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Hucepraliig Ha 3/100yTTs HAYKOBOI'O CTYIEHS JOKTopa (inocodil 3a crie-
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JlucepTalliss CK/IaJla€ThCs 13 aHOTallll, BCTYIy, II'SITH PO3/ILIIB, BUCHOBKIB,
CIIUCKY BUKOPUCTAHUX JIZKepeJi. ¥ BCTYI OOI'PYHTOBAHO aKTyaJIbHICTH TEMU JIO-
ciIzKeHHsI, ¢ OPMYJIbOBAHO METY, 3aBJIaHHsI, [IPEJIMET, 00 €KT Ta MeTOJU JIOCJIi-
JIKeHHsI, HaBeJIeHO HAyKOBY HOBU3HY, IMPAKTUYHE 3HAUCHHA OTPUMAHUX PE3YJIb-
TaTIB, 3B’A30K poOOTH 3 HAYKOBUMU TeMaMU Ta OCOOMCTHIl BHECOK 3/100yBada, a
TAKOXK BKa3aHo, Jie allpoboBaHl Ta omyO/IiKOBaHI OCHOBHI Pe3yJIbTaTH JIICEepTAallil.

Hucepraniitia poboTa IIPUCBsSIYEHA JIOC/II?KEHHIO KOPEKTHOI PO3B’sSI3HOCTI
Ta BJIACTUBOCTEN PO3B’sI3KIB HEJIOKAJILHOI 0araToTOYKOBOI 3a 9acoM 3aJadi JJIsd
CBOJTIONIITHUX TceB 10/ inepenIiaIbHIX PIBHAHD B IpocTopax Tuiy S Ta W.

Y pozaiii 1 HaBeIeHO OIJIsi]I IIpallb, SIKi CTOCYIOThCs PE3YJILTATIB, HABEICHIX
y JUCEPTAaIlil, € OJM3bKIMHI 3a 3MICTOM Ta METO/IaMU JIOCIIZKEHb, 30KpeMa, aHaJIi-
3YIOThCS PE3YJILTATH, OB sI3aH1 3 HEJIOKAJIbHIMU 3a/ladaMy JIJId JindepeHIiaabHO-
OIIePATOPHNX PIBHAHDL Ta PIBHAHL 3 YaCTUHHIMH ITOX1THIMII.

Y Ipyromy po3Jii JAHO OTJIdA]l Pe3YIbTATIB JUCEPTAII] Ta OMNCAHO METO/IN,
SIKUMHW BOHW OTPUMYIOTHCS.

Y pozii 3, TKuil CKJIaJa€ThCs 3 YOTUPHOX I IPO3/ILIIB, JTOCTIIKYEThCS He-
JIOKaJIbHa 6araToToYKOBa 3a YacoM 3aja4a JIJId €BOJIIONIITHIX PIBHAHD 3 IICEBJION-
depeHIiaJIbHUMI OllepaTopaMu, OOYI0OBAHIMHI 38 CUMBOJIAMHE, siKi JOIIYCKAIOTh
AHAJITHIHE TIPOJIOBYKEHHS B TI€BHY 00JIACTH KOMILIEKCHOI TIOMNHN (KJIaC TaKIX
orepaTopiB MicTuTh i omeparopu Beccesst apobosoro mndepentiioBannst). Ha-
BEJIEHO JIOIMIOMIXKHI (DAKTH, sIKi CTOCYIOTHCS TOIOJIOTTYHOI CTPYKTYPHU IPOCTOPIB
Ty S Ta OCHOBHUX OIlepalliii y TaKuX IIPOCTOpPax, a TaKOoXK OCHOBHI O3HAYEH-
Hs Ta TBEP/KCHHS, IO CTOCYIOThCS BijloOparkeHb i3 3HAYCHHSAMU B JIHIITHOMY
TOIOJIONTYHOMY ITPOCTOPI ab0o 00’eiHaHHI TaKuX TpocTopiB (migposmimm 3.1, 3.2).
Hociazkeno BJAaCTUBOCTI (DyHIaMEHTAJILHOIO PO3B 3Ky HEJIOKAJILHOI DaraTroro-

YKOBOI 38 4acoM 3a/1adi JJIsl €BOJIIOIIHOr0 PIBHAHHS 3 IIceBIoAudepeHIialbHIM
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orepaTopoMm, sikuii jiie B mpocropax tuiy S (migpossia 3.3). loBeseHo KOpeKTHY
PO3B’I3HICTH 3a3HAYEHOI 3a/a4i Y BUIAIKY, KON I0YaTKOBa (DYHKINS € y3arajib-
HeHOIO (PYHKILE TUILY PO3IO/ILIIB, 3HAIIEHO 300pasKeHHsl PO3B'SI3KY Y BUIJIsI
3rOPTKH (PYyHJIAMEHTAJILHOI'O PO3B’A3KY 3 MOYATKOBOIO (PYHKIIIEIO, BCTAHOBJIEHO,
[0 PO3B’SI30K BOJIOJIE BJIACTHUBICTIO JIOKAJII3allil — BJIACTUBICTIO JIOKAJIHLHOI'O II0-
KpalteHHst 3012KHoCTi (1iipossiiia 3.4): gKIo y3arajibHeHa MouaTKoBa (DYHKIIIST Ha
JlesiKiit BIIKPUTIHT MHOXKIHI 30ira€Thest 3 HellepepBHOIO (DYHKIIIEI0, TO BiIOBIIHA
HeJIOKAIbHA YMOBA 33/I0BOJIBHSIETHCS HE B CJIAOKOMY CeHCl (TOOTO B POCTOPI y3a-
raJibHeHNX (DYHKIL{ TUITY yIBTPAPO3IO/IIIB), a B CeHCl PIBHOMIDHOT 3012KHOCTI Ha
KOYKHOMY KOMITAKTi, IKWiT MICTUTBCSA B 3aJIaHiil 00/1acTi.

Y po3ii 4 10CIiIKeHO eBOJIONIiTHe PIBHSIHHS 3 FaPMOHIHIM OCIIISITOPOM
Ta PYHKIISIMU BiJl TaKOro oreparopa. HaBejgeHo 0OCHOBHI O3HAUYEHHSI Ta TBEp/IzKe-
HHsI, 9Ki CTOCYIOThCS IIPOCTOPIB OCHOBHUX Ta y3araJbHEHUX eJIEMEHTIB, I0B’s-
3aHUX 3 HEBLJ€EMHUM CAMOCIIPSKEHUM OIEPATOPOM B T1ILOEPTOBOMY IPOCTOPI,
JTIAI0ThCA OCHOBHI BIJIOMOCTI, dKi cTOCYyIOThbCs pyHKIIH Epwmita Ta dopmaaibHIX
psiiiB @yp’e-Epmita (migposmiim 4.1, 4.2). ¥V migposmiai 4.3 HaBeJIeHO eeMeH-
TU OTIEepAIiTHONO YNC/IeHHs, TIOB I3aHOI0 3 HEBIJT €MHUM CAMOCIPSZKEHUM OIlepa-
TOPOM, CIIEKTD SAKOTO € CyTO JUCKPETHUM. ¥ IPOCTOpI y3arajJbHeHUX (DYHKILi
TUITY YJIBTPApPO3IO/ILIB, sKi OTOTOXKHIOIOTHCA 3 (hopMajbHUMEI psaamu Dyp’e-
EpwmiTa, BUsHa9aeThcsd abCTpaKTHa olepallisd 3rOPTKH, 3a JIONOMOTOIO K0T HEBIJT -
€MHI CaMOCIIPSI?KEHI OIePaTOPU 13 CYTO JUCKPETHUMU CIEKTPaMU TPaKTYIOTbCs
sIK OIlepaTopy 3rOPTKH. 3a JOIOMOIO TAaKOIo MiIXoay Yy mijapo3miiai 4.4 goBe-
JIEHO KOPEKTHY PO3B’SI3HICTH HEJIOKAJIBbHOI 0AaraToTOYKOBOI 3a YacoM 3aJadl Jijisd
€BOJIIONIITHOTO PIBHAHHS 3 TAPMOHIITHIM OCIIIIATOPOM Ta (PYHKIIAMEI BiJl TAKOTO
oriepaTopa y BUITJIKY, KOJIA T0YaTKOBa (PYHKIIIA € y3araJbHeHO (PYHKIE 1 0TO-
TOXKHIOEThCA 3 TIeBHUM opmaibHuM psijoMm Pyp’e-Epwmirta. [lociizkeHo BiacTu-
BOCTI (pyHIaMEHTaJIbHOIO PO3B’SI3KY, 3HAIeHO 300pasKeHHsI PO3B’SI3KY Y BUIJIsII
3ropTKH (PYHIAMEHTAJIHLHOIO PO3B’SI3KY 3 MMOYATKOBOIO (DYHKIIIEIO.

Y po3aiil b JIOCTIPKEHO eBOJIONIIHI PIBHAHHSA 3 orlepaTopaMu JudepeHIli-
IOBaHHs Ta beccesss HECKIHYEHHOTO MOPSJIKY, dKi JI0Th B IpocTtopax Tuiy W.
Hageneno ocHoBHI BiIOMOCTI, IO CTOCYIOThCA TpocTopiB Tuity W Ta mpocTopis,
TOMOJIONTYHO CIpsizKeHUX 3 HuMu (migposaiam 5.1, 5.2). BeranoBiieHo KopekTHY

PO3B’AI3HICTH HEJIOKAJIbHOI 0araToTOYKOBOI 3a YacoM 3aJiadi 3 ICeBIo ¢ epeHIli-



aJILHUM OIIEPATOPOM, KWl OyJIYETHCS 3a CTAJUM CHUMBOJIOM 3a JIOIIOMOIOIO IIe-
perBopeHHsT Pyp’e 1 TPAKTYETHCS SIK OllepaTop JAudepeHIitoBaHHs HeCKiHUeHHO-
o TOPSIKY; MOYaTKOBA (PYHKIIS € eJIeMEHTOM MIPOCTOPY y3araabHeHUX (PYHKILii
tury W (migpossin 5.3). Ilpu mboMy HomepeHbo JO0CTiIKEHO BJIaCTUBOCTI (yH-
JTaMEHTaJIbHOTO PO3B’ 3Ky 3a3HadeHol 3ajadl, 3HalijIeH0 300payKeHHs PO3B’ I3KY
y BUTJISIJI 3ropTKN PYHIAMEHTAJIHHOTO PO3B’SA3KY 3 MOYATKOBOIO (DYHKIIIEID. Y
miJIpo3/ai/ii 5.4 aHaJIOTidHI pe3yJsibTaTu OJeP:KaHO Y BUIIQJIKY, KOJIU IICEeBI0mde-
peHIaJILHII olepaTop OYAYEThCA 3a JIOMOMOIoI0 TepeTBopeHHs beccensd i Tpa-
KTYEThCA K ortepaTop beccens Heckinmvuennoro nopsaaky. Jlocimkeno eBostoriii-
He PIBHAHHS 3 ICeBI0n(eEPEHITIaILHIM OIepaTOpoOM, MOOYI0BAHUM 38 3MIHHUM
cuMBoJIOM. /laHo o3HavUeHHs QyHIaMEeHTaJIbHOIO PO3B 3Ky HeJI0KaJIbHOI baraTo-
TOYKOBOI 3a YacoM 3aJadl JJId TaKOro €BOJIIOIIIHOro PIiBHAHHA Ta JOCJIIKEHO
BJIACTUBOCTI (DyHJIaMEHTAJILHOIO PO3B’si3KY. JloBeeHo po3B’si3HICTH HeJIOKAJIbHOT
6araToToYKOBOI 3a YacoM 3aJiadl B KJaci oOMexkeHux HerepepBHuX Ha R yHKIiit
(migposin 5.5).

IIpakTuiHe 3HaUYEeHHS OTPUMAHUX Pe3yJIbTaTiB. Pe3ynbraTn aucepra-
11l MarOTh TEOPETUYHEe 3HAUYEHHS 1 MOXKYTbh 3HAMTU 3aCTOCYBAHHS y TTOJAIBITTIOMY
PO3BUTKY Teopil mapadoiaHuX MCeBIoAnMEPEeHIIaTbHIX PIBHIHDb, CHHTYIAPHIX
napadboJIiTHIX PiBHAHD, PIBHAHDb 3 YACTUHHUMU MOX1THIMU HECKIHUYEHHOTO TTOPS -
Ky, Teopil y3arajbHeHnX (PYHKIIII.

Kuro4dosi ciioBa: eBostoniiiHe piBHSIHHS, IICEeBI0AM(EPEeHIIIaIbHII Oepa-
TOP, HEBiJ'€MHUIT caMOCIPszKeHniT orepaTop, dpopMabauil psij Pyp’e, y3arajib-

HeHa PYHKITS.



ABSTRACT

Shyrokovskykh A. O. Nonlocal multipoint in time problem for evolutionary
pseudodifferential equations with analytic symbols. — Manuscript.

The dissertation for obtaining the Doctor Philosophy Degree (Ph.D.) on the
speciality 111 Mathematics. — Yuriy Fedkovych Chernivtsi National University,
MES of Ukraine, Chernivtsy, 2020.

The dissertation consists of an abstract, introduction, five sections, conclusi-
ons, and a list of sources used. The introduction substantiates the relevance of
the research topic, formulates the purpose, task, subject, object and methods
of the research, presents the scientific novelty, the practical significance of the
results obtained, the relationship of work with scientific themes and the personal
contribution of the applicant, and also indicates where the main results of the
dissertation were tested and published.

The dissertation is devoted to investigate correct solvability and properti-
es of the solutions of a nonlocal multipoint in time problem for evolutionary
pseudodifferential equations in the spaces of S and W type.

In section 1, the review of the literature related to the topic of the di-
ssertation and similar in content and research methods, in particular, analyzes
the results associated with nonlocal problems for differential operator equations
and equations with partial derivatives.

The second section gives an overview of the results of the dissertation and
describes the methods they are obtained by.

In section 3, which consists of four subsections, a nonlocal multipoint in time
problem is investigated for evolution equations with pseudodifferential operators
constructed by symbols that allow an analytic extension to a definite area of
the complex plane (the class of such operators contains also Bessel operators of
fractional differentiation). There are auxiliary facts concerning the topological
structure of spaces of S type and the basic operations in such spaces. We give
the basic definitions and assertions concerning mappings with values in a linear
topological space or combining such spaces (subsections 3.1, 3.2). The properties of
the fundamental solution of a nonlocal multipoint in time problem for an evolution
equation with a pseudodifferential operator that operates in spaces of S type are

investigated (subsection 3.3). The correct solvability of the indicated problem
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in the case when the initial function is a generalized function of distribution
type is proved; a solution in the form of a convolution of a fundamental solution
with an initial function is found. It has been established that the solution has
the property of localization - the property of local improvement of convergence
(subsection 3.4): if the generalized initial function on some open set coincides with
a continuous function, then the corresponding nonlocal condition is satisfied not
in the weak sense (that is, in the space of generalized functions of the type of
ultra~distributions), but in the sense of uniform convergence on every compact
set contained in a given area.

In section 4, an evolution equation with a harmonic oscillator and functi-
ons of such an operator are investigated. It contains the basic definitions and
assertions concerning the spaces of the main and generalized elements associated
with an integral self-directed operator in a Hilbert space; the basic information
about Hermite functions and Fourier-Hermite formal series (subsections 4.1, 4.2).
In subsection 4.3, there are elements of an operating calculus associated with an
integral self-directed operator whose spectrum is purely discrete. In the space of
generalized functions of the type of ultra-distributions, which are identified with
Fourier-Hermite formal series, an abstract convolution operation is defined, by
which integral self-directed operators with purely discrete spectra are treated as
convolution operators. Using this approach in subsection 4.4, the correct solvabi-
lity of a nonlocal multipoint in time problem for an evolution equation with a
harmonic oscillator and functions of such an operator in the case when the initial
function is a generalized function and is identified with a certain formal Fourier-
Hermite series is proved. The properties of the fundamental solution are investi-
gated, a solution in the form of a convolution of a fundamental solution with an
initial function is found.

In section 5, we study the evolution equations with differentiation operators
and Bessel operators of infinite order that operate in spaces of W type. The basic
information concerning spaces of type W and spaces topologically conjugate to
them is given (subsections 5.1, 5.2). The correct solvability of a nonlocal multipoi-
nt problem with a pseudodifferential operator is constructed, which is constructed
by a constant symbol using the Fourier transform and is treated as an operator of

differentiation of infinite order; the initial function is an element of the space of



generalized functions such as W' (subsection 5.3). In this case, the properties of
the fundamental solution of this problem were investigated in advance, the soluti-
on in the form of a convolution of a fundamental solution with an initial function is
found. In subsection 5.4, similar results are obtained in the case where a pseudodi-
fferential operator is constructed using the Bessel transform and is treated as a
Bessel operator of infinite order. An evolution equation with a pseudodifferential
operator constructed by a variable symbol is investigated. The definition of the
fundamental solution of a nonlocal multipoint in time problem for this evolution
equation is given, and the properties of the fundamental solution are investigated.
The solvability of a nonlocal multipoint for a time problem in a class of bounded
continuous on R is proved (subsection 5.5).

The practical significance of the results obtained. The results of the
thesis have theoretical significance and can be used to further develop the theory
of parabolic pseudodifferential equations, singular parabolic equations, partial di-
fferential equations, and generalized functions theory.

Keywords: evolution equation, pseudodifferential operator, integral self-

directed operator, Fourier formal series, generalized function.
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