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Huceprartis Ha 300y TTS HAYKOBOTO CTyIIeHsI qOoKTopa dimocodii 3a cremianpHi-
CTIO «112 — cratTucTuKa» — KMiBChbKUIT HallOHAIBbHUII YHIBepcUTeT iMeH1 Tapaca

[ITesuenka MiHicTepcTBa ocBiTH 1 Haykm YKpainu, Kuis, 2023.

HucepTaliiiHe JOCIIIKE€HHSA IIPUCBIUYEHE CTOXaCTUUHIUM PIBHAHHAM 3 YaCTUH-
HVYIMMU IIOXiTHUMIU, KEPOBAaHVUM BiHEpiBCHKUM IIPOIIeCOM, IpOOOBUM OpPOYHIBCHKUM
pyxom, abo iXHBOIO JiHiITHOI KOMOiHaIi€w. [OJTOBHOI0 METOI0 HOCTiIKEeHHS €
pO3poOKa MeTOMiB OJHOUYACHOTO OLIIHIOBAHHS HEBIMOMMIX IIapaMeTpiB IIyMy Ha
OCHOBI IUICKPETHUX CIIOCTEPEKeHb PO3B I3KiB TAKUX PiBHAHB. TaK0X BUBUAIOTHCS
ACUMIITOTMYHI BJIACTMBOCTI ITOOYIOBaHUX OLIIHOK. 3HAUHY yBary IpUAiIeHO BU-
BUEHHIO BJIACTMBOCTE} PO3B’I3KiB 3raJJaHNX PiBHIHB, TAKUX SIK CTAI[iOHAPHICTH Ta
epPTOqMYHICTh, OCKUJIBKM Ha HUX 0a3yeThcs IT0O0YyI0BA Ta ITOJAIIBIIIE TOCIiKEHHS
CTAaTUCTUYHIX OILIIHOK.

CrpiMKMi1 pO3BUTOK TeOpii cTOXaCTUUHMX AUdepeHIiaTbHNX PIBHIHD 3 UaCTIH-
HVYIMU IIOXiTHVMU TPUBAE BKe UOTUPU OecATIIITTA. L{g Teopis 00’ emHye eneMeHTH
Teopii nudepeHIiATPHUX PIBHAHD 3 UACTMHHVUMIY ITOXiTHUMU Ta CTOXaCTUYHOTO
aHaidy. BoHa 3HAXOOUTH 3aCTOCYBaHHS y 6araTbOX HayKOBMX TJIy3sX, TAKUX SIK
¢ismxka, 6iosorid, reodismka ta ¢pinaHcu. Taki piBHIHHS MOAEIIOIOTH IIPOIECH M-
¢ys3ii, pa3oBi mepexoau Ta BIACTMBOCTI MaTepiajiB. BOHU TaKoX 3aCTOCOBYIOTHCH y
diHaHcax I HIHOYTBOPEHHS OIII{iOHIB, YIIPABIiHHSA PU3UKAMU Ta MOOEIOBAHHS
CTOXACTUUHOI BOJMATMIBbHOCTI. OCKIIBbKM cTOXacTNUHI qudepeHIliagbHi piBHIHHS
3 YACTMHHVMI IIOXiTHMMU BiirpaioTh B)KIJIMBY POJIb Y OaraTboxX HAyKOBUX rajy-
351X, TO QOCJILIPKEHHS BJIACTMBOCTEN Ta PO3BUTOK CTATUCTUYHIIX METOMIB NI HUX €
AKTyaJIbHUM 3aBIAHHAM CYyYaCHUX HOCIIIKEHb.

3 ocuOIMBOIO YBArow B AMCEPTALIITHOMY JOCITiIKEeHHI BUBUAIOTHCI CTOXACTUYHI
nudepeHIiaNbHI PIBHIHHS 3 YaCTUHHUMMY TOXiTHUMI, SIKi MICTITh ApOOOBUiT GpOy-
HIBCBKIII pyX. Taki pIBHIHHA NO3BOJIAIOTH ONVICYBATH IIPOLIECH 3 JOBTOCTPOKOBOIO Ta
KOPOTKOCTPOKOBOIO 3JIEXKHICTIO, III0 Ma€ 3HAUeHHS Mg (PisMUHMX CUCTeM, pajioere-
KTPOHHUX IPUJIAAiB, KOMII IOTEPHUX MepeX Ta piHaHCOBUX PUHKIB. [lomaTKOBO, TaHe

DOCJII>KEHHS OXOIUTIOE OLTBII CKJIATHI MOJeIi 3 ITIOEHAHHIM OLI0TO i IPOOOBOTO



mrymiB. Ile mosBossie, 30KpeMa, TOUHIIlle MOJEIIOBaTU IIpoliecy Ha (piHaHCOBUX
PMHKaX, Je ICHYIOTb Pi3HI1 JyKepeya BUIAaIKOBOCTI.

Y mucepranii BMBYAEThCA CTOXACTMYHE PIBHAHHA TEIJIOIIPOBITHOCTI, KEPOBAHE
OHUM i3 TPHOX TUIMIB BUIIAJKOBOTO HIyMy: 1) Ginnum; 2) npo6oBUM OPOYHIBCHKIUM;
3) sMimraHuM Apo6OBMM OpPOYHIBCHKUM (TOOTO, JIIHITHOI KOMOIHAITIEI ITepIINX
IBOX).

CnouaTKy Aj1d KO>KHOTO 3 TPhOX 3TaJaHMX CTOXAaCTUUHUX PiBHAHB BBEJEHO I10-
HSATTS M SIKOTO PO3B’SI3KY Ta JOCJiPKeHO JI0T0 aHAJITUYHI BIAaCTUBOCTI. 30KpeMma,
BUBeeHO GopMyn s o0UMciIeHHS aucnepcii Ta KkoBapiaminHol ¢yHKIII, mocti-
IDKEeHO IXHIO FPaHMUYHY ITOBEJiHKY, I00yIOBaHO OLIIHKM 3BepXy. BcTaHOBIIEHO cTario-
HapHICTb Ta eproJMUHICTh pO3B I3Ky. IlepeiueHi B1acTMBOCTI BigirpaoTh KIFOUOBY
POJIb IIpu MOOYIOBi CTATUCTUYHMX OLIIHOK Ta AOCJIiIKeHHI IXHIX aCMMIITOTUYHIX
BJIACTUBOCTEIL.

OCHOBHY YaCTUHY OOCHTiIKeHHS IIPUCBIUEHO PO3POOIIi CTATUCTUUHNUX METOIIB
11 OLIIHIOBAHHS ITapaMeTPiB 3raJjaHNX CTOXACTUYHUX OM(epeHIiaTbHIX PIBHIHD 3
yacTUHHUMU noxiguuMu. [Ipu HbOMYy OpPUMYCKAETHCS, 1[0 PO3B’A30K BiAIIOBITHOTO
PIBHSIHHS CIIOCTEPIra€ThC Y UCKPETHUX TOUKAX MIPOCTOPY A1 GiKCOBAHUX MOMEHTIB
yacy.

[y 6araToBUMIPHOTO CTOXaCTMYHOTO PiBHSHHS TEIJIONIPOBiAHOCTI 3 OimmmM
IITyMOM IT0OYIOBAaHO OLIiHKY ITapaMeTpa Audys3ii ¢ Ha OCHOBI eprogMYHOI TEOPEMI.
HoBeieHO CTPOry KOHCUCTEHTHICTh Ta aCMMIITOTMYHY HOPMAaJbHICTh OTPUMAaHOI
OLIIHKM, AJI1 4OT0 BUKOpMUCTaHO TeopeMy Hyanapra — [lekkaTi mpo 4eTBEpTHUIT MOMEHT.

JIJ11 CTOXaCTMYHOTO PiBHSHHS TEIUIOIIPOBITHOCTI 3 TpoOOBUM OPOYHIBCHKUM
IIIyMOM CIIOUATKy IT00YZOBaHO OLIIHKY napamerpa qudysii o 3a MpUIyIeHHs, 1110
napametp Xwpcra H € BimoMuM. [loBeIeHO CTPOry KOHCUCTEHTHICTh Ta aCUMIITO-
TUYHY HOPMAaJIBHICTD OJ€p>KaHoI oliHKNU. [laji OCIIIKEeHO 3aJady OJHOYAaCHOTO
olLliHIOBaHHS ITapamerpa qudysii Ta mapamerpa Xwopcra. [JodygoBaHO CTPpOTrO KOH-
CICTEHTHI OLIIHKM Ta MOBENEHO IXHIO CIIJIPHY aCUMIITOTUYHY HOPMAaJIBHICTh JJIA
H e (0,3).

JI7151 CTOXaCTUUHOTO PiBHIHHS TEILUIOMPOBIAHOCTI 31 3MillTaHUM APOOOBUM OpOY-
HIBCHKIM IITyMOM (SIKIII € JIIHIITHOI0 KOMOIHAIli€l0 APOOOBOTO OPOYHIBCHKOTO PyXY 3
inmexcoMm Xwopcra H Ta He3aJle;KHOTO Biff HbOTO BiHEPiBCHKOTO MPOIECY) MTOOYIOBAHO

OLIHKY ITapaMeTpa Xiopcra H, dKa He 3aJIeKNUTh Blf IHINNX ITapaMeTpPIiB pIBHAHHA.



HoBeneHo i cTpory KoHcucTeHTHicTs it H € (0,1) U (3,1) Ta acumMnrornusy
13
224
U1 KoedillieHTiB mpu qpoOoBOMY OpOYHIBCBKOMY pycCi Ta IIpU BiHEPiBCbKOMY IIPO-

HopManbHicTh aist H € (0, %) U (35, ). Ilicas 1iboro ogeprKaHo OLIIHKM ITapaMeTpiB

1eci (o, k), 3a mpuUIyLIeHHS, 110 TapaMeTp Xopcra H Bimomuii. [loBeqeHo cTpory

KOHCHUCTEHTHICTh TOOYJOBaHUX OLIHOK it H # 1/2 Ta iXHIO CHITBPHY aCUMITOTUYHY
13

24/

BuKoHaHO KOMIT IoTepHEe MOJEJIIOBAHHS 3aIIPOIIOHOBAHNUX y poOOTi OI[iHOK ITapa-

HopMasbHicTh st H € (0, %) U (

MeTpiB. OTpMMaHi UNMCIOBI pe3yJIbTaTH HNiATBEPAKYIOTh TeOPETUYHI BUCHOBKU 111010
IXHBOI KOHCUCTEHTHOCTI Ta aCUMIITOTMYHOI HOPMAaJIbHOCTI.

Pobora mae reopeTuunmMit xapakrep. OTpuMaHi pe3yabTaTit € BHECKOM Y TEOPI0
Ta CTATUCTUKY CTOXaCTUUHUX OudepeHIliaTbHUX PIBHIHD 3 UACTUHHUMMU ITOXiTHUMI.
Meromau, 3anrponIOHOBaHI B AucepTallii, MOKYTh OYTU KOPUCHUMIU IIPU TOCITiIHKEHH]
MaTeMaTUUHNX MOJeNell BUIaJKOBMX IBUIIL 31 CKJIAHOIO IIOBENiHKOI0, 30KpeMa TUX,
SKi XapaKTepPU3YIOThCS TOBIOCTPOKOBOIO 200 KOPOTKOCTPOKOBOIO 3aJI€XKHICTIO.

Knwuogi cnosa: [poboBuil GpOyHIBCHKIII PyX, CTOXacTUUHI AudepeHLianbHi
PIBHSIHHA 3 YaCTMHHVMIH IIOXITHMIMH, CTalllOHapHI IIpoLecy, eprogquuHi IIpoIecu,

CTpora KOHCMCTEHTHiCTb, ACVYIMITIOTOTMYHA HOpMaJII)HiCTb, M’ SIKWIA pOSB,HBOK.
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The thesis is devoted to fractional stochastic partial differential equations driven
by Wiener process, fractional Brownian motion or their linear combination. The main
goal of the research is the development of statistical methods for simultaneous noise
parameters estimation based on discrete observations of the solutions. Also asymptotic
properties of estimators have been investigated. Special attention is given to the
properties of solutions such as stationarity and ergodicity since they are crucial for

the construction and further investigation of statistical estimators.



The rapid development of the theory of partial differential equations is in progress
for the last four decades. This theory combines the elements of stochastic partial
differential equations theory and stochastic analysis. It can be applied in many scientific
areas such as physics, biology, geophysics and finances. Such equations are used to
model the diffusion processes, phase transitions and material properties. They also
can be applied in finance for option pricing, risk management and stochastic volatility
modeling. The investigation of the stochastic partial differential equations properties
and development of the statistical methods for them are important problems for
modern studies as they are playing a crucial role in many scientific fields.

The special attention in this thesis is devoted to stochastic partial differential equati-
ons driven by fractional Brownian noise. Such type of equations can be used to describe
the processes with long-term and short-term dependencies which are important for
physical systems, radio-electronic devices, computer networks and financial markets.
In addition, this research covers more complex models with combination of white and
fractional Brownian noises. This allows us, in particular, to model financial market
processes more accurately when different sources of randomness exist.

In this thesis stochastic differential heat equation with one of three types of random
noise: 1) white; 2) fractional Brownian; 3) mixed fractional Brownian (which is a linear
combination of first two types) has been studied.

First, for each type of stochastic equations specified above the definition of mild
solution was introduced and its analytic properties were investigated. In particular,
the exact formulas for the variance and the covariance functions were derived, its
limit behavior was investigated, upper bounds were constructed. The stationarity and
ergodicity of the solution were proved for each case. The above mentioned properties
play a crucial role for statistical estimators construction and their asymptotic properties
investigation.

The main part of this research is devoted to statistical methods development for
parameter estimation of stochastic partial differential equations specified above. At
the same time the solutions of corresponding equations are observed at discrete spatial
points for fixed time moments.

The diffusion parameter o estimator has been constructed for multidimensional
stochastic heat equation with white noise based on the ergodic theorem. Strong

consistency and asymptotic normality of this estimator have been proved using the



Nualart-Peccati fourth moment theorem.

For stochastic heat equation with fractional Brownian noise the diffusion parameter
o estimator has been constructed assuming that Hurst index H is known. Strong
consistency and asymptotic normality of created estimator have been proved. Then
the problem of joint diffusion parameter and Hurst parameter estimation has been
studied. Strongly consistent joint estimator has been constructed and its asymptotic
normality has been proved for H € (0, ).

The Hurst parameter H estimator which does not depend on other parameters has
been constructed for stochastic heat equation with mixed fractional Brownian noise (a
linear combination of fractional Brownian noise with Hurst index H and independent

Wiener process). Strong consistency of constructed estimator has been proved for
13
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Then assuming the parameter H to be known, joint estimator of the coefficients in

H € (0, %) U (%, 1) and its asymptotic normality has been proved for H € (0, %) U (

front of Wiener process and in front of fractional Brownian motion (o, k) has been

constructed. Strong consistency of this estimator has been proved for H # 1/2 and its
13
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Computer simulation has been performed for all considered parameter estimators.

joint asymptotic normality has been proved for H € (0, %) U (

The numerical results confirm the theoretical conclusions regarding their consistency
and asymptotic normality.

The thesis is mostly theoretical. The results obtained contribute to the theory
and statistics of stochastic partial differential equations. The methods proposed in
the thesis can be useful in research of mathematical models of random phenomena
with complex behavior, in particular the one which is characterized by long-term or
short-term dependence.

Keywords: Fractional Brownian motion, stochastic partial differential equation,
stationary process, ergodic process, strong consistency, asymptotic normality, mild

solution.



