divergence B aHTJIOMOBHIH JiTeparypi),
po3pobnenoro takox rpymnoro Xinrona [10]. Hus
KOJKHOTO LIapy Mepexi (BHXiA MONepeaHbOro mapy
€ BXOJIOM JJIsl IOTOYHOT0, BUKITIOUCHHSAM € TEPIINi
miap - Ui HBOTO BXOJOM € OpHTiHaJbHI JaHi),
po30iXKHOCTI

GyHKIT
MPaBAONOMIOHOCTI BXITHHX JaHUX IO TapameTpax

mapy:

AITOPUTMOM MOPIBHSUTBHOT

MIPOBOTUTECS MaKcHUMi3aris

W* = argmaxy, [] P(x;; W)

xEX
OCHOBHHMI  HENONIK IBOTO METONy -
CKJIaTHICTh HaJallTyBaHHs AIrOPUTMY 1

HEOOXiIHICTh BUPILIEHHS JOAATKOBOI 3a1a4i, sSIKa 110

CKIIAJHOCTI MOXE HE IIOCTYIAaTHUCS OCHOBHIH.
[lopiBHSHHA HaBYaHHS HEUPOHHOI Mepexi 3
MepeTPEHyBaHHAM 00MEKEHOI0 MaIIHHOIO

Bonbimana 300paxkeno Ha Puc. 1.

100 = Be3 nepeATpeHyBaHHA MalWwWHaMu Bonsy
3 nepeATPEHYBAHHAM MalUMHaMK BonbuM

3HadeHHs dyHKUIT BTpaT

10k 20k

KinekicTe iTepauii

Puc.1 - IlopiBHSIHHS HaBUYaHHS HEHPOHHOI
Mepexki Ha 6a3i upp MNIST 3 BukopucTaHHsIM
obMexxeHHnx MaimH bonbimMana

[Hmmii cnoci® mepenTpeHyBaHHS MEpexi -
BHKOPUCTOBYBAaTH aBTOKOJYBAJIbHUKH, SIKi MOXHA
BBOXKaTH PO3BHUTKOM METOMiB, 0a30BaHUX Ha
oOMexeHHX MamurHax boibivana.
[2] -
HEHPOHHOI MepexKi, sika MOKE BHUKOPHCTOBYBATHCS

Asmoxodysanvrux apxiTekTypa

U1l 6araThoX 3amad - MOPOKEHHS HOBUX JIaHHUX,
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SMCHIIICHHA SaIlIYMJ'IeHOCTi JaHUuX, CTUCHCHHA

JaHUX 1 T[epeaTpeHyBaHHs. Imess momsrae B
B OOMEXEHUX
Oyaemo o

ICHYIOTh BHJIMMIi O3HaKH, sIKi MPEACTABIIAIOTH HaIIi

HACTYyITHOMY: aHAJIOTIYHO, SK 1

MalrmHax BOJ'ILI_[MaHa, BBa)XaTu,

JlaHl, Ta MPUXOBaHI 03HAKH, SKi TEXK MPEACTABISIIOThH

Hallll [JaHl Ta aHaJloryHo SK 1 B MalluHax

BOHLHMaHa, MHn IMOBUHHI MaTu 3Mory 10

MPUXOBAHUX O3HAKAaX BIMHOBUTH OPWTIHAIBHI JIaHi.

Hns

“KOJyBaJIbHUK-IEKOTyBaIbHUK -

OO BUKOPHCTOBYETHCS ushivehil
Mepexa
CKJIQIaTUMETHCS 13 2-X YacTuH: 1) KOomyBajJbHHKA,

SIKMH NEPETBOPHOBATUMC ,I[aHi B TOYKH JIATCHTHOI'O

MPOCTOPY O3HaK; 2) JEKOMyBaJdbHUKA, SKHIA
MIEPETBOPIOBATHME TOYKH, OTpUMaHi Bif
KOJyBaJIbHUKA B OpHTIHAIBHI JIaHI.

ABTOKOAYBJIGHUK i3 OJHMM MPHUXOBAaHUM MIAPOM
300paxeno Ha Puc.2

Puc.2 - ApxitekTypa aBTOKOAyBalbHHKA: X /-XJ -
BXi/I Mepexi, z/-z3 - mpuxoBaHi(JIaTEHTHi) 03HAKH,
x’1-x’5 - BIIHOBIIEHUH BX1J

Taxkum  gmHOM,

HaTPEHYBaBILIHM  TaKy

MEpexXy, MOXKHA B3SITH Bard KOAYBaJIbHHKA Ta
NpOiHiLiani3yBaTH HUMHU YacTUHY IapaMeTpiB iHIIOL
Mepexi, sika BUpINIyBaTHME OCHOBHY 3anady. Lleit
MiJX1]] HAJISKUTh JI0 KJIacy alrOpPUTMIB 0€3 yuuTemns
i € i3

PO3BUTKOM  TIAXOIY 3aCTOCYBaHHIM

00MEXKEHUX MAallliH bonbiMana. OcHoOBHa
BiIMIHHICTh - MamuHU bonblIMaHa TpPeHYIOTH 3a
OIMH KPOK OIWH WIap, SIKMH (aKTUYHO BUKOHYE
POJIb KOyBaJIbHUKA Ta JIEKOTyBaJIbHUKA OJJHOYACHO.

ABTOKOIYBAJILHUK K€ CKJIAIAEThCS 3 2-X MIIMEPEX,
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KOJ)KHA MOXe CKJamaTucs 3 OaraTboxX IHmapiB i
CTaHIAPTHO TMOAIOHA apXiTeKTypa TPEHYETHCS B
end-to-end  ctumi.  Ilpm

bOMY METO0M

TPaiEHTHOTO 3a3BUYan
dhyHKITISA

BXOJIOM 1 BUXOZIOM MEPEKi:

CITyCKY MiHIMI3YEThCS

CEePEIHBOKBAAPATAIHOI TMOXHOKH MIXK

N
- . 2
w* = argming, 5= _Zl(h(xi) - X)),
=
ne A(-)- BUXiI aBTOKOIYBaJbHUKA.

OcHOBHa IiepeBara IbOIO0 METOQY - BiH

JIEII0  TMPOCTIIHHA, HDK OOMEXeHI MallliHU

BonbiiMana, TpEeHYETHCS CTAaHJAPTHUM T'PaiEHTHUM

CITyCKOM i PO3MOBCIOMKCHHAM  I[IOMHWJIKHU, Ja€

MOXUJIMBICTh ~ TpOIHIIIaNMIi3yBaTH  MEpexy  He

BUMAJKOBHMH TApaMETpaMy, a OTPUMAHHUMH Ha
OCHOBI ampiopHOi iH(oOpMarii, 3akiameHol B AaHi.

OCHOBHHI  HEIOJIK mcias HaBYaHHSI  Ta
iHiiams3anii, JeKOoXyBaJbHUK He TOTpiOeH, mpu
bOMY HaM MOTpiOHO y 2 pasu Oinblie JaHuX JUIs
HaBYAaHHA BCiel Mepexi (Mpu yMOBI, IO KiTBKICTh
napameTpiB 'y KOJIYBaJIbHUKY Ta JCKOJYBAIBHHUKY

MpUOIN3HO OTHAKOBA).

3. BunaakoBa iHimiagizamis Meromamm
I'nopo i Xe
Benukuii BK1ag y PO3BUTOK  METOJIB

iHimiamizamii 3poowmia crigsHa poboTta Kcas’e ['mopo
Ta ﬁomya Benmxu [6], mo Buitnuia y 2010 pori. Li
JMOCITITHAKA TTOCTaBWJIM Tepes] COOOI0 THTaHHSI
ICHYBaHHS  MOXJIMBOCTI

HAaBUYaHHS  HEHUPOHHOI

MepeXi TMOBHICTIO SK OJHE Iiiyie (B aHTIIOMOBHIH

JiTepatypi end-to-end learning). JlocToBipHO
110

MOYaTKOBOI iHiiam3amii mapamerpiB. OCHOBHUM

BIJIOMO, HEHpOHHa Mepeka dJyTIuBa 10
pe3ynbratoM iX poOOTH CTaB MPOCTHH aITOPUTM
iHimiamizamii, SKUi TMOKPAIINB SK MBHIKICTH, TaK 1
SIKICTh HAaBYaHHS Ta OTPUMAB Ha3BY iWiyianizayis
Iopo (B aHTIIOMOBHIN IiTeparypi 3yCTpi4aeThCs
Ha3Ba Xavier/Glorot initialization).

PosrnssHeMo 3Ha4YeHHS OJTHOTO HEWpOHY (10
3acTOCYBaHHS (PYHKIIIT aKTHBAI1):

T
y=wx+b=Ywx+b,
i

I X - BEKTOp BXIAHUX 3Ha4eHb, W - BEKTOP

mapameTpiB. Takum dwHOM, mucmepcis Var(y)He

2018, 4

87

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

3QJIEKNUTH BiJ BIILHOTO Yi€Ha b, a 3aJIEKHUTH TUIBKH

BiJl BEKTOpA BXiJHHUX 3HAYCHB 1 BEKTOpA IMapaMeTpiB.

[TosnaunMo  j-i  WIEH CyMH SK ;= WX, .

[Tpunyctumo, 1o x; Ta w; - He3aJleKH1, MaeEMO:

Var(y) = Var(wx,) = Elwx,] —(M[wx])’
= M[xi]2 Var(w;) + M[wi]2 Var(x)+Var(x,)Var(w,),
ne M| -] - omeparop B3STTA MaTEeMaTUIHOTO

CHOAIBaHHA.

[TpunycTuMo, 1110 MU BUKOPHCTOBYEMO
CUMETpHUYHY (PYHKIIIFO aKTHUBAIIi] Ta BUIIAAKOBO
IHIIIAT3yeEMO TTapaMeTpy 3HAYSHHIMH, CEPeTHE
3Ha4YeHHS AKHX JO0pPiBHIOE HyI0. Toxi nucnepcis
MaTHMe HaCTYIHUNA BUTJISL

Var(y,)=Var(x;,)Var(w,)

Tenep, SKIIO NPUIYCTUTH, IO X;Ta W;
IHIIAM3YIOTECA 3 OJTHOTO PO3IMOALUTY, TPH IBOMY
HE3aJIeKHO, MAEMO:

Mout Mot

Var(y)=Var(Y y)= Y Var(wx,) =
i=1 i=1

=n,,,Var(x)Var(w,),
1e n,,, - KilbKICTh HEHPOHIB OCTAHHBOTO LIAPY.
JHcIiepcis

bauuwmo, j11(0)

mpomopIiiiiHa aucmepcii Bxoay i3 KoedillieHTOM

BHUXOLY

n,,V ar(w;) . SIK110 BAKOPUCTOBYETLCS CUMETPUYHA

GyHKIS akTHBAIl ais sAKOi A k-ro mapy 3
OJIMHUYHOIO IOXITHOI B OKOJII HYJIS, TO f’(yf,l)): 1,

TO  OTpUMaeMo  Koe(illieHT  MpPOMOpPLiHHOCTI
n,Var(w;), ne n;, - KUIBKICTb KUIBKICTb BXOJIB.
Ines bemmxm i I'mopo momsirae B ToMy, IO IS
0e3mepenIKoJHOro MPOXOIKEHHS 3HaYeHb aKTHBALlii
Ta TpaJi€HTIB TIO Mepexi, aucmepcii B 000X
BUINAJKaX MaloTh OyTH OJM3BKAMHU 1O OIMHHIIL.
OcCkinbKH IS WIapiB Pi3HUX PO3MIpIB HE MOXKHA
33JI0BOJIHUTA OOHJIBI YMOBHM OJHOYAcCHO, OYyJIO
3aMpoNOHOBAHO iHIIiaNi3yBaTH Baru CHUMETPUYHUM
PO3IOIUIOM 3 HACTYITHOIO TUCIIEPCIETO:

-2
Var(w,) = =

b
out

oo JUIS PIBHOMIPHOI iHiI{iamizamii TPUBOAMTH JI0
po3noziny:
G G
w~U(— T, i
! ( nin+n0ut ’ nin+naut )
Jns HecumeTpuyHMX (YHKIIA aKTUBaIlil

(trakux sk ReLU), BUKOPUCTOBYETbCA iHiyianizayis
Xe [7], po3pobnena i ony6mikoBana Kaiiminom Xe y
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MipKyBaHHS, MOKHA OTPUMATH:
_ 2 - 2
Val"(Wl-) - E s W; N(Oz vm)
in in

[lepeBaroro 1MX METONIB € MPOCTOTA
pearmizanii i BiJHOCHO BHCOKa SKICTh iHiIiami3aii,
MpOTe MU HE MOKEMO 3aKJacTH arpiopHi 3HAHHS B
MOJieTb, TAaK SK TPHU IiHIMiami3amii i 3HaHHS HE
BpPaxOBYIOTHCSI.

000X  MeTO[iB

Pesynpratn  poboTu

300pakeHo Ha Puc.3 ta Puc.4.

IHiuianizauis Fnopo

3HaueHHs dyHKuil BTpaT

10k 15k 20k 25k

KinbkicTb iTepauii

Puc.3 - [lopiBHSAHHS HaBYaHHS HEHPOHHOT
Mepexi Ha 60a3i mudp MNIST 3 BUKOpHUCTaHHIM
iHimiamizarii ['mopo

IHiuianizauia Xe

3HaueHHA dyHKuil BTpaT

5k

10k 15k

KinekicTe iTepauii

Puc.4 - IlopiBHSHHS HaBUYaHHS HEHPOHHOI
Mepexi Ha 6a3i uudp MNIST 3 BUKOpUCTaHHSIM
iHimianizamii Xe
4. TIlepeHeceHHsSI 3HAHBb TA JOMEHHA aJaNTaNList
Ilepenecenns 3nanv (transfer learning) rta

OJomenna adanmayisi moodeni [11] - moOTyxHI

88

Mepexi.

Ha nmanuii MOMEHT iCHy€ BelHKa KUTHKICTh
SAKICHO HATPEHOBAaHWUX MOJEICH JUIS BHPIIICHHS
Oaratbox 3amad - MOl HATPEHOBaHI IS
BUpIiLIeHHS 3a1a4i knacudikanii [6, 12], mokamizamii
Ta meTekiii 3 OararbMma KiacaMu 00’€kTiB [5, 6] B
o0;acTi KOMII'IOTEPHOTO 30py, TOWIO. 3a3BUYai,
Iy’Ke CKIIaJIHO 3HAWTH MOJEIh, sKa TPEeHyBallacs Ha
JAHUX, PO3MOMALT SKUX MOAIOHUN 1O PO3MOALTY
JAHNX KOHKpPETHOi 3amadi. BiamosimHo, Mozemni
HATPEHOBAaHI HA OJHUX JaHUX MOXYTh IIOraHO
MPAIIOBATH Ha BXOJaX, sIKi MAIOTh 1HIIUN PO3MOILI,
HDK TpeHyBaJdbHHMHA Habip manmx. Hampukman
kinacugikaTtop, SKAHA HaBYaBCS Ha 300pa’KeHHSX,
3po0JICHNX  BIEHb, nOOpe TMparoBaTMe Ha
300paKCHHSAX 3HATUX BJCHB, aj¢ Oy MOMMIISTUCS
Ha 300paXeHHSIX 3HATHX BHOYi. BuHWKae muTaHHS -
Y MOXIIMBO, HE3BaAIOUM Ha 1€ OOMEKeHHS,
MIEPEBUKOPHUCTATH ICHYIOUY MOJENb ISl PIlIeHHS
KOHKpeTHOT 3anayi? ['ooBHa i/1es METOY JOMEHHOT
aganranii  abo  JOTpEeHYBaHHS  IIOJIATAaE B
HACTYITHOMY: 3aMICTh TPEHYBaHHS MEPEXi MOBHICTIO
3 HyJs, MOXXHAa BHKOPHCTAaTH YK€ HATPECHOBaHY
MEpeKy, sSKa HaTpeHOBaHA IJIs BUPIIICHHS 3amadi
Iyxe OMM3bKO1 10 HaIIOi 1 TOTpeHyBaTH ii Ha HAIINX
cnerudiuanX gaHmx. Sk pe3ymprar, Mepexa
aJIanTy€eThCs 0 HOBOTO PO3MOITY JaHUX 1 Ja€ BipHi
nependaueHHs Ha moniOHuxX maHux. Llei merox mae

Oarato mepeBar i joOpe cebe 3apeKOMEHIyBaB B

o0macTi KOMIT'IOTEPHOTO 30py: ICHye ©Oararto
TOTOBHX  MOJeNel, Hampukiajg Ui 3a1ad
knacugikamii Ta  Aerekuii, fAKi  BHPILIYIOTbH
JOCTaTHBO BENMKE KOJO 3amad 1 iX MOXKHa
Bukopucrati. llle omna mepeBara - A

MOTPEeHyBaHHS Mepexi 3a3BHuYail MOTpiOHO Ha
MOPSIIOK MEHIIe HaBYAIbHUX AaHuX. [Ipore, sKIIO
BUpIllyBaHa 3a/adya JOCTaTHHO CIerudidaa ado
ICHyIO4I ~ HATpPEHOBaHI  Mojzem  4Yepe3  CBOI
apXiTeKTypHI OCOOJMBOCTI HE [alOTh 3MOTH IX
BUKOPUCTOBYBaTH (IIPUKIAN - MepeKa Ma€e 3aHaJITo
MaJI0 TapaMeTpiB 1 HE MOXKe BUSBUTH HEOOXimHi

3aKOHOMIPHOCTI B TaHWX a00 HABIIAKH - Ma€E 3aHAATO
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Oarato mapameTpiB i € OOUUCITIOBAIEHO BUTPATHOIO),
TO JTAHWH METO] He 3aCTOCOBHUI B TIOBHIN Mipi.
IIle

HEOOXI1IHICTh

OolHAa  MOXJIMBa  Tpobimema -

3MIHUTH  apxiTeKTypy  MOJAENi,
HAIlPUKIIaM, TOAABIIN J0JATKOBI BHXOAU y MOJEINb,
abo gomaBmM mpuxoBaHi wmapu. HaBite y mpomy
BUMAJAKy MH MOXEMO BHKOPHCTATH YacTHUHY
napaMmeTpiB  Mepexi. [is Toro, moO 3po3yMiTh
NPUHOUI poOOTH METOAy TepPEHECEHHS 3HaHb,
NOTPiOHO 3rajiaTH MNpPUHIMI POOOTH HEHPOHHOT
Mepexi. PosrissHemMo Mepexy TIuUOMHM 71 (ne Tin
TTHOWHOI0 MAa€eThCS Ha yBa3i KUIBKICTH IMapiB), 1€

mig  [MOMHOI0  MAeThCs  KUIBKICTh — MapiB i
PO3TISTHEMO TIpOLleC OOYHCIIeHb, SKHHA BUKOHYE
Mepeska IMiJ] Yac HaBYaHHs 1 MporHo3yBaHHA. KoxeH
ap Mepexi IIiJ Yac HaBYaHHS BHUBYA€E TIEBHI
urabsionu B ganux. [Ipu mpomy, 4uM rmOMIMiA map,
TUM OUIBII CKJIAAHI IIa0JOHM BIH BUBYAC.
Hampukiiaa, npumycTuMo, 10 MU HaBYAEMO MEPEXKY
Juist kinacugikaiii 300paxkeHb - MOJICb Ma€ JAaBaTu
BIZIITOBITh> YW € HA 300paKeHi JIOAWHA, 9d Hi. Y
[bOMY BHWIIAJKy, pPaHHI IIapH MEpeki BUBYAIOTH
MPUMITHBHI O3HAKW - HASIBHICTH JIiHIH pPi3HOTO
HAXWJIy Ta TOBIIMHH, HASBHICTh NMEBHUX KOJIBOPIB,
tomo. bigbmr TAMOOKI MmAapW BUBYAIOTH OLIBII
CKJIaJHI O3HAKU, KOMOIHYIOUH BUXO/JH IMOMEPEHIX -
IIyKaloYud AyTH, OBAJIM Ta IHIN OUTBII CKJIATHI
urabnonn. OCTaHHI Iapy MEpeXi Ha OCHOBI BUXOY
MOTIEPE/IHIX 3/1aTHI BUBYUTH YACTHHU TiJIa - TOJIOBY,
odi, pykd, Tomo. OCTaHHIN ke IIap Ha OCHOBI ITi€l
iHpopManii mnpuiiMae pilleHHS TMpPO HAasBHICTh
JIOMWHA Ha 300pakeHHI. CXEMaTHYHO TMPOIIeC

300paxeno Ha Puc. 5

Wap, wo
npumMae
pileHHA

Lapw, wo suainaots
O3HaKku

2018, 4

89

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

Puc. 5 - Ponp mapiB B HEHPOHHIH MepexXi PSIMOTO
MOLIUPEHHS
Takum YUHOM, MOXKEMO
MEPEBUKOPHUCTATH YAaCTUHY IMapaMeTpiB mepmmx k

MU

mapiB ofHiei Mepexi. Llg TexHika HJOCUTH KOpUCHA,
0cO0JIMBO y BHUMAJKaX KOJIU MOTPIOHO PO3IIMPUTH
GYHKIIOHAMBHI ~ MOXJIMBOCTI  HAIOi  MOJEIII:
OYEBHIHO, MAalOYd MOAENb, sKa Kiacudpikye
300pa’keHHsl AJsl BHABJICHHS HMPUCYTHOCTI JIFOAWHH
Ha (oTO, MOXHA CTBOPDUTH HOBY MOJETb, SKa
JOJAaTKOBO IPOTHO3YBATUME IIOJIOXKEHHS JIOJMHU,
IpU OBOMY JOCTaTHBO B3SATH Bard meprroi Mojei i
NepeHecTy iX B JApYyry Ta AOTpeHyBatu ii. Hegomiku
JIAHOTO TIIXOAy - Yepe3 CHenu(idHiCTh 3amadi,
MOJXJIMBA BiJICYTHICTh HATPEHOBAaHHX MOJENEH, AKi
BUPILIYIOTH MOAIOHI 3a1aui.

Pe3ynbTaTé BHKOPHUCTAaHHS JTAHOTO METOY
300paxeHo Ha Puc.6

MNepeHeceHHs 3HaHb

100,
80
60|

40

5k

3HaueHHs dyHKUiT BTpaT

20

0

10k 15k 20k 25k

KinbkicTb iTepauii

Puc.6 - Ilpuknan HaB4aHHS HEMPOHHOT
Mepexi Ha migMHokuHI 6a3u MNIST 3
MIepeHeCeHHIM 3HaUeHb TTapaMeTpiB iHIIOT MOJIEINb,
HABYEHOI Ha IHIIIH miaMHOXUHI mudp miei x 6a3n

5. Inmei NMOKPALIeHHS AJITOPUTMIB
nepeATpeHyBaHHS

OmHUM 3 HaWTIePCIIEKTUBHIMINX HAIPSIMKIB €

Monu(ikaiiss METOMIB  MEPEeATPECHYBAHHS, IO

0a3yroThCsi Ha OOMEKEHMX MamuHax boibiMana.
OcHOBHa TmepeBara IMbOTO METOJY - MOXKIIUBICTb
3aKJIaCTU MEBHI anpiopHi 3HAHHS 1 PO3MOALIH, SIKi €
B JIaHWX T4 BUKOHYBaTH HaBYaHHS TONIAPOBO. Auie
CKJIaJHICTh HaJaIITYBaHHA Ta HAaBYaHHS Mepexi
JTOPUTMOM TIOPIBHSUTBHOI PO3ODKHOCTI pOOHTH

JAHWH MK MEHII MPaKTUYHUM BiTHOCHO 1HIIKX
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migxoniB. OCHOBHI i€l A/ HOKpAIIeHHS POOOTH

JAHOTO  MIiJXOAY: 1) 3aMiHHTH  aNrOPUTM
MOPIBHSUTHHOL PpO301KHOCTI Ha aJTOpUTM
IpaJieHTHOTO CITyCKY i3 3BOPOTHIM
PO3MOBCIOKEHHSAM ~ TOMWJIKH;  2)  3aMiHUTH

cTaHAapTHi (yHKUOil BTpar Taki, SK, HampHKIa,

CEepeIHBbOKBAApAaTHIHA TIOMIUIKA abo OiHapHa
KpoceHTpomis Ha (QyHKLilo, sika Oyae mrpadyBaTu
Mojenb (HampuKIafd, Uil 3ajgadi Kiacudikarii) 3a
BUBYCHHs O3HaK, SKIi HE PO3AUIAIOTH abo ciiabo
pO3AUIAIOTE 3a/aHi kKinacu. Takor QyHKIIE MOXe
OyTu Koeghiyienm JKaxkapa:
J(4, B)=

SKUH BUKOPUCTOBYETHCS B O0JIACTI KOMIT FOTEPHOTO

ANB

AUB|

30pY AJIS OLIHKH SKOCTI poOOTH AETEKTOPiB 00’ EKTIB

Ha 300pakeHHI Ta BigOMHH T  HAa3BOIO

“intersection over union’-mempuxoro. Taxum
YUHOM, HaNPHKIIJI, TP Kiacudikaiii 00’ €KTiB, YUM
MEHIIIE TEPETUHAIOTHCSI O3HAKM 00 €KTIB Pi3HUX
OyayTh

MCHIIC

KJlaciB, THM  MEHIIE mrpadyBarucs

mapy E
Kyacuikartii, 1o i € OCHOBHOIO METOIO allTOPUTMY.

napameTpu i MOMUJIKA
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Goodfellow I. Deep Learning / 1. Goodfellow,
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Computation and Machine Learning series).
Bishop C. M. Neural networks and machine
learning / C. M. Bishop. — Berlin: Springer,
1998. — 353 c¢. — (Nato ASI Subseries F).
Bishop C. M. Pattern recognition and machine
learning / C. M. Bishop. — New York:
Springer-Verlag, 2006. — 738 c¢. — (Information
Science and Statistics).
Glorot X. Understanding the difficulty of
training deep feedforward neural networks

2018, 4

90

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

O06nacth JOCHIKEHb, IO PO3TISIAECTECS, €
JDKEPEIIOM iMIell IS TIOKpAIEeHHS pOOOTH ICHYIOUHX
aNropuTMIiB Ta MeETOAiB. Y Wi crarri Oymm
MpOaHaJIi30BaHi OCHOBHI Ta HAMMOMIMPEHIII METOH
MepeATpEeHYBaHHA Ta iHimiamizamii Mepex, Oymu
3a3HaveHI IXHI TepeBard Ta HEJONIKH, obmacti ix
3acTocoBHOCTI. [laHi Meronu B Til 4M iHIIK Mipi
MOXYTh OyTH 3aCTOCOBaHi Ui IIMPOKOTO KoJjia
3aa4 Ta apXiTeKTyp Mepexi, mpoTe B IbOMY €
IIEBHMI HEOJIK - HAKIABIIH IIEBHI 00OMEXeHHS a0o
BUKOPUCTOBYIOUHM  Olnbln  crerudivyHi  MeTonwu,
MO>XHa OTPHUMATH KpaIlli pe3yIbTaTH B 0OMEKCHOMY
Kom 3amad. Hanpukiaa, CKOHIIEHTPYBAaBIIHCH Ha
3amavi  kiaacudikailii, MOXXHA OTPUMATH 3HAYHO
Kpallli MeTOIH iHIIiai3allii, Tak sK I JaHOi 3a1adi
BaYXJINBO, MO0 MOJENb BHBUWJIA TUCKPHUMiHATUBHI
o3Haku. [lpu npomy i wmamuuu bBonbiMmana, i
aBTOKOJIyBaJIbHUKH IIIYKAIOTh T'C€HEPATHBHI O3HAKH,
TaK SK BOHM B Til YW iHINA Mipi MarmOTh BMITH
BiTHOBIIFOBATH JaHi, IO MOXE KOPHCHO IS
CEMIUTIHIAa HOBUX JIaHUX, aj¢ He NOTPIOHO s
Kiacudikartii.
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AJITOPHUTM COPTYBAHHS pellleTaMu Sieve sorting algorithm
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Memoro danoi pobomu € npedcmagumu areopumm copmyeanis, AKUll 0036014€ NAPANLETbHO UKOHYEAMU
onepayii NOPIGHAHHA, NPOAHANIZY6AMU CKIAOHICMb MA 4YAC BUKOHAHHA aN2OpUmMy, 002060pi08amu
gipmyanvHuil npoyec 018 Yb020 AIOpUMMY ma peanizayito npoepamu mogoio C++, axa imimye makuil
sipmyanvHuii npoyec. ¥ yiti pobomi 6ynu eupiuieni maxi npooiemu. 3anponoHo8ano ar2opumm CopmyeanHs
peuemamu, 008e0eHO NPABULbHICMb 11020 BUKOHAHHSA, OOCHIONCEHO CKIAOHICIb mMa MepMiHu pobomu ybo2o
aneopummy, 3anpoNnoOHO6AHA CMPYKMypa GIPMYaivbHO20 HpOYecy, w0 peanisye yeu ani2opumm,
obeosoproganaca npoepama mosoro C++, wo imimye maxuil sipmyanvHuii npoyec. Koo npoepamu moorce
oymu esamuii y asmopis. Takooc 010 800CKOHANEHO an2OpuUmMM Ma O08E0CHO HPABUILHICHL MAKO020
6800CKOHANeHHs. Y npoyeci supiutenns npobaem 0yno eusigieno Hespyunicmo kaacuunoi UNIX-noodiouoi
peanizayii 015 poboOmu 3 MEXAHIZMAMU NAUNIE MA CMBEOPEHHS NPOYECAMU.

Knrouoei cnosa: copmyeanns pewemamu, 8ipmyansHuti npoyec.

The purpose of this paper is to present a sorting algorithm that allows parallel execution of comparison
operations, analysing complexity and runtime of the algorithm, discussing about a virtual process for this
algorithm, and the implementation of the C++ program that simulates such a virtual process. The following
problems were solved in this paper: the algorithm of sieve sorting was proposed, the correctness of its
execution were proved, the complexity and timing of this algorithm were investigated, the structure of the
virtual process implementing this algorithm was proposed, the C ++ program that simulates such a virtual
process was discussed. Program code may be taken from the authors. The improvement for the algorithm
also provided and correctness of such improvement proved. In the process of problem solving the
inconvenience of classical UNIX-like implementation for working with the mechanisms of piping and the
processes creating was found out.

Key Words: sieve sorting, virtual process.

Crartio npeactaBus 1.¢.-M.H., mpod. AHicimoB A.B.

1. Introduction and formulation of the processor, parallel execution was impossible and was
problem imitated using time-sharing technology. The
A traditional computer has one processor. The parallelism was in that that it was impossible to
consequence of this was the technology of sequential predict which process would be executed at a given
programming. Increasing the number of processors time point. This approach has allowed to extend such
from one to two can not solve the problem of parallelism to multiprocessor systems where the
running a parallel program. The number of number of processors is not significantly more than
simultaneously evaluated commands limited to one. Simultaneous use of the pipe with two processes
number of processors. The maximum achievement is executed by two different processors practically does
the parallel execution of two programs. Such an not differ from the one-processor case.
approach to parallel computing was in operating Let’s consider the problem of sorting the values
systems similar to UNIX [1]. The command line of some type with the missing property of the
operator pipe [2] allows you to build chain of neighborhood [3]. For a single-processor system, it is
processes, each of which is desirable to be performed proved that the complexity of the algorithm with
in parallel. In a classic UNIX-like system with one comparison for solving such a problem can not be
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less than n*log(n), where n is the number of values
for processing [4].

The purpose of this paper is to present a sorting
algorithm that allows parallel execution of
comparison operations, analysing complexity of the
algorithm, discussing about a virtual process for this
algorithm, and the implementation of the C++
program that simulates such a virtual process.

2. Algorithm for Sieve Sorting

Sieve sorting of the sequence of values is
performed by the system of sequential adaptive
sieves each of which selects the value from the
sequence according to the specified criterion. The
number of sieves is determined by the number of
elements to be sorted. The algorithm of the first
element of the system of sieves is the algorithm for
the generation the sequence of values to be sorted.
Also this element gather sorted sequence. The
algorithm of each next sieve is the same and looks as
follows:

o Step 1. Get the first value. Make it as a
value that has been found.
Step 2. Get the first next value.
Step 3. If the is no such a value, then
process of sieves constructing is finished.
Return the value that has been found to the
previous element (sieve). Stop.
Step 4. Compare the first next value and
the value that has been founded. In the
case of the criteria violation for sorting,
swap them.
Step 5. Create the next sieve and pass the
first next value to it.
Step 6. Get the next value.
Step 7. If the is no next value, then
process of sieves constructing is finished.
Return the value that has been found to the
previous element (sieve). Go to Step B.
Step 8. Compare the next value and the
value that has been founded. In the case of
the criteria violation of sorting, swap
them.
Step 9. Transfer the next value to the next
sieve.
Step A. Go to step 6.
Step B. Get one by one all ordered values
from next sieve and send them to previous
element (sieve). Stop.

The specified sorting system works correctly in
accordance to the following theorem.

Theorem 1. The sieve that performed specified
algorithm correctly sorts a given sequence of values.

Let prove this theorem by induction on the length
of sequence to be sorted.
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Induction base. Let the length of sequence is 1.
This sequence is always sorted by any criterion. The
first value that is received by sieve is returned as
sorted by Step 3. So for such sequences system
perform sorting correctly.

Induction step. Assume that sieve correctly sort
the sequence of length n. Show now that the
sequence of length n+1 will be sorted correctly. Each
next sieve sorts the sequence which length is one
shorter. The value that founded by the sieve is
satisfying the sort criterion in comparison to values
passed to next sieve according to Steps 4 and 8. The
resulting (sorted) sequence of the sieve is composed
from the founded value and the resulting sequence
from the next sieve (Steps 7 and B). This sequence is
correctly sorted according to the sorting criterion. So
the induction step is proved.

A schema of evaluation of such an algorithm is
presented in Figure 1.

Sequence generator

‘ Next value

Result value

t

Sieve 1 The value that was found
1 Next value Next result value t
Sieve 2 The value that was found

Next value

Next result value '
Next result value '

The value that was found

Next value

L
|

Sieve n

Fig. 1. Sieve sorting schema

3. Complexity and runtime of the
Algorithm
The complexity of sorting algorithms is

determined by the number of comparison performed
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on sorted values. Let’s have n elements to be sorted.
Then the first sieve will perform n-1 comparisons.
Each next sieve performs one comparison less. In
general, the total number of comparisons is estimated
as n% This coincides with the complexity of bubble
sorting [5]. Thus, the following theorem is valid.

Theorem 2. The complexity of the sieve sorting
algorithm is n? where n is the number of values to be
sorted.

The execution time of the algorithm as well as its
complexity is estimated in the number of executed
single actions. For sequential algorithms, these two
values coincide, since only one action is performed
at a time. For parallel algorithms, the execution time
and the complexity of the algorithms do not coincide
because of the ability to perform some actions
simultaneously.

The next figure shows dependence of the number
of simultaneous actions from the algorithm execution
step number.

Let n be the number values to sort

n-1

Number of comparisons

2n 3n
Number of algorithm steps

Fig. 2. The amount of actions from the step number dependence

All sieve and generator (the first element) of the
proposed algorithm work in parallel. In the first step
of the execution of the algorithm, the following
actions will be performed: the generator creates the
first sieve and transmits the value to it. In the second
step, the generator transmits the next value to the
first sieve. In the third step, the generator again sends
the next value (new one) to the first sieve. At the
same time, the first sieve compares two values,
performs sorting, creates the next sieve and passes
the corresponding value to it. In the fourth step, the
generator again passes the next value to the first
sieve. At the same time, the first sieve compares two
values, performs sorting actions, and passes the
corresponding value to the second one. At the same
time, the second sieve compares two values,
performs sorting, creates the next sieve and passes
the corresponding value to it. Thus, at each
subsequent step, the number of comparative
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operations performed simultaneously increases by
one. After the n steps are completed, the generator
stops generating new values. Starting from this
moment, the number of comparisons performed
simultaneously, with each step, is decreased by one.
As the returning of the result values requires n
additional actions, the time of performance increased
by n action equivalent to the comparison of values.
Thus, the total execution time of the algorithm
provided the simultaneous execution of the action, is
3n.
This allows us to formulate the following theorem
and consider it as proven.
Theorem 3. The execution time of the sieve
sorting is linear to the number of specified values.
4. Improvement of sieve sorting
In the Step 3 and 7 resulting values returned to
previous element of the sorting system. As a result
this process takes n time unit. It is possible to change
this by changing the previous element to the first
element. The correctness of improved algorithm
based on the fact, that each sieve returns the founded
(resulted) value after the last value passed this sieve.
So the next theorems considered as proven.
Theorem 4. The improved sieve algorithm
perform correct sorting of given sequence of values.
Theorem 5. The execution time of the improved
sieve sorting is linear to the number of specified
values.
5. Virtual Process for the Sieve Sorting
discussion
The complexity in the practical implementation
of the above algorithm and practical achievement of
the declared time-of-execution evaluation is the lack
of computer systems with a sufficient number of
processors. The virtual process [6] that implements
the algorithm can be performed on many computers
at the same time. The generator and each of the
sieves are implemented by a separate atomic process.
When the ratio of the number of processors to the
number of values to be sorted reach the values one to
one, the execution time of the virtual process will
correspond to the theoretically estimated.
6. Realization of the Virtual
Process in Linux discussion
Linux Mint 18.3 32-bit was chosen as Linux
version. This choice is motivated by the greatest
popularity of this distribution among all others today.
The distribution has been installed on a virtual
computer with 2GB of RAM and four processors.
The host computer has 8GB of RAM and an Intel i5
processor.
In the program, one atomic virtual process is
implemented by a separate Linux process. Creating

Sorting
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new processes is done by calling the fork() function.
Pipes are used to transfer the values between the
processes. The value -1 is used as a sign of
completion of the value sequence. The processing of
false situations is carried out in the final actions of
the main() function after executing the cutting goto.
The program does not try to be a
good_style program, but a program that solves the
problem. The use of cutting goto is due to the lack of
"good" implementations of work with pipe()s and
fork()s.
7. Conclusion

In this paper the following problems were solved:

the algorithm of sieve sorting was proposed, the
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correctness of its execution were proved, the
complexity and timing of this algorithm were
investigated, the structure of the virtual process
implementing this algorithm was proposed, the C ++
program that simulates such a virtual process was
proposed. In the process of problem solving the
inconvenience of classical UNIX-like
implementation for working with the mechanisms of
piping and the processes creating was found out.
This will be the direction of further research for the
development of virtual processes.
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The comparative analysis of machine learning methods has performed to solve the problem of early
detection and prediction of epileptic seizures using electroencephalographic signals. Recent studies has
shown that it is possible to predict seizures in prior of its physical appearance. Our goal is to present
and analyse different approaches of seizure prediction techniques, particulary in machine learning and
deep learning. Seizure prediction has made important advances over the last decade, nevertheless it is
still a problem to provide steady algorithm of seizure early detection. Also, within individual patients
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advance. The mathematical model of the algorithms is constructed and quantitative data presented for
estimating the methods efficiency.
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Beryn

Eninerncis [Ie CTaH, IO XapaKTEePHU3yEThCS
(yHKI[IOHATPHUM TIOPYIIEHHSIM POOOTH TOJIOBHOTO
Mo3Ky. HenepenbauyBanuii xapakrep HamaiB, 110 €
XapaKTePHUM IIPOSIBOM 3aXBOPIOBAHHS, CTaHOBHUTH
Cepio3Hy 3arpo3y Ui KHUTTS Ta 3J0POB’S JIFOMHU.
Jus  OinpmiocTi BHIIAAKIB MPUYMHA  XBOPOOH
HEBiJIoMa, TOMY 3aJlaya PaHHBOI JIarHOCTHKH Ta
MPOTHO3YBaHHS HamajiB Hapasi AKTHUBHO
BuBYaeThbcs. EdexTuBHUM MeromoMm  rpadivHOi
peectpaliii 0i0€IEKTPUYHOI aKTHBHOCTI T'OJIOBHOI'O
MO3KYy, II0 BHKOPHCTOBYIOTh TMpPU JIOCIIJKEHHI
eminencii € enektpoenuedanorpadis (EET). VY
KIIIHIYHAX JIOCTIDKEHHSIX BUKOPUCTOBYIOTh
OaraTtokaHajabHi (Bl cTa  JBAALATH  LIECTH
€JIEKTPOIiB) BIJIBEJICHHS Ta CEpeIHI 4Yac OJHOTO
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JOCHIJDKEHHS TPUBAE Bl AEKIIBKOX TOAUH J0 TPHOX
ni0. BigmosigHo, BUHHMKAE HEOOXIAHICTL B aHami3i
BEJIMKUX MAacHBIB JIAHUX Y PEXHMi pealbHOTO 4acy.
3 PpO3BUTKOM METOJiB MAIIMHHOTO HAaBYaHHS,
HEOOXIMHICTh onTuMizanii BUIUIEHHI OCHOBHHX
CTaTUCTUYHMX  xapakTtepuctuk EEI'  curnamy
BiJlirpa€  BHUpIMIANLHY PO TpU  CTBOPEHHI
ITOPUTMIB MPOTHO3YBaHHS Ha X OCHOBi. MeToro
JlaHOT pOOOTH € BU3HAYCHHS OCHOBHHUX MIIXOJIB Ta
METOAIB, LI0 BHUKOPUCTOBYIOTHCS JJISl BUPILICHHS
npobiemMu knacudikamii Ta BUAIJICHHS KOMIUIEKCIB
MiK-XBUT Ta craifkoBoi AKTHUBHOCTI y
nepemikTanpHui miepios. IlpoaHamizyBaTe OCHOBHI
cratucTuyHi Xxapaktepuctukun EED curnamis, mo
CIIyTYIOTh BX1JTHUMU napameTpamu bi (6]
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3aMpONOHOBAHUX METOJIB MAIIMHHOTO HABYAHHS Ta
MIPOBECTH OIIHKY 1X e)eKTHBHOCTI.

IlepenymoBu PaHHLOIO
enmijIenTHYHHUX HamaJiB
Enexrpoenmiedanorpadis € omHI€0 3 MPOCTHX
Ta MOOLIBHUX METOMIB [JId BUSIBJIECHHS aHOMAJIH, sIK1
crioctepirarothcss mnpu  eminencii. [leit  meron
niarHOCTHKHM Oe3nedHuit 1 OaraTopyHKIIOHATBEHUI
JUTSL BAPIIIICHHS 3a/ad po3Mi3HaBaHHS, JOKaTi3aIli i
BUSIBJIGHHS CHHApOMY eminercii [ 1]

ACTEKTYBAHHA

INION

Puc. 1 CrangaptHa cxeMa MiIKIFOYESHHS
enekrpoeHuedanorpady «10-20 %»
Y manHiii  poOOTI TOPIBHAIOTBCA  MiTXOAH

MAalIMHHOTO HaBYaHHsS 1O MOOYJIOBM CIHEIU(IYHUX
0 TalieHta Ki1acu(ikatopiB, SKi JTO3BOJISIIOTH
nepen0aunTH CMiIeNTHYHANA Harmaj 3a OTIOMOTO0
TaKUX METOMIB K 3TOPTKOBI HEWPOHHI Mepexi
(3HH), GaiieciBcrkuii knacudikarop (bK), meron k-
Hanommkunx cycinie (k-HC) 1 meroxm omopHmx
BekTopie  (MOB). PosrnsparoTecs  cTaTUCTUYHI
0coOJIHMBOCTI, SIKi HaWKpaile BHPIIIYIOTH MpoOiIeMy
BUJIUICHHS IATEPHIB 1 IAI0Th JTOCTOBIPHI pE3yIIbTATH.
IMocrarneHo JesIKi MUTAHHS, MOJKJIUBOCTI
BUpIIIEHHsT NpO0JIeMH TPOTHO3YBAaHHS CMiJIerncii B
TepMiHaX NPOCTOi KiacudikaniiHoi 3amadi.

Ha cporognimmHiii nmeHp Oymo  JOBENEHO
ICHyBaHHS TIepej] CMUICNTHYHUX CTaHiB, IO
3’SBJIAIOTBCS HarepenoaHi ¢izuuHoro Hamamy. Lli
CTaHM 3alie)kaTh HE TUTBKHM BiJ THITy eIiJiencii, a
TaKoX 1 BiJ ocobmuBocTel Okpemoro mamieHTa. Ha
JaHWU# MOMEHT HE BHPIIICHOI 3AITUIIAETHCS
po0JieMa BUIICHHS TUX KOMITOHEHTIB, SIKi MOTJIH O
ONMHCATH 3MIHU Yy TIEPEeNiKTaIbHHUHA TIepioj] K I
OKpEMOTO TaK i JIJIs TPYIIN MaI{iEHTIB.

BunisieHHsI CTATHCTHYHUX XapAKTePHCTHK
[IporHo3yBaHHs HamagiB € OCHOBHOIO c(eporo
JOCHIJDKEeHb,  siIKi  0a3yloThCsl  Ha  aHami3i
ocobimBocteidt EEI" 3anucis. IIpote B ganuii yac He
iCHY€ HaJillHUX aJrOpUTMIB IPOTHO3YBaHHS HamaliB

JUIS  KJITIHIYHHUX 3aCTOCyBaHb. Hespakaioum Ha
BIJICYTHICTh PO3YMIHHS MEXaHI3My IKTOTeHe3y
emiyiericii, JOCH/DKEHHS  IOKa3ajdu  ICHYBaHHS
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MaTepHiB, 10 BHUHUKAIOTh HamepenofHi cyzom. Lli
KIIIHIYHI CIIOCTEPEXEeHHs Jaf0Th OOTPYHTYBaHHS [0
TIOTITYKY cnernudiaHuX O3HaK Ha
eNeKkTpoeHnedantorpaMax.

Panni pocmimkenns [2] Hamaramucs 3HaiiTh
pilIeHHs, BUKOPHUCTOBYIOUH TEPIi KiTbKa TMEpiofiB
EEI’, mo nepenyBanu ¢iznunomy Hanany. OCKibKH,
Taka Tpoueaypa Iependadae, MO0 HPOCTOPOBO-
yacoBa AMHAMiKa He 3MIHIOE€THCS B 3aXOIICHHS A0
3aXOIJICHHS, TaKi aNTOPUTMH BUSIBAJINCST
HeHaniitaumu. [loganpini TocHiIKEHHS pO3pOOHIN
HOBUH  aNTOPUTM, SKHHA  ITEpamifHO  3MIiHIOE
napaMeTpH Micist KOKHOTO 3aXOTIICHHSL.

OnHe 3 mepHmux KOMIUIGKCHUX JOCIHiKeHb [3]
MoKasye, sK Bu3HauuTd narepaun EEIT  mox
BUSBIICHHS CIMIIENTUYHUX HamagiB. Y  IbOMY
JociipkeHHl 0yno mobynoBano 30 XapaKTepUCTHK,
BKIIOWatoyn  OiBapiaHTHi 1  OararoBapiaHTHi
0COOJMBOCTI, a TakKo)X JiHIHHI Ta HEIIHIMHI
naapameTpu. TyT pO3IJITHEMO IIMIIE OCHOBHI
XapakTePUCTUKH, IO  3aCTOCOBYIOTbCA  TPH
nepenbaueHni. [IpoTsroMm ycboro 0OTOBOpEHHS
JIOTPUMYIOThCS TAKHX TI03HAUeHb: Fi! — craTmeTHuna
XapaKTepUCTHKA I-r0 KaHay /s MalieHTy K.

EEI" nani Oynu 3amucaHi sSIK CTOXaCTUYHA 3MiHHA
X = (X1, Xo XN), CepeIHe 3HAYCHHS SIK X. Ta
oucnepcito sk - Var(Xi, X, XN)  BiAmoBimHO.
CepeaHbOKBaApaTUYHE BIAXMICHHS BU3HAUCHO SIK:

1 )
U—m;[xi_x] (1)

AcuMmeTpis — e KUIbKICHa Mipa TOPYIIeHHS
CUMETPIi HOPMAJILHOTO PO3MOALTY. SKIIO acuMeTpis
MMO3UTHBHA, JaHl IO3WTHUBHO BIgXuiaeHi abo
BimxmieHi BrpaBo. lle o3Hawae, mo mpaBWil XBIiCT
po3moaily  JOOBIIMH 32 JBHA.  AcUMeTpis
O0UMCITIOETECS SIK

N —
skewness = %Z[X‘ X
i=1

. )

Bucoty i roctpoTy LEHTpaIbHOTO MKy BiJHOCHO

pelITH  JIaHMX  BHMIPIOIOTH 332  JIOIIOMOTOIO
KoeillieHTy eKCIeCy:
L X —X
kurtOSIS:WZ[ 21 -3, (3)
i-1

Ile o3nauae, mo ¢opma rpadiky pPO3MIOALTY
HMOBIpHOCTEH OB TrocTpa 3a HOPMaJbHUHN
pO3MOLN, SKIIO BOHA Ma€ TMO3UTHBHE 3HAYCHHA 1
[OJIOTIIIA, SKI0 BOHA Ma€ Big'€eMHE 3HAYEHHS.
BukopucTOBYIOTH €HEPTil0 CHUTHANy 3a 3alaHuid
nepiox [4]:
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it

Energy(t, w) = % > s(i)?,

i=t-w

(4)

ne S(I) — e aMIUTITYZ[a CUTHATY Y MOMEHT 4acy | ,
3HAYeHHs] CHTHAIY BigOWPArOThCS TOCIIIOBHO,
MOYMHAIOYM 3 TIOYAaTKOBOrO MOMEHTY Hacy | i
3aKiHIyIOYH B MOMEHT 4Yacy W. SIkmio enepris
CUTHAJIy ycepelHeHa 10 Pi3HOMY 4acOBOMY BIKHY,
BOHAa pO3JiJieHa Ha [JBI  XapaKTEPHCTHUKU:
KopoTkouacHy eHeprito (STE) i moBroctpokoBy
eneprito (LTE). Hakommuena eneprit (AE) €
IHIIUM ~ TOTY)KHUM  3aCO000M  3HAaXOKEHHS
aHOMAaJIbHOI MOBEIIHKM MO3KY 1 BH3HAYAETHCS SIK
CyMa TIOCNTiIOBHHX 3Ha4€Hb €HEPTrii CHTHAIy Yy
pyxomomy BikHi [5]. AE BupaxkaeThcs fK:

t—=q
AE(q) = Energy(t—w). (5)

i=1

MeToau A0CTiIKEHHSI

Hns  xnacudikamii 3anucie EEI B omuH 3
YOTUPHOX KJACiB — IKTAIbHUHN, MNEpea-iKTaIbHUM,
MDKIKTQTBHAN, MOCT-IKTATbHAN, OYJO IOCIiIKEHO
pi3Hi Mertomu. IkTanpHMH Tepiox  BiANOBiTAE
SHiIeNTUYHIA akTUBHOCTI. [lepenikranbHuii — 11
mepioy, IO HACTyMae 3a JeKibKa XBHIUH JI0
Hamaay. [locTikTampHa aKTWUBHICTH BIANOBiNae 3a
mepioy Biapa3dy micias  CyaoM. MIiDKIKTaIbHUM
HA3UBAIOTh  MEPiON  MDK  MOCTIKTAIBHUMH 1
nepeliKTaTbHUMY TaTepHaMu. ICHye /Ba 3arajJbHUX
MAXoou B JOCHIDKEHHSAX:  CTAaTUCTHYHI  Ta
anroputmiudi. CTaTUCTUYHUN TIiAXiJ BUIALISLE Pi3HI
XapaKTEePUCTUKH CUTHAIy PETPOCIEKTHBHO, B TOM
Yac SIK QITOPUTMIYHWN TIiAXiJ TO3HA4Yae€ KOXKEH
MOMEHT 4acy B Ha0opi JaHWX, TOMy MOXe OyTH
BUKOPHCTAHUI JUIA CHUCTeM peanbHOro dacy. Cepen
METOJIB MAIIMHHOIO HAaBYaHHSA IS BUPILICHHS
JIaHOT 3a/1a4i BUKOPUCTOBYIOTh HACTYITHI allTOPUTMH:
3ropTtkoBi HeWpoHHi Mepexi (3HH), OalieciBchbkuit
knacudikarop (bK), meron k-HaitOnmkumx cycimis
(k-HC) i wmerox onopuux BektopiB (MOB).
PosrnsaroThest mine ABa 3 BUIIE3raIaHMX METOIIB
— 3TOPTKOBI HEHPOHHI MEpeXi Ta METOJA OIOPHUX
BEKTOpiB. IX BHMKOPHCTOBYIOTH y MOOiNBHUX
enekTpoeHuedanorpadax.

Jnsi BUSBJIEGHHS Ta NPOTHO3YBAHHS CIiJIerncii
BUKOPHUCTOBYIOTHCS SIK METOJH 3 YUUTENEM, Tak 1 6e3
yuuTens. Y BUMNAJAKy HaBYaHHS 3 Yy4YHUTEIEeM
HAMOIBII TONIMPEHUMH TEXHIKAMH, € [ITy4Hi
HelipoHHi Mepexi (ANN). BoHu BHKOPUCTOBYIOTHCS
JUIsl BUKOHAHHS [IEBHUX KOHKPETHHUX 3aBIaHb, TAKUX
K KJIAcTepH3allis, Kiacudikallis, po3ni3HaBaHHS
obpaziB [6]. Heiiponna Mepexa CKIagaeThecs 3
JEeKUIBKOX IIapiB, METOIO SIKMX € BHIIyYEHHS PI3HUX
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PIBHIB NpEICTAaBICHHS NaHHUX, AKI € aKTyaJlbHHUMHU
JUIE  KOHKpeTHOI mpobnemu. DyHmaMeHTaIbHAM
€JIEMEHTOM O0pOOKH HEHPOHHOI MEpeXi € HEeHpOH.
IcHye OaraTo Bapialiii OCHOBHOTO THITy HEHpOHA,

0 YCKIAJHIOE CHOPOOHM JIFOAWHU  CIIEKTPUYHO
BIATBOpIOBaTH Tipomec MuUCHeHHs. Ilpore Bci
MPUPOJIHI HEWPOHW MaKOTh YOTUPU  OCHOBHI

KOMIIOHEHTH — JACHAPUT, COMa, aKCOH 1 CHHArC.
Jennputn miroTh SK BXimHi KaHaau. CoMa IOTIM
00po0IIte 111 BXiMHI CHUTHAIA TIPOTATOM JIESKOTO
yacy. Jladmi coma TepeTBOpIOE OTpUMAaHy BEITHYUHY
Ha BHUXIJHUHA CHUIHAJ, SKUA TOCHIAETHCS 1HIIUM
HelpoHaM depe3 akcoH i cuHancu. Heipon orpumye
BX1IHUH CUTHAI Pi3HUX JDKepes, 00'eIHy€ X IeBHUM
YMHOM, BUKOHYE HEJiHIHHY oOIlepamilo, a MOTiM
BHUBOJWTH KiHIEBUH pe3ynbTaT. Ha puc.2 moka3aHo
B32€MO3B'SI30K IIUX YOTUPHOX YaCTHH [7].

.
-]
— |

JlenTpurn

Coma

)

AKCOH

Puc. 2 CxematuuHe 300pakeHHS IITYYHOTO HEWPOHA

Meroy ONMOpPHHMX BEKTOPIB — M€ MeTOX
perpeciiiHoro aHamizy MJaHHX 3 KEpPOBAHUM
HaBuaHHsM. OCHOBHOIO 33/1a4€l0 € CTBOpPEHHS
anroput™My kiacudikariii JaHUX 3a JOMOMOTOIO
HaBYAILHOI BUOIPKH, sIKa BXKE Ma€ TOJIT Ha KJIACH.
Bin BuKOpHCTOBYETHCS A Kiacugikamii HOBHX
3HA4YeHb. AJTOPUTM Ma€ JiBa OCHOBHI €Taru:
BiOOpakeHHS JaHUX Yy TPOCTIp O3HAK, 3a
JIOIIOMOTOI0 siipa METOy Ta 1Mo0yI0Ba PO3IIIOBOI
rIHIePIUIONIMHY.

HoOipka paHmx 3a JOMOMOIOK HETiHINMHOTO
BiIOOpa)KEHHS «IEPEHOCUTHCS» Y TPOCTIp 3
OLNBIIOK  PO3MIPHICTIO, IO  HA3MBAEThCS
npocropoM o3Hak. dmpo me dymkmis K(X,y), mo
BioOpakae BHUOIPKY NaHWUX Y MHOXHHY JiHCHHX
gucen R. IcHye ©Oararo BuumiB saep, SIKi
3aCTOCOBYIOTHCS Ha MPAKTHIN: TomiHOMiadbpHe [8],
rayccoBe, ekcnoreHmianeHe. s moOynoBu
PO3ALITOBOI riNepIuIoIUHI HEeOOX1IHO
BPaxOBYBaTH JIiHIHY PO3IUILHICTh HAOOPY JaHUX.
s o0ox BUMNAAKIB € CTaHIAPTHUH aIrOPUTM
BU3HAYCHHs PO3A1I0BOI rinepmiomuan. Y [-1;1]
BKa3y€ Ha KJlac JI0 SKOTO HaJEeKHUTh TOYKA Xi, IO €
p-BUMIpHUM  BEKTOPOM Yy TIpOCTOpi  O3HaK.
Heo0xigHo 3HalTH TaKy TiNEepIUIOIIUHY, SKa YiTKO
pO3MEXOBYE Xi Ui skux Yi=1 Ta X; s axux Yi=-1.
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s rinepruionimHa MaKCUMAaJILHO PiBHOBIIIANICHA
Biml 000x rpyn naHmx. HeoOximHo oOparm naBi
MapajelbHi TINEPIUIOMWHN, SKi PO3AUISIOTH JIBa
KJacH [MaHMX TaKUM YHHOM, 1100 BIJCTAHb MIX
HUMU OyJla MakCHUMaibHOW. Te came crpaBeIuBO
1 U1 3a7a4i 3 AeKIJIbKOMa KJIacaMH.

BucHoBKkH
AHami3 iCHyIOYMX alrOpUTMIB PaHHBOI JIarHOCTHKH
Ta TPOTHO3YBaHHS EMUJICNTHYHUX HaIadiB MOKa3aB
HOBI MEPCIICKTUBU Y CTBOPEHHI CKCIIEPTHUX CHUCTEM.
MeTo11 TONOBHUX KOMITOHEHT Ta OTIOPHHUX BEKTOPIB
€ e(eKTMBHMMH JJIs BHU3HAUEHHS CTATUCTHYHHUX
BIIACTHBOCTEH  CHWTHaJly, 1[I0  BIANOBIJAOThH
nepefikTadbHUM cTaHaMm. Jlo Takux BIACTHBOCTEH
HaJeXaTh  CEepeAHPOKBANPATHYHE  BiIXWICHHS,
KoeillieHT acuMeTpii Ta mapaMeTpu BEHBIET-
MEPETBOPEHHST  II’ATOro  mopsaky.  IloOymoBa
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MITYYHUX HEHPOHHHX MEPEeK JUIS MOJICITIOBaHHS
IUHaMIKK  iHTpakpaHianpaumx  EEI'  curnamis
MMoKa3ajla  MOXJIMBICTHP ~ BHJAUICHHS  ITaTepHIB
eMiJIeNTUYHHUX HamajJiB HamepenonHi ix ¢izmyHoro
nposisy. OpHak CTBOpPEHHSI MOOUIBHUX CHCTEM
nependadae aHaji3 JaHWX Yy PEXKHMI PearbHOTO
yacy. Tomy, moOymoBa TakuxX CHCTEM MNOTpeOye
BUBYCHHS HE JIUIIC CHCHU(PIYHUX CTATUCTUYHUX
XapaKTEePUCTHK, aje 1 iXHpOI (I3MYHOI TPUPOIH.
basyrouncr  Ha  TPOBENCHHUX  JOCIIHKCHHSIX,
HeoOXiIHO BpaxoByBaTu (Hi3MUHI OCOOJIMBOCTI Ta
3aydaTH JOJATKOBi (pi3ioyoriyni mapamerpw, SKi

MOXYTh BIUIMBAaTM Ha PO3BUTOK Ta TPOSB
EeNUJIENTUYHNUX CTAHIB Ta HAIa/iB.
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Haseoeno cmpyxmypny cxemy asmomamu3zo8anoi iH@opmayiino BUMIDIOBAILHOI  cucmemu
MOHIMOPUHSY XAPAKMEPUCTIUK AMMOCHEPHO20 030HY, NPUSHAYEHHS MA 63AEMOOIS OCHOBHUX 8Y3Ili6
cucmemu. Poszenanymo npocpamne 3abesneuenns kepyeanns cucmemoro. Haoano pesynomamu eusnauenms
3azanvHoeo emicmy 030HY (3BO), aAxki ompumani NOpIGHAHHAM OOHOYACHUX OAHUX, WO GU3HAUEH]
onepamopom 6pyuHy ma 3a OONOMO20I0 MAaKemy IHPOPMAYiliHO—BUMIPIOGANbHOI cucmemu, NpU YboMmy
gioHOCHa noxubxa posdixchocmi eumipie ne nepesuwysara 4,3 %. Pesyromamu eumipiosans i3
ABMOMAMUYHUM 0CEPEOHEHHAM 3HAUEHb, K OMPUMAHT NPOMsA2oM 000U, NOKA3AU, WO HeMAE HeoOXionocmi
subupamu  6ikHa 6e3XMapHO20 abo O00HOPIOHO20 Heba. Po3pobky moodicHa pexomeHOysamu 07
BUKOPUCMAHHS 30 OCHOBY OJI1 CMBOPEHHS CYHACHOI A8MOMAmMu306aHol IHEOOPMAYIUHO — GUMIPIOBATIbHOT
cucmemu MOHIMOPUHZY XAPAKMEPUCTNIUK AMMOCHEPHO20 030H) .

Kniouogi cnosa. cTpyKTypHa cXxeMma, 3arajbHUH BMICT 030HY, HpOrpaMHe 3a0e3IeyeHHs, MOPiBHAHHS
JIaHWX, MaKeT iHPOpMaIiifHO—BUMIPIOBaJIBHOT CUCTEMHU.

The structural diagram of an automated information and measurement system for monitoring the
characteristics of atmospheric ozone, the purpose and interaction of the main components of the system are
presented. System management software is considered. The results of determination of the total ozone
content (TOC), which were obtained by comparing simultaneous data, determined manually by the operator
and using the layout of the information-measuring system, with a relative error of measurement difference
did not exceed 4.3%. The results of measurements with automatic averaging of the values obtained during
the day showed that there was no need to choose windows of cloudless or homogeneous sky. The
development can be recommended for use as a basis for the creation of a modern automated information and
measurement system for monitoring the characteristics of atmospheric ozone.

Key Words: block diagram, the total ozone content, software, comparison of the data, layout information
measuring system.

Crartio npeacrasus akagemik HAH Ykpainu, 1.¢.-m.H., npod. bynasin JLA.
Beryn IMC (puc. 1) MiCTUTB OCHOBHI BY3JH, IPUHIIXI
POOOTH SKHX HAaBEIEHO HIKYE.
* brok TepmonaTunka BUKOHYE (DYHKIIO BH3HAYCHHS
TEMITepaTypyd B TEPMOCTaTi. AHAIOTOBHM CHTHAT Bif
OJIOKy TepMOAaTUWKa, MPOMOPLIHHMIA TemIeparypi B
TEpMOCTaTi, HAIXOAWTH HA  aHAIOrO—LM(POBHUIA
neperBoproBad  (ALIIl) Onoky KepyBaHHS, SKHIA
MIEPETBOPIOE aHATIOTOBUI CUTHAIT Y IIU(POBUIL KOJI.

ABTOMaTH30BaHa iH(hopMaIiiHO —
BuMiproBaibHa cuctema (IMC)  moHiTOpHHTY
XapaKTepUCTHUK aTMOC(EPHOTO O030HY IIOBHHHA
3a0e3leuyBaTd  MOJMJIMBICTH ~ aBTOMAaTH30BaHOIO
BUMIpPIOBaHHS XapaKTEPUCTHK aTMOC(EPHOTO 030HY,
00poOKy Ta apXiBaLilo TaHHX.

© A.B. bpuran, b.O. Isanos, B.B. Ocic,
2018
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Po6ororo AIIl ympaBnsge MIKpOIpoIecop KOMITIOTEPOM, SKHHA, y CBOIO 4Yepry, BHKOHYE
OnoKy  KepyBaHHS 1O  3afaHii  mporpami. ¢yHKUil0O oTpuMmanHs pnanux Big ALl ixH0
Mikpomnpouiecop 3amyckae ALIll, 3HiMae kox 0OpOOKy, 30epiraHHs Ta apXiBallito.
CUTHaJIy TeMIepaTypu Ta IIepemae #oro 1o * brok 030HOMeTpa MICTUTh HACTYIHI OCHOBHI
komm'torepy (IIK). IIK o00pobnse oTpuMaHy By3JIH: ozoHomMeTp M-124  Ta  cucremy

inpopMmarnito # dopmye dalin TemmepaTypu, IO
HajJalli BUKOPUCTOBYETHCS ISl PO3PAXYHKIB 3MICTy
030HY B aTMOCdepi.

* bnok cnomydeHHS BUKOHYE (YHKLIIO
cnony4deHHs o30HOoMeTpa M—124 3 iHdopmariifHo—
BHMIPIOBaJIHHOIO CHCTEMOIO.

[ToTik BUMPOMIHIOBAHHS CBIiTJIa, 110 HATXOAUThH
Ha oToeneMeHT o3oHOMeTpa M—124 3 dinbTpyrouoi
CHCTEMH, TIEPETBOPIOETHCS HUM B  EICKTPHYHI
CUTHAIIH, 5K SIBJISIIOTH CO0OIO:

— CHTHaJl TEMHOBOTO CTpyMy (HEMa€ IOTOKY
BHIIPOMiHIOBAHHS CBiTJa);

— curgan 300 HM (TMOTIK BUIPOMIHIOBaHHS
CBITNIA, IO MPOMIIOB Kpi3b (iAbTp i3 JOBKHHOIO
xBuai 300 HM);

— curHan 326 HM (TMOTIK BHUIIPOMIHIOBAHHS
CBITJIA, IO MPOMIIOB Kpi3b (PUIBTp i3 JOBKHHOIO
XBWII 326 HM).

Curnan 3 goToeneMeHTa 0OTHOYACHO MOTAETHCS
Ha IMiJICKITIOBaY 030HOMETpa Ta IMiICKUIIIOBaY CUTHAITY
1 Onoka cnomydeHHs. IlimcumoBad 030HOMETpa
BUKOHYE MIJCHIIOBaHHS CHTHAIy JIO PpIiBHS,
HEOOXITHOTO Ui pOOOTH PEECTPYIOYOTO MPHUCTPOIO
030HOMETpa, a TaKoK IMOoJa€ Iel CUTHaI Ha
MiCUITIOBAaY CUTHATY 2 OJIOKa CIIONYYEHHSI.

biok crnomyueHHsT Mae MOXIHBICTH POOOTH Y
JIBOX PEKUMaX:

— y pexumi TMiACWIOBAaHHS CHUTHATIIB 13
¢dotoenemMenTa  (BUKOPHCTOBYETHCS  ITiJICHITFOBAY
curHany 1);

— Y PeKUMI MiJICUIFOBAHHS CUTHAJIB i3 BUXOY
HmicWiIoBaya  O30HOMETpa  (BUKOPHCTOBYETHCS
MiACHIIOBAaY CUTHATY 2).

[MincwmoBay curHany 1 Ta  miacuiIOBaY

CUTHAy 2 BUKOHYIOTH (YHKIII cromydeHHs 3
o30HOMeTpoM M — 124 i miACHUJICHHS CUTHANIB, SKi
HagXxoIATh Bim o30HOMeTpa. Komyratop OJioka
CTIOJIy4EHHsI BUKOPUCTOBYETHCS ISl BAOOPY PEKUMY
pobotu (migcwmroBay curHainy 1 abo mifgcwmimoBay
curHany 2). Curaan 3 KOMyTaropa HaIXOOUTh Ha
OCTaHHIA miJicHiItoBad OJIOKY CIIONYYEHHs, SIKUH
BUKOHY€E (YHKILIIO MiJCHJICHHS CUTHAIy IO PiBHA,
HEOoOXigHOTO U1 HopManbHOoi poboTn ALIIL

ALIT nepeTBOprOE aHATIOTOBUI CUTHAI 3 OJ0Ka
CTIONy4deHHs y UupOBHH BHINIAA 1 Iepenae
orpuMaHi gaHi g0 komm'rorepy. KepyBaHHs
pobortoro AIIII 3milficHioe Onox kepyBaHHsS. biox
KEpyBaHHS BHUKOHYE TaKOX YIPaBIIHHSI POOOTOIO
ALII, 3abe3meuye  oOMiH  indopmamii 3

ABTOMATHYHOTO TepeMUKaHHs (inbTpiB, 10 AKOI
BXOISATh KPOKOBUH IIBUTYH, PEAYKTOp, HAUCK 1
omnromnapa.

[ukn BumiptoBaHHs (01M3bKO 3  XBWJIMH)
BUKOHYETHCS 3aaHOI0 IIPOTPaMOIO B
apromarnyaoMy pexknmi Bim IIK. Ilicma 3amycky
nporpamMu  OJIOK KepyBaHHS (opMye HeoOXimHe
YKCIIO IMITYJIBCIB, SIKI HAJAXO/IATh Ha OJIOK JApaiiBepiB.

brmox xepyBanus kpumkoro (BKK) wictuts
CHUCTEMY aBTOMATHYHOTO YIPAaBIiHHA KPHUILIKOIO
TepMocTaTa, B $IKYy BXOASTh KPOKOBHUH JBUTYH,
PELyKTOp, AUCK Ta OIITOMApa.

* brnox gpaiiBepiB CKIamaeThCs i3 OBOX
IICHTUYHUX JApaiBepiB, SKi BHKOHYIOTh (QYHKIIIO
YOpaBImiHHA  KPOKOBUMH  JIBUTYHaMH  OJIOKY
o30HOMeTpa (mpaiiBep 1) 1 ONOKy KepyBaHHA
KPHILKOIO (ApaiiBep 2).

* bnok kepyBaHHS MOBMHEH BHKOHYBaTH TaKi
OCHOBHI (DyHKIIIT:

1) BuMiproBaHHS 3 CHIHAJIB, IO HAAXOIATH 3
BUXO/1y OJIOKY CIIOITY4EHHS:

— CUTH&J TEMHOBOI'O CTpyMy (HEMa€ IOTOKY
BUIIPOMiHIOBAHHS CBITJa);

— curHan 300 HM (TOTIK BUIPOMIHIOBaHHS
CBITJIa, 1[0 TPOHIIOB Kpi3b (UIBTP i3 JTOBKUHOIO
xBwii 300 HM);

— curHan 326 HM (TOTIK BUIPOMIHIOBaHHS
CBITJIa, 1[0 TPOHIIOB Kpi3b (UIBTP i3 JTOBKUHOIO
xBuJi 326 HM);

2) ynpaBiiHHA OJIOKOM KepyBaHHsS (iIbTpamu
(mepemukaHHs (inBTPiB) OJI0KY 030HOMETDA,

3) ymnpaBiiHHS KPOKOBUM JIBUTYHOM OJIOKY
KEepPYBaHHs KPHIIKOIO (BIAKPUBAHHS Ta 3aKPHUBAHHS
MpUIOMHOTO  BIKHA  O30HOMETpa Ha  dac
BUMIPIOBaHHS ~ XapaKTEPUCTHK  aTMOC(EpHOTo
030HY);

4) BUMIPIOBaHHS CHTHAJIy 3 BHXOIY OJIOKY
TepMoJaTduKa (TeMreparypa B TEpMOCTATI);

5) nmonepenHs 00poOka oTpuMaHoi iH(popmarii
Ta mepejaya il 10 KOMIT'FoTepy;

6) 3abesredeHHs B3aEMOjii  MPOrPaMHOTO
3abe3neyeHHs: Mikponpouecopa BK i3 mporpamanm
3a0e3MeYeHHIM MEPEKEBOro KOMI'IOTEPA.

Ha crpykTypHii cxemi HaBe[eHI BCi 3B'S3KH
B3aemonii BK i3 enemeHramu aBTOMaTH30BaHOI
iH(opMaLiHHO-BUMipPIOBAJILHOT CUCTEMH, K1
3a0e3MeuyloTh BUKOHAHHs BKa3aHWX BUILE (YHKLIN
OJIOKY KepyBaHHS.

BK MicTHTB Taki OCHOBHI €JIEMEHTH:
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— 22% po3psAAHMI aHATIOrO-IU(PPOBHUII IIEPETBOPIOBAY

(BUMIpIOBaHHS BEJIMYMHHU CUTHAJIIB, IO HAIXOSAThH 3

BUXOY OJIOKY CIIONyYEHHS);

10m™ O3PS IHUI aHaJIoro-uu(poBHii

MEPeTBOPIOBaY (BUMIpPIOBAHHS CHTHANTY 3 BHXOMIY

OJIOKY TePMOIATUNKA);

— MiKpomporiecop OJIOKy KepyBaHHS (3a0e3medye

kepyBaHHs poboToro bK Ta Bci€i cuctemu B 1inomy).
* MepexeBUii KOMITIOTEP BHKOHYE (DYHKIIiO

KepyBaHHSI poOOOTOI0 CHCTEeMH Ta 3a0e3mnedye
nepenavy iHpopmariii crioxrBadam.
* Tepmocrar i3 HarpiBaueM CcIyrye uis

MiATPUMKH TEMIIEPaTypu y MEBHOMY Jiama3oHi Ipu
3MiHI ~ TeMIepaTypd  30BHIIIHBOTO  TIOBITPSL.
TepmoperymsiTop BHKOHYE (YHKIIIO KepyBaHHS
TEIUIOBEHTHIISITOPOM (BKIIIOYAE TEMJIOBEHTHIISITOP HA
HWKHIA TpaHUIll [iama3oHy TeMIleparypu Ta
BUKIIIOYAE HATpiBaHHS TPH JOCATHEHHI BEPXHBOL
MEXI Jliana3ony).

Po3pobneno mnporpamue 3abesmeueHss. [lns
THYYKOTO HACTPOIOBAaHHS Ta KEPYBaHHS CHCTEMOIO
OyJ0 pPO3pOOJICHO BHYTPIIIHIO MOBY KOMAaH]I,.
[TocnioBHICTE KOMaH] BBOJUTHCS OJHUM PSIIKOM Y
BiKHO iHTEep(eiCy.

KepyBanHst po0OOTOIO CHCTEMH 3iHCHIOETBCS 3
iHTepdeiicy  “BUMIPIOBAY  3ATAJIBHOI'O
BMICTY O30HY”, npukinaj sSKOro HaBEACHO Ha
puc. 2.

VERE TWTE e (RS T (LETRESS D0

Puc. 2. Burnsig inTepdeiicy kepyBaHHS CHCTEMOIO.
Bukonyerbcss BubOip mnoOpTy AN KEpyBaHHS
gepe3 USB 3130k “COMX” 3aJ€KHO Bij TOTO, SIK
010K kepyBaHHs Bu3HaueHuin y WINDOWS cucremi
K (y upomy Bumangky “COMA4”). BigkpuBaeTbes

mopt kHomkoto “Open Port”.  3nilicHIOETBHCS
BBEJICHHSI KOCGQIIIEHTIB KOPEKIlii BUMIPIOBATBHUX
KaHaIiB KHONKOKW  “3amuch” (IpuU  TEpHIoMy

HAaTHCKaHHI KHONKH KOe(ilieHTH 3 SBISIOTBCS Y
PSAKY KepyBaHHS, IIPU APYTOMY - 3aHOCATBCS y OJIOK

KepyBaHHS BHMIipoBadeM 030HY. OOupaeTbcs
PEKUM YBEICHHS KOMAaHJ HATHUCKAIOUW KHOIKY
“Kom232”. Knomkoio “ABTromMar” BHOUpaETbCA

pexuM KepyBaHHS “OmuHOYHBIN. [[1s1 KepyBaHHS
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KOMYTaIli€l0 HATHCKAETHCS KHOMKA “YTpaBi. KoM i
nepexoguMo B pexuM  “On  com”. KHomkoro
“A3uMyT” BUAANAETHCS BMICT pSAKa KEpyBaHHS.
BBonsTecss HeoOXximHi komaHmm 3 daiury “Ozon
com.txt”, JJI1 4Oro KOMIIEThCS OOpaHa KOMaHaa 3
¢daitny B psamok kepyBaHHSA. [  BUKOHaHHS
KOMaHJM HAaTUCKAEThCS KHOMKa “Send”, mpu mpoMy
PSAAOK KepyBaHHA aBTOMAaTHYHO 34nTyeThcs B BK 1
KOMaHJja [UKITIYHO BUKOHYETHCH.

Hampuknan, 3a  koMmaHmoro  “XMapHICTH
IHTEHCHBHICTE® y  mporpamMHe  3abe3rmedeHHs
BBOJIUTHCSA KOE(IIEHT IHTEHCUBHOCTI XMapHOCTI BiJ
1 1o 4 (y uboMy BUNAAKY 1), 110 BUKOPUCTOBYETHCS
Opd  PO3paxyHKax 3arajJlbHOr0 BMICTY O30HY.
Beenenns koedilieHTa BUKOHYEThCS HATHUCKAHHSIM
KHOIIKU “Koef=". 3a KOMAaHJIO0
“d0150eFXbd0333yp B”  ¢insTpm  mepiogumdHO
MEePeBOAATHCS Y TpU TonoxeHHs (PinbTp 1, GimpTp
2, KOPEKIIisl HyJIs1).

Habip  MoOXIMBHX  KOMaHI  KepyBaHHS
KPOKOBUMHM [IBUT'YHAMH, IiXHIMH pPEXUMaMH Ta
KOMYTAIli€I0 KaHaJIiB BUMIPIOBaHHS PO3POOIICHO IS
nBox BuiB 3B’s3ky USB Ta RS232.

3a po3pobIeHOr POO0UYOI0 KOHCTPYKTOPCHKOIO
JIOKyMEHTAIlI€I0  aBTOMAaTH30BaHOi  iH(hopMaIiiitHO—
BUMIPIOBAITLHOI CHCTEMH MOHITOPUHTY XapaKTEPHCTHK
atmoctepHoro o3ony M39.00.00.00.00 BuroTOBIEHO
JIFOYMii MakeT CHCTEMH.

Jnst  mepeBipku  poOOTH  JIIFOYOTO  MAKETy
iHpOpMaIiTHO-BUMIPIOBANIbHOT CHCTEMH BiH OyB
BcTaHoBiieHMH Ha gaxy YkpI'MIL IlepeBipky
BUKOHAHO TMOPIBHSAHHAM OfHOYacHUX aanux 3BO,
AKi BHU3HAYEHI  OMEpaTopoM 3a  JIOTIOMOTOIO
o3oHOMeTpa M—124 (BuMmiproBanHs BpyuHy — 3BO>),
3a JaHUMHM, SIKi BM3HA4YCHI 3a JIOIIOMOTOI0 MAakeTy
1HpOpMAaIi THO—BUMipIOBaTILHOT CUCTEMHU
(aBromatu3oBaHi BuMiproBaHusg — 3BO1).

Pesynprartu, ski oTpuMaHi 3a JIOMOMOIOIO
MaKeTy CUCTEMH, HaBeeHi y Ta0mi 1.

Pozpaxynok 3BO aBTOMaTnyHO y peasbHOMY
yaci BukoHyeThcsi Ha [IK 3a wmomemmo [1], mro
BpaxoBye Bucoty COHIIS, TeMIIEPaTypy 1 XMapHICTh.

Ha puc. 3 mj1s npukiiaay HaBeAeHO Tpadik Xoay
3BO mnpotsrom mo0u 3a maHumu Tadn. 1, sxi Oymo
orpumano 23.02.2017 p. Ha ocnoBi manux Ttabm. 1
pO3paxoBaHO cepepHe apuMeTHdHe 32 (HOPMYIIO

[2]:
X,
=N
n

1)

Jc: )z —

BUMIpIOBAHO! BENMUMHH; X; — OTPHMAHi 3HAYCHHS

cepenHe  apu(pMETHUHE  3HAYCHHS

BUMIPIOBaHb.
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Tabauns 1 -
Pe3ynbTatu aBTOMaTH30BaHUX o
BuMipoBanb 3BO o0 f———" e
p :.(200 Cadl \
H
- - . 150
. Jard v WelCT SH0MY 10 1ETAN Rt patern, 1.,
| e (WU ULJG0 08 [T02 1202 18.02.[19.02 (20,42 | 2201 30 |28 0 101 93 [ OR R TITAT 2 100
E WIT[2017 [ 2007 {2017 123007 | 2017 1207 | 017 12007 [ 2017 [ 2m7 {3017 2017 1 2017 i 50
i | 4 3 & ? .3 9 ) A 12 13 4 15
K 237 | 208 1222 1 M [ 334 F 240 | 298 1236 | 212 | 383 | 386 | 346 | M0 0
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Ha ocHOBi maHumx TaOi. 2 po3paxoBaHO 3a

hopmyoro (D cepeHe apudmeTnyHe
cepenaposioboBoro  3BO  qnms pywHoro - Ta
aBTOMAaTH30BaHOTO croco0iB BHUMIpPIOBaHb.
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BusnaueHo 3Ha4YeHHS HepeBiI{HOFO MHOX>XHHKa
K=350/254=1,38 Ta po3paxOoBaHO NPUBEJICHI

3HauYCHHs cepeanboro0oBoro 3BO, 1m0 BU3HAYCHI
aBToMatn3oBaHow cuctemoro (3BOij). Pesympratn
PO3paxyHKiB 3aHECEHi y Talu. 2.

Ha puc.4 HaBemeHo rpadiku  3MiHH
cepenabpoo0oBoro 3BO 3a maramu BUMIpIOBaHb, SKi
BH3HAYEHI [IIOYUM MaKETOM aBTOMAaTH30BaHOL
iHpOpMaLi HHO—BUMIPIOBaJIbHOT cucTeMH (KpuBa 1 —
3BOsi) Ta onieparopom BpyuHy (kpuBa 2 — 3BO2i).

|y

Puc.
aBTOMaTH30BaHOIO cucremoro (1) Ta omeparopo
BpyuHy (2).

3a jgaHuMH  TaOn. 2 PO3PaxoBaHO CEPEIHE
KBaJIpaTHYHE BIJIXWICHHS Ta BIJIHOCHA MOXUOKa

BUMipIOBaHb 3a Qopmyiamu [2] (pe3ynbTaTH
PO3paxyHKy 3aHECEHO y TabI. 2):

(2)
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Je: X - CepeHE  apU(PMETHYHE  3HAYCHHSA
BHUMIPIOBAHOI BEIMYUHY; Xi — OTpUMaHi 3HAYCHHS
BUMIipIOBaHb; N =14 — KiIbKICTh BHUMIPIOBaHb;

t=2,1 - koediunienr Creiogenta npu P =0,95 i
n=14; O — cepelHe KBaJpaTHYHE BIAXWICHHS; ) —
BiTHOCHA TTOXHNOKa BUMIipIOBAaHb.

3a po3paxyHKaMu BCTaHOBJICHO, IO BiJIHOCHA
MoXuOKa pPO301KHOCTI BHUMIPIB CEPeIHBOI000BOTO
3BO He nepeBuIIye: aBTOMAaTH30BAHOIO CHCTEMOIO —
6,1 %, omeparopom Bpyuny — 4,6 % Ta aBOMAa
MeTOoAaMu (BpY4HY Ta aBToMaTh3oBaHmit) — 4,3 %.

BucHoBkH
3a po3polbIieHOI0 POO0Y0I0 KOHCTPYKTOPCHKOO
JIOKyMEHTAITIEF0 aBTOMAaTH30BaHOI iH(opMaIiiitHo—

BHAMIpIOBaJIbHOI CUCTEMU MOHITOPHHTY
XapaKTePUCTHK aTMocdepHoTo 030HY
M39.00.00.00.00 BHIOTOBIEHO MOIIOYMII MAaKET
CHCTEMHU.

[IpoBeneHo nepeBipKy poOOTH TiIOYOTO MaKeTy
iH(opMaLiHHO-BUMipIOBAIEHOT CUCTEMHU
HOPIBHSHHSAM OJTHOYaCHUX JaHUX

4. Cepennponodose  3BO, 1m0  BU3HAYCHO cepennbonoGoBoro 3BO, ski BU3HAYCH] ONEPaTOPOM

M (pumiproBanns Bpyuny — 3BO.), i3 maHumu, ski
OTPHMaHO 3a JIOTIOMOTOK MakeTy iH(opmamiiHoO—
BHUMIpIOBaJIbHOI CUCTEMH (aBTOMaTH30BaHI
BUMIPIOBaHHS 3BO1), npu 1pOMy BiJHOCHA
noxubka po30iXHOCTI BUMIipiB He nepeBuinye 4,3 %.

PesynpTatn BHMIpIOBaHb 13 ABTOMaTHYHUM
OCEpPEIHECHHSIM 3HA4Y€Hb, SIKI OTPHMaHi MHPOTATOM
1o0u, TIoKa3aliv, 1110 HeMa€e HeoOXiIHOCTI BUOMUpPATH
BiKHa 0e3XxMapHOro abo OTHOPiAHOTO HEda.

Po3poOky MO)XKHa pEKOMEHAYBAaTH SIK OCHOBY
Ui CTBOPEHHS  Cy4YacHOi  aBTOMAaTU30BaHOL
iHpOpMAaIiITHO — BUMIPIOBATEHOT CUCTEMHU
MOHITOPHHTY XapaKTEPUCTHK aTMOC(HEPHOTO 030HY.
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eJIeKTpOMeXxaHili Ta eJleKTporiapoguHamini electromechanics and electrohydrodynamics

AieJIeKTPUYHOI KyJIi of a dielectric drop
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s mooentoganus pyxy MIKPOUACMUHOK ) CIAOONPOGIOHIll OieleKMpUYHill KpanauHi y3a2aibHeHo
Oienexmpuuny mooenv Teiinopa, 6paxoeylouu hnoGepXHeull enexmpudnuti cmpym. Busnaueno po3nooin
ENEKMPUYHO20 NOMEHYIAY 6CepeOUHi ma 3306Hi CAAOONPOBIOHOI OleNeKmpPudHoOi Kyai 3aHypeHoi 6
cnabonposionutl  JieneKmpux 6 eleKmpuuHoMy HONi. Y 3acanvHORpuiiHAMOMY BUSHAYEHHI CYMApHOI.
00’ eMHOI ma noeepxHesol. NPoGIOHOCME KYJli 8PAXOBAHO 3ANEHCHICTD 810 KYMOB020 PO3NOOLLY 306HIUHLOO
eeKmpUiH020 noaf. 3podaeHo 8UCHOBOK, WO Micpayis MIKPOUACMUHOK HA NOGEPXHI KPANIUHU 34 PAXYHOK
enexmpoziopoounamiunux (EIJ]) ma Oienexmpogpopemuunux (JED@) cun cymmego 3anesxicums 6i0
noBepxHeaUx NPOGIOHOCMEN KPANIUHU MA OKPEMUX MIKPOUACMUHOK.

Kniouosi cnosa: dienekmpoghopes, enekmpoziopoouHamika, nosepxmesa npogioHichb.

A new technology of the electric-field manipulation by dielectric particles in dielectric liquids and drops
has been developed in the last decades. To simulate electromechanics of microparticles in a weakly-
conducting dielectric drop the Taylor's leaky-dielectric model is extended. To achieve this electric-potential
distribution inside and outside a weakly-conducting dielectric sphere embedded in a weakly-conducting
dielectric in an electric field is determined taking into account the interfacial current. The conventional
definition of the total, bulk plus surface, conductance of the sphere is detailed allowing for its dependence on
the angular distribution of the external electric field. Technology of microparticles moving over the interface
of the drop is based on the application of electrohydrodynamic (EHD) drag and dielectrophoretic (DEP)
forces. The surface conductivities of the drop and individual microparticles can have a significant influence
on the surface charge and thereby on the DEP and EHD drag forces. Thus, we show that recent explanation
of manipulation by microparticles trapped at the interface of a silicone-oil drop immersed in castor oil is
misleading. Taking into account the surface conductivity of the microparticles, we find that EHD drag and
DEP forces are of the same direction but not opposite at zero or low frequencies as stated previously. Due to
the reversal of the DEP force with the field frequency the motion of microparticles turns back. Surface
conductivity of the drop can also explain experiments in which the prolate deformation persists after liquids
of the drop and ambient medium are interchanged.

Key Words: dielectrophoresis, electrohydrodynamics, surface conductivity.

Crartio nipenctaBuB akagaeMik HAH Vkpainu, a.¢.-M.H., npo¢. Bynasin JI.A.

Beryn 9] BUBYAJIOCS YTBOPEHHS CTPYKTYP 3 MIKpOYaCTHHOK

) ) . Ha TIOBEPXHi MUIIMETPOBUX KparuiuH. Y poboTtax [4-

. YucneHHi  JOCHIIHKEHHS | CHCKTPOMEXAHIKH ]  erexrpyume rome  BHKOPHCTOBYBATH  AK

MleOqacmH?K y OKHBHX KJITHHAX  HH - CXOKHX jpcrpyMeHT st mepeMillleHHs MiKpOYacTHHOK a6o
IITYTHHX 00’€ekTax (1).OpMy.IOTL OMMH 13 OCHOBHHX i v MikpomiTpoBHX 06'eMax.

HampsMiB Cy4acHHUX 610J101“.1‘IHI/IX HayK 1 TeXHOJIOTiH IcHye KiTbKa CIOCOBIB MepeMillleH s YaCTHHOK

[1-3 ] qaCTHHa. X AOCAVDKCHE 30CCPEIUKCHA HA  p - yinppi  [IpuksiaieHe eIEKTPHUHE TIOJE MOXKE

MAHIYIOBAHHI MIKPOYaCTHHKAMM POSHOAUIEHUMH o\ ionyry pUHEKHEHHS TMOTOKIB PIIWHH PasoM i3

y mienexrpuniit kparmni [4-9]. 3okpema, B [6, 7, 3aHYpEHUMU YaCTHHKAMU. Taki MUPKYJSIIT PiIUHU €
© B.B. [lamtok. O.P. ITaBnuHIOK
2018
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MPEeMETOM BUBYEHHS €JEKTPOTiApPOAMHAMIKHU, SIKY
3acHyBaB [Dxeddpi Teitmop [10], mpexncraBuBIIH
CBOIO JIiENEeKTPUYHY MOJENb Ul onucy aedopmarii
KpaIUIMH B CTalllOHAPHOMY eJeKTpuaHOoMYy 1omi [11].
Baxxnuge y3aranpHeHHs Teopii Teinopa Ha BUNIAIOK
3MIHHOTO €JIEKTPUYHOTO TOJISi TPOBEICHO B poOOTI
[12]. 3a nonomororo gaHoi Teopii MOKHA BU3HAYUTH
EI']l cumy Tarum. IcHye #  iHmmid — cmocid
NepeMillieHHs] YaCTUHOK 3aBAAKH e(eKTy AieleKTpo-
(hopesy — nepemillleHHIO JieNeKTPUYHOI YaCTUHKH B
HEOJHOPIJHOMY eJIeKTpuuHOMYy modi [1-3].

Y poborax. mNpHUCBSYEHUX MJaHIA TEMAaTHII.
YacTO  HEXTYIOTb  IIOBEPXHEBOIO  IPOBIIHICTIO
KpaIlIMHU Y4 MiKpodacTHHOK. JIume 61u3pko B 10%
poOiT 3ragyloTh 4YM  pO3MSLJA0Th 11, X0o4a
MOBEPXHEBY MPOBIAHICTD X JIETKO BPaxyBaTH IPH
BuzHauenHi ELJ[ 1 JAE® cun. IloTpiOHO surie
3aMiHUTH 00'€eMHY MPOBIJHICTh ¢ KyJi pajilycy a Ha

[1-3]

2K
c=o+—.

(D

Hany ¢dopmymy Oyne BHBEAEHO HIDKYC, 3
OCOONIMBOIO YBarol0 Ha IOXOMKCHHS CTaJloro
MHOXKHUKa 2, sKWA y OUIbII 3araimbHiil Teopii
MOBUHEH OyTH 3MIHHOIO BEJIMYMHOIO YU, HAaBiTh,
OIIepaTopoM.

Y nmaHiii po0OoTi Mojens NPOBITHOI Kyl B
3MIHHOMY eJeKTpu4YHOMY o [12] y3aranbHEHO,
BPaxOBYIOUH CTPYM uepe3 MOBEPXHIO KPAIUIMHU, 1y
YacTKOBOMY BWIagKy otpumano ¢opmyry (1).
HoBusna po0OoTH moJisirae B peTeIbHOMY BpaxyBaHHI
MIOBEPXHEBOT MPOBIHOCTI. Pesynpratn
eKCIIEPUMEHTIB 3 MaHIIMyJsLii MiKpOYaCTHHKaMH Ha
MOBEPXHI KpalUIMHU 13 CHJIIKOHOBOi omii  [8]
3HAXOMATH JICUIO HOBE MOSICHEHHS Yepe3 BpaxyBaHHs

MOBEPXHEBOT MPOBIJHOCTI K YaCTUHOK, TaK i
kpamvHu.  IloBepxHeBa  MPOBIAHICTH — TAaKOXK
JI03BOJISIE MOSICHUTH CIOCTEPEKEHHS [13]
HeouikyBaHMX  JedopMmamiii  KpamwimH.  KOJIK

30BHIIIHS PiJJMHA 3aMiHIOETHCS PIAMHOIO KPAIUIMHH,
a piauHa KpalUIMHA 3MIHIOETHCS Ha 30BHIIIHIO
piauny.

BaacTruBocri cjiaGo nmpoBiaHoi AieteKTpuHOI
KyJi

Mertoau nocaimkenHs. B maniii poGoTi Mm
pO3B’A3yeEMO 3ajaudy €NEeKTPOCTaTHKHU Ul IPOCTOi
chepuvHOi reoMeTpii, sl SIKOi BiIOMHUIl 3arabHUM
po3B'a30k piBHAHHA Jlamaca. TakuMm 4nHOM, 3agaya
3BOAMTHCS IO BCTAaHOBJICHHS 1 PO3B'A3KY CHUCTEMH
MEXOBHUX YMOB. MM ckopucTaeMocsi 3BHUYaHUMU
MEKOBHMH YMOBaMH JUTS MOTEHIIATY Ta HOPMAaIbHOL
CKJIaJJ0OBOI BEKTOpa HAIIPY)KEHOCTI €JNEeKTPUYHOrO
noJsi. JlomaTKkoBO BBEAEMO PiBHSHHSA OanaHCy IS

2018, 4
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BHU3HAUEHHA  [OBEpPXHEBOro  3apamy.  llicis
BHU3HAUYEHHA DO3MOJTYy MOTEHLIAy eIeKTPUYHOTO
MOJIsl MOXKHA 3aCTOCYBATH Bigomi miaxoaum [8, 10, 12]
JUIst  obumcieHHs — fgedopmamii  KparmMHH i
MUPKYJISIIT PIIMHA B HIH, @ TAKOXK ISl aHATIZY PYXY
MIKpOYaCTHHOK Ha MOBEPXHi.

s oOdYuclieHHAs TOBEPXHEBOi CHJIM  Ha
MOBEPXHI AieNeKTPUIHOI KyJIi [12] BUKOPUCTOBYETH-
csi TeHsop Hanpyr I'enpmrosbua [14]. 3okpema,
TaHTEHI[I{Ha HAIpyTa, 10 3yMOBIIIOE TEYil0 PiTUHHU,
BHU3HAYAETHCS HACTYITHUM YHHOM:

S, =s,E,sinfcosb,

2
Je 6 — monspHuUil KyT, S, — IOBEPXHEBUI 3apal Ha
nomoci kym 3a 6 =0, E, — abCoNMOTHE 3HAYEHHS
BEKTOpa HAIPY’)KEHOCT1 €JIEKTPUYHOrOo IOJId Ha
BHYTPILIHIi NOBEPXHI.

Po3nogii moTteHuiajy egeKTPUYHOr0 MOJIS.
PosrnsHemo  mpoBigHy — cepuuHy — KparsiMHYy
(cepenoBuiie 2) 3aHypeHy B IPOBiJHE CEpENIOBUILE
1 B OHOPIZHOMY €NEKTPUYHOMY TIONi, BEKTOP
HAMpYXKEHOCTI SIKOTO CIPSIMOBaHHW B3JOBXK OCi Z.
Cyneprio3uifiss ~ 30BHINIHBOTO  TOJAS 1 MOJA
HOJISIPU30BAaHOI KyJIi 3aJa€ThCsl MOTEHLianoM V; = -
Ez+(C;/r)cos® 3a r>a ta V>=Crrcosd 3a
r<a. Jlns BusHayeHHs koediumientiB C; ta C;
BUKOPUCTAEMO TaKi MEKOB1 yMOBHU:

V,=V,,3a r=a; 3)
_K1%+Kz%:ia 3d r=a; (4)
r &y
ne K; , K;— nienexkTpudHi NpOHUKHOCTI CepeIoBHIIA
Ta KyJIi, BIZITIOBITHO, S — MOBEPXHEBUU 3apsijl.
BukopuctoByroun (3) i (4), 3HaiizeMo MOTeH-
11iaJ1 30BHI Ta BCEPEINHI KYJIi Ta IOBEPXHEBHIH 3apsiy

Z (K, -K)E+r ("j .(5)

V,=—z2E+———
2K, +K, P

=z —3K1E+S—p , §=s5,c080. (6)
2K, +K, &

Jns TOoro BW3HAUCHHS S, IOMATKOBO IO MEKOBUX
yMoB (3) i (4) posriisiHEMO piBHSHHS OajlaHCy 3apsity
Ha MMOBEPXHi KyIIi.

3MiHA TIOBEPXHEBOTO 3apily B ACIKOMY
eneMeHTi muomli moBepxHi (0 =6, 6=06,+do,
é=do, §=¢o+dp, me ¢ — asUMyTaIbHHH KT,
npedikc d mo3Hayae HECKIHUEHHO MaJHMi MPUPICT)
BiIOYBa€ThCSl  3aBISKM TMPOTIKAHHIO 00 €MHOTO
CTpyMy B3JIOBX pPaJiyc-BeKTOpa I 4epe3 HbOro Ta
NOBEPXHEBHM  CTpyMaM  depe3  Ioro  Mexi.
BpaxyBaHHS 1HMX CTpPyMiB JO3BOJSIE OTPUMATH
piBHSHHS OaJaHCy MOBEPXHEBOTO 3apsiLy

Os oV, ov,

K
—=0,——0,—>+—A, V,
ot ' or o at !

2

()
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Imo3Havyae

2
Ac A()}¢ #i(singij_i_% 0 -
sin@ 00 00) sin@” 0¢
SIKIo MOTeHIia 30BHINIHBOTO TIOJIST BUPA3UTH Yepe3
chepuuni rapmoniku Y/"(6, ¢) mnopsaaky [, Tomi
NogY"(0, ¢) =11+ 1Y"(O, ¢), 1 popmyna (7) nerro
CHPOIIYETHCS

O _g N _ (8)
ot or or
TyT ¢ — MOBHA MPOBIAHICTH KYJIi
o =0, +(+)E. ©)
a
3okpema, hopmyna (1) € yactkoBuM Bunaakom (9)
UL Kyni, 1o TepedyBae B OJHOPITHOMY

SNIEKTPUIHOMY TIOJII.

PiBusiHHs (8) pa3om i3 yMOBOIW Os /Ot =—iw s
Ta BH3Ha4YeHHUMH Yy Qopmynax (5), (6) BeTMUMHAMU
Vi, V. naioTh HacTymHi BHpa3sd Uil HapaMeTpiB
opmymu (2):

¢ = dea&s, -K,0)E (10)
P g, 420, —iwe, (K, +2K,)
E, = 3E01.[1—l'a)2'1] , (11)
G, +20,—iws (K, +2K))
ne 1, =0;/ (e K;) — dac penakcaiii 00’€MHOTO
3apsy.
B  emekTpokiHeTHIli Ta  eJEKTPOMEXaHiIl

yacTUHOK [2, 15] xmouoBy ponb Biarpae dakrop
Knaysiyca-Moccortri. Lle#t ¢pakTop BUKOPHCTOBYIOTH
JUId  BHU3HAUEHHA HanpsAMKy Ta  abCOJIOTHOI
BenuunHu JIE®D cwim, mo i€ Ha YaCTHHKY, sKa
3HAXOAUTbCA HA TOBEpXHi Kyni. Bemuuna i
HampsIMOK  Ii€el CwiM 3ajiexarb Bil JOOYTKY
BCR+P P I8, 9, ne p i f — niiicui wacTurM
¢axTopa Knayziyca-MoccoTTi KparulnHu 1 YaCTHHKA
B OTOYYIOYill piA¥Hi, BiIOBITHO.

3ampornoHoOBaHa BHIIE MOJENb MPOBiAHOI Ky
mae Taky dopmyny s Qakrtopa Kiaysiyca-

MoccorTi:

fCM = G)Elzl +(1_®)ﬂpd’ (12)
e O@=[1-iot,, 1" T, =&(K,+2K)/(s,+20,) -
Mo ikoBaHMiA Yac penakcailii Makcsena-Baruepa,
B O3HAYEHHI SKOr0 3aMIiCTh 02 MACTABIEHO &2,
Bu=(s,-0)/(,+20,) — darrop  Kraysiyca-
MoccoTTi mpoBigHOI Kym 3 G2, BHKOPUCTaHUM
3aMiCTb 02, 1 fpa = (K2 —K;) /(K2 + 2K;) — dakrop
Knaysiyca-MoccoTTi ineapHO1 AieNeKTPUYHOT KyIIi.
Otpumana ¢dopmyna (12) mokasye, 1mo ¢HakTop
Kraysiyca-MoccoTTi mpoBiHOI JlieNeKTPUIHOI Ky
3MIHIOETBCS B MeEXaxX MDK JBOMa TI'PaHUYHUMHU

3HAYEHHAMHM, f3, Ta fpq. [lapametp 7!, Ha3suBaeTbCsA

YacTOTOI TEPEruHy 1 BU3HAYAE YACTOTY MEPEXOIy
BiJl OJHOTO TPAHWYHOTO BWIAJKY JO IHIIOrO. 3
piBusap (10)-(12) moxHa oOTpUMaTH pe3yJbTaTH
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HaBelleHi B [12], AKIIO He BpaxyBaTU MOBEPXHEBY
npoBiHICTh, TOOTO Kk =0. KO, OKpiM 1BOTO,
MOKJIACTH 0 =0, TO OTPUMAEMO MOYATKOBY
nienekTpuany mozens Tetnopa [10].

BapTto Big3HaunTH 110 Y OLIBIIOCTI MONIEpEaHIX
JIOCTTIPKEHb, 32 BUHATKOM JEKUTbKOX poOit [16-19],
napametp x Qopmynu (1) B3arami He 3ramyeThCsl.
IIpote nuM napaMeTpoM HE MOXKHA 3HEXTYBaTH,
AKIIO a) PajlyC a Kyli Maiuil y MOpiBHSHHI 3
XapaKTePUCTUYHOIO JOBXKHHOW a; = 2k / 07, 0) KyJs
Ma€ BHCOKO TPOBITHHMI IIap 4u B) 3poOJsieHa i3
rapHoOro i3osaTopa 3 o2 =~ 0, T) KyJisl 3HaXOAUTHCS B
HEOZHOPiAHOMY TIoMi 3 2 >> a / a;. BukopucTOBYIO-
yu omyOnikoBani B poboti [20] nmaHi, Benmu4uHy a;
MOXHA BH3HAYUTH Uil JEAKHX TBEPAUX PEUOBUH
(GopocuiikaTHOTO CKJIa Ta YHCTOTO KBapiy) Y
pi3HMX pinuHaxX (AUCTUIBOBAHIA BOJI,  BOJHUX
poszunnax HCl ta NaCl, meTtaHO: i Ta aneTOHITpwWII).
binbrricte 3Ha4eHp NOTPAILISAIOTH B Jiana3oH BifJ 26
0 52 MkM. 3rigHO 13 TIpOoBeAEHWMH Yy poOoTi [16]
YOTHpPMa BUMIPIOBAHHSIMH, @; MPHUOIHU3HO JTOPIBHIOE
6 1 9MKM 11 [ABOX TMONICTHPOJIOBUX KyJb 3
JiaMeTpaMd TPUONM3HO 6 1 9 MKM 3aHYpeHHX Y
Bony. HaBeneHi nani 03Ha4yaroTh, 1O Ai€NEKTPUYHA
MOJIENb Teitnopa HE3aCTOCOBHA 1A
MIKpOTiAPOANHAMIKH, OCKUIBKH HISIK HE BpaXOBYE
MOBEPXHEBY IPOBI/IHICTh, KA HAa MAaKpOPIBHI CTae

IOy’Ke  Ba)XIHBOIO. 3HaueHHS ~ IOBEPXHEBOI
MPOBIIHOCTI PO3IIISIHYTO HUXKYE.
I'pannyne  Ha0JMKEeHHST  TOBEPXHEBOIO

NpOBiTHUKA. SIKIIO MPHUITYCTUTH, 10 BUKOHYIOTHCS
HACTYMHI HepiBHOCTI 2x/a >> 021 2k /a >> oy, TO
BEJIMYMHAMHU o) 1 62 MokHa 3HexTyBaru B (10) 1 (12).
Takum YUHOM, OTPUMAEMO

_3aKE 1+ (13)
=g T T g
e 3=-iwep(K>+2K;)a/2x.  BmactusocTi

MOBEPXHEBO-TIPOBIAHOT  KyJIi  3MIHIOIOTBCS B
mMpoKoMy fiamnasowi. 3a [9| >> 1 orpumaemo

s,z0Ta f, =8, (14)

IO XapakTepHO JUIS Kyl 3 BIIACTUBOCTSAMH
ineansHOrO i30mATopa. V BHmaaky x |3 << 1
OTpUMAEMO TIOTEHIIa Ta IHII XapaKTepPUCTUKU
11eaTbHO TIPOBITHOT KYJIi:

s, =3g,K\E 1a f, =8, =1 (15)

OOunBi Mopenmi, SK 1I€aNBHOTO JieJeKTPUKa,
TaKk 1 iJeaJlbHOTO TPOBIJHHMKA, TepeadavyaroTh
BigcyTHicTh EI'J] Teuii, ToOTO TaHreHuiliHa Hampyra
Sy mpomopuiiHa A00YyTKY S, E» cTae piBHa Hym0. Y
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HAOJIMKECHHI 11eaIbHOTO JienekTpuka Sy =0 Tomy,
mo s, =0 mpu E>#0. Y Bunagky HaOIWKEHHS
i7leallbHOTO MPOBIJIHUKA HaBMakH s, # 0, ane Sy = 0,
ockinbku E>; = 0. HaBenmeni TeopeTnyHi BHUCHOBKH
no0pe y3roKyIoThCsl 3 eKkcriepumentamu [6] i [9],
BIJIIIOBIAHO.

ExcnepuMeHTaIbHI J0Ka31 MOBEPXHEBOL
NMPOBIIHOCTI

ET'Jl cuaa. Y pobGoti [12] Oyno mnpoBeneHO
TEOpEeTHYHE 1 EKCHEePHMEHTAIbHE JIOCHIKCHHS
BIUIMBY 3MIHHOTO OJHOPIAHOTO €JIEKTPHUYHOTO TOJIS
Ha BUHUKHEHHS JledopMariiil 1 TUPKYISIii piAuHU B
JENIEKTPUYHINA KparwIvHi, 1o Oyja 3aHypeHa B iHIIY
nienekTpuuny — piamny. OTpuUMaHuUd — pe3ynbTaT
II0Ka3aB 3aJI€KHICTH IaHuX edexTiB BiJ
koedimientie ¢ =K>/K; 1 Z=0:/0;. llicnsa
po3paxyHKy  Oe3po3MmipHOi  OUCKpUMIiHALIIHOT
¢yHKLii, 10 BU3HA4Yae THN Aedopmaniid Kparui,
Oyno BBemeHo kiacudikamito cucrem [12]. YV
cucteMax Kkmacy A, ne ¢g<Z, eJIeKTpUIHO-
IHAYKOBaHUHI TMOTIK TIO OOWIBI CTOPOHU MEXI
pO3/isly CIIpSIMOBAaHUU BijJ| €KBaTOpa JI0 MOJIOCIB. Y
cucremax kmaciB B Ta C, HaBmaku, IIOTIK
CHpsSIMOBaHMW BiJ TMOJIOCIB A0 ekBaropa. Y
cucremMax kiaciB A 1 B kpannunHa ctae BUTATHYTHM
chepoinom. Y cucremax kimacy C KpammHa CTae
CIUTIONICHOIO TIPH HU3BKUX YacTOTaX 1 BHTATHYTOO
MIPU BECOKMX YaCTOTAX.

3rigHo 3 [12], a TaKOXK IHITUMHA JOCITIIKCHHIMHI
[11], Tumm gedopmamiii 1 HampsiMH TOTOKIB
3MIHIOIOTBCS Ha HPOTWIEKHMH, SKIIO PiIHU
MOMIHATH MDK c000r0 Micusmu. Hampukiag,
CHUCTeMa 3 KpAIUIMHOIO YHCTOI CHJIIKOHOBOI OTii,
3aHYPEHOI B KACTOPOBY OJIi0, HAJIEXKUTH 110 Kiacy C,
Ipd 1IbOMY KpalIMHA CIUTIONIYBajacsi B CTaJOMy
enexTpuaHoMy moji. CucreMa X, B SIKid KparuiiHa
KacTopoBoi oJii 3aHypeHa B CHJIIKOHOBY OO,
HaleXuTh 10 Kilacy A i pO3TATy€ETHCS B
eneKTpuuHoMy 1moji. OpHak, B  OZHOMY 3
€KCIIEPUMEHTIB, K KpaIruiMHa 3
nonimerunpenmicinokcany (IIM®C) y BepereHHii
omii, Tak 1 KpamumHa BepereHHOI omii B [IM®C
BUTATYIOTHCS B3JIOBXK HaMpsIMKY BEKTOpa
HaNpy>XeHOCTi enekTpuyHoro moss [13].

ITepexomu cucrem xmacy C pmo kimacy A
CHOCTEpIralnucy y HU3LI eKcrepuMeHTiB [6, 9]. B
JlaHiit poOOTi, MU IPONOHYEMO KUTBKICHUH OIMHC TSt
LOUX pPe3yNbTaTiB, MIO IPYHTYETHCS Ha BpaxyBaHHI

MOBEPXHEBOI  MPOBIAHOCTI. Skmio  Hisiki  iHMI
MPOIIECH HE BPaXOBYIOThCS, TO yY3araJlbHEHHS MOJIEINI
podorn [12] 3BoAMTBCS A0 TEPEeBU3HAYCHHS

napameTpa Z:
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a
Z=—"1+
a o,

i

(16)

3HaueHHS mapamerpa Z 3pocTae IpH 3pOCTaHHI
K 41 3MeHIIeHHi a. Sk pe3ynbrar, cucteMa xiacy C
MOJKe TIeperTH 1o knacy B i, moTim, 1o kimacy A. Le
nepen0adeHHss Teopil MiATBEPAKYETbCS EKCIEepH-
MEHTAIbHUMHU CIIOCTEPEKECHHSAMH MOP(]OIOTiHHUX
Nepexo/iB, KOJHM CIUTIOILYBaHHS 3MIHIOETBCS Ha
BUTATYBaHHS [6, 9].

Y poborti [6] rHMHAHI YaCTHHKH DPO3YUHSIN y
KpaIuliHi CHJIIKOHOBOI 0JIii MUIIMETPOBOTO PO3MIpY
3 MacoBor dYactkolo 1% 1 mg KpamiuHa
3aHyproBajiacd B KacTtopoBy odmito.. Crane Ta
HU3bKOYACTOTHE €JIEKTPUYHI N0y (QopMyBalIM Ha
MOBEPXHI KPAIUIMHY JIAHIIOKKH 3 BUCOKO IIPOBIAHUX
[VIMHSHUX YaCTUHOK B3J0BX HampsMy Bekropa E. 3a
JOCTaTHBO BHCOKHX HAMpPYXXEHOCTI EIEeKTPUYHOTO
MmoJis 1  KOHIEHTpAlii  TJAMHSHUX  YaCTHHOK
crocTepiranacst 3MiHa aedopmamii KparuiiHH Bij
CIUTIOCHYTOI 710 BUTATHYTOI. Bonmnouac, EI'/l motik
piauHu  3ynuHsABcA. Sk Oylo  3ayBakeHO B
KoMeHTapsix 7o piBHsHHS (13), icHye nBa cnocobwn
MOSICHUTH TaKy MOBEAIHKY cucteMu. lleprmmii criocid
NOJSIra€ 'y BUKOPUCTAaHHI MOJENi  i7eadbHOTr0
JUENIEKTPUKa, SIK e 1 Oyno, (akTHYHO, 3pOoOJICHO
aBTOpaMHu y poOOTi [6], sAKi AIWIIIM BUCHOBKY, ILO
3HAYHO  MiJABHWIIEHAa IIOBEPXHEBa  MPOBIAHICTDH
MOBHHHA 3MEHIINTH HAKONMWYEHHS 3apAly Ha
KkparuHi 1 Tum camum 3ynuauTH EI'J] otik. Ipote,
TaKui niaxina HE JI03BOJISIE MOSCHUTHU
CIIOCTepeXKyBaHi B iHIIH poboTi [9] BUTATYBaHHA i
MONANBIINK pO3Majl KparuiiHU CHJIIKOHOBOI  Oii,

TaKOK MOKPHUTOT BHCOKO MPOBIAHUMH
MIKPOYaCTHHKAMH.

Y poboti [9] Takok Oyno TPOBEACHO
EKCIIEPUMEHTH 3 OMUHHYHHMH  MiJTIMETPOBHMH
KpalUIMHaMKM ~ CHJIIKOHOBOi  OJIil  3aHypeHHMH B
KacTOpOBY OJIIF0O B OJHOPIOZHHX CTaJOMy Ta
3MIHHOMY  €JIeKTpUYHOMY  moisiX.  KpamnmuHu

MOKPUBAIUCS PI3HUMU C(HEPUYHUMH YaCTUHKAMU:
MNOKPUTUMHU  CPiOJIOM TOPOKHUCTUMH  CKIITHUMH
MIKpPOKYJIBKaMH 13 cepelHiM aiameTrpoMm Bix 15 mo
55 MKM, YaCTHHKaMH YHCTOTO MOJICTHPOITY, a TAKOX
IBOMa  BHIAaMH  CyJIb()OHOBAaHHX  YACTHHOK
noJlicTUposry i3 cepenHiM  giamerpom 40 MKM.
EnexkTponpoBiTHOCTI MIKPOKYJIBOK KOJHMBAIUCS Bif
10" Cum! ansa momictupony o 10 Cmwm™ s
cpibna. Kpamnmuna wuymcroi CHIIIKOHOBOI omii 3
=28, 0o=5-10nCmm’ Ta u>=50mlac B
KacTopoBiit omnii 3 &, = 4.7, 6, = 50 — 100 nCm M T2
ur =700 mlla c wamexwurp nmo kiacy C, 3rigHO
knacudikamii [12]. e o3navae, mo KpariiuHa Mae
OyTH CIUTIOCHYTa B CTAJIOMY EJIEKTPHIHOMY IOJI Ta
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BUTSTHYTAa B 3MIHHOMY €JIEKTPUYHOMY TOJNi IpH
YacTOTi, 0 IePEBHILY€E KPUTHYHE 3HAYCHHS. Teopis
nepenbavyae, MO TOTIK piAMHA MOBHHEH OyTH
CHpPSAMOBAaHUM BiJ TOMIOCIB 10 €KBaTropa, IO
Y3rO[KYETbCA 3 eKcnepuMeHToM. JlocmiaHukamu
BKa3yBaJloOCh HAa HASIBHICTh PI3HUX TIPOIECIB,
BKIIIO4aloun AedopMamii KparmiuH, MOTIK PiAWHH,
MiTparitfo  MIKpOYaCTMHOK Ha  TIOBEPXHI  Ta
(dbopMyBaHHSI TOBEpXHEBUX CTPYKTYp. Pi3ki 3MmiHH
BJIACTMBOCTEH KpPAIUIMHU CIOCTEPIrajucs y CTajJoMy
MOJIi, AKIIO YaCTMHKH Ha i TIOBEPXHI YTBOPIOBAJH
MIO3/I0BXKHI JIAaHLIOXKKHM BiI IOJIOca A0 IOJIIOCA.
Crocrepiranucs Mop¢oJIOTIYHAN TIepexiJ KparuTMHA
BiJl CIUTIONIEHOTO CTaHy JI0 BUTSATHYTOTO Ta 1HBEPCis
HampsIMKy pyXy IOTOKiB piJMHH, IO BKa3y€e Ha
nepexig cuctemu 3 kimacy C nmo kmacy A. Ilpm
301IbIIEHH] HANPYXEHOCTI €JIEKTPUYHOTO MOJS YH
KOHIIEHTpalii YaCTUHOK KPaIUIMHA, TOKPUTa BUCOKO
IPOBIAHUMM  YacTMHKaMHu,  BUTATyBajacs 1
po3puBainacs, tonai sk ElJl mOTiK piIuHU 3HHUKAB.
ABTOpU JOCHIZKEHHS 3aKJII0YaloTh, L0 Y CTAJIOMYy
moJii  ,,JJAHIFO)KKA ~YaCTHHOK  TMEPEePO3NOIiISIOTh
BUIbHI 3apsiyd Ha TIOBEPXHI KpPAIUIMHH, JOKH
KOMITIOHEHTa eJIEKTPUYHOTO TOJs TMapajesbHa 10
MOBEPXHI HE CTaHe HyNbOBOW . JlaHEe TBEpIKEHHS
aOCOJIIOTHO Y3TOKY€ThCSI 3 HAIUMM HaOJIMKEHHAM
171ealTbHOTO TIPOBITHHKA.

IToBepxHeBa MPOBIAHICTh TAKOXK MOXE 3MIHUTH
3nak f§ um . B TakoMy pasi, BiMOBIIHO 3MiHIOETHCS
1 Harpsim JIED cum.

JAE® cuaa. Amax pazoMm i3 cmiBaBTOpaMu [8]
JOCTIKYBalld MaHIMYJIIOBaHHS MiKpO4aCTHHKAMH
Ha TIOBEpXHI  KpalUIMHW  CWJIIKOHOBOI  oumii
MUTIMETPOBOTO PO3MIpy B EIEKTPUYHOMY IIOJIi.
Bonu mnpomeMOHCTpyBasld, IO YACTHHKA MOXHA
CKOHIICHTPYBAaTH Ha IMOJIOCAX YU Ha EKBaTopi i
mepeMinlyBaTu iX BiJl eKBaropa 10 IIONIOCIB abo
HAaBMAKU. B excrepuMeHTax BUKOPHUCTOBYBAJHCS
cunikonoBa otis 13 K2 = 6.85 i 0> = 56 nCm ™' Ta
cutikoHoBa omist 13 K> =2.75i6;=3.6 utCum™". Y
SKOCTI ~ OTOYYHOUOi  piOMHM Ui KpalUIMHH
BHUKOPHUCTOBYBajach KacrtopoBa omisi 3 K; =4.7 i
0;=32nCm M. YacTUHKM Ha MOBEPXHi KpaIIHHHU
HAOJIMKESHO Matu chepuuny hopmy.
BukopHCTOBYBaIOCH TPH THITH YaCTHHOK. YacTHHKH
BamHsAHO-HaTpieBoro ckma 3 K>=6.9 Oymm
niametpoM Bif 1 10 3 MxM. [TopOo>KHUCTI YaCTUHKH
ckina 3 K> = 1.2 manu giamerp Bix 6 mo 32 MKM Ta
qaCcTHHKH 3 nomictupony 3 K> =2.0 piamerpom
4 MKM.
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B wmogeni, ska 3acTtocoByBanach y po0oti [8],
JE® cuna BBakamach HE3aJIC)KHOIO BiJ 4acTOTH 1
BUpaxajach dYepe3 mnapamerp fpq KpamiuHd i
napamerp f'¢ MikpouyacTHHOK. /[lyii BHM3HaueHHS
TaHTCHIIIHHOI HAIIPYTH, SKa 3YMOBIIOE BHHHKHEHHS
Te4il piAWHM, $Ka, B CBOI 4Yepry IepeMmilrye
YAaCTMHKH, 3aCTOCOBYBABCS MIifXiJ] ONUCAaHUN B
poboti [12]. 3miHa HampsMy MBHAKOCTI (PyXY)
MIKpOYaCTHHOK, sIKa CIOCTepirajgach IMiJ —4ac
eKCIIEpUMEHTIB, Ha AYMKy aBTOpiB, OOyMOBJEHa
coiBBigHomeHussM Mk ELJ[ Tta JIED cumamu. A
came, mepeadavanoch, M0 I CHIH, SKI NMPUKIIAICH]
IO TOPOKHHUCTUX  MIKpOYaCTHHOK  CKJIa  Ta
MOJIICTUPOITY B CTAJIOMY €IIEKTPUYHOMY II0Ji, Oynn
NPOTHJIKHUX HAIMPAMKIB, ane i3 cuibHimow EIJ]

cuor0. I3 30IIbIIEHHSIM YacTOTH, TaHTEHIlIHHA
Hampyra, mBHakicth Tewii, 1 E[Jl cwuna
3MEHIIYIOThCS. TOMy TMpH BHUCOKHX 4acTOTax

enekTpuaHoro moust nepeBakae JJED® cuma. 3rigHO
[8], mBHAKICT, YaCTUHOK 3MIHIOE CBii HampsiM Ha
MPOTWIICKHUN TPH KPUTHYHIN "acTtoTi, ko EI'J] 1
JE® cunu maroTh OJHAKOBI aMIUTITYyIW, ajie pi3Hi
HaTPSMKH.

Ha puc. 1 HOPMOBaHi Er'J CUIIN
Feup(w) / Feup(0) = So(w) / Se(0) mopiBHIOOTECS 13
HopmoBaanmu JIE® cunamu [9]

Fol@) _ BC+PS
‘FDEP(O)‘ ‘:Bld(2+:3ld):3’/d‘

JaHuii pucyHOK BHSBJISIE IOMUJIKY Y BHUILE ONHMCaHIH

(17)

teopeTnuHii  mogmem [8]. Ha Biaminy Bifg
NPUNYHIEHHS 3po0JIEHOro  aBTOpaMH, YacTOTHA
3anexHicth JIED cun  Moxe Oyrth Habararo

rocTpima, HbK YacToTHa 3anexHicts ELJ cumm y
mianmasoni 0 < w < 10c¢” i Fpgp(w) Moxe, HaBiTh,
3MIHUTH 3HaK. SIKIIO B34TU O yBaru JaHy IOMMWIKY
1 3acTocyBaTH Hi€NeKTpU4YHYy Monenb Teinopa, To
TEOPETUYHUI pe3ynpTaT He Oyae y3rolKyBaTHCS i3
eKCIIepUMEHTOM. A came, AMax i3 crmiBaBTOpamu [§]
3aszHaum, mo JIED cuna i EI']] cuma, mo AiroTh Ha
YaCTUHKH CKJIa y KparuTiHi i3 cuilikoHOBOi oiii I Ta
cunikoHoBoi omii Il Oynm 3aBkaM HampsMIIeHI
onHakoBo. Lli excriepuMeHTalbHI pe3yJbTaTh SKiCHO
BiJIPI3HSIOTHCS BiJ] OOYMCIIECHb, IPEICTABICHUX Ha
puc. 1(a) i puc. 1(B). JaHe mpoTHpidyst MOXHa
CYHYTH, SKIIO BpaxyBaTH MOBEPXHEBY MPOBIIAHICTH
YacTUHOK, paiaiyc skux a; =20 mxM. IIpore, Taka
MOTpaBKa OOYMOBJIIOE 3HAYHI 3MiHU y TpPaKTyBaHHI
eKCIepUMEHTaIbHUX  pe3ynbraTiB.  Hacmpasmi,
srigHo 3 puc. 1(6) 1 puc. I(r) ETA i AE® cunmm
3aBKAM MaroTh OJHAKOBI, a HE IPOTUIEXHI,
HaIpsIMKH.
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Puc.1. Teopernuni yactoTHi 3anexnocti HopmoBanoi EI'J] cunum (cyuineai ninHil) i JED cumy, sxi
JIOTh HA MIKPOYAaCTHHKHU BAIHSHO-HATPi€BOTO CKJa (JIiHIi 3 pOMOOBUAHUMH MIiTKaMH), IIOPOKHHUCTI
MIKPOYAaCTHMHKM CKJIa (JiHIi i3 KPyIJIMMH MITKaMH) Ta MIiKPOYaCTHHKH mojictupony (miHii 13
3ipOYKaMH) Ha TMOBEPXHI KpaIruIMHU 13 critikoHoBoi ouii I [pucynku (a) i (0)] uu cuitikonoBoi odii 11
[pucynku (B) i (T)] 3aHYpeHUX B KACTOPOBY OJIif0, OOYHMCIEHNX HEXTYIOUH [JIIBUI CTOBITYHK: PUCYHKH
(a) 1 (B)] Ta BpaxoByrouHM [mpaBuii cTOBHMUMK: pHCYHKH (0) 1 (T)] MOBEpXHEBY MPOBiIHICTH

MIKDOYACTHHOK.

3rigHo 13 HAMMUA OOYUCIECHHSIMU HAaBEIECHUMU
Ha puc. 1(0), IE® cuna, sixka nie Ha chepuuni
YaCTUHKH TIOJICTUPOJY JiaMeTpoM 4 MKM 3MiHIOE
3HaK Ha KyTOBil 4acToTi w. = 6.8 ¢!, Bu3HaYeHiii i3

dbopmynu:

_= B 18

O =Ty, |~ (18)
ﬂpd

HaHe 3HAYCHHsS IIOBHUHHO 6yTI/I MCHIIHUM 3a

KPUTHYHY  KyTOBY  4YacTOTy  @g, 33  SKOi

MIKpOYaCTHHKH 3MIiHIOIOTH HampsM pyxy. B crarti
[8] 3Hauemms w 6yno mopamky 10c’, To6TO
TEOpeTHIHa e HaOIIKaeThCS bi (4]
eKCIIEpUMEHTANbHOI o. ToMy MOMKHA 3HEXTYyBaTU
EI'l cunoro. B ekcriepuMeHTi 3 MOPOKHUCTUMH
YaCTHHKAMH CKJIa Pi3HUX po3MipiB Big 6 10 32 MKM
3MiHa HamNpsMy PyXy CIOCTepiranach MpH 4acToTax,
SIKI 3HIDKYBaJIMCST 31 30UTbIIEHHSIM po3Mmipy [8].
Binbin peranbHO, @) MPUOIUZHO CTAHOBUIIO 5 ¢! st
HaMEHIINX YaCTHHOK, a TEOPETHYHO PO3PaXxOBaHE

3HAUCHHS 9 UL CEPeIHBOTO PO3MIPY UYACTHHOK

18 Mkm  cramoButs 2.1 ¢! PospaxoBami Hamm
sHaueHHS w.=4.2c¢' wMaibke cmiBmagaTe i3
eKCIIePUMEHTAITEHIM wo I HaMEHIIINX

MOPOXKHUCTHX YACTHHOK CKJIa 1 w. = 1.3 ¢!
YaCTUHOK CEPEeHBOTO PO3MIpY.

HonatkoBy nmepeBipky [uig Teopii MOXHa
NPOBECTH, SKIIO TOPIBHATH 1 pe3yipTatu 3
€KCIIEpUMEHTOM, B SIKOMY BUKOPHCTOBYETHCS CYMIIII
YACTUHOK TIOJIICTUPOJIY 1 HOPOXKHUCTUX YAaCTHHOK
ckia. Y poOoTi [8] mpeacTaBieHO PO3MOMINT TaKUX
YaCTUHOK Ha KPAaIUIMHI CHIIIKOHOBOI odii | 3anypenoi
B KacTOpOBY odito s yactoT 0.1, 61 20 ¢'. TIpu
gactoTi @ =0.1¢", xomu EIJ] i JIE® cumu Ha
puc. 1(0) crpsiMOBaHi Bij eKBaTopa J0 MOJIOCIB, BCi
YaCTUHKHM KOHIIEHTPYIOTBbCA Ha momtocax. Yactorta
®=6¢c' e Bumow, HiX w.=4.2c¢' HalfiMeHIIHX
MOPOXKHUCTUX MIKPOYAaCTUHOK CKJIa, ajle HIK4a, HiK
. = 6.8 ¢! MikpouacTHHOK HoJicTHpOTy. 3a AaHOI
YacTOTU YAaCTUHKU MOPOXNKHUCTOTO CKJIA MOYMHAIOThH
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NepeMilyBaTHCd 10 €KBaTopa, aje YacTHHKH
MOJIICTUPOITY 3aMIIAIOTBCS Ha momocax [8]. 3a
gactotd @ =20 ¢, konu MoxHa 3HexTyBatu EI'J]
CHIIOI0 1 TeopeTndHo nependavyena Hamu JIED cuira
CIpsIMOBaHa BiJ| TIOJIIOCIB JIO eKBaTopa, OOWBa THITH
YaCTMHOK KOHIEHTPYIOThCS Ha €KBATOPI.

Hanpsimkn ETJl cunm 1 JJED cun  takox
MOpPIBHIOBAJIUCS B EKCHEPUMEHTI 3  OUIBIIMMU
gactuHKaMu [9]. [Ipy HU3BKHUX NOKPUTTAX MOBEPXHI
yacTMHKaMu 1opaaky 0.1 1 cuiabHOMY cTaTMYHOMY
enexktpuynomy momi 170 Bmm™! Bci pismi  Tumm
YAaCTHHOK, SKI BUKOPHUCTOBYBAJIMCA B €KCIEPUMEH-
Tax [9], mepemilyBanucs 10 €KBaTopa KparuiMHA B
HanpsMKy KoHBekiHMX EIJ[ Teuiii. BusnaueHi
JE® cunu Manu ofuH 1 TOW ke HampsM JJisi BCIX
TUMIB YaCTHMHOK 3a BHHSATKOM HH3bKOIPOBITHHX
YUCTHX C(PepHYHUX MIKPOYACTHHOK MONICTHPOIY.
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BucHoBKH

HextyBaHHS TOBEpXHEBOIO IPOBITHICTIO B
SJIEKTPOTIAPOIUHAMII TIENEeKTPUYHOI KyJli MOXKe
3yMOBUTH BUHUKHEHHS SKICHHX TIOMHUJIOK, Ha 3pa30K
TaKuX, AKi MU BUABHIHN B po0OoTi [8]. BpaxyBanHs x
MOBEPXHEBOI IMPOBITHOCTI y AiETNEKTPUYHIN Mozeni
Teftmopa oyt BUIagKy 3MIHHOTO €JIEKTPUYHOTO MO
3a0e3redye  BiAMIHHE  Y3TOJUKEHHS  Teopili 3
eKcriepuMeHTaMu.  Pa3oM i3 THM, iCHYIOTbH
EKCIIEPUMEHTAIIbHI PEe3yJbTaTh, SIKI HE MiJIaI0ThCs
nosicHeHH!0. Hampuknan, 10Ci HE3pO3yMiIo, 4OMY
KpaIUIMHA CHJIIKOHOBOI OJIii MOKPHTA JIAHIIOKKAMH
BHCOKO TPOBITHIX MIKPOYaCTHHOK IEPETBOPIOETHCS
Ha iJIealbHUN JIEIEKTPUK B OJJHOMY BUIAJIKY, aji¢ Ha
iIeabHU TPOBIAHUK B iHIIOMY. Jlist BUSICHEHHS
BOTO  MOTpiOHE  TOmambIle  y3araJlbHEHHS
BUKOPHCTAHOI TEOPETHYHOT MOJIETI.
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Y po6omi oocridxcyiomecs onmuuni ma enexmpuuni émpamu 6 conaunux enemenmax PEDOT: PSS/n-Si
3 OONOMO2ON) CHEKMPOCKONIUHOI enincomempii ma GUMIPIOGAHHS 60IbM-AMNEPHUX XAPAKMEPUCTIUK.
Ocnosna mema cmammi — 3'scysamu ponb MINCGAZHO20 wiapy 6 npoyecax OnmuyHozo ei0dumms ma

pexomobinayii Hociig 3apsoy.

Kmiouoei cnosa: PEDOT:PSSIN-Si consuni enemenmu, cnexmpockoniuna enincomempis, miscghaznuil

wap.

We study the optical and electrical losses in PEDOT:PSS/n-Si solar cells using spectroscopic ellipsometry
and current-voltage measurements. The optical constants and thickness of the PEDOT:PSS films were
studied using spectroscopic ellipsometry performed by a SE-2000 SEMILAB ellipsometer spanning the NIR—
VIS-UV range with a resolution of 5 nm. The results were analyzed using a four-layer model involving the n-
type silicon (001) substrate, interfacial layer between Si and polymer films, PEDOT:PSS thin film, and a
surface roughness layer. The key to understand the origin of the losses is that the studied junctions have an
interfacial layer between organic (PEDOT:PSS) and inorganic substrates. The dielectric functions of the
PEDOT:PSS were fitted with the known thickness and the assumption of a negligible roughness (i.e. that the
roughness is much smaller than the wavelength). Using the complex dielectric function, the optical constants
(refractive index n and extinction coefficient k) were calculated. In addition to real and imaginary part of the
refractive index, the absorption coefficient was calculated. The produced hybrid solar cells show efficiencies
around 7%.

Key Words: PEDOT:PSS/n-Si solar cells, spectroscopic ellipsometry, interfacial layer, optical constants.

CrarTio ipencrasus A.¢.-M.H., ipod. Makaperrs M.B.

Beryn MEPEIIKONOI0 AJIsl 3aCTOCYBAaHHS B ONTOEIEKTPOHILI.
IlomepenHi mocHmi/pKEHHS TIOKAa3alld, IO XiMidHA
oopooka PEDOT:PSS Bimirpae romoBHY poib ¥y
3MiHi #oro Mopdormorii  Ta mposigHOCTI  [5].
3mimrytoun PEDOT:PSS 3 pisHUMHU pO3UNHHHUKAMH,
TakuMHu K quMmernicynbdokenn (DMSO), a Takox
IUIIXOM BiAAlly TIpH BHUCOKHUX TEMIIepaTypax
MPOBIAHICTE MOKe OyTh 30iLIbIlIeHa Ha KiTbKa
nopsiakis [6]. PEDOT:PSS € gocuTh CKIIaJHOIO
PEYOBHHOIO, IIO 3/aTHA YTBOPIOBATH TENIEBi KyJIbKU
po3MipaMu BiJ MIKpO- A0 HaHOMETPiB, IPU ILLOMY

[Monimepu noni(3,4-eTuneHaiokcuTio-heny)
(PEDOT) Ta momi(ctupencynbponaty) (PSS)
YTBOPIOIOTH MPOBiHI MIapH, MPO30pPi UIsl BUAUMOTO
cBiTia [1,2]. BoHH SBISIOTE COO0IO CHIIBHO JIETOBaHi
OpTaHiYHI HABIPOBITHUKA 3 TIPOBIAHICTIO P-THUITY 3
MUPUHOIO 3a00poHeHoi 300U ~ 1,6 eB [3].

Bucokonposinauii monimep PEDOT:PSS moxe
BHUKOPUCTOBYBATHChH B €JIEKTPOHIL K aJbTepHATHBA
3BHYAHUM NPO30PUM HPOBIIHUM OKCHIAM, TaKUM

sk okcupa iHpgiro-onoBa (ITO), neroBaHmii okcuj
nuHKy Tomo [4]. Xouya onTHYHA TIPO30OPICThH
PEDOT: PSS nocurts Oiu3bka 40 INUIIBOK HAa OCHOBI
ITO, ix BIZHOCHO BHCOKMW OIlip 3aJUIIAETHCI

© A.O. Muxutmok, C.B. Korngparenko, 2018

30arayeni PEDOT uwacTunM naHUoriB AuyHIyIOTH
JI0 CEepIIEBUHU KYJIbKH, a 4acThHH, 30araueni PSS,
YTBOPIOIOTh CTPYKTYPY, MOMIOHY 0 000m0HKH [7].
Y 3BuuaiiHomy BoaHomy posunHi PEDOT:PSS
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JAHIIOTH MalOTh TEHACHIIIO YTBOPIOBATH KOMITAKTHI
crmipaii, SIKi BHIIQJAKOBHM YHHOM YIIaKOBYIOTHCA Yy
TBEpJOTUIbHI TUIIBKA B TMpOLECi BHUCHXaHHS. Y
IbOMY BHIAJAKy MOp(}OJIOTis IUIIBOK  3aBXIU
BiJIirpae 3HA4HY POJIb y TIEPEHOCI 00’ EMHOTO 3apsay,
TOMY BeEJIMYMHA IIOBEPXHEBOI MPOBITHOCTI MOXKeE
3MIHIOBATHCh B MMPOKHX Mexax [8]. OmHak
JOCITKEHHS pO3CirOBaHHS PEHTICHIBCHKUX
MPOMEHIB Ha Maji KyTH, a TaKOX EKCIIEpUMEHTH 3
MEpEeHocy 3apsijly TMOKa3yloTh, IIO0 32 HAsIBHOCTI
JIOMIIIIOK KOMIIaKTHI CIipajii MepeTBOPIOIOTHCS Ha
OUIBII BUTATHYTI, TaK IO JIOKAJI30BaHI EIEKTPOHHI
CTaHW YaCTKOBO JICNOKANI3YIOThCS, IO MPU3BOIUTH
70 30UIBIICHHS PYXJIMBOCTI HOCIiB 3apsay [9]. V
BUTSTHYTIH KoH(opMalii Oap'epu €m0 3HHMXKEHI,
0 MNPHU3BOAWUTH JO TIOJIETIIEHHS TPaHCIOPTY
3apsny. Edekr nmx mopdonorivaux moaudikariit
0COOJIMBO TIPOSIBIIIETHCSL Y BIIACTHBOCTSAX TEPEHOCY
3apsly TpU HHU3BKUX TEMIIepaTypax, a TakoX Ha
YaCTOTHO-3JICXKHIM MPOBIIHOCTI.

Buacmimok  nposopocti  PEDOT:PSS  mns
BHIAMOIO CBiTJIa HMOro ONTHYHI KOHCTAHTH
BIIrPalOTh OyXE€ BAXIHUBY pOJb, OIMOMAararodu
OIHMCATH TOBEIIHKY ITi€] TOHKOI TUTIBKOBOI CHCTEMH.
Jns  iX BHU3HAUYEGHHS MOXKHA BHKOPHCTOBYBATHU
CIEKTpabHY EIIICOMETPilo, sKa € e()EKTHBHOIO
METOJIMKOI0  JIOCHI/DKEHHS  ONTHYHMX  KOHCTAHT
TOHKHX OpPTaHIYHUX IapiB, HAHECCHUX Ha IMPOBIIHI
a60 izomoroui migkmaaku [10-12].

Y mif poboTi MM JOCHIHKYEMO ONTHYHI
BiaactuBocTi rerepomepexomis  PEDOT:PSS/n-Si
METO/IOM BUMIpPIOBaHHS BOJIbT-aMITIEPHUX
xapaktepuctuk  (J-V), a  TakoX  METOIOM
CIIEKTPOCKOITIYHO1 emincoMerpii. byno
MIPOAHAITI30BAHO CHEKTPAJIbHI 3aJIEKHOCTI ONTHIHIX
koHcTaHT ToHKMX IUIiBok PEDOT:PSS, nHaneceHux
HAa KPEMHIEBY OCHOBY, Ta BH3HAYaEMO pOIb
Mik(pazHOTO  Imapy MDK ~ OpPTaHIYHUMH  Ta
HEOpPTaHIYHUMH MaTepiajJaMH.

MeToanka eKCliepUMEHTY

JJis BUTOTOBJICHHSI COHSYHUX €JIEeMEHTIB Oyio
BUKOPHCTaHO sK mimkiaay tactuay Si(100) 3
MPOBIAHICTIO N-TWIy, SIKi BiATIONmipoBaHi 3 000X
CTOpiH, JieroBaHi ¢ochopoM, MarOTh MATOMHUH OIp
4,5 Om-cm ta Topumuy 500 Mxm. CriodaTky 3pasku Si
Oy/ OYHMIIEHI YJIBTPa3BYKOM B aIleTOHI, €TaHOMII Ta
neioHi30BaHil Bofi mpoTsaroM 20 XB y KOXKHIN 3 piuH
npu temnepatypi 30 °C. [ani Bonn Oynu 3aHypeHi y
30%-uit pozumii ¢propuanoi kucioru (HF) s toro,
mo0 BHIOAIMTH IIAp OKCHAY KpemHiro. Jlis
301IBIICHHS EJIEKTPONPOBIAHOCT] MOIIMEPHO ILTIBKU
Ta cTBOpeHHs iHTepdeiicy no rinmpodobdHoro H-
MACHBOBAaHOTO KpeMHiro, 70 po3uumHy PEDOT:PSS
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oyno pomano 5% (00.) muMeTHICYNB(GOKCHAY SIK
BTOPUHHOTO  JIOIAHTY Ta  [OBEPXHEBO-aKTUBHY
pegoBuny (0,025% (00.) noaermicyabdary HaTpiro).
[MTorim mmiBka Oyna ocampkeHa Ha LEHTpUDY31 TpU
3000 06/xB mpotsirom 20 ¢ 1 TepMiuHO BiATalieHa IpU
140°C  nporsrom 30XxB 32  CTaHZApTHHUX
atMoc(epHux yMOB. Hapemwri, s yTBOpeHHs
BEPXHBOI'O KOHTAKTy Ha IOBEPXHI MojiMepy Oyiio
TEpMIYHO BHUIIAPYBAHO 30JI0TY CITKYy 4epe3 Macky, 3
mmmpuHoro nojiocu 180 Mxm. [t CTBOPEHHS APYroro
KOHTaKTy B KpPEMHIEBY IMiAKIAIKy OyJI0 HaHECEHO
AMIOMIHIEBUH ~ €NEKTPOA  METOJIOM  TEPMIiYHOTO
BUITAPOBYBAHHS B BAKyyMi.

EnexTpuuHi BIAaCTUBOCTI COHSYHHUX EJIEMEHTIB,
OTPUMaHUX 32 OIMCAHOK BHINE METOAUKOIO,
JOCHI/PKYBATUCh NUISIXOM  BUMIPIOBAaHHS  BOJIBT-
aMIIepHUX XapaKTEepUCTUK (3aJIKHOCTEH TYCTUHH
CTpyMy Bia mpukiageHoi Hanpyru, J-V) 1mpu
ONPOMIHEHHI  CBITJIOM  CTaHJAPTHOTO  CIEKTPY
(AM1.5G) 3 BukopucTanHsMm anamizatopiB Agilent
4156C Semiconductor. OnTu4HI KOHCTaHTH Ta
ropmuHa 1wiiBok PEDOT:PSS nocnimkyBaiucek 3a
JIOTIOMOT'O0  CTICKTPOCKOIIIYHOT  eITIIICOMETPil, SKY
BUKOHYBaiu emincomerpom SE-2000 SEMILAB, mio
OXOILIIOE iana3oH Big OJU3bKOro iH(GppPadepBOHOIO
no yasTpadioneroporo cpiTia (190 — 2000 um) 3
PO3IUTEHOIO 3MATHICTIO 5 HM.

Pe3yabTaTn T2 00roBOpEeHHS

Jlis  BU3HAYEHHS  TOBIIMHM  IApiB, IO
YTBOPIOIOTb TETEPOCTPYKTYPYy, OYyJI0 BHKOPHUCTAHO
CHEeKTpallbHy  eJirmcoMmerpiro.  byno  BUMIipsSHO

KOMIUIEKCHE BIJHOIIEHHS Koe(imieHTa BimOUTTS
p = Iplrs =tgy-€, ne p — BiHONIEHHS KOMIUIEKCHHX
KOoeiITieHTIB BIIOUTTS Openens TUTS p-
nossipr30BaHoro (rp) 1 S-mossipr30BaHoro (Is) CBiTia.
tgy sBuse co0oOr0 abCOMOTHE 3HAYEHHS IIHOTO
BiHOIIIEHHS, a 4 omucye pi3HUIIO a3 MK P- 1 S-
MONSIPU30BaHUM CBITIIOM. lami, 3 BUKOpPHCTAHHIM
moneneir Jpyme Ta Komi Oymo moOymoBaHO
CHEKTpallbHI  alpoKCHMAaIlii  eKCTIepUMEHTAJIbHIX
3HAYCHb EINTIICOMETPUYHKUX KyTiB (tQw Ta cosA)
[UIIXOM MiHiMi3arii CepeHbOKBAIPATHIHOTO
BIIXWJIGHHS MDK BHMIPIOBAHUMH Ta OOYHCICHUMH
STICOMETPUYHUMU  KyTaMH.  Pesympratn  OyIo
NPOAHANI30BAHO 32 JIOMIOMOIOK  YOTHPHIIAPOBOI
MoJieNTi, 1Mo Oepe IO yBard HAsSBHICTh MiAKIAIKH
kpemHito (001) n-tumy, MmixdaszHoro mapy mMix Si Ta
MOJIIMEPHUMHU TUTiBKaMH, TOoHKOI rutiBku PEDOT:PSS
Ta IIOPCTKOTrO MOBEPXHEBOro mapy. byno BuseieHo,
II0 TOBIIMHA MOJIMEPHOrO Iapy Ha KpeMHieBii
miakaaani craHoswia Onmsbko (50+1)HM, a Ha
noBepxHi Si BusiBiieHO IUIBKY SiOx TOBLIMHOIO
1,4 um. 1i onTuuni koucTanTy, N i K, 6y GIU3bKUMU
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J0 ONTHUYHHMX KOHCTaHT OKCUAY KpeMmHio. Towmy,
HE3BKAIOUM HAa MOKPHUTTA MiAKIAAKA PO3UYHMHOM
PEDOT:PSS Binpa3sy micns ii 06podku HF, y mporeci
BUPOOHHIITBA YTBOPUBCS iHTepdeiicHuit map.

171 ~ 0,06
164 \ / 0,04
1,51 -0,02
1.4 0
1 2 3 4
Eneprisa dotona, eB
Puc. 1. CnexrpasibHi 3a€KHOCTI ONTHYHUX KOHCTaHT
Toukoi rtiBkd PEDOT:PSS Ha noBepXxHi KpeMHIrO.
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Puc. 2. Cnektp xoedimieHTa BinomBanHs cBiTia (R) Bix
riopuaHoro corstaroro enemenra PEDOT:PSS/n-Si.

HasBHicTh mpommapky OKHCIYy MOXKE 3HAYHO
TIOTIPIIUTH  eKCIUTyaTaIliiHI BIACTMBOCTI COHSYHUX
eNeMEHTIB 4epe3 30UIbIICHHS PEKOMOIHAIIMHUX Ta
ontndHUX BTpaT. Ha puc. 1 mokaszaHi creKkTpaibHi
3anexHocTl ontnuHuX KoHcranT PEDOT:PSS, a na
pHC. 2 — BiAMOBITHAN CIIEKTpP BiIOMBAHHS, BUMIPSIHAIH
MIpY HOPMAJIBHOMY IaJ{iHHI BUIIPOMIHIOBaHHSI.

Hampyra xomocroro xoxy (6mmseko ~0,56 B)
BUMIpIOBaJIacs 32 OMPOMIHEHHS CBITJIOM 3araJbHOTO
crangaptHoro crnektpy (AMI1.5G) iHTeHCHBHICTIO
100 MBT/CMZ, mB. puc. 3. BurorosneHi TiOpumHi

Cnucok BUKOPHCTAaHHX JKepet

1. Kirchmeyer V. Scientific importance,
properties and growing applications of poly(3,4-
ethylenedioxythiophene) / V. Kirchmeyer, K. Reuter.
/I Journal of Materials Chemistry. — 2005. — 15 (21).
—C. 2077-2088.
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coHA4Hi Oartapei MaroThb e(eKTHBHICTH ONM3BKO 7%
4yepe3 HU3bKE 3HAYCHHs KoeQillieHTa 3allOBHCHHS
(56,5%) 1 crpymMy = KOpPOTKOrO  3aMHKaHHS
(20,5 MA/cm?). OcHOBHA TIPHUMHA TIOJIATAE B TOMY, 110
Au enekrpon mpusBiB 110 BTpaTH 35% IHTEHCHMBHOCTI
MaJIAl0uoro CBIT/Ja BHACIIIOK 3aTiHEHHsS Ta HEONTH-
MI30BaHOr0 300py (hOTO30YIKEHUX HOCIIB 3apsiy.

5o}
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W

L

1 1 1 | ' | 1 | 1 1
0 0,1 0,2 0,3 0,4
Hampyra, B
Puc. 3. Bonbsr-amriepHa XapakTepPUCTHKA TIOPHIHOTO
constaroro egeMenta PEDOT:PSS/n-Si mpu onpominenHi
CBITJIOM 3araJIbHOTO CTaHIapTHOrO criektpy AM1.5G.

I'yctuna ctpymy, MA/cM

BucHoBku

OCHOBHUM ISl PO3YMIHHS MPUPOTH ONTHIHUX
Ta ENeKTPUYHUX BTPAT y COHSYHHUX EIEMEHTaX
PEDOT:PSS/n-Si € Te, 1m0 AOCHiIKyBaHi
TETePOCTPYKTYPH MICTATh MDK(pa3HUH Mmap MDK
opraniuammu  (PEDOT:PSS) Ta HeopranidHUMH
(xpemHii) ckmamgoBumu. JliemexTpuuni GyHKIIT
PEDOT:PSS Oynu BH3HaueHi 3a  BLIOMOIO
TOBIIMHOIO 33 TIPUIYIIEHHS TPO  HE3HAYHY
IIIOPCTKICTh (ToOToO, TOBIITMHA MIIOPCTKOTO
MOBEPXHEBOTO Iapy HabaraTo MEHINA 3a JOBXKUHY
XBWJII  TQJal0voro  CBiTIA). 3a  JTOMIOMOTOIO
KOMIUTIEKCHOT ~ JienekTpudHoi — (yHKIii  Oymwm
po3paxoBaHi  ONTHYHI  KOHCTAHTH:  IIOKa3HUK
3ajoMJIeHHS N Ta KoedirienT 3aracands K. Oxpim
MIICHOT Ta YSIBHOI YaCTWHU MOKa3HHUKA 3aJIOMJICHHS,

OyJI0 pO3paxoBaHO TAKOXK KOEPIIIEHT MMOTTTUHAHHS 0.
(o = 47k/2).
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Y pobomi posensoaiomebcsi onmuuHi 61ACMU80CMi HAOMOHKUX ocmpieyesux niaieok AU ma SN,
OMPUMAHUX MemOo0amMu MASHEMPOHHO20 PO3NOPOUEHHS A MEPMIYHO20 UNAPOBY8AHHA BIONOBIOHO.
LInsixom eumipiosanns sexkmopa Cmokca 8i06umozo 6i0 3pasKie npomersi 6yau po30iieHi noIapu30eana ma
0enonApuU308ana 1o2o ckiadosi. 1Ipoananizo8ano ymosu 3aiencHoCmi cmyneHs noaapusayii 6i0 cmpykmypu
noeepxui 05l cepii ocmpisyesux NAi6OK 3 pizHoio mopgonozicto. /s eusHauenus mopgonociunoi 6yooeu
Memanegozo wapy Oyau maxKodx#c 3aCMOCO8AHI Memoou amoMHO-CUNLOB0I MIKPOCKONII ma 8UMipto8aHHs
numomozo onopy. Bcmanoeneno, wo npu 36invuienni Kyma naoiHHA 8UNPOMIHIOBAHHA HA 3PA30K CMYNiHb
noaapuzayii 8i06UMozo npomeHs 3meHuryemvca. [lenonsapusyoua Oisi 3pA3Ki68 MAKONC 3ANeHCUMb 80
Kinbkocmi HepigHocmell Ha ix nogepxwi. 3acmocosarnuti memoo Cmoxc-noaapumempii, maxKum YUuUHOM,
00360J151€ 00epAHCAmMU 000AMKOBY THHOPMAYTIO NPO CIMPYKMYPY NOBEPXHI, WO € U020 Nepesazoio.

Krniouosi cnosa: nonsipumempis, sexkmop Cmoxca, ocmpisyesa niieka, 0enoasapu3ayis, 3010mo, 0a0860.

The optical properties of ultrathin Au and Sn islet films, obtained by the methods of magnetron
sputtering and thermal evaporation, respectively, are considered in this paper. By measuring the Stokes
vector of the beam reflected from the samples, polarized and depolarized radiation components were
separated. The conditions of the polarization degree dependence on the surface structure for a series of islet
films with different morphologies are analyzed. To determine the morphological structure of the metal layer,
methods of atomic force microscopy and resistivity measurement were also employed. The parameters of
discontinuous film, obtained by optical and non-optical methods, are compared. It is established that with an
increase in the angle of radiation incidence onto the samples, the polarization degree of the reflected beam
decreases. Such behavior can be explained by the Mie theory of light scattering by particles. The magnitude
of depolarizing action of the samples also depends on the morphology of their surface, correlating with the
number of inequalities on it. The applied method of Stokes polarimetry, thus, allows one to obtain additional
information on the structure of the surface, which is its advantage.

Key words: polarimetry, Stokes vector, island film, depolarization, gold, tin.

Crartio penctaBuB A.¢.-M.H., mpod. Maxkapers M. B.

OE3KOHTAKTHUNA 1 BII3HAYAETHCSA BUCOKOIO
yyTmBicTIo. Pazom 3 THM, KiacWdyHa emirmcomerpis
IPaIoe B NPUITYIIEHH, 110 30H/I0BE
BUIIPOMIHIOBAHHS € TIOBHICTIO ITOJISIPU30BAHUM SIK

Beryn

[Hupoke 3acTOCYBaHHS TOHKUX IUTIBOK METAJIIB,
HAINPUKIIA], Y UIAa3MOHHHUX ceHcopax [1], 3ymoBitioe
MOCTIMHUI iHTEpeC A0 PO3BUTKY Ta BAOCKOHAJICHHS

) ; o, Tak 1 micaa B3aemomili 3 00’€KTOM, He
MCTOAIB KOHTPOJIIO 1X CTPYKTYPH. BPaxOBYIOUH  MOXJIMBE HOro  pO3CISHHSA  Ta
EJ‘IIHCOMeTpI/I‘IH.I/II/I METOJl JIarHOCTHKH TOHKHX  yonononysanio. B mbOMy METON He MOXHA
MeTaneBux (abo iHIIMX) IUTIBOK € OJHUM i3 BiIiTHTH JIeTONSPH30BAHY CKIIA/IOBY

HaAfOLIBII BIZOMUX 1 B)XHBAHHUX, OCKUILKH BIH

BI/IHpOMiHIOBaHHH Ha BI/IXO,Z[i CUCTEMHU, a OTXKE, A

© A. JI. SImmonscekmii, O. B. MakapeHko,
B. B. Jlennen, B. B. Ilpopok, A. I. [llaparma,

JI. B Ionrepenko, 2018 122



Bicnuk Kuigscbro2o nayionanshozo ynisepcumenty 2018, 4 Bulletin of Taras Shevchenko
imeni Tapaca Illeguenka National University of Kyiv
Cepis hizuko-mamemamuyni HayKu Series Physics&Mathematics
JCAKNX I[OCHiI[)KyBaHI/IX 00’€KTIB HE MOXXHa BaHHI 3 AUCTUIJIbOBAHOIO BOJOK0 IPOTATOM 20

OJIEP’KaTH KOPEKTHOTO PE3ybTarTy.

HatomicTh icHye Oinbln 3arainbHUM Migxix, mpu
SKOMY CTaH TMONspU3alii BUXIZHOTO TMPOMEHS
OIKCYIOTh 13 3anydeHHsM ¢Gopmanizmy Ctokca [2].
[Monsipu3zanis 3a7a€ThCsI YOTUPUBUMIPHUM BEKTOPOM

S = {I1,Q,U,V}T, y xoro He3aaeXKHUMH € JUIIE TPU
KOMITIOHEHTH. BUMIpSBIIM Takuil BEKTOp, MOXKHA
JIETKO BiJJIUIMTH Bill pe3yJbTYIOUOi IHTEHCHBHOCTI
JeTIONSIPU30BaHy CKIIa/IOBY.

B sikocTi mociimKyBaHUX 00’€KTIB 0yi10 00paHO
Au ta Sn. Bynyun HaHeceHMMHM Ha MIIKJIaJIKy B
Maiiii KUTBKOCTi, BOHH YTBOPIOIOTH OCTPIBIIEBi
CTPYKTYpPH, 3/aTHI PO3CIIOBATH Ta JACHOJSPU3YBATH
cBiTmo. B Takomy BWIIAal uepe3 OOMEXKEHICThH
CNEKTPOHHOI TUIa3MU  MOYUHAIOTH  MPOSBIISITUCS
po3MipHi edekTn 1 Meranu HaOyBalOTh OCOOJUBUX
BIIACTUBOCTEH, M0 CTAaHOBJIATH HAyKOBUH Ta
npaktiuuanii  iHTepec [3]. Tak, HaHOOCTpiBIIEBE
30]I0TO MOX€E 3aCTOCOBYBATHCS Y BiIOMBAaYax CBITIA
3 3aJIaHUM CIIEKTPAILHUM po3moaiioM [4], ceHcopax
Ha OCHOBI CIIEKTPOCKOITIi TTOBEPXHEBOTO
IUIA3MOHHOTO pe3oHancy [5] um PamaHiBCchKOro
poscistaast  [6]. OctpiBrieBe 0510BO, OyIy4M IiCIsA
OCa/DKEHHSI OKHCJICHHM, MOXE BHUKOPHCTOBYBATHCS
SIK 9yTJIMBHI €IeMEHT y Ta30BUX ceHcopax [7].

Memoro Oarnoto pobomu OyIO BCTAaHOBIICHHS
3B’SI3KYy MK BEIMYHHOIO ACTONSIpU3allii BizOUTOro
Bil OCTpIBIICBMX METAJCBUX IUTIBOK CBITJIa Ta
CTPYKTYPHOIO OYJ0BOIO BIAIIOBITHUX 3pa3KiB.

O0’exTH HOCTIIKEHH

VY nmaniit poboti mocmimkyBanu Meramu AU Ta
SN, HamwiieHi Ha CKISHI MiAKIAJAWHKA Y BUTISIL
HaJTOHKWX TUTIBOK. BimmoBimHO, Oys0 BUTOTOBJIEHO
nBa HaOOpW MO 5 3pa3KiB, KOTPi BIAPIZHSIIOTHCS 3a
KUTBKICTIO ~ HamujeHoro Mertany. llpm  mpomy
MparHyiy, mo0 KOXXEeH Takuid Habip TEeMOHCTPYBaB
Mepexia depe3 MOpIr MEepKONAMmii — BiJ OKpEeMHUX
OCTPIBIIiB /IO CYIILTEHOTO METAJIEBOro MIapy.

Hanunennss mimiBok 30510Ta IPOBOAMIIOCS HA
MOJIEpHI30BaHil YCTaHOBIIL BaKyyMHOTO
HanopomieHHss BVYII-5 wmerogoM MarHeTpoHHOrO
pO3MOpOIIeHHsT Ha TMOcTiHHOMY cTpyMi 20 MA
METaNliYHOi MilleHi B aTMOC(hEpHOMY pO3psiii Tpu
ticky 5%10" MM pr. cr. TOBIIMHA YTBOPIOBAHHX
30JI0TUX IUTIBOK HE KOHTpPOJIOBajacs. 3pa3kaM Oyiu
MIPUCBOEH] HA3BU 3 MOPSIIKOBUMHU HoMepamu: AuU_1,
Au_ 2, Au 3, Au_4, Au 5.

Y gxocti miagkiagok OynmM  BUKOPHUCTaHi
CTaHJapTHI MpeMETHI CTEKJA. Tepen
HATOPOIICHHSAM  BOHM  MPOTHPAIHCH  CTUIOBHM

CIHMPTOM Ta MPOXOJUIN 0OpOOKY B YIbTPa3BYKOBii

XBUJIMH.

[IniBkM oJiOBa HAMOPOIIYBadMCS Ha CKIISHI
MIiKJIAIKK 3 MPEAMETHOT'0 CKJIa B I[ilf e YCTaHOBIII
METOJIOM TEPMIYHOI'O HAIWJICHHS 3 MOJi0EHOBOrO
YOBHUKA Yy BUCOKOMY Bakyymi. [l 1mporo kamepa
YCTaHOBKH IOMNEPEIHbO BiJIKaUyBajiaCh JI0 BaKyyMy
(2...3)x10®° MM pr. cT. Bincrans R Bijg uoBHHKA 10

migkaagkd  ckmagama 20cm. s OWiHKHK
«HOMIHAJIBHOI» TOBIIIMHHU ILTIBKH
BUKOPHCTOBYBAJIOCH CIIBBiTHOIICHHS d =

m/(47R?p), ne d — TOBIIMHA IUTIBKM B CM, m —
Maca B rpamax, R — BiJCTaHb BiJ YOBHHMKA J0
OiIKIagKd B CM, p — TYCTHHa MaTepiaiy, IIo
HAIIOPOLIYEThCS, B T/cM° (st onosa p =7,31 r/em’).
Ili ToBmmHM BkaszaHi y TaOn. 1. 3paskam Oyiu
MPUCBOEH]I HA3BH, II0 MICTATH Macy BUTPauYCHOrO
npu HanuieHHi marepiamy: Sn_10_mg, Sn_20_mg,
Sn_45_mg, Sn_60_mg, Sn_155_mg.

MeTtoauka BUMipIOBaHb

OCHOBHUM METOJIOM JOCIIPKEHHS  OCTPIBLIEBUX
IUTIBOK y jAaHii pobori Oyna CTOKC-OISIPUMETPIsL.

Hast BOTO oyIo BUKOPHUCTAHO
0araTo¢yHKI[IOHATbHHIA aBTOMAaTU30BaHUN
BUMIpIOBaIbHIN  KomIutekc  [8], 3iOpammii B

KoH(iryparii momspumerpa (puc. 1).

1 2 73
a//fnl
1/
U
5
6
7

Puc. 1. Cxema monsipumerpa. 1 — mkepeno
BuripoMintoBaHHA A = 0,625 Mxm; 2, 7 —
KOJIIMAaTOPHUH Ta KaMEepHUU 00’ €KTHBH; 3 —
MOJIAPU3ATOP, 4 — 3pa30K, 5 — YBEPTHXBUIHOBA
TJIACTUHKA; 6 — aHami3aTop; 8 — ¢horonpuiimay.

OcHoBoro Horo ciyxuts roniomerp I'5, Ha
KOJIIMaTOpHIN TPyOi SKOTO BCTAHOBJIEHO MOJISPU3ATOP
2, a Ha KaMepHill — (a30By IUIACTUHKY 5 1 aHaIIi3aTOp
6. OGepTaHHS ABOX OCTaHHIX ONTUYHUX EIEMEHTIB (5
Ta 6) [A03BOJNSE BHUMIPATH YOTHPH KOMIIOHEHTH
BekTopa CTOkca mpH JaHOMYy KyTi MajaiHHA, a
MO3UIIIOHYBaHHS CTOJIMKA 13 3pa3koM 4 Ta KaMepHOl
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Tpybu 3 ¢oronpuiiMadueM 8§ gae 3MOTy OJepiKaTH
KyTOB1 3aJI©KHOCTI IMX KOMIIOHEHT. BumiproBaHHs
MIPOBOWITUCH Ha TOBKUHI XBHJIi A = 0,625 MM,

Takox Ha Iif ke JOBXKHHI XBWJII Ha ILOMY XK
yCTaTKyBaHHI ~ Oyslio  mpoBeaeHO  (HOTOMETpHUHI
BUMIpIOBaHHS KoedillieHTa MpomyckaHHs 3pas3kiB T.
HdiaMerp CBITJIOBOrO TIydka TMpHU BUMIPIOBaHHSIX
craHoBuB 4 MM. KoeilieHTr IponycKaHHs! HaBENIEHO
y Tabm. 1.

[Muromuii omip HaNMMJICHUX METAIEBUX IUIIBOK

BU3HAYAIM  YOTUPHOX30HIOBUM  METOJIOM 32
JIOTIOMOT'OK0 BUMIPIOBaJIbHOT TojioBkH mpuiiangy MY C-
3. Ilpu i#ioro BUMIpIOBaHHI  CKOPHUCTAINCS

KaxiOpyBalbHUM 3pa3KoM 13 KOMIUIGKTY TpPHIIAY.
OpnepkaHi 3Ha4YeHHS MMUTOMOTO OMOPY HABEJCHO B
tabu. 1. Ciix 3a3HaunTH, 1110 11 3paskis Au_1, Au_2
ta Sn_10_mg ckinbku-HEOYIb MOMITHOT TPOBIAHOCTI
He OyJI0 BHSIBIICHO.

wr gl A

wr gl A

Sn_20_mg

Sn_10_mg
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Kpim toro, mopdomnorito moBepxHi 3pa3kiB 0yio
JOCITI/PKEHO METOJIOM aTOMHO-CHJIOBOI MiKPOCKOIIii
(ACM) 3a momomoror j1abopaToOpHOro KOMILICKCY
«INTEGRA»  Bim  NT-MDT.  BumiptoBanus
BiZIOyBajiocsi B HAIIBKOHTAKTHOMY pexumi (tapping
mode). CkanyBamu obsacte po3mipamu 15%15 Mkwm,
pO3IiTbHA 3[ATHICTH 30HAA TPU IIBOMY CTaHOBHJIA
40 uM. Burnsag opepkaHux MiKporpaMm Ui ycix
3pa3KiB OKa3aHUH HA pHC. 2.

Sk MOKHa 0a4uTH 3 JAHOTO PHCYHKY, IO Mipi
HApOCTaHHA IIapy 30J0Ta YW OJOBa IIOPCTKICTh
MOBEPXHI  3pa3ka CIIOYATKy Maja, a Jaii
30UIBIIYETHCS 1 TEPEXOIUTh Yepe3 Makcumym. Lle
MOXKE€ T[IO3HAYUTHCh Ha XapakTepi B3aeMofii 3

IMOJIAPU30BaHUM BI/IHpOMiHIOBaHHSIM Ta OITHUYHUX
BJIACTHBOCTSIX TAKWX 3pa3KiB, IO i CTAJIO MPEIMETOM
JIOCITIJDKEHHS JTAaHOT pOOOTH.

0,21 um

-0,18 ym

Puc. 2. Mikporpamu moBepXoHb JBOX HAOOPIB 3pa3KiB Ha OCHOBI AU Ta Sn

Pe3yabTaTtu Ta iXx 00roBopeHHs

Amnamniz 300paxeHb ATOMHO-CHJIOBOT
MIKPOCKOITii ~ TPOBOJMBCS  HACTYIHHM  YHHOM.
CrioyaTKky BHUKOHYIOTBCSL ©0a30Bi  IEpETBOPEHHS
300pakeHHs, XapakTepHi IS CKaHyI09O01

MIKPOCKOITii B3araji, Taki K KOMIIEHCaIlisl KpUBH3HH
TPaAEKTOPil 30HAa NIISXOM BiJHIMAHHS MOBEpXHi 2-
ro TopsAAKy abo BHIE, KOMIEHcamis JedeKTiB
PO3TOPTKH LUIIXOM BUPIBHIOBAHHS CYCIIHIX PSAKIB

300pakeHHS. B pesymbraTi mmx il ofepKyeMo
penbed i3 CHOPSAMIICHOIO OCHOBOKO (TIOMIMHOKO).
Hyme Bimmiky 1O BHCOTI BCTAaHOBIIIOBABCS 3a
HAWHIKYOI0 TOYKOIO KOXKHOT'O 300pakeHHSI.

Jam HaOip 3pa3kiB po3risgad 3 TEBHUMH
npurynieHHsMu. [IpumyneHHs nepiie: Ha MOBEpXHi
3pa3KiB, M0 MicTATh, HalimeHme Mmeramy (AuU_l,
Au_2), yBech MeTal 3i0paBcs y BUTIISI TOOTUHOKHX
3epeH, sKi YiTKO MOXHa BHUIUTUTH Ha (OHI
nigknaaku. Tak, Bimomo [9], 1o 30710T0, HaNMICHE B
HaJMAJINX KUTBKOCTSIX Ha CKIO 0€3 TepMIYHOro
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Bigmany (map <10HM) cXuiabHE CaMOYMHHO n-1|2 . . .

.. .. i . Je r =|—| — koedillieHT BiIOMBAHHSA Ha MEXIi
30uparucs B HAHOOCTPIBIi. Toxi BiJHOCHO ApiOHMIA n+1

penbed Ha mepeBakHId YACTMHI MOBEPXHI MHX
3pa3KiB MOXKHA CITIBBIIHECTH 3 HEPIBHOCTSIMH CKJIA,
a OKpeMi HaWBWINI TMiKK — 3 METAJICBUMHU
octpiBisMH. [IpoBOASUN CIUHY IUIOIIMHY HA 3aAaHid
BHCOTI, 3MIHIOIOUYH I[F0 BHUCOTY i CIIOCTEpirarouu 3a
MepepizoM TOBEPXHi, MOXKHA OJEPKaTH BEIHUUHY
IIOPCTKOCTI CKJISHOT migkiaaku. J{ins Hamux 3pas3kis
BoHa ckiaiga 20 HM, IO IIUIKOM Y3TOKYETHCS 3
JiTepaTypHUMH TUIIOBUMH 3HaueHHsME [10].

300paxkeHHsS 3pa3KiB 13 OUIBIIOW KUIBKICTIO
HANMJICHOTO MeETally HE JO3BOJISIOTH TaK JIErKO
PO3PI3HUTH METaleBl Ta HeMmeralieBi obmacti. Tomy
OyJI0 BUCYHYTE NPUIYIIICHHS JIPyTe: Ha BCIX 3pa3kax
MerajeBa IUTiBKA HE € CYNUIBbHOI, B CHIY
BUILE3raJaHOi OCOOJMBOCTI IOBENIHKA TOHKHX
IUTIBOK iCHYIOTh HEMOKpHUTI JUIsHKKA ckna. Lle
O3Hayae, 110 HAWrIMONN BHOAAUHU peabedy 3
JNOCTaTHRO ~ BHCOKOI  WMOBIPHICTIO  MOXYTb
BIJIIOBIIaTH HWXKHIM TpaHuIli podiiao HepiBHOCTEH
ckia. BBaxarouu, 1110 IIOPCTKICTh YCIX MiIKIaAAHOK
3 Ha0bOpy OJIHAKOBa, 33/IAEMO CiYHY IUIONIMHY Ha
piBHI BEepXHBOI IpaHUIll HEPIBHOCTEH, BU3HAYCHOMY
panimre (20 aM). OpnepkaHuil 1epepi3 MOBEPXHI,
TaKUM YHMHOM, ITOKa3y€e MeTaJIeBi AUISHKH.

Sk BUSABUIIOCH, I 3pa3kiB 30i0ta Au_3, Au_5
Ta ycix 3paskiB oyioBa, kpim Sn_10_mg, meli nepepis
€ MaibKe CYIUTbHUM, TaK 10 He MOKHA BUAUTATH Y
HBOMY OKPEMHX OCTPiBIIiB. ToMy maii po3risimand
HEpIBHOCTI TIOBEpXHI B3araji, MPOBOASYHA CiUHY
miomuHy Ha piBHI npubmmzao 20...30% Bix
MaKCUMaJIbHOTO 3Ha4YeHHs. KiTbKicTh 3adhikcoBaHHX
MpH [[bOMY HEpPIBHOCTEH Ha CKaHOBAHIM IIMAHIIN Ta
iX cepemHiil po3Mip HaBemeHo B Ta0I. 1.

KoedimienTn nponyckaHHs T 3pa3KiB
OCTpIBIIEBHX IUTIBOK OyTM BUKOPWCTaHi JIsl TOTO,
abu BH3HAYNTH €(EeKTUBHY TOBIIMHY METAJIEBOTO
mwapy derp. ONTUYHI MApaMeTpH LBOTO  MIApY
BBRXAITUCS TAKMMH, SK JUII YHUCTOTO MACHBHOTO
BimmoBimHOro Meramy, a came: n=0,1746,
k =0,1746 mia 3omora [11] Ta n=3,88 k =6,05
st 6imoro omosa (B-Sn) [3]. Ockinbku 30HIYyI0YE
BHUIIPOMIHIOBaHHA OYJIO HEKOT'epEeHTHHM, TOBIIIHA
CKJISTHHIX TIAKIIAMHOK Habarato OubIa 3a JOBKUHY
XBHJI, @ MeTajeBa IUTBKA IIOPCTKA, Pe3yJbTaTH
BHMIpIOBaHb HE 3a3HAIOTh BIUIMBY iHTep(epeHiii.
Jns  mepepaxyHKY —CKOPHCTAIHCSA  CHPOIICHO)
HAOMIKEHOK (OPMYJIO 3 TMOMPABKOK JIMIIE HA
BiIOMBaHHS BiJl BUIBHOI IIOBEPXHI i IKIAAKH:

T=0-r)-exp (—Mklﬂ),

MOBITPS-CKJIO TPH HOPMAalIbHOMY MafiHHI, k —
MOKa3HUK MOTJIMHAHHS METay.

[Toka3HWK 3aJIOMJICHHS CKJIa N BU3HAYAIH 3a
MPOIYCKAHHSAM YHCTOI MiIKIaIKH, KOPHCTYIOUHChH
CHIBBIJHOIIICHHSM, II[0 BpPaxOBYE OaraTOKpaTHE
BiIOMBaHHS:

(=)
1 -2
Opnepxxano n = 1,69 = 0,05.

Koedimientn mnponyckanus T Tta edexTHBHI
TOBILUHA deff TakoXX HaBeneHi B Ta0m. 1. Sk 1 ciix

T

OYiKyBaTH, 31 3pPOCTAHHSIM KUIBKOCTI HAMHWJIEHOTO
METaTy MPONYCKAaHHS 3MEHIITYEThCA.
3a BUMIpSIHUMH KOMITOHEHTaMu BekTopa CTokca
=2 . .
S =1{1,0,U,V}T 6yno 3maiifeHo KyTOBi 3aMeKHOCTI
exincomerpuynux mapamerpis Y(0), A(6) Ta
CTYIIeHs OJISIpHU3allii BiIOUTOro MPOMEHS P:
1 VU2+v2
Y =-arctg|——),
2 -Q
-v
A = arctg (7),
JQ2+U%+V2

I

Jami, KOpUCTYIOUHUCh MATPUYHUM METOJIOM
pO3paxyHKy BiIOWBaHHS BHUIIPOMIHIOBAHHS  BiJl
0araTomapoBUX CHCTEM, OJICPKYBAIHM BiIITOBIAHI
TeopernuHi 3anexnocti Y(0) ta A(O) amamoriuno
IO TOrO, 5K 1€ Oyi10 y pobori [12]. Po36ikHICTE MiX
TEOPETUYHUMH Ta EKCIICPUMEHTAILbHUMH KPHBHMHU
XapakTepu3yBajach CepeHIM  KBaJpaTHYHHM
Bigxurennsm (Mean Squared Error, MSE):

2
(cosA}t-he"r — cosA}?xp) +

+ 1 ym (t theor exp)z
m&j=0 gy; —tgy; :

Po3paxyHOK mTpoBOOMBCS B paMKax Mopeni
OJTHOPIHOTO e eKTUBHOTO mapy Ha
HaIiBHECKIHUEHHI miakiaavHIi. Bapitotoun ioro
napaMerpu (KOMIUIEKCHUH MOKa3HHK 3aJIOMJICHHS
n+ ik, ToBmuHa d), HOOCATATd MIHIMAJIHHOTO
3HadeHHS MSE 1 po3s’s3yBanmm TakuM YHHOM
obepHeHy  3azmauy  ermimcomerpii.  Onepxawi
napamerpu n, k, d mnpencraBmeni y Ttabm. 1.
[Toka3HWKHM 3aJOMJICHHS Ta TOIIMHAHHS 3HAYHO
BIIPI3HSIFOTBCSI MDK 3pa3KkaMd Ta TIOPIBHSAHO 3
3a3HAYCHUMH BHIIE JITEPATYPHUMH JQHUMH JUIS
0o0paHHMX MeTajiB, aje MaM’ aTaeMo, IO OJepXKaHi
pe3yJabTaTH BiHOCATHCS 10 €PEKTUBHOrO mapy. A
OT TOBIIMHU d JyIs cepii 3pa3KiB AU KOPENOIOTh 3 iX
MpOnyCcKaHHsM. 3azHaunMo, mo MSE  musa

MSE = %{i m

m“Jj=0
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OZlepXKAHKX PO3B’S3KIB cK1anano mopsaky 107 (Au)

ta 10” (Sn).

I'padiku  KyTOBHX  3aJIKHOCTEH  CTYICHS
nonsipusanii p(6) Haseneni Ha puc. 3. Buano, 1o 3i
30iIbIIEHHSIM ~ KyTa TaliHHS  CIOCTEpPIraeThCs

TEHJCHI[IA JO 3MCHIICHHS CTYINEHs MOJspu3arlii.
MakcuManbHy BeIWYHMHY Aenonspuzamii 1 — p mpu
6 = 80° moxkna ominuty Ak 10% mms Au ta 2% mas

1,024

1,00 Hooog
8 g
o
0,98 o 4
o [m]
= 5 % 0O 5 o
§ 096 W 0 5 g N
=3 & < C O # % g T
g 0841 @ v ° o
c o O
2 v
Z 0921 o v
5 o ¥
0,90 o Vg ¥
0.88 < o
o O
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Sn. OxpeMo BHOCOOTIOETHCS 3-MOMDK THIIUX Trpadik
s 3pazka Sn_10_mg. Sk cBiguaTh pe3yabTaTH
ACM, enincoMeTpii Ta MATOMOTO OIMOPY, OJIOBa Ha
MOBEpXHI IILOTO 3pa3ka BKpail Mano. 3HauHa
Jeronsipu3aliss  JaHOro  3pasKa, MOXIIUBO,
3yMOBJICHA HE3aIIOBHCHUMU HEPIBHOCTSAMHU pelbedy
CKJISHOI ~ MiJKIaJWHKH. YCEpeaHEeHl  3HA4YCeHHs
KOKHOro rpadika (p) Takox mpexacrasieni y Tadm. 1.

1,021

1,00 o 0 _
oo ?} 0

0,98 -

0,96

=
8 0,044 . % Sn_10_mg
a ¥ . Sn_20_mg
5 0,92 “ Sn_45_mg
S T Sn_60_mg
z 0,80 P Sn_155_mg
5' 0,88 -| ﬁ
i i
0,86 -| %
*
0,84 4 w ¥

0.82 T T T T T T 1
55 60 65 70 75

KyT nagiHHa 0, rpagycie

Puc. 3. KyToBi 3a1e)KHOCTI cTyneHs nonsipu3aiii Bigouroro npomens p(6) mis 1Box cepiit 3paskis Ha

ocHOBI AU 1a Sn

Tabymms 1.
[TopiBHSHHS OyI0BU Ta BIACTHBOCTEH OCTPIBIEBUX ILTIBOK AU Ta SN, olep)KaHUX PI3HUMH METOIaMHU
JOCIIKEHHS
ACM- Enincomerpis [Ipormryckanns
MIKPOCKOITisT e(pEKTUBHOTO IIapy

3pasok | Homi- Kine- | Cepen- | ITuromuii | n k d_eff, T d eff, | Crymins

HalbHA | KICTh | HIH orrip, HM HM TTOJISIpH-

TOBIM- | 3epeH | posmip | 10°*Om* 3amii (p)

Ha, HM 3epHa, M

HM

Au_1l --- 15 215 - 0,43 |0391 |4 0,76 |31 0,957
Au_2 --- 228 194 - 2,03 |0,880 |9 0,62 |61 0,951
Au_3 --- 613 146 20 1,35 | 1,732 | 52 0,48 |97 0,935
Au_ 4 --- 701 158 30 1,37 | 1,443 | 49 0,52 |86 0,916
Au_5 --- 64 173 8,2 0,89 |1,931 |79 0,26 |18 0,985
Sn_10_ | 2,7 - - - 2,00 |0,806 | 36 0,56 |42 0,887
mg
Sn20_ |54 2012 | 148 8,3 1,11 | 2,314 | 79 0,010 | 37 0,980
mg
Sn 45 12,2 741 226 2,9 1,23 | 1,414 | 56 0,000 | 59 0,971
mg 72
Sn_60_ | 16,3 228 211 4,5 1,15 | 2,610 | 55 0,000 | 63 0,981
mg 45
Sn_155 | 42,2 159 266 0,89 1,21 | 3,521 | 58 0,000 | 64 0,987
_mg 41
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OueBUIHO, IO CTYIiHb MOJSApU3AIli] 3aJICKHUTh
Bil  CIIBBIHONICHHS MDK KOTEPCHTHOK  Ta
T y3HOI0 KOMIIOHEHTaMHU PO3CISIHOTO CBITIA.

Oppa3y HEOOXigHO BIJI3HAYWUTH, IO KYTOBI
3aleKHOCTI  cTyneds — nonmsipusanii - p(6)  He
OIUCYIOThCS ~KJIACHUYHUMH 3aKOHAaMH  PO3CISTHHS
CBITJIa IIOPCTKOIO ToBepxHeto. Tak, 3rigno [13] npu
301ITbIIEHH] KyTa naJiHHS THTEHCHBHICTb
N3epKaTbHOI KOMITOHEHTH 3pPOCTa€E, a, OTXKE, 3pOCTac
1 BIJHOIIGHHS MDK KOT€PEHTHOI Ta JAU(Y3HOIO
KOMIIOHEHTaMH. 3a TaKUX yMOB MAa€ 3pOCTaTH 1
CTYImiHb TOJsipHu3amii. Pe3ynbTaTé eKkcrepuMeHTy
JEMOHCTPYIOTh MTPOTHUJICHKHE.

[osicHenHss ~ monsirae B OCOOJUBOCTSIX
eKCTUHKIIII YaCTUHOK 3 pO3MipamMH, MEHIIMMH 3a
JOBXKUHY XBWJI TaJal0uoro BUIIPOMIHIOBaHHSI.
PoscisHHS Ta  TIOIJIMHAHHA  OJHICKD  TAKOKO
YaCTUHKOI0 MOXKE OYTH IIJIKOM TOYHO ONHMCAaHO 3a
noroMororo  teopii  Mi.  30UIBIIEHHS EHTPIB
PO3CIsIHHSI Bel€ JO 3pPOCTaHHS EKCTUHKII BCiel
TUTIBKM,  30UTbIIeHHST  JUQyY3HOI  KOMIIOHEHTH
pPO3CISIHOTO  CBiTJia Ta  3HMIXKCHHS  CTYIEHS
moJispu3ariii BiIOHUTOrO BHITPOMIHIOBaHHSI.
BiamosigHi JaHi M0 KUIBKOCTI YaCTUHOK HA ONUHMIL
IUTOII,  TPOITYCKaHHS  IUIBOK Ta  CTYIEHIO
royspu3artii MicTaTecs B Tabm. 1. Tak, mis 3paskiB
Au_1-Au 4 cmocrepiraeTbcs 3MEHIIEHHS CTYIICHIO
ToJIsIpy3aIiii p TpU 3POCTaHHI KUTBKOCTI I[EHTPIB
po3CissHHS, a i 3pa3ka AU 5 yTBOpeHHS Ha
TOBEPXHI CYIUIPHOI TUTIBKA METaay 3 OKPEeMHUMH
YaCTUHKAMH  30JI0Ta, SKi  BHCTYNAIOTh  Hal
MOBEPXHEI0, BEJIE JIO 3POCTAHHS I[LOTO TTapaMeTpa.

OpHak, OTpUMaHi 3aJIEKHOCTI HE MOXYTh OyTH
TIOSICHEH] JINIIEe aAUTHUBHICTIO €KCTUHKIIIH OKpEeMHX
yacTUHOK. [loBHA MOJens TOBHHHA BPaxOBYBaTH
B3a€EMOIII0 K OKPEMOI YaCTHHKH 3 YACTHHKAMH, SIKi

i OTOYyIOTh, TaKk 1 B3aEMOMII0 YACTHHKA 3
MIOKIAOKOI0 Ha  SIKIM  BOHA  3HAXOOUTHCH.
BigmoBimHuuM ~ THMTaHHAM ~— TPUCBSYCHA  3HAYHA

KUTBKIiCTh poOiT, Hanpukian, [14, 15].

3 puc.3 BHIHO, U0 TpH 30UIBIIEHHI KyTa
nmagiHas 6 CcTymiHb momspusaiii p 3MeHnryeTbes. Ha
OYMKY aBTOpiB, Taka  TIIOBEIiHKa MOXe OyTH
MOSICHEHA OCOOJIMBOCTSIMH DPO3CISTHHSI 32 HAsSBHOCTI
migkraguHkd. [Ipy mboMy B OmpOMiHEHHI OKpeMoi
YaCTHHKH, OKpIM Tajarovoi XBWIi, Oepe ydacTh
XBHUJIA, SKa BIZOMBA€TBHCSA  BiX  HIAKIAAUHKH.
JlorycTHBIIM  HAOMMKEHHST IOAO HE3aJIeKHOCTI
PO3CISIHHSI OKpEMHUMH YaCTHHKaMH Ta BiICYTHOCTI
iHTepdepeHmii MK pPO3CISSHUMH KOMIIOHEHTaMH,
MOPO/UKEHHMH TIPSIMOIO Ta BIJIOMTOI0 XBWIISIMH,
HEKOTepeHTHY CKJIaJIOBY B HAIPSMKY J3€PKaJIbHOTO
BiZOMBaHHS MOXXHA MPEICTaBUTH CYMOIO LIUX JBOX
KOMITOHEHT. Y TOH 4ac, ik Ajisi oOpaHOi YaCTUHKH

2018, 4

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics&Mathematics

IHTEHCUBHICTH po3cisiHol KOMITOHCHTH, 110
BiAIOBimaE npsamii XBHIII, BU3HAYAETHCSA
IHTEHCHUBHICTIO L€l XBWII Ta  3HAYEHHIM

IHAMKATPUCH PO3CISIHHS YaCTHHKH B HAMPSIMKY
NOABIMHOTO KyTa TMaJiHHSA BiJHOCHO HaIpsIMy
OCBITJICHHSI, TUTS po3cisiHol KOMIIOHEHTH,
NOpPO/KEHOT  BiAOMTO ~ XBWJICIO,  3HAYCHHS
IHTEHCUBHOCTI BU3HAYAETHCS IHTEHCUBHICTIO
najarovoi  XBWII,  KoedillieHTOM  BiOWBaHHs
MOBEPXHI MiJKJIAIMHKN Ta 3HAYCHHSAM 1HIUKATPUCH
PO3CIisSIHHSI YaCTUHKHU B3I0BXK HANPSMKY OCBITJICHHS.
[ inroctpariii Ha puc. 4 HaBEJACHO THIIOBUN BUTIIS
IHAWKATPUCH PO3CIIHHS It 30JI0TOT  CepruHOi
yactuHky. [iamerp yactunku 0,18 MKM, po3paxyHOK
BHKOHAHO 3a J0omoMororo mporpamu ScatLab. s
YACTHHKH OJIOBA BUTJISI IHIMKATPUC TPUHITUIIOBO HE
BiZIpi3HAETHCS.

90

180

Puc. 4. IHmuKaTprCH PO3CITHHS CBITIIA

A = 0,625 MM chepuyHrMH YacTUHKaMu AU
miamerpom 0,18 mxm. H — ropusonTansHa
nossipu3aitist (p), V — BepTUKaibHa mosspu3ariis (S),
T — ix cyma (TUIomKHA AiarpaMu BBAXKAETHCS
TOPU30HTAIBHOIO). ABMMYyTallbHA IIKAJla B Tpaycax,
pajiagbHa — B yMOBHHUX OJMHHILSX.

Bunno, o mpo 30iunblIeHH] KyTa maiHas 6 Big
55° no 80° iHTeHCHBHICTH PO3CISIHOI KOMITOHEHTH,
SKa TIOPO/KEHA TaJarouol0 XBHJICK, Oyne poCTH
3aBISKH 30UTBIICHHIO 3HAYSHHSI 1HAUKATPUCH LTS P-
noJsipu3allii mMpy 3MeHIIeHH] KyTa po3cissHHs Big 70°
mo 20°. Edexr migcumioeThcs TaKOXK BHACIIIOK

301IbIIEHHS (hpeHeniBChKOTO KoedilieaTa
BigOuBanHs. OOWABa 1i YWHHHUKH 30UIBIIYIOTH
IHTEHCHBHICTP ~ HEKOTEPEHTHOI  CKJIaJ0BOI  IpH

127



Bicnux Kuiscbroeo nayionanvbhoo yHieepcumemy
imeni Tapaca Lllesuenka
Cepin ¢izuxo-mamemamuyni HayKu

BEIMKUAX KyTax MaXiHHs,
CTYIIiHb noJsipU3anii CBiTIIA D, sIKe
POBIIOBCIOJDKYETBCSI B HAMPSIMKY JA3€PKaJIbHOTO
BinOuBaHH:. [Ipy BenmuKkux KyTax magiHHS BHACTIIOK
0araToKpaTHHX BiJIOMBaHb Ta 3aTiHEHHS HA OKPEMHUX
YaCTUHKAaX, IHTEHCHUBHICTH PO3CISHOI KOMITOHEHTH
Jemo 3MEHINYEThCS, 10 BEAEC OO 3POCTaHHS
CTYICHIO TOJIApH3allii, sSKE CHOCTepIraeThCsi Ha
rpagikax.

a OTXC, 3MCHIIYIOTbH

BucHosku

Touki ocTpiBleBi TUTIBKM MeTaniB AU Ta Sn Ha
CKJISTHIN T IKIIa a0l 37aTHI YJaCTKOBO
JCMOJIIPU3yBaTH ONTHUYHE BUIIPOMIHIOBAHHS IIPU
BimOuBaHHI. Benmuuuna ngenonspu3aiiii  ckiajae
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nopsaky 10% s 3omortux 1 2% 18 OJIOB’SIHMX
JOCHiPKeHHX  3pa3kiB. Bona  3pocrae  3i
30UIpIIeHHSIM  KyTa magiHEa 6 1 ;ocsirae
MaKCUMAaJIbHOTO 3HaUYeHHS moomu3y 6 = 80°.

Taka HekmacMyHa TMOBEAIHKA MOXe OyTH
MOSICHEHA TUM, IO MpH 30UIBIIEHHI KyTa MaliHHS
3pocTtae JacTKa PO3CISIHOTO OCTPIBISIMU
BUIIPOMIHIOBaHHS B HAIpPSMKY BiIONTOrO IpPOMEHS,
10 3HWXKYE CyMapHHU CTYIIHB MOJIIpHU3aLii P.

CyrreBoro nepeBaroro CTOKC-TIOISIPUMETPii Tpu
JOCHIIKEHH] OCTpPIBIICBUX ILUIIBOK € Te, L0 Ied
METOJI JIO3BOJISIE OJIEpKATH TIEBHY 1H(OpMAIIIo Tpo
Mopdororiuny OyIOBY MOBEpXHi, TOAI SIK 3BUYaliHA
enmincomerpiss Hajmae nwme epeKTHBHI MapaMerpu

mapy.
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