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OcHOBOIO JIMCepTAIIiHOrO JOCIIIKEeHHS € Bl HACTYIIHI 3a/1a9i: I'PYIHOBa
kiacudikarist (1+1)-BumipHux y3arajbHeHUX HesiHiitHUX piBHAHL Kieitna—
rOp,B;OHa 1 rpynoBa KJjacudikalis HOpMaJbHUX JIHIKHUX CUCTEM 3BUYAMHUX
JinpepeHIiiajlbHUX PIBHAHD JIPYTOIO MOPSIIKY 3 JIOBLIBHOIO KiJIBKICTIO 3aJ/1€7K-
HUX 3MiHHUX. Hespaxkaiodm Ha Te, IO T 3a/1a9i MaIOTh JIy>Ke JOBIY iCTOPIO
JIOCJTI/IPKeHb, Y pobOTI OTPUMAaHO HOBI pe3y/jbTraTH y paMKax aJiredpaidaHo-
I'o MiJIXOJly MiCJIs JIeTaJbHOIO BUBUYEHHs TpaHCpOpMaIiiHUX BJIACTUBOCTEH
POBIVISIYBAHUX KJIACIB Ta iX mijikaaciB. O0'€IHYI0UNM THCTPYMEHTOM B 000X
IUX 3aJladax cTajo eeKTHUBHE BHUKOPUCTaHHs KJacudHol Teopemu JIi 1mpo
peaJiizallil CKiHYeHHOBUMIPHUX aJiredbp JIi BeKTOPHUMM TOJISIMU Ha TPSIMIii.
3anpomnoHoBaHil y AUCePTAIil MEeTOM 1 MiIXOAM JaJii 3MOTY He JIAIIe 3Had-
HO MOKPAIIUTH IOIepejiHl Pe3yabTaTu 110J10 JIIBCbKUX CUMEeTPIil PIBHAHD 13
IUX KJIACIB, a 1 ICTOTHO CIIPOCTUTH JIOBEJICHHS KJIacuiKaliitHuX pe3ysibTaTiB
1 TIepeBIPKY 1X JIOCTOBIPHOCTI.

Y posmii 1 mpoesieno moBHY TpynoBy Kiacudikario kiaacy (1+1)-

BUMIDHHX y3araJbHeHHX HeJinifinnx pisusib Kieiina [opomna

utx:f(taxau) 3 fuu?’éoy (1)

3 TOUHICTIO /10 G~ -eKBIBAJEHTHOCTI. fIK CyTTEBE y3arajbHEHHS PEe3yJbTaTiB
JIi y maparpadi 1.1 goBeseHo, 1110 Ipynoia KOHTaKTHOI €KBIBAJEHTHOCTI KJla-

cy (1+1)-BumipHux y3arajbHEHUX HEJIHIHHUX DIBHSAHb KJIGI'/JIHa*rOp,B;OHa €



MPOIOBYKEHHSAM TMEPITOTO TMOPSAKY I'PYIOiia TOUKOBOI €KBIBAJEHTHOCTI I[HO-
ro kiacy (sema 1.2). Takum auHOM, 1poOIIEMY JIOC/IJIZKEHHST CTPYKTYPU KOH-
TaKTHUX MEPETBOPEHD JIJIs PIBHAHD 13 JTAHOTO KJIACY 3BEJIEHO 10 JTOCKEHHS
BIJIMOBITHUX TOYKOBHX IepeTBoperb. ¥ jiemi 1.4 nosejieno, mio kiac (1+1)-
BUMIDHHX y3araJbHeHHX Hesinifinux pisusub Kuefina [opona € nopmadii-
30BaHUM (BIIHOCHO TOYKOBHUX MEPETBOPEHB ), 1 MOOYI0BAHO HOTO TPYILy €KBi-
BasienTHOCTI G~ Ta BiANMOBIAHY ajreOpy eksiBasienTHOCTI g~ . Burisig Bek-
TOPHUX 1OJIIB JIHTBCHKUX CUMETPiHl Ta BijiloBijiHe Kjaacuikaliiiine piBHSIHHS
npejicraBjieHo y TBepyKkenni 1.9. OckiJibKu KJac € HOpMaJi30BaHUM, a #o-
ro rpyria eKBiBaJEHTHOCTI Ma€ crerudiuHy CTPYKTYpy, TO i HOro moB-
HOT I'pynoBol KJiacudikallil BUKOPUCTAHO aJiredpalduHuil MeTo)| y o€/ HaHH]
3 epeKTUBHUM 3aJIyUeHHSIM KJacuiHol Teopemu JIi mpo peaJiizalil cKiHIeH-
roBuMipHux asredp JIi BekropHuMu mossimu Ha npsimiii. Y kaaci (1) Bu-
OKpeMJieHO piBHsiHHsA JIiyBlLIsi SK PIBHAHHS 3 HECKIHYEHHOBUMIPDHUMU aJi-
rebpamu JIBCHKOI 1HBapIlaHTHOCTI Ta JOCJIXKEHO BJIACTUBOCTI CKIHUYEHHO-
BUMIPHUX TPUJATHUX Mijajaredp npoekiiil w,g™ aiaredpu g~ Ha mpocTip i3
Koopjuuaramu (¢, x,w). Y semi 1.12 posegeno, mo dim gy = dim Wi’ng, i
noxkazano, 1o dimgy < 4, gKIO pIBHAHHA 3 KJacy JOIyCKae CKIHUYeHHO-
BUMIpHY aJiredbpy JiiiBchbKol iHBapianTHOCT. ¥y Teopemi 1.14 naparpady 1.2
1IPEJICTaBJIEHO OCHOBHU pe3yJibTar I'PyoBOl Kjaacuikaliil y BULIsi)l IOBHO-
ro cnucky G™-HEEeKBIBAJICHTHUX PO3IIUPEHb JITBCHKOI cuMmerpil y kiaci (1).
Y naparpadi 1.3 naBeseno nosue jopejeHHs: Teopemu 1.14. Takox y 11b0-
My 2K naparpadi 3HaijieHo Hus3ky GT-IHBaplaHTHUX [IJIOYUCEJIbHUX XapaK-
TEPUCTHUK Iijaaredp ajaredpu g~ , AKi J03BOJIAIOTH IOBHICTIO 1eHTH(DIKYBa-
T G~-HeeKBiBaJIEHTHI BUIMAJKK PO3IIUPEHb JITBChbKOI cuMerpil y kiraci (1).
i xapakTepucTuK BUKOpUCTaHo y naparpadi 1.4 jjist po3pidHeHHs, 3 TOY-
HicTiO J10 G™-eKBIBaJIGHTHOCTI, IIOC/IIJIOBHUX PO3IIUPEHD JIIBCHKOI CHMETPIl
cepeji, 3HaiijieHux y Teopemi 1.14. Takum 4MHOM, BUYEPITHO ONKUCAHO CTPYK-
Typy YacTKOBO BIOPSAJIKOBAHOI MHOXKUHU (G™-HEEKBIBAJCHTHUX PO3IIMPEHb

JiiBehKOI cuMeTpil y kiaci (1), siky mpejcraBieHo Ha pucyHky 1.1y Burs-



Ji jiarpamu Xacce. TakoXK MpoaHasli3oBaHO MOXKJIMBI MIJIAXU JIJIsi TPYHOBOT
kiacudikanii nijgkiacis kiaacy (1). gk npuksias, y naparpadi 1.5 posruisity-
TO TIOBHY I'PYTOBY KJIaCHPIKaIliI0 BayKJIUBOTO MijIKIacy Ko, M0 BUOKPEMJIEHO
ymoBomo f, + f; = 0, 3 TOUHICTIO 10 €KBIBAJEHTHOCTI, MOPOJPKEHOIO T'PYTIOI0
ekBiBaJienTHOCTI (G5 1HOI'O 11JIKJIACY.

Y pozuini 2 gociimpkeno Kiac £ HOpMaIbHUX JIHIHHAX CHCTEM 3BUYaAlHIX

JindepeHIliagbHUX PIBHAHB JIPYTOTO MOPSJIKY:

3 n nesigomumu Gynkniamu b, ..., 2", x(t) = (xl(t), e ,x”(t))T, n > 2.
Habip 6 = (A, B, f) nosinbuux enementis xiacy £ yTBOPEHO TOBLILHUME
(mocTaTHBO IATKAME) N X N MATPUIHO3HAYHUMEU DYHKIIAME A Ta B 3MiH-
HOI ¢ 1 JIOBUIBHOIO (JIOCTATHBO TJIAJIKOI0) BEKTOPHO3HAUHOWO QYHKIIEO f 3MiH-
Hol t. Ha mouarky pos/iiny HaBeeHO JeTaJbHUL OrJIs BIIOMUX PEe3yJIbTaTiB
1110/10 TpaHCcOpPMAaIIiHUX BJIACTUBOCTEll 3BUYalHUX JudepeHIiaJbHuX PiB-
HsiHb Ta CUCTEeM TaKux piBHsiHb. ¥ naparpadi 2.1 nobyjioBaHo rpyiu eKBiBa-
JIEHTHOCTI Ta T'PYTOI/IN €KBIBAJEHTHOCT1 KJIacy L Ta HOro BKJIQJICHUX TIiIKTa-
CiB, 1110 OTPUMaHI 3a JOMOMOTOI0 KaJibpyBaHHs HADOPY JIOBLILHUX €JIEMEHTIB
0 = (A, B, f) i3 BUKOpUCTaHHSIM 1I€PETBOPEHD €KBIBAJEHTHOCTI. Y Pe3yJ/ibra-
Ti OTpUMAHO JNAHIIOKOK KiaciB L < L < L' D L". loseneno, 10 BHIIEHA-
BeJICHI KJIaCH HalliBHOpMaJIi30BaHi y 3BUYaifHOMY CeHCl, opOiTa ejieMeHTapHOT
cucreMu @y = 0 y KOXKHOMY 3 HUX L] JII€I0 BIAIIOBIJIHOI I'PYIIU €KBIBAJIEHT-
HOCT1 € CHHI'YJISIDHOIO JaCTHHOIO IILOI'O KJIACY, 1 € JOIOBHEHHSIM 10 OpOiTH,
SIKY BBaYKa€MO PETYJISAPHOIO YaCTUHOIO KJIACY, 1 sKa Ma€ Kpallli BJaCTUBOCTI
HOpMaJIi3allll, HI>kK Bech 1eil Kyrac. Airedpu eKBIBaJEHTHOCTI BCIX KJIaciB, X
CUHIYJISIDHUX 1 peryjsipHuX 9acTuH obuncyieHo y naparpadi 2.2 gk indginite-
3MMaJIbHI aHAJIOTH BIJIIMOBIAHMUX T'PYT €KBiBaJieHTHOCTI. Y mnaparpadi 2.3 no-
Ka3aHo, 1110 I'PyHosi Kiacudikanil kiacy £ ta KaJibpOBAHUX Ii/[KIACIB MOXK-
TrH. 3ajadl rpynoBoil Kiacudikalill CHHTYIIPHUX JaCTUH € TPUBIAJbHUMHA,

OCKIJIbKM 1X PO3B’si3aHHS BU3HAYEHO €JIEMEHTAaPHOI0 cucTeMoio xy = 0 1a 11



MaKCHMAJIHLHOIO aJIredporo JITBChKOT iHBapianTHOCTI. OTPpUMaHO CUCTEMU BHU-
3HAYAJILHUX PIBHSAHD JIJIsl JIIBCHbKUX CUMETPIN CUCTEM 13 peryaspHuX 4acTuH
KJIACy 1 IIOKa3aHo, 110 3aJia4l I'PyHoBol Kiaacudikaliii s 1MuX YaCTUH MOXKHA
3BECTH JI0 KJAcUPIKaIl CyTTEBUX PO3IMIUPEHB JITBCHKOI cMMETPil X pery-
JisipHux 1ijikJaciB. Takox 00YUC/IEHO siJIpO I'PYIINA TOYKOBUX CUMETPIil Jijist
BCIX KJIACiB, IO BUHUKAIOTDH Y MTHOMY PO3IVISAl. BIacTuBOCTI MOXKIUBUX CYT-
TEBUX POIMIUPEHD JIIBCHKOI CUMETPIl Y PETryIsipHUX JacTUHAX KJACy JTOCTI-
JizkeHO B naparpadi 2.4. BukopucroByroun orpuMaHi BJIACTUBOCTI, 3a1POIIO-
HOBAHO JIBa MIJIAXW KJIacHpiKaIlil TAKIX PO3NINPEHD Y PaMKaX aJredpaidaHoro
MiJIX0Jly B 3aJIeXKHOCTI BT 1X cTpyKTypu. HeobxijiHi Ta jocTaTHl yMOBU €KBi-
BAJIEHTHOCT1 CUCTEM, IO JIOIYCKAIOTh BEKTOPHI 1OJIsI JIIBCHKOI cuMeTpii 31
CTAJIMIMU -KOMIIOHEHTaMH, IpejicTaBjaeHo B maparpadi 2.5. Orpumani Biac-
TUBOCTI CYTTEBUX JIIBCHKUX PO3MUPEHL Y PETYIAAPHAX JaCTUHAX KJIACY J10-
3BOJIMJIA 3HANTU MaKCUMaJibHY PO3MIPHICTHh MaKCUMAaJIbHUX aJire0p JITBChKOT
iHBapiaHTHOCTI cHCTeM, KA € i IMAKCHMAJIBHOIO JIsl BChoro Kiacy L Ta fioro
KaJIiOpoBaHuUX MijiKjaciB, jguB. naparpad 2.6. Y npomy naparpadi jgeraib-
HO OIIMCAHO CTPYKTYPY CyTTEBUX aJredp JHIBCHKOI 1HBApiaHTHOCTI CHCTEM
13 peryJsgpHUX YacTHH KJacy Ta OXapaKTepH30BaHO MaKCHUMaJbHI ajreOpu
JITBCHKOT 1HBAPIAHTHOCT1 CUCTEM i3 CUHI'YJISIDHUX YAaCTUH KJacy. ¥ naparpa-
Ppi 2.7 j1oBejIeHO TBEP/PKEHHS 110/10 TOHUKEHHS HOPSJIKY JIJIsi HOPMaJbHUX
JIHIMHEX CHUCTeM 3BHYalHUX JudepeniaJbHiuX PIBHAHD JPYTroro MOPsJIKY Ta
iX IHTErpyBaHHs 13 BUKOPUCTAHHSAM BiJIOMUX JITBCHKUX CUMeTPiit abo repe-
TBOPEHb €KBIBAJIEHTHOCTI MiK HUMHU. Meroju, siKi po3po0JieHO B maparpa-
di 2.4, Bukopucrano B maparpadi 2.8 jJig BUUEPIIHONO PO3B’sg3aHHSA 3a/1a4i
I'pynoBoi Kjacudikallii HOpMaJbHUX JIHIHHUX CUCTEM 3BUYAHUX JindepeH-
1iaJIbHUX PIBHSIHD JIPYI'OIO HOPSJIKY JIJist HARHUK YOO YACTUHHOI'O 3HAUYEHHSI
n=2.

Y nomatky A jociijpkeno wesiniitai (14-1)-sumipHi eBostoniitai piBHsiHHS
JIPYTOTO TOPSIJIKY Ta 3HANIEHO SIBHUN BUTJIS] TIEPETBOPEHD, 1O TOB A3YIOTh

TakKi PiBHAHHA 3 MaKCUMaJIbHUMHU CEMUBUMIPDHUMHE ajrebpaMu JIIBCbKUX CH-



merpiit. Jlojgarok B micturh criucok myobJiikariiit 3100yBava 3a TeMOIO Jucep-

Talil Ta BIJIOMOCTI 1IPO alpodaliiio pe3y/ibTraTiB jucepraliii.

KurodoBi cjoBa: rpynosa Kjiacudikaliis JudepeHiiajbHuX piBHIHb, HEJli-
miitni pisasinns Kieiina Topomna, cucremu inifinux 3Braaiinnx audepemri-
AJIbHUX PIBHAHD JAPYroro MOPSJIKY, JIiBChbKI CUMETPil, TpyIa eKBIBaJeHTHOC-
Ti, I'PYIIOLJi €KBIBAJICHTHOCTI, aJiredpa eKBiBaJ€HTHOCTI, ajireOpaldHuil MeToj1
pynoBoi kjacudikariil, peasizaiiii ajredp JIi BEeKTOpHUMU TIOJISIMU, MaKCHU-

MaJibHa, ajredbpa, iHBapiaHTHOCTI.
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The foundation of the dissertation research is the following two problems:
group classification (1+41)-dimensional generalized nonlinear Klein-Gordon
equations and group classification of normal linear systems of ordinary
second-order differential equations. Despite the fact that these problems
have a very long history of research, new results have been obtained in
the framework of the algebraic approach after a detailed study of the
transformational properties of the considered classes and their subclasses.
The unifying tool in both of these problems was the efficient use of the
classical Lie theorem on the realization of finite-dimensional Lie algebras
by vector fields on the line. The methods and approaches proposed in
the dissertation allowed us not only to essentially improve the previous
results on Lie symmetries of equations from these classes, but also to si-
gnificantly simplify the proof of classification results and verification their
correctness.

In Chapter 1 we carried out the complete group classification of class of

(1+1)-dimensional generalized nonlinear Klein-Gordon equations

we = f(ta,u) with  fu, #0, (1)

up to the G™-equivalence. Essentially generalizing Lie’s results, we prove that
the contact equivalence groupoid of the class of (14-1)-dimensional generali-
zed nonlinear Klein—-Gordon equations is the first-order prolongation of its
point equivalence groupoid (Lemma 1.2). Thus, the problem of studying the

structure of contact transformations for equations of this class reduced to



the study of the corresponding point transformations. In Lemma 1.4, we
prove that (1+1)-dimensional generalized nonlinear Klein-Gordon equations
is normalized (with respect to point transformations), and constructed its
equivalence group G~ and corresponding equivalence algebra g~. The form
of the vector fields of Lie symmetries and the corresponding classificati-
on equation are presented in Proposition 1.9. Since the class is normali-
zed, and its equivalence group has the specific structure, so for complete
group classification we used the algebraic method combined with effective
application of the classical Lie theorem on realizations of finite-dimensional
Lie algebras by vector fields on the line. In the class (1) we singled out
the Liouville equations as equations with infinite-dimensional Lie invari-
ance algebras and investigated the properties of finite-dimensional appropri-
ate subalgebras of projection w,g™ of algebra g~ on space with coordi-
nates (t,z,u). In Lemma 1.12, we proved that dimgs; = dimﬂi’ng, and
shew that dimg,; < 4 if the class equation admits the finite-dimensional
Lie invariance algebra. In Theorem 1.14, we presented the main result
of the group classification as the complete list of G~-inequivalent Lie-
symmetry extensions within the class (1'). We found the number of G™-
invariant integer characteristics of subalgebras of algebra g~ that allowed
us to completely identify G~ -inequivalent cases of Lie-symmetry extensions
within the class (1’). We used these characteristics to distinguish, modulo
the G~-equivalence, successive Lie-symmetry extensions among the found
ones in Theorem 1.14. Thus, we exhaustively described the structure of
partially ordered set of G™-inequivalent Lie-symmetry extensions within the
class (1'), that is represented as the Hasse diagram in Figure 1.1. Possi-
ble ways for the group classifications of subclasses of the class (1) are
also analyzed. As an example, we considered the group classification of
the important subclass Ky associated with the constraint f, + f; = 0
up to the equivalence generated by the equivalence group G5 of this

subclass.



In Chapter 2, we studied the class £ of normal linear systems of second-

order ordinary differential equations:

with the n unknown functions «', ..., 2", ®(t) = (z'(t),...,2"(¢))", where
n > 2. The tuple § = (A, B, f) of arbitrary elements of the class £ consists
of arbitrary (sufficiently smooth) n x n matrix-valued functions A and B
of t and arbitrary (sufficiently smooth) vector-valued function f of ¢. At
the beginning of the chapter, the detailed review is made of the known
results on the transformational properties of ordinary differential equations
and systems of such equations. Section 2.1 is devoted to the construction of
the equivalence groups and the equivalence groupoids of the class £ and
its nested subclasses obtained by gauging of the arbitrary-element tuple
0 = (A, B, f) by equivalence transformations. As results we obtained the
chain of classes £ < £ + L' D L". We proved that the above classes
are semi-normalized in the usual sense, the orbit of the elementary system
x;; = 0 in each of them under action of the corresponding equivalence group
is the singular part of this class, and the complement to the orbit, whi-
ch is assumed as the regular class part, has better normalization properties
than this entire class. The equivalence algebras of all the classes and their
singular and regular parts are computed in Section 2.2 as the infinitesimal
counterparts of the respective equivalence groups. In Section 2.3, we shew
that the group classifications of the class £ and the gauged subclasses split
into the group classifications of their singular and regular parts. The group
classification problems for the singular parts are trivial since their solutions
are given by the elementary system a; = 0 and its maximal Lie invariance
algebra. We derived the systems of determining equations for Lie symmetries
of the systems from the regular class parts and shew that the group classi-
fication problems for these parts reduce to the classifications of essential
Lie-symmetry extensions within them. We also computed the kernel point

symmetry groups for all the classes arising in this consideration. Properties



10

of possible essential Lie-symmetry extensions within the regular class parts
are studied in Section 2.4. Using the obtained properties, we suggested two
ways for classifying such extensions within the framework of the algebraic
approach depending on their structure. Necessary and sufficient conditions for
the similarity of systems possessing Lie-symmetry vector fields with constant
t-components are presented in Section 2.5. The obtained properties of essenti-
al Lie-symmetry extensions within the regular class parts allowed us to find
the maximum dimension of the maximal Lie invariance algebras of systems
from these parts, which is submaximum within the entire class £ and its
gauged subclasses, see Section 2.6. Therein, we more thoroughly described the
structure of the essential Lie invariance algebras of systems from the regular
class parts and characterized the maximal Lie invariance algebras of systems
from the singular class parts. In Section 2.7, we proved several assertions
on order reduction for normal linear systems of second-order ordinary di-
fferential equations and their integration using their known Lie symmetries
or equivalence transformations between them. The techniques developed in
Section 2.4 are applied in Section 2.8 to exhaustively solving the problem
of group classification of normal linear systems of second-order ordinary di-
fferential equations for the lowest particular value n = 2.

In Appendix A, the nonlinear (1+1)-dimensional evolution equations of
the second order are investigated and an explicit form of transformations
is found that connects such equations with maximal seven-dimensional Lie
symmetries algebras. Appendix B is contained the list of publications and

information on approbation of the results.

Key words: group classification of differential equations, nonlinear Klein—
Gordon equations, linear systems of second-order ordinary differential equati-
ons, Lie symmetries, equivalence group, equivalence groupoid, equivalence
algebra, algebraic method of group classification, realizations of Lie algebras

by vector fields, maximal Lie invariance algebra.
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